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Exercise 3.I (8 pts)
Let (2, F, 1) be a measure space with o-finite p, i.e. there exist (Ey,), C F with E,, T Q
and p(E,) < oo, Vn > 1.

a) Let f > 0 and a A b := min(a, b); show that:

/‘fAnduT/fdu

b) Let f, : @ — R and f: Q — R be integrable, i.e. [|fy|du, [|f|du < co. Prove the
following statement, without making use of the theorem of dominated convergence:

Bounded convergence theorem
Assume that:

e Foralle >0,A € F with u(A) <oo: pu({|f—fal >e}NA) — 0 asn — oo,
which defines the so-called convergence of f,, e, f in measure p.

e Furthermore assume that there exist a set £ € F with u(E) < oo and an M € N
with |f,| < M, |f| < M and f, =0 on E€ for all n > 1.

Then lim,, o [ fn dp exists and
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Exercise 3.II (8 pts)

Prove the following theorem:

Fatou’s Lemma

For a (o-finite) measure space (2, F, 1) and measurable function f,, > 0, n > 1 on (2, F),
we have:

n—oo

lim inf/fn dp > /linr_1>inf fn du.

Exercise 3.III (8 pts)

Let X be a real, integrable random variable on a probability space (€2,.4,P) and let
¢ : R — R be an A-measurable, strictly convex mapping, i.e.

Ao(z) + (1= Ne(y) > A+ (1 —N)y) for all A € (0,1).

Moreover let ¢(X) be integrable w.r.t. P and assume that in the Jensen inequality we
have equality, i.e. p(E[X]) = E[p(X)].
Show that X = E[X] P-a.s..

Exercise 3.IV (8 pts)

Let X standard normally distributed and Y be Poisson-distributed with parameter A
(iie. P(Y =n) = e*)‘% for n =0,1,2,...) on a probability space (2,4, P).

Show that for all k& € N, X* and Y* are integrable w.r.t P, and calculate the k-th
moments F[X*] and E[Y*].



