
Dr. Neil Manibo

Fakultät für Mathematik,

Universität Bielefeld

Sommersemester 2026

Bielefeld, 27.05.2026

Lineare Operatoren in Hilberträumen
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(21) Determine all self-adjoint extensions of the operator P = 1
i

d
dx

with

D(P ) = {f ∈ H1(J) : f(a) = f(b) = 0},

where J = (a, b), −∞ < a < b < ∞.

(3 Points)

(22) Let X and Y be Hilbert spaces. An operator K ∈ B(X,Y ) is called a Hilbert–Schmidt

operator, if there exists an orthonormal basis {eα : α ∈ A} such that∑
α∈A

∥Keα∥2 < ∞.

Show that every Hilbert–Schmidt operator is compact.

(2 Points)

(23) Let (X,µ) be a measurable space. An operatorK ∈ B(L2(X,µ)) is a Hilbert–Schmidt

operator if and only if there exists a kernel k ∈ L2(X ×X,µ× µ) such that

Kf(x) =

∫
X

k(x, y)f(y) dµ(y) µ-a.e.

for all f ∈ L2(X,µ).

Let ∆ be the Laplacian in Rm andK ⊂ Rm be a compact set. Show that χK(−∆−z)−1

is a Hilbert–Schmidt operator, for all z ∈ C \ [0,∞). Here, χK is the characteristic

function of K.

(4 Points)
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