Prof. Dr. Barbara Gentz WS 2012/13
Daniel Altemeier

Faculty of Mathematics

University of Bielefeld

Probability Theory III - Homework 6
Due date: Wednesday, November 28, 12:00 h

Solutions to the assigned homework problems must be deposited in Daniel
Altemeier’s drop box 161 located in V3-128 no later than 12:00 h on the due
date. Homework solutions must be completely legible, on A4 paper, in the
correct order and stapled, with your name neatly written on the first page.

Unless stated otherwise let B = (By,),>0 be a continuous standard Brownian Motion on
a filtered probability space (Q, F AFutu>0, ]P).

Exercise 6.1
Find the generator of the following It6 diffusions:
a) dX; = uX; + AdB; (Geometric Brownian motion)

b) dY; = (dﬁ, ) where (X¢)>0 is the Ornstein-Uhlenbeck process given by dX; = pXdt+
t

odBy, p,0 € R.

dYi(t) = exp (Ya(t) — Ya(t))dt + dBi (t)

c) Y = (Y1,Ys) where {dYg(t) — dBu(t)

where (Bj(-), Ba(+)) is a 2-dimensional Brownian motion.

Exercise 6.1I1

Find an It6 diffusion (i.e. give a stochastic differential equation for it) whose generator
is the following;:

a) Af(z) = af'(z) + Bf"(x); f € C§(R), o, B ER,
of  Of 120
2"

_ o7 9] 2
b) Af(t,z) = 5+ + satog; f € CR(RY),

o Of 2 2 0f 1 o’ f 0 f 19/,
0) Af(xl,m)_2x26—m+1n(1+x1+x2)872+2(1+ )32+ ax18x2+§8x%’

for all f € C2 (1R2). Give at least two different choices for the pair of drift and diffusion
coefficient if possible. How many different choices are there?



Exercise 6.I11

For z € R, define
Xt =X =zexp (ct +04Bt), t>0,

where ¢, « € R. Prove directly from the definition that X; is a Markov process.

Exercise 6.1V (Preparation for a mini-presentation on Tuesday, December })

Prepare a short talk on the topic given below. You should present the ma-
terial in your own words without relying on your notes. The presentation
should be made using the blackboard, writing down keywords and the essen-
tial formulae.

Strong Markov property for diffusions.



