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1 Mathematical Models

In this chapter I want to give a large assortment of examples for reaction-diffusion equations, their
phenomena and some background stuff. The focus of this investigations will be the freezing method
([12]) and their numerical computations with ComsoL Multiphysics 3.5a. For this purpose we use the
following notions:

d spatial dimension, d € {1, 2, 3}
R4 d-dimensional euclidean space
x spatial variable, € R¢

t temporal variable, t € [0, 00|
R ratio, R € R with R > 0

Br(0)  Bgr(0) = {z € R?| ||z||, < R}, ball in R? with ratio R and center 0
OBRr(0) 90Bg(0) = {x € R?| |z||, = R}, boundary of Br(0)

Ax spatial discretization parameter, spatial stepsize

At temporal discretization parameter, temporal stepsize

Re(u)  real part of u

Im(u)  imaginary part of u

1 imaginary unit

s normal derivative, derivative in outer direction



1 Mathematical Models

1.1 Fisher’s equation

Name: FISHER’S EQUATION (sometimes called KOLMOGOROV-PETROVSKY-PISKOUNOV EQUATION

(KPP) or FISHER-KOLMOGOROV EQUATION)

Equations: ur = Au+ au (1 — u)

where u = u(x,t) € R, x € RY, d € {1,2,3},t € [0,00[ and a € R.

Notations:

frequency of the mutant gene
a @ system parameter

31]), named after Ronald Aylmer Fisher (1890-1962)

Short description: The Fisher’s equation (]
and Andrey Nicolaevich Kolmogorov (1903-1987), describes the spreading of biological populations,

chemical reaction processes, heat and mass transfer ([28]) and is also used in genetics. This very

simple model exhibits traveling front solutions.

Phenomena:

e Traveling 1-front (traveling front)

Set of parameter values:

R | Ax | At Boundary Phenomena

0.1 g—g =0 on 0Bg(0) 1-front

Numerical results:
e Traveling 1-front (traveling front):
I. Nonfrozen solution: Consider the nonfrozen system

ut = Upy +au(l —u) ,z€ Br(0),tec0,00]
gu = 0 .z € OBR(0), t € [0, 00]
uw(0) = g , x € Br(0),t=0

where d = 1 (i. e. Br(0) = [-R, R]). For the numerical computations we use parameters a = 1,
= %tanh(x) + % Moreover, for the spatial discretization we use FEM

R =75 and initial data up(x)
(continuous piecewise linear finite elements) with Az = 0.1. For the temporal discretization we use

BDF(2) with At = 0.1, rtol = 1072, atol = 1073 and intermediate timesteps.

Nonfrozen solution:
Solution u, t=30 Solution u, t=50

Solution u, t=10
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1.1 Fisher’s equation 5

Spatial-temporal pattern:

u(x,t)

60 40 20 0 20 40 60
X

II. Frozen system (with freezing method ([12])): Consider the associated frozen system

vy = Vg +av(l —v)+ A\vy, ,x € Bg(0),te|0,00]

% = 0 , ¢ € OBR(0), t € [0, 00]

v(0) = g ,x € Br(0),t=0

Ve = M\ , t €1]0,00]

7(0) = 0 ,t=0

0 = (Oz,v— ﬁ>L2(BR(0)7R) , t €[0,00]
where d = 1 (i. e. Br(0) = [~ R, R]). For the numerical computations we use again parameters a = 1,
R = 75, initial data ug(z) = % tanh(z) + 3 and reference function 9(z) = ug(x). Moreover, for the

spatial discretization we use FEM (continuous piecewise linear finite elements) with Ax = 0.1. For
the temporal discretization we use BDF(2) with At = 0.01, rtol = 1073, atol = 10~ and intermediate
timesteps.

Frozen solution, velocity and spatial-temporal pattern:

Profile v, t=100 Velocity v{x,t)
- - - . -05 1
1 fEE—
/
0.8 | 0.8
/ .
0.6 | > 06
/ g
> o -
[
04 | s 0.4
/ -15
0.2 | 0.2
/
of /
. . . . . . - o
60 40 20 0 20 40 60 0 20 40 60 80 100 60 40 20 O 20 40 60
X t X

Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:

Convergence error Eigenvalues
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6 1 Mathematical Models

The increasing convergence error indicates that Fisher’s-Front cannot be frozen by the freezing method.
This can be recognized by the essential spectra. Because to ensure the stability of the front the essential
spectra must exhibit a spectral gab, which doesn’t exist.

Explicit solutions:

e 1d:
1 .
u(z,t) = 5, if A >0
(1 + C'exp (—%)\t + %\/6/\»
L+2Cexp (30 + £v/=61)
u(x,t) = 5, if A <0

(1 + Cexp (—%)\t + %m»

are two possible solutions of the nonfrozen system with parameter A € R and an arbitrary constant
C e R ([1],[51],[48]).

Literature: [28], [1], [51], [22], [31], [48]
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1.2 Nagumo equation

Name: NAGUMO EQUATION

Equations: ur = Au+u(l—u)(u—a)

u=u(z,t) R,z cRY de {1,2,3},tc[0,00[, @ €]0,1][.
Notations: not available

Short description: The Nagumo equation ([62]), named after Jin-Ichi Nagumo (1926-1999), de-
scribes propagation of nerve pulses in a nerve axon ([62]), spread of genetic traits, shape and speed
of pulses in the nerve and is widely used in biology, circuit theory, heat and mass transfer and other
fields. This model exhibits traveling front and traveling multifront solutions as well as sources and

sinks ([4]).

Phenomena:
e Traveling 1-front (traveling front)
e Traveling 2-front (traveling multifront)
e Front interaction (3-front collision)

Set of parameter values:

dla| R | Az | At Boundary Phenomena
14|75 ]01]o01 a—z =0 on 0Bg(0) 1-front
1|4 [100] 0.1 0.1 g% =0 on dBr(0) 2-front
1|4 ]150] 03 0.1 95 = 0 on 9BR(0) | 3-front collision

Numerical results:
e Traveling 1-front (traveling front):
I. Nonfrozen solution: Consider the nonfrozen system

Uy = Uy +u(l—u)(u—a) ,z€ Bgr(0),tecl0,00]
gu = 0 , & € OBR(0), t € [0, 00]
uw(0) = g ,x € Br(0),t=0
where d = 1 (i. e. Bg(0) = [-R,R]). For the numerical computations we use parameters o = 1,

0 =<0

R *Z

R = 50 and initial data ug(z) = 3 tanh(z) + 3 (also ug = { possible). Moreover, for the

spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 1072, atol = 1073 and intermediate
timesteps ([13],[12]).
Nonfrozen solution:
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Solution u, t=150

Solution u, t=50 Solution u, t=100
1 o 1 o ‘ 1["
/ ’/
It {
0.8 r‘ 0.8 [ 0.8
I I
0.6 }f 0.6 (f 0.6
> | ] H ]
0.4 ] 0.4 | 0.4
’ |
0.2 ,’ 0.2 | 0.2
’/’ /
/ /
0 — of— 0
-50 0 50 -50 0 50 -50 0 50
X X X

Spatial-temporal pattern:

II. Frozen system (with freezing method ([12])): Consider the associated frozen system

Vg +0(1 —v)(v —a) + Avy , x € Bg(0), t € [0,00]

Ut =
o =0 .z € OBR(0), t € [0, 00]
v(0) = g ,x € Br(0),t=0
Ve = N , t€]0,00]
7(0) = 0 ,t=0
0 = (02,0 =) 12(By(0)R) , t € [0,00]
where d = 1 (i. e. Bg(0) = [~ R, R]). For the numerical computations we use again parameters v = 1,

R = 50, initial data ug(z) = 1 tanh(z) + 3 and reference function 9(z) = ug(z). Moreover, for the
spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For

the temporal discretization we use BDF(2) with At = 0.1, rtol = 1073, atol = 10~* and intermediate

timesteps.
Frozen solution, velocity and spatial-temporal pattern:

v{x.t)
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150

Profile v, t=150
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o Convergence error Eigenvalues
10 1
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0.5
Q0
fﬁ E o
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107 05
1071000 50 100 150 - -150 -100 -50 0
t Re
e Traveling 2-front (traveling multifront):
1. Nonfrozen solution: Consider the nonfrozen system
ut Upg +u(l —u)(u—a) , xz € Bgr(0),te[0,00]
gu = 0 .z € OBR(0), t € [0, 00]
u(0) = wuo ,x € Br(0),t=0
where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters o = 1,

R = 100 and initial data ug(z)

—1tanh (z — 50) + § + {0

Lianh _1 <
5 tanh (z +50) — 5 2 <0 (also o
x>0

exp (—%) possible). Moreover, for the spatial discretization we use FEM (continuous piecewise linear

finite elements) with Az = 0.1. For the temporal discretization we use BDF(2) with At = 0.1,
rtol = 1072, atol = 1072 and intermediate timesteps ([11])).

Nonfrozen solution:

Solution u, t=50

Solution u, t=100

Solution u, t=150

i
08 [ \ 08

0.6 ‘ 0.6 /

02 0z} |

0.8

06

0.4

-100 -50 50 100 -100 -50

Spatial-temporal pattern:

u(x,t)
50
00
50
0
-100 -50 (4 50 100
X

Frozen system (with freezing method ([11],]

1

1

II.

7

50 100 -100 -50 50 100

<
P

3])): Consider the associated frozen system (j = 1,2)
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. p— y # ' 2 A - '

Ujt Vjzz S e(—grtg)) ! <Zk:1 ot )) Br(0) [0, o0]
+MJU]7I , €T e R 5 t E 700

% L , © € 0BR(0), t € [0,00]

v;(0) = wjo , x € BR(0),t=0

w0 = , t€[0,00]

9;(0) = gjo e

g e - 5o, , 1 € [0, 00]

where f(v) =v(l —v)(v—a) and d =1 (i. e. Bg(0) = [-R, R]). For the numerical computations we
use again parameters o = 1, R = 50, initial data uio(z) = 1 tanh(z) + 1, ugo(z) = —1 tanh(z) — 1,
initial positions 19 = —50, 20 = 50, reference functions v1(z) = wuip(z), 02(x) = ug(x) and bump

function ¢(x) = . Moreover, for the spatial discretization we use FEM (continuous

2
(L) enn(—12)
piecewise linear finite elements) with Az = 0.1. For the temporal discretization we use BDF(2) with
At = 0.1, rtol = 1073, atol = 10~* and intermediate timesteps.
Frozen solutions:

Profile vy t=150 Profile v, t=150
5 P of——
/ \
0.8 / -0.2 \
| |
0.6 | -0.4 \
= | o~ |
} >
0.4 ! -0.6 \
0.2 | 0.8 \
/ \
/ \
0 '% 1 .
-50 0 50 -50 0 50
X X

Velocities and positions:

Velocities Positions
0.4 150

0.3

{ 100
| —/_///_///_«//_///_///_///_///_,,,_//4//f—f/"”‘///_<//
o1 50
—mul
-0.1
-50
-02 —"\V\‘A""\‘\"‘\*\~\~4“,‘\‘\‘\‘\‘\‘\““‘;
-100

-0.3

—gl
—g2

Velocity
o
Position
o

-0.4 -150
[¢] 50 100 150 0 50 100 150

Spatial-temporal patterns:

vy{x.t)

V4,0, V(1)

1
0.8
0.6
0.4
0.2
-150 -100 -50 0 50 100 150
X

0.8 0.8
0.6 0.6

) 0.4 ) 0.4 )
0.2 0.2

0
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Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:

Convergence error
10

102

-40

10

livl, 2

107

107

-100

10

Eigenvalues

E:

0.15 ﬁ
I+

st

0.1 + *
¥

I+

0.05 I +
4

N
E 0 v

LT

-0.05 +  *
t +

N

-0.1 M
[

e

-0.15 tﬁ;%
150 -40 -30 -20 -10 0

e Front interaction (3-front collision):
I. Nonfrozen solution: Consider the nonfrozen system

where d = 1 (i. e. Bgr(0)

R = 150 and initial data

timesteps ([13],[12]).
Nonfrozen solution:

Solution u, t=50

= Uy +u(l —u)(u—a)
= 0

NS BR(O)v te [0700[
, x € OBR(0), t € [0, 00|
,JJEBR(O),t:O

= [-R, R]). For the numerical computations we use parameters o = i,

stanh(z +75) + 3 2 < —50
x €] —50,50[ possible). Moreover, for the
Ltanh(z +75) +1 2> 50
spatial discretization we use FEM (continuous piecewise linear finite elements) with Ax = 0.3. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 1072, atol = 1073 and intermediate

uy = { —3tanh(z) + %

Solution u, t=100

Solution u, t=150

0.2

o l

|

o4 V

Spatial-temporal pattern:

u(x,t)

150 -150  -100 -50 0

50 100 150
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II. Frozen system (with freezing method ([11])): Consider the associated frozen system (j = 1,2, 3)

Uit = Ujaz T % f (Zzﬂ ok(- = gk + 95 '))

1V 2 , T € BR(O), te [0, OO[
i = 0 .z € OBR(0), t € [0, 00|
Uj(O) = ujo s I‘GBR(O), t=20
git = My , t€[0,00]
9;(0) = gjo ;t=0
0 = <(@j)x>vj — @j)LQ(BR(O)R) , b€ [0, OO[

where f(v) = v(l —v)(v—a) and d =1 (i. e. Bgr(0) = [-R, R]). For the numerical computations

1 x> 25
we use again parameters o = 1, R = 50, initial data uip(z) = 5—103: +3 € [-25,25], uyp(zr) =
0 T <25
-1 T > 25
—%x — % x € [—25,25], uso(x) = uio(x), initial positions 19 = —50, 20 = 0, 39 = 50, reference

0 T < 25

functions 01 (x) = uig(x), v2(x) = ugo(x), v3(x) = usp(x) and bump function ¢(x) = 2

exp(%x)—i—exp(—%x) ’
Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite elements) with
Az = 0.1. For the temporal discretization we use BDF(2) with At = 0.1, rtol = 1072, atol = 102
and intermediate timesteps.

Frozen solutions:

Profile Vi t=100 Profile vy, t=100 Profile Vg, t=100
1 P — of 1
/’ \ ‘/
1
0.8 | — 0.2 \ 0.8 [
0.6 } 0.4 ] 0.6 /
= f =N =0 {
04 I 06 \ 04 |
f \ |
0.2 | 0.8 | 0.2 /
/ | /
o Y, P . 0
-50 0 50 -50 0 50 -50 0 50
X X X

Velocities, positions and Spatial-temporal patterns:

Velocities Positions v, (x,1), v,x,1), va(x,t)
3 50 1
—mul
2h ——mu2
\ ——mu3 0.8
1\ 0
2z § —gl 0.6
S o = —q2
g & — g3
0.4
= -50
- \\ 0.2
3 -100 0 0
0 20 40 60 80 100 0 20 40 60 80 100 -100 -50 0 50

t t X

Spatial-temporal patterns:
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vy x.1) vz(x.t) vs(x,t)

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
-50 ¢} 50 - -50 [¢} 50
X X

Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:

Convergence error Eigenvalues
10 1

107°

0.5
10*20
—30

10

livl,2
m
Q

-40

10

10 -1
0 20 40 60 80 100 ~40 -30 -20 -10 0

Explicit solutions:
e 1d: u(z) =u(&) with £ = = — ut where

u(f) = (1 + exp <—\%>)1 with speed p = —v/2 <; — a>

u@)::<1+exp<j%)> \mulqwaiﬂzz¢§<2__a)
are two possible profiles @ with their velocity p and parameter « €]0, %[ ([23],14]).
o 1d:
Aexp( az+(% a) )+ozBexp(j:§agp+a(%_1)t>
Aexp( ( )t)—i—Bexp(:t@ax%—a(%—l)t)—&—C

u(x,t) =

where A, B, C are arbitrary constants ([19]).

Additional informations: The Nagumo equation (sometimes called ALLEN-CAHN MODEL or ZEL-
DOVICH EQUATION arising in combustion theory ([86])) is a simplified form of the FiTzZHUGH-NAGUMO
EQUATIONS (to this later). Especially for &« = —1 we receive a special case of the CHAFEE-INFANTE
EQUATION (sometimes called NEWELL-WHITEHEAD-SEGEL EQUATION describing Rayleigh-Benard
convections ([63],[72]))

= Au+ANu—u®), NER
or more general
u = Au+au—bu®, abeR
which in general possesses an attractor as well as a pitchfork bifurcation ([65],[43]).

Literature: [02], [4], [13], [11], [23], [49], [12]
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1.3 Quintic Nagumo equation

Name: QUINTIC NAGUMO EQUATION

Equations: w=A"Au+u(l—u)(u—ar)(u—az)(u—as)

uw=u(z,t) eR, 2 € R? d e {1,2,3}, t €[0,00[, a1, az, a3 €0, 1] with a1 < as < as.
Notations: not available

Short description: The Quintic Nagumo equation, named after Jin-Ichi Nagumo (1926-1999) de-
scribes an extension of the Nagumo equation and was developed only for mathematical investigations
([11],[73]). This model exhibits traveling front and traveling multifront solutions.

Phenomena:
e Traveling 1-front (traveling front)
e Traveling 2-front (traveling multifront)

e Front interaction (2-front collision)

Traveling 3-front (traveling multifront)

Traveling 4-front (traveling multifront)
e Front interaction (4-front double collision)

Set of parameter values:

d|loay |ay | ag | R | Aoz | At Boundary Phenomena
1 213 |2 ]100]03][03] 2% =00n0Bg(0)| I-front
1 % % ﬁ 100 | 0.3 | 0.3 | 9% =0 on 0Bg(0) 2-front
1 ? ? @ 250 | 0.4 | 1.0 g—g =0 on 0Br(0) 3-front
1 16 5 10 150 0.3 0.5 on — 0 on 8BR(O) 4-front

Numerical results:
e Traveling 1-front (traveling front):
I. Nonfrozen solution: Consider the nonfrozen system

g = Uy +u(l—u)(u—aq)(u—az)(u—as) ,z€ Bgr(0),tel0,o00]

% = 0 , © € OBR(0), t € [0, 00]

u(0) = o ,x € Br(0),t=0
where d = 1 (i. e. Bgr(0) = [-R, R]). For the numerical computations we use parameters a; = %,
ay = 1, a3 = LI R = 100 and initial data ug(z) = §tanh(z) + 3. Moreover, for the spatial

discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.3. For the
temporal discretization we use BDF(2) with At = 0.3, rtol = 1072, atol = 1073 and intermediate
timesteps.

Nonfrozen solution:
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Solution u, t=300 Solution u, t=900 Solution u, t=1500
1 ‘ i 1 ‘ - 1 ‘
/ /
/ /
/ /
0.8 / 0.8 / 0.8
/ /
06 / 06 // 06
El /,’ El / El
0.4 / 0.4 / 0.4
/ [
! !
02 / 02 / 0.2
/ /
/ 7
0 — 0 — 0
-100 -50 0 50 100 -100 -50 0 50 100 -100 -50 0 50 100
X X X

Spatial-temporal pattern:

u(x,t)

1500 1
0.8
1000
0.6
0.4
500
0.2
0 0
-100 -50 0 50 100
X

II. Frozen system (with freezing method ([12])): Consider the associated frozen system

vy = Vg +v(l—v)(v—ai)(v—a)(v—a3)+M\vs ,z€ Bg(0),te]0,00]
o =0 .z € OBR(0), t € [0, 00]
v(0) = g , x € Br(0),t=0

o7 = \ , t€[0,00]

~0) = 0 t=0

0 = (02,v = D) 2(Br0)R) , t€[0,00]

where d = 1 (i. e. Bgr(0) = [-R,R]). For the numerical computations we use again parameters
a1 = 2, ap = 3, a3 = 3£, R = 100, initial data ug(z) = §tanh(z) + 3 and reference function
() = ug(x). Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite
elements) with Az = 0.3. For the temporal discretization we use BDF(2) with At = 0.2, rtol = 1073,
atol = 10~* and intermediate timesteps.

Frozen solution, velocity and spatial-temporal pattern:

Profile v, t=600 Velocity
: . 0.08 1
/ 0.07
/ 08
08 / 0.06
/
0.6 / > 005 0.6
> S 004
/ S
0.4 / 0.03 04
/ 0.02
0.2 / 02
/ 0.01
o —— 0 0
-100 -50 0 50 100 0 100 200 300 400 500 600
t

Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:
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o Convergence error Eigenvalues
10 1
0.5
107
NJ
> E o
10*100
-0.5
10*150 -1

0 100 200 300 400 500 600 -50 -40 -30 -20 -10
t

e Traveling 2-front (traveling multifront):
I. Nonfrozen solution: Consider the nonfrozen system

u = Upr+u(l—u)(u—oaq)(u—a2)(u—as) ,ze Bgr(0),te]0,00]
gu = 0 .z € OBR(0), t € [0, 00]
u(0) = g ,x € Br(0),t=0

where d = 1 (i. e. Br(0) = [-R, R]). For the numerical computations we use parameters o; =
ar = 5, ag = 1—70, R = 100 and initial data ug(z) = % tanh (%25) + % tanh (”"_525) + 1 (also ug
%tanh (%) + % possible). Moreover, for the spatial discretization we use FEM (continuous piecewise
linear finite elements) with Az = 0.3. For the temporal discretization we use BDF(2) with At = 0.3,

rtol = 1072, atol = 1073 and intermediate timesteps.
Nonfrozen solution:

L
16>

Solution u, t=99 Solution u, t=351 Solution u, t=1500
1 Vs 1 Ve 1
r/ //
/ /
0.8 / 0.8 / 0.8
/ /
/ /
0.6 1 0.6 / 0.6
/ Vi
] _— El — El
/ -
04 / 04 / 0.4
r/ /
/ /
0.2 / 0.2 /x" 0.2
// /
0 — o 0
-100 -50 0 50 100 -100 -50 0 50 100 -100 -50 0 50 100
b3 X X

Spatial-temporal pattern:

u(x,t)

II. Frozen system (with freezing method ([11])): Consider the associated frozen system (j = 1,2)
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, — _ e() ) 2 - -
SRR , x € Br(0), t € [0, 00]

Qi = ¢ , z € OBR(0), t € [0, 00|

Uj(O) = ujo s xEBR(O), t=20

gj.t = Hy st e [07 OO[

g;(0) = gjo ,t=0

0 = ((9))a,vj — @J')L?(BR(O),]R) , t € [0,00]
where f(v) = v(l —v)(v — aq)(v — ag)(v —ag) and d = 1 (i. e. Br(0) = [-R,R]). For the
numerical computations we use again parameters a; = %, ay = %, ag = %, R = 50, initial data

uip(z) = %tanh (%) + i, ugo(x) = %tanh (%) + %, initial positions v19 = —50, v99 = 50, reference

functions 01 (x) = u1p(z), v2(x) = uze(z) and bump function p(z) = exp(lx)+2exp(—lx)' Moreover, for
2 2

the spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.3. For
the temporal discretization we use BDF(2) with At = 0.3, rtol = 1073, atol = 10~* and intermediate

timesteps.
Frozen solutions:

Profile Vi t=150

05 o
0.4 /

03 /

0.2 /

0.1 /

-50 0

Velocities and positions:

Velocities
-0.04

50

-0.06

—-0.08 \/

—mul
——mu2

Velocity
1
o
[

-0.12

-0.14

500

-0.16
0 1000

Spatial-temporal patterns:

vyx.t)

1500

0.5

0.4

0.3

0.2

0.1

Position

0.5

0.4

0.3

0.2

0.1

-50

|
N
3
=)

-200

-250

-300

Profile Vos t=150

Positions

50

0

500

1000

1500

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
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Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:

- Convergence error x107° Eigenvalues
10
8
6
-10 4
10
2
NJ
= Eo
_; -2
10 15 :
-4
-6
102 -8
0 500 1000 1500 -50 -40 -30 -20 -10 0

e Front interaction (2-front collision):
I. Nonfrozen solution: Consider the nonfrozen system

Uy = Upr+u(l—u)(u—oaq)(u—a2)(u—as) ,ze Bgr(0),te]0,o00]
gu = 0 .z € OBR(0), t € [0, 00]
u(0) = o ,x € Bgr(0),t=0

where d = 1 (i. e. Br(0) = [-R, R]). For the numerical computations we use parameters a; = 1,
oy = %, o3 = %, R = 100 and initial data ug(z) = %tanh (%25) + %tanh (x_%) + % (also ug =

5
%tanh (%) + % possible). Moreover, for the spatial discretization we use FEM (continuous piecewise
linear finite elements) with Az = 0.3. For the temporal discretization we use BDF(2) with At = 0.3,
rtol = 1072, atol = 1073 and intermediate timesteps.
Nonfrozen solution:

Solution u, t=99 Solution u, =351 Solution u, t=1500
1 - 1 e 1 s
/ / /
0.8 / 0.8 / 0.8 /
/ / /
/ / /
06 / 06 / 06 /
S / /
E} - E} ) E]
Ve / /
0.4 / ] 0.4 / 0.4 /
/ /
/ / /
/ / J
0.2 / 0.2 / 0.2 I
r/ r/ /
/,/ / /
o L - L ° L L — L 0 L L ) L L
-100 -50 0 50 100 -100 -50 0 50 100 -100 -50 0 50 100
X X X

Spatial-temporal pattern:

u(x,t)

1
0.8
0.6
0.4
0.2
0 50 100 0
X

II. Frozen system (with freezing method ([11])): Consider the associated frozen system (j = 1,2)
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, — _ e() ) 2 - -
Ujit = Vjazz Tt S o(—gntey) f (Zk:l vk( — gk + 95 ))
+ iV , © € Br(0), t € [0,00]

Qi = ¢ , z € OBR(0), t € [0, 00|

vj(O) = ujo s xEBR(O), t=0

Gjt = U , t €10,00]

g;(0) = gjo ,t=0

0 = <(@j)9€7vj - @j>L2(BR(O),R) s te [Oa OO[
where f(v) = v(1 —v)(v — a1)(v — az)(v —a3) and d = 1 (i. e. Br(0) = [-R,R]). For the
numerical computations we use again parameters a; = i, ay = %, ag = %, R = 50, initial data

uip(z) = %tanh (%) + i, ugo(x) = %tanh (%) + %, initial positions v19 = —50, v99 = 50, reference
functions 01 (x) = u1p(z), v2(x) = uze(z) and bump function p(z) = exp(%x)éxp(_%x)- Moreover, for
the spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.3.
For the temporal discretization we use BDF(2) with At = 1.5, rtol = 1073, atol = 5-10~* and
intermediate timesteps.

Frozen solutions:

Profile Vi t=1500

Profile vy t=1500

0.5

0.4

0.3

0.2

0.1

— 0.5

0.4

0.3

0.2

0.1

-50

Velocities and positions:

50 -50

0 50

Velocities Positions
0.04 50
——mul —al
0.03 ——mu2 —0g2
0.02
0.01
g o Z 0
Q o
> a
-0.01
-0.02
-0.03
-0.04 -50
0 500 2500 3000 0

1000 1500 2000
t

Spatial-temporal patterns:

500 1000 1500 2000 2500 3000
t

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
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Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:

Convergence error Eigenvalues

0.01 ki

0.005

E

N

o
Im
=)

livl, 2

ot

-10 -0.005

.

-0.01

0 500 1000 1500 2000 2500 3000
t

e Traveling 3-front (traveling multifront):
I. Nonfrozen solution: Consider the nonfrozen system

Upg +u(l —u)(u —a1)(u—az)(u—as) ,z € Br(0),te]0,00]

Ut =
qu = 0 , © € OBR(0), t € [0, 00]
u(0) = o , v € Bgr(0),t=0

where d = 1 (i. e. Br(0) = [-R, R]). For the numerical computations we use parameters a; = %?,
as = 3, a3 = &, R = 250 and initial data ug(z) = % tanh (z 4 50) + 1 tanh (z) — % tanh (z — 50) + ;.
Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite elements) with
Az = 0.4. For the temporal discretization we use BDF(2) with At = 1.0, rtol = 1072, atol = 10~*
and intermediate timesteps.

Nonfrozen solution:

Solution u, t=100

Solution u, t=1000

Solution u, t=2000

1 — 1 —_— 1
/ \ { \ ’/ \\
{ \ | | |
08 / \ 08 (/ 08 |
| | |
| \ \
06 i | 06 / \ 08 / \
R / N R p— \ . J \
0.4 / 0.4 0.4
/ /
/ [
02 / 02} | 02
/ /
0 J o 0
-200 100 0 100 200 -200 100 0 100 200 200 -100 0 100 200
X X X

Spatial-temporal pattern:

u(x,t)

II. Frozen system (with freezing method ([11])): Consider the associated frozen system (j = 1,2, 3)
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. _ _ ©() . 3 - -
1V 2 , T € BR(O), t e [0, OO[

Qi = ¢ . € OBR(0), t € [0, 00]

vj(O) = ujo , QSEBR(O), t=20

git = My , 1 €000

9i(0) = gjo , 1=0

0 = <(®j)x77}j - ®j>L2(BR(0),R) S [07 OO[
where f(v) = v(1 —v)(v — a1)(v — az)(v — a3) and d = 1 (i. Br(0) = [-R,R]). For the
numerical computations we use again parameters o = %6, g = %, ag = 1—70, R = 200, initial data
uip(z) = %tanh (%) + i, ug0(x) = uyp(x), ugp(x) = —%tanh (%) — %, initial positions 19 = —50,

v20 = 0, 130 = 50, reference functions 01(z) = uig(z),

function ¢(x) =

2
exp(%z)wtexp(f%x

Uo(z) = ugo(x), 03(x)
) Moreover, for the spatial discretization we use FEM (continuous

uso(x) and bump

piecewise linear finite elements) with Az = 0.4. For the temporal discretization we use BDF(2) with

At = 0.3, rtol = 1073, atol = 10~* and intermediate timesteps.
Frozen solutions:

Profile Vi t=100 Profile Ve t=100

05 P — 05
r// !’
0.4 [ 0.4 |
[ |
03 | 03 |
= / = |
0.2 | 0.2 J}
0.1 3] 0.1 |
/ /
0 / 0
200 “100 0 100 200 200 -100 3 100 200
X X
Velocities, positions and Spatial-temporal patterns:
Velocities Positions
015 150
0.1 100/
0.05 50 —al
—mul —02
g o ——mu2 § o —g3
S —mu3 g \
2 -0.05 & -50
70.1L -100
-0.15 -150
-0.2 -200
200 400 600 800 1000 0 200 400 600 800 1000
t t
Spatial-temporal patterns:
vy{x.t)
05 1
0.4 0.9
03 038
0.2 0.7
0.1 06
0 0 0 05
-200 100 200 200 -100 100 200

-100 0
X

x o

Profile Vg t=100

o,
\
|
-0.1 |
-0.2 \
|
-0.3 \
-0.4 |
|
0.5 »
-200 100 0 100 200
X
V4 (60, V(0.0 Va(x.t)
1
0.8
0.6
0.4
0.2
0
-300 -200 -100 O 100 200 300
X
1
0.9
0.8
0.7
0.6
0.5
-200 -100 0o 100 200
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Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:

Convergence error

o Eigenvalues
10 T e,
006" v ] teer,,
-20 A *++++
10 0.04 e, .,
++++++ T,
10 0.02 +“##++
;JlO c C,‘:Nr++++++++++++++¢¥++++++++1+j+
z 107 B S T ++++++h$+++++*++::§§+
-0.02 ++++ﬁ :
+++*+ 7
10 -0.04 T o
008, + + ** i: +++++**++++
1071 Lt Tt
0 200 400 600 800 1000 -1 -0.8 -0.6 -0.4 -0.2 0
t Re
e Traveling 4-front (traveling multifront):
I. Nonfrozen solution: Consider the nonfrozen system
U = Upr+u(l—u)(u—oaq)(u—a2)(u—as) ,xe Br(0),te]0,00]
ou _
o = 0 , © € OBR(0), t € [0, 00]
u(0) = o ,x € Bgr(0),t=0

where d = 1 (i. e. Br(0) = [-R, R]). For the numerical computations we use parameters a; = %6,
g = %, ag = %, R = 150 and initial data ug(x) = itanh (L;OO) + % tanh (””50) — itanh (:”750) -

5 5
% tanh (:1:le00> . Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite

elements) with Az = 0.3. For the temporal discretization we use BDF(2) with At = 0.5, rtol = 1073,
atol = 10~* and intermediate timesteps.
Nonfrozen solution:

Solution u, t=100 Solution u, t=800

Solution u, t=1200
o : o : : } : .
/ 3 // 4
f | / \
0.8 | \ 0.8 i \ 0.8
J \ | |
, \ / |
06 / \ 06 | \ 0.6
J \, /
b T N E] — — s
S ™
0.4 / N 0.4 0.4
/ \
/ \
o2t |/ \ 02 02
/ \
/ \
o— ~— 0 0
150 100 -50 0 50 100 150 150 100  -50 0 50 100 150 150 100  -50 [ 50 100 150
X

Spatial-temporal pattern:

u(x,

x,t)
1
0.8
800 0.6
600 0.4
400
0.2
200
o) 0
-150 -100 -50 0 50 100 150
X

II. Frozen system (with freezing method ([11])): Consider the associated frozen system (j = 1,2, 3,4)
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Ujit = Vjaz T 2() 'f(Zi—lvk('_gk""g'v'))
Js s Zk 130 gk+gj) = J
+14V; 2 , x € Br(0), t € [0,00]
(?912 - 0 , z € 0BR(0), t € [0, 00|
vj(O) = ujo , xEBR(O), t=20
gjt = My ) te [07 OO[
9;(0) = gjo ,t=0
0 = ((9))a,vj — @J')L?(BR(O),R) , t € [0,00]
where f(v) = v(l —v)(v — a1)(v — a2)(v —ag) and d = 1 (i. e. R]). For the

Br(0) = [-R

numerical computations we use again parameters a; = %, ay = 5, g = l R = 50 initial data
uro(x) = § tanh (£) + §, ugo(z) = uio(z), ugo(x) = —5 tanh (£) — 1, wo(z) = ugo(), initial positions
vi0 = —100, v90 = —50, v30 = 50, v40 = 100, reference functions 01(z) = uig(x), v2(x) = ugy(x),
03(x) = uso(x), U4(xr) = ugo(x) and bump function ¢(z) = exp(%:{:)JrQexp(f% 3 Moreover, for the
spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.5. For
the temporal discretization we use BDF(2) with At = 1.0, rtol = 1072, atol = 10~ and intermediate
timesteps.

Frozen solutions, velocities and positions:

l\')\»—t
O

Profile Vi t=3000

Profile Vo t=3000

Profile Vg t=3000

05 o 05 — 0 —~
e g / 1\
/ / \
04 / 04 / 0.1 \
/ / \
/ i \
03 / 03 / 0.2 \
— / o~ I ™ \‘
B / > / < \
0.2 / 0.2 / 0.3 \
/ / \
/ \
0.1 / 0.1 / -0.4 \
,/ “
0 - 0 — 0.5 —
-50 0 50 -50 [ 50 -50 0 50
X X X
Profile Vg t=3000 Velocities Positions
800
O~ —— 0.2 600
N
AN
) N 400
0.1 \ oal
\ —mul 200 —l
0.2 \ 2z s g
\ 5] ——mu2 S —g2
= \ S 0 3 @ 0 3
\ 2 mu: 8 9
0.3 \ mud ~200 94
-0.1
0.4 \ -400
N
05 T -0.2 -600
-800
-50 0 50 0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
X t t
Spatial-temporal patterns:
vyx.t)
05 0
0.4 0.1
03 0.2
0.2 0.3
0.1 0.4
0
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v4(x,t) \% (x 1), v2(x 1), vs(x 1), vA(x 1)

0 1
0.1 0.8
02 0.6
) 03 ) 0.4
500 POt 500 02
0 50 0P °
X

Q
-50 -600 -400 -200 0 200 400 600

Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:

Convergence error Eigenvalues

livl, 2
= =
1S 1S
& &
Im
=)
-

-0.05
107° -0.1
10 -0.15
0 500 1000 1500 2000 2500 3000 -10 -8 -6 -4 -2
t Re

e Front interaction (4-front double collision):
I. Nonfrozen solution: Consider the nonfrozen system

Uy = Ugr tu(l—u)(u—o1)(u—a)(u—as) ,x€ Br(0),te]0,00]
gu = 0 .z € OBR(0), t € [0, 00]
u(0) = g ,x € Br(0),t=0

where d = 1 (i. e. Bgr(0) = [-R, R]). For the numerical computations we use parameters o = 1,
ar =3, a3 = 3 , R =150 and initial data uo(z) =  tanh (IHOO) + 7 tanh (5‘+20) 1 tanh (“” 20)
2 ta h (w 100) . Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite

elements) with Az = 0.3. For the temporal discretization we use BDF(2) with At = 1.0, rtol = 1073,
atol = 10~% and intermediate timesteps.
Nonfrozen solution:

Solution u, t=100 Solution u, t=800 Solution u, t=2400
1 — 1 | N 1 P N
[ / \ / \
/ \
08 [ 08 f \ 08 / |
/ | \ i
/ | / | ,'f \
06 / \ 06 / \ 0.6 / \
/ \ / \ f \
El S — El / \ El /
/ N\ / i / \
0.4 / 3 0.4 / \ 0.4 f \
f \ / \ / \
/ \ / \ / \
0.2 / | 0.2 | | 02 / \
/ | / \ | \
\ / \ / \
\ /
o/ N 0 / . o y
150  -100  -50 0 50 100 150 150  -100  -50 0 50 100 150 150  -100  -50 0 50 100 150
X X

Spatial-temporal pattern:
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u(x,t)

1
2000 08
1500 06
B 1000 0.4
500 0.2

0 0

-150 -100 -50 0 50 100 150
X

II. Frozen system (with freezing method ([11])): Consider the associated frozen system (j = 1,2, 3,4)

V)t = Ujgz+ % - f (Zi:1 (- — gk + 95 ))
+15Vj 2 , ¢ € Br(0), t € [0,00]

Qi = g .z € 9BR(0), t € [0, 00|

v;(0) = o ,x € Br(0),t=0

9t = My , t € [0,00]

9;(0) = gjo =0

0 = <(@j)x,vj — @j>L2(BR(O),R) RS [0, OO[
where f(v) = v(1 —v)(v — a1)(v — az)(v —ag) and d = 1 (i. e. Br(0) = [-R,R]). For the
numerical computations we use again parameters a; = i, ay = %, ag = %, R = 50, initial data
uip(z) = %tanh (%) + i, uo () = uio(x), uso(x) = —% tanh (£) — i, ug0(x) = uzo(x), initial positions
yi0 = —100, v20 = —20, v30 = 20, v40 = 100, reference functions 1(z) = uip(z), v2(z) = ug(x),

10
03(z) = wso(x), 04(x) = wgo(z) and bump function p(z) = 2 oy Moreover, for the
2

exp(%x)Jrexp(ffm
spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.4. For
the temporal discretization we use BDF(2) with At = 1.0, rtol = 1072, atol = 102 and intermediate
timesteps.

Frozen solutions, velocities and positions:

Profile Vi t=3000 Profile Vo t=3000 Profile Vg t=3000
0.5 — 0.5 e 0
T /
- / \
/ / \
0.4 0.4 / -0.1 4
/ / \
/ / \
03 / 1 03 / 0.2 \
-~ / ~ o \
> / > / > \
0.2 / 0.2 / 0.3 N
/ / / x\\
0.1} / 1 0.1} / 1 0. R
/ 0.4 \
/ / .
e — S
0 — 0 -0.5
-50 0 50 -50 0 50 -50 0 50
X X X
Profile v,, t=3000 Velocities Positions
100
of——— 7 -
N
-0.1 N 50
\ -
‘\ c — 9
-0.2 \‘ S o —g2
- \ =
> \ § — g3
0.3 \ —g4
\
0.4 \ -50
\
AN
0.5 =
-100

-50 0 50 ) 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
t t
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Spatial-temporal patterns:

v, () v,(x.t)
05 05
0.4 0.4
03 03
0.2 0.2
500 01 500 01
0 0 0
0 0 50 0 0 50
X X

-5

-5

v4(x,l) vy (x.1), vz(x,l), va(x,l), vd(x,l)
0 1
0.1 0.8
0.2 0.6
03 0.4
500 04 0.2
%o 0 50 0P 50 0 50 °
X X
Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:
» Convergence error Eigenvalues
10
0.015 4
#
" 0.01 E
10 )
0.005 *
o~ +J§f
= -8
=10 £ o e
- + 4|
-0.005 o]
-10 ﬂf
10 -0.01 £
4
H
» -0.015 1
0% 500 1000 1500 2000 2500 3000 -10 -8 -6 -4 -2
t Re

Explicit solutions: not available

Literature: [11], [73]
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1.4 FitzHugh-Nagumo model

Name: FirzHuGH-NAGUMO MODEL (FHN) (sometimes called BONHOEFFER-VAN DER POL MODEL)

. Uy Auy + f(u1) —ug + «
E t . =
quations ( U >t ( DAwus + B (yur — dug + €)

up = up(z,t) € R, ug = ug(z,t) € R, u = (ul,uQ)T, r € R d e {1,2,3}, D,a,B3,7,6,¢e € R
and f : R — R is a (cubic nonlinearity) polynomial of third degree (i. e. f(w) = w — (w3 or
f(w) =w(l —w)(w —¢) with 0 # ¢ € R, cf. Nagumo equation).

Notations:
Uy :  membran potential (measure the potential difference across the cell membrane)
U2 : recovery variable (measure transmembrane currents which affect the ability of
the cell to recover before being able to fire again)
D . diffusion coefficient (usually D = 0)
« : magnitude of stimulus current
B,7,0,6,( : constant system parameters

Short description: The FitzHugh-Nagumo model ([33],[62]), named after Richard FitzHugh (1922-
2007) and Jin-Ichi Nagumo (1926-1999), discribes nerve conduction ([83]), propagation of waves and
nerve pulses in excitable media (e.g. heart tissue or nerve fiber) and spike generation in squid giant
axons. This model exhibits traveling pulses, traveling fronts, traveling multipulses ([64]) in 1D, spiral
waves, spiral breakups ([39]), spiral turbulences ([10]), labyrinthine patterns ([40]), spot splittings
([39]) and rotating vortices ([17],[15]) in 2D as well as other phenomena in 3D.

Phenomena:
e Traveling 1-front (traveling front)
e Traveling 1-pulse (traveling pulse)
e Traveling 2-pulse (traveling multipulse)

Set of parameter values:

d| D f(w) a| B |lv|dle || R |Ax| At Boundary Phenomena
T 3 2 71 Ju _

1 10 w — CwS 0 % 1 E 0|3 60 | 0.1 |05 g—g =0 on 0Br(0) 1-front

1| g lw=Cuw 0] 5 |1 2[5 ]35/[100]01][01]%=00n8Bg(0)| 2pulse

Numerical results:
e Traveling 1-front (traveling front):
I. Nonfrozen solution: Consider the nonfrozen system

Uy Ul ze + f(ur1) —us + o
— ) Bgr(0),te |0
<u2 )t (Duz,mm+ﬂ(7u1—5u2+e) @ € Br(0), # € (0,00
gu = 0 .z € 9BR(0), t € [0, 00|
u(0) = ,x € Br(0),t=0
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where f(w) = w — (w® and d = 1 (i. e. Bg(0) = [-R,R]). For the numerical computations we
use parameters D = 1—10, a=0,0= %, vy=1, 6 =8, ¢ %, ¢ = %, R = 60 and initial data
uo(x) = (tanh(z),1 — tanh(z))”. Moreover, for the spatial discretization we use FEM (continuous
piecewise linear finite elements) with Az = 0.1. For the temporal discretization we use BDF(2) with
At = 0.5, rtol = 1072, atol = 107° and intermediate timesteps ([59]).

Nonfrozen solution:

Solution u,, 1=100

Solution u,, 1=250

Solution u,, 1=400

2 2 2
1.5 / 1.5 / 1.5
1 / 1 ( 1
|
0.5 r 0.5 ( 0.5
|
s 0 s 0 E 0
-0.5 -0.5 -0.5
-1 | -1 I -1
15 f 15 f 15
-2 -2 -2
-60 -40 -20 0 20 40 60 -60 -40 20 0 20 40 60 -60 -40 -20 0 20 40 60
b3 X X
Solution u,, 1=100 Solution u,, 1=250 Solution u,, =400
0.5 0.5 0.5
p —
1/ /
/{
S0 | 0 / 5 of
J J
-0.5 y -0.5 - -0.5*
-60 -40 -20 0 20 40 60 -60 -40 -20 0 20 40 60 -60 -40 -20 0 20 40 60

Spatial-temporal pattern:

0t

x,1)
450
350
300
250
200 |
150
100
50
Q
0 20 40 60
X

-60 -40 -20

II. Frozen system (with freezing method (]

(), =

1

0.8 0.8
0.6 0.6
0.4 i 10.4
0.2 0.2

[
20 40 60

-60 -40 -20

x o

Vige + f (1) —v2 +a+ ANuig

Dvg o + B (yv1 — 6v2 4+ €) + Mooy

)

])): Consider the associated frozen system

x € Bgr(0), t € [0,00]

gu = 0 , & € OBR(0), t € [0,00]
v(0) = ug ,x € Br(0),t=0

Vi = )\ , t€1]0,00]
~(0) = 0 ,t=0

0 = (02,v = D) 12(BR(0)R) , 1 € [0,00]

where f(w) = w — (w® and d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use

parameters D = %7 a = 0,

2
52757

vy=1,0 =8, ¢ = %7 ¢ = %, R = 60, initial data ug(x)
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(tanh(z), 1 — tanh(z))” and reference function 9(z) =?. Moreover, for the spatial discretization we
use FEM (continuous piecewise linear finite elements) with Az = 0.1. For the temporal discretization
we use BDF(2) with At = 0.1, rtol = 1072, atol = 1075 and intermediate timesteps.

Frozen solution and velocity:

Spatial-temporal pattern, convergence error of freezing method and eigenvalues of the linearization
about the frozen solution:

e Traveling 1-pulse (traveling pulse):
I. Nonfrozen solution: Consider the nonfrozen system

<u1> _ ( U ge + f (u1) —u2 + ) . € Br(0), t € [0,00

s Dug gz + B (yur — duz + €)
gu = 0 , & € OBR(0), t € [0, 00]
u(0) = ,x € Br(0),t=0
where f(w) = w — (w® and d = 1 (i. e. Bgr(0) = [-R, R]). For the numerical computations we

use parameters D = %, a=0,0= %, vy=1,6 = %, € = %, ¢ = %, R = 60 and initial data
uo(x) = (tanh(z), —0.6)". Moreover, for the spatial discretization we use FEM (continuous piecewise
linear finite elements) with Az = 0.1. For the temporal discretization we use BDF(2) with At = 0.1,
rtol = 1072, atol = 107 and intermediate timesteps ([59]).

Nonfrozen solution:

Solution u,, =50 Solution u, 1=100 Solution u, =150
2 2 2
1.5 N 1.5 1.5
[ / |
1 \ 1 | 1
I
0.5 f \ 0.5 0.5
s 0 ’ ‘ s 0 s 0
-0.5 / \ 05 | -0.5
/
-1 / ) 1) \ B 1
s -
1.5 b ] 15 \ / 15
v v
-2 -2 - -2
-60 -40 -20 0 20 40 60 -60 -40 -20 0 20 40 60 -60 -40 -20 0 20 40 60
X X X
Solution u,, =50 Solution u,, 1=100 Solution u,, =150
1 1 1
A\ / |
05 il ost || 05
{
\
A a
\ \
0 ! \ S oo | S0
{ \ r \
/ \\ | \
\ /
\ \
05 N 4 05/ | N 05
-1 -1 -1
-60 -40 -20 0 20 40 60 -60 -40 -20 0 20 40 60 -60 -40 -20 0 20 40 60
X X X

Spatial-temporal pattern:
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u,(xt) uy(x.t)

0.8
10.6
|

0.4

0.2

II. Frozen system (with freezing method ([12])): Consider the associated frozen system

v V1gz + f (V1) —v2 + @+ Mvig
= ’ ’ ,x € Br(0),t€|0,00
< V) )t ( Dy gz + B (Y01 — 0v2 + €) + Mz r(0), € 0,00l

L =00 L € BR(0), t € [0, 00]
v(0) = , ¢ € Br(0),t=0
Mt = N , t€]0,00]
70) = 0 ,t=0
0 = <'1A)x,’U — @>L2(BR(O),R) y t e [0, OO[
where f(w) = w — (w? and d = 1 (i. e. Bg(0) = [-R,R]). For the numerical computations

we use parameters D = %, a=0,0= %, y=10 =73 €= 1—70, ¢ = %, R = 60, initial
data ug(z) = (tanh(z),1 — tanh(z))” and reference function d(z) =?. Morecover, for the spatial
discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For the
temporal discretization we use BDF(2) with At = 0.1, rtol = 1072, atol = 107° and intermediate
timesteps.

Frozen solution and velocity:

Spatial-temporal pattern, convergence error of freezing method and eigenvalues of the linearization
about the frozen solution:

e Traveling 2-pulse (traveling multipulse):
I. Nonfrozen solution: Consider the nonfrozen system

< (75} ) _ ( ul,xx+f(ul) —us +« > Lz € BR(O), te [0,00[

U2 DUQ,mm + 3 ('7“1 — Oug + 6)
gu = 0 .z € OBR(0), t € [0, 00]
u(0) = U , x € BR(0),t=0
where f(w) = w — (w? and d = 1 (i. e. Bg(0) = [-R,R]). For the numerical computations we

use parameters D = %, a=0, 0= %, vy=1,0 = %, € = 1—70, ¢ = %, R = 100 and initial data

uo(x) = (—1.2 + 1+2('2)2,—0.6> . Moreover, for the spatial discretization we use FEM (continuous
3

piecewise linear finite elements) with Az = 0.1. For the temporal discretization we use BDF(2) with
At =0.1, rtol = 1072, atol = 107> and intermediate timesteps ([12],[11]).
Nonfrozen solution:
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Solution ug, t=50

05

-0.5

-50 0 50 100

Solution u,, t=50

Spatial-temporal pattern:

uw(x,l)

Solution ug, t=100

-2
-100 -50

os |

-05f | \

Solution u,, 1=100

uz(x,l)

0.8

10.6

0.4

0.2

-05

-1.5

-0.5

Solution ug, t=150

1.5

0.5

Soo

05

-50

Solution u,, t=150

-50

II. Frozen system (with freezing method ([11])): Consider the associated frozen system (j = 1,2)

— vl’j?zm +
DUQ,j,wz

v]'?j?x
v2?j)m

1

= 0

= W

= 450

= <(®j)$7 Uj

»()

~ i) L2(BR(0).R)

wy | flwr) —w2 +a
F<w2 > _<ﬁ(7w1—5w2+e)>

2 o
s P (Shaw — g+ 95.0)

)

9

)

9

)

x € Bg(0), t € [0, 00]

x € OBR(0), t € [0, 00]
S BR(O), t=20

t € [0,00]

t=20

t € [0, 00[
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where v; = (v14,v25)", f(w) = w— ¢w® and d = 1 (i. e. Br(0) = [-R,R]). For the numerical
computations we use parameters D = %, a=0,0= %, vy=10 = %, = 1—70, ¢ = %, R =

T
50, initial data ugp(z) = (—1.2+ 1+2('i)2,—0.6> , initial positions y19 = —50, 20 = 50, reference
3

functions 01 (x) =7, 02(x) =? and bump function ¢(x) = exp(%x)—fexp(—%x)
discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For the
temporal discretization we use BDF(2) with At = 0.1, rtol = 1072, atol = 107> and intermediate
timesteps.

Frozen solutions:

. Moreover, for the spatial

Velocities and positions:

Spatial-temporal patterns:

Convergence error of freezing method and eigenvalues of the linearization about the frozen solution:

Explicit solutions: not available

Literature: [33], [62], [32], [35], [34], [68], [12], [11], [40], [59], [64], [45], [17], [15]



1.5 Purwins model 33

1.5 Purwins model

Name: PURWINS MODEL

ug = DyAu+ f(u) — k1v — Kow + K3
Equations: v = DpyAv+u—v

0wy = Dy Av +u —w

u=u(z,t) €ER, v=0v(x,t) €ER, w=mwxt) €R, zecRY de{1,2,3}, Dy, Dy, Dy,,3,7,7,0 € R
and f : R — R is a (cubic nonlinearity) polynomial of third degree (i.e. f(u) = Au — u?).

Notations:
U . activator
v, W : inhibitor
D,,D,, D, : diffusion constants with slow diffusion D, and fast diffusion D,,, i.e. D, << Dy,
K1, K2,k3,\, 7,0 : some additional constants

Short description: not available

Set of parameter values: not available
Phenomena: not available

Explicit solutions: not available

Literature: not available
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1.6 Barkley model

Name: BARKLEY MODEL

U1
uz

Aul—}—%-ul-(l—ul)-(ul—

Equations:
DAus + g(u1) — uz

(),

)

up = u(z,t) € R, ug = ug(x,t) € R, u = (ul,ug)T, reRY de{l1,2,3}, D,a,be €R, g(w) =w ([7])

0 , w e [0, 3]
(or g(w) = w®, g(w) =41 - 6.75w(w —1)* , we [3,1] ([20]).
1 , w €1, 00]
Notations:
D diffusion constant for the slow species us (0 < D << 1)

g(uq) reaction kinetics
€ . sets the timescale separation between the fast u;- and the slow ug-equation (0 < e << 1)
a,b other system parameters

Short description: The Barkley model ([7],[8]), named after Dwight Barkley, discribes excitable
media, oscillatory media ([7]), catalytic surface reactions ([20],[21]), the interaction of a fast activator
u and a slow inhibitor v (in this case g(u) discribes a delayed production of the inhibitor) and is often
used as a qualitative model in pattern forming systems (i.e. Belousov-Zhabotinsky reaction). This
model exhibits spiral wave ([78], [12]), rotating spiral and scroll wave solutions. Larger a gives a longer
excitation duration and increasing 2 gives a larger excitability threshold (or equivalently decreasing 3
produce a spiral with many windings). The standard reaction kinetics g(u) = u can also be replaced
by one of two above mentioned possibilities. In both of these nonstandard cases the model can exhibit

spiral breakups followed by spiral turbulences ([21],[70]).
Phenomena:

e Rotating spiral wave (rigidly rotating spiral)

e Meandering spiral wave (meandering spiral)

Set of parameter values:

d| D |al| b | e |glw)| R |Ax|At Boundary Phenomena
2| G133 wgla| w [40]07]01 %:OOH 0Br(0) | Rotating spiral wave

Numerical results:
e Rotating spiral wave (rigidly rotating spiral):
I. Nonfrozen solution: Consider the nonfrozen system

<U1> _ (Aul—l-;-ul-(l—ul)-(ul—i‘?a“’))
uz2 . DAug + g(uy) — ug

du - 0

on

u(0) = ug

, x € Br(0), t € [0,00]

, x € OBR(0), t € [0,00]
,x € Br(0),t=0

where g(w) = w and d = 2 (i. e. Br(0) = {x € R? | ||z||g= < R}). For the numerical computations we

1
10°

1 1

— 3 _ 1 _ 1
a=7i,b= 153 €= 55

use parameters D =

R = 40 and initial data uo(z) = (u1(z,0), us(z,0))"
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0 <0 0 y<0 o N
with u;(z,0) = and us(z,0) = Y . Moreover, for the spatial discretization we use
1 >0 5 y>0

FEM (continuous piecewise linear finite elements) with Az = 0.7. For the temporal discretization we
use BDF(2) with At = 0.1, rtol = 1073, atol = 10~* and intermediate timesteps ([78],[12]).
Nonfrozen solution:

Solution u,, t=30 Solution u,, 1=30 Solution |u], 1=30

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

. . .o . . s . o o 1 _ 3 _ 1 _ 1 o
e Rotating spiral wave (rigidly rotating spiral): d = 2, D, = 15, a = 7, b = 155, € = =5, 9(u) = u,
U .. 0 <0
R = 40, Ax = 0.7, At = 0.1, = 0 on 0Bg(0) (Dirichlet boundary), uy = ,
v 1 >0
0 y<0 .
v =19, ([78],[12]). I. Nonfrozen solution:
Time=6.5, u Max: 1.05 Max: 1.05 Max: 1.05
40 1 40 1 40 1
30 0.9 30 0.9 30 0.9
0.8 0.8 0.8
20 0.7 20 0.7 20 0.7
10 0.6 10 0.6 10 0.6
0 0.5 0 05 0 05
B 0.4 B 0.4 B 0.4
10 0.3 10 0.3 10 0.3
20 0.2 -20 02 20 o
-30 0.1 -30 0.1 -30 0.1
-40 0 -40 0 -40 0
-40 -20 0 20 40 Min: -0.0500 -40  -20 0 20 40 Min: -0.0500 -40 -20 0 20 40 Min: -0.0500

Spatial-temporal pattern: (with y =0, = € [—40,40])
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v
1 ' 09
09 08
08 47
07
06
06
~ 15 05
05
04
04
e 03
02 02
o 01
0 o 0
o 2 0 0 10 20 30 40
X

40 -3

e Meandering rotating spiral wave (Drifting rotating spiral wave): d = 2, D, = 0, a = %, b= 2%,

u

e = L g(u)Zu,R=20,Al‘:0‘5’At:0'1’(rgl(v

=, ) = 0 on 0BR(0) (Neumann boundary),

0 <0 0 y<0 :
uy = v , Vg = Y ([8]). I. Nonfrozen solution:
1 >0 5 y>0

Time=10, u Malx: 1.002 Time=35, u Ma\lx: 1.005 Time=65, u Malx: 1.001
2 p 2
: s T
0.8 0.8 0.8
10 0.7 10 0.7 10 0.7
5 0.6 5 0.6 5 0.6
0 0.5 0 0.5 0 0.5
-5 0.4 5 0.4 5 0.4
0.3 0.3 0.3
-10 02 -10 0.2 -10 02
-15 0.1 -15 0.1 -15 0.1
-20 o -20 o -20 0
20 -10 0 10 20 Min: -1.052e-3 20 -10 0 10 20 Min: -5.067e-3 20 -10 0 10 20 Min: -2.431e-3

Spatial-temporal pattern: (with y = 0, z € [—20, 20])

e Core breakup (Spiral breakup followed by spiral turbulence): d = 2, D, = 0, a = 0.75, b = 0.07,
e =0.08, R =50, Ax = 1.25, At = 0.1, g(u) = u?, a% < :}L ) = 0 on 9BR(0) (Neumann boundary),
ug and vy spiral patterns (i.e. solution at time ¢ = 15 with parameters D,, = 0.001, a = 0.75, b = 0.01,
e =0.02, R =50, Az = 1.25, At = 0.1, g(u) = u, (’% ( z ) = 0 on 0BR(0) (Neumann boundary),

0 <0 0 y<0 :
uy = ’ , Vo = Y ) ([70]). L. Nonfrozen solution:
1 >0 5 y>0
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Time=5, u Max: 1.003 Time=55, u Max: 1.007
50 1 50 " 1
0.9 0.9
30 0.8 30 0.8
0.7 0.7
10 0.6 10 0.6
0.5 0.5
-10 0.4 -10 0.4
0.3 0.3
-30 0.2 -30 0.2
0.1 0.1
-50 0 -50 0
60 -40 20 0 20 40 60 Min:-0.0126 60 -40 20 0 20 40 60 Min:-0.0159

50

30

10

-10
-30

-50
60 -40 -20 0 20 40 60 Min:-0.0146

Time=100, u

Max: 1.004

e Core breakup (Spiral breakup followed by spiral turbulence): d = 2, D, = 0, a = 0.84, b = 0.07,

0

u6[0,3[
e =0.08, R =50, Az = 1.25, At = 0.1, g(u) = ¢ 1 —6.75u(u — 1)? ue[é,l],a‘zl(Z):Oon

1

u €]1, 00]

0BRr(0) (Neumann boundary), ug and v spiral patterns (i.e. solution at time ¢ = 15 with parameters

D, =0.001, a = 0.75, b = 0.01, ¢ = 0.02, R = 50, Az = 1.25, At = 0.1, g(u) = u, % < :j > =0 on

0 =<0 0 <0
0Br(0) (Neumann boundary), uy = { . , Vo = { Y

5 y>0

Time=20, u Max: 1.008 Time=40, u Max: 1.009
50 L 50 L
0.9 0.9
30 08 30 08
0.7 0.7
10 0.6 10 0.6
0.5 0.5
-10 0.4 -10 0.4
0.3 0.3
-30 0.2 -30 0.2
0.1 0.1
-50 0 -50 0
60 -40 20 0 20 40 60 Min:-0.0117 60 -40 20 0 20 40 60 Min: -0.0117

50

30

10

-10
-30

-50
60 -40 -20 0 20 40 60 Min:-0.0142

Time=100, u

7

) ([70]). 1. Nonfrozen solution:

Max: 1.012

e Far field breakup (Spiral breakup): d = 2, D, = 0.001, a = 0.75, b = 0.01, ¢ = 0.0752, R = 50,

0 u € 0, 5

3

Az =125, At = 0.1, g(u) = {1 —6.75u(u— 1) ueli 1], % < Z > = 0 on 90BR(0) (Neumann

1 u €]1, 00]

boundary), uy and vy spiral patterns (i.e. solution at time ¢ = 15 with parameters D, = 0.001,

:u,((gL(Z):Oon@BR(O)

a =075 0b=001¢c=002 R =50 Az =125 At = 0.1, g(u)

0 <0 {0 y <0
, Vo =

(Neumann boundary), ug =
1 >0 5 y>0

Time=25, u Max: 1.012 Time=60, u Max: 1.011
50 L 50 1
0.9 0.9
30 0.8 0.8
0.7 0.7
10 0.6 0.6
0.5 0.5
-10 0.4 0.4
0.3 0.3
-30 0.2 0.2
0.1 0.1
-50 0 0

60 -40 20 0 20 40 60 Min:-0.0185 0 20 40 60 Min:-0.0213

50

30

10

-10

-30

-50
-60 -40 -20

) ([21],[70]). 1. Nonfrozen solution:

Time=85, u

Max: 1.007

20 40 60 Min: -0.0156
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e Scroll wave: d =3, D, =0, a = %, b = ﬁ, e = %, g(u) = u, R = 15, Az = 0.5, At = 0.1,
0 z<0 0 <0
ai “1=0on 0BRr(0) (Neumann boundary), uy = v , Vo = Y .
"\ v 1 >0 5 y>0

Explicit solutions: not available

Additional informations: For D, = 0 and € = 0.02 fixed the following figure shows the dynamics of
a single spiral wave as a function of parameters a and b as well as various types of meander. Top: The
yellow region denotes periodically rotating spirals and the cyan region denotes meandering spirals.
Bottom: Cut through the parameter space at b = 0.05 with the different states illustrated by tip
paths ([7],[9]).

0.1 No
Spirals

0.05

For their numerical approximation see [44] and [10].

Literature: [75], [20], [7], [19], [9], [70], [21], [2], [44], [16]
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1.7 Schrodinger equation

Name: SCHRODINGER EQUATION (sometimes called NONLINEAR SCHRODINGER EQUATION (NLS,
NLSE))

Equations: ug = alu+ BlulPu

u=u(z,t) € C, uy := Re(u), ug := Im(u), x € R4 d € {1,2,3}, t € [0,00[, o, 3 € C, p € Ny.
Notations: not available

Short description: The Schrodinger equation ([71])

Set of parameter values: not available

Phenomena:
e Stationary oscillon (standing oscillating pulse, stable rotating pulse, solitary wave): d = 1, o = i,
g = z' p =2 R =25 Az = 0 1, At = 0.1, g—z = 0 on 0BR(0) (Neumann boundary), uip =

(D) : 1 _ _ ) .o
C Im COSECESCQCJFE), Uy = C Im(ﬁ) Cosil(ncw with C' = 5, D =1 and E = 0. 1. Nonfrozen solution:

08 Time=9, Re(u) 08 Time=16, Re(u) 08 Time=21, Re(u)
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0 0 J¥ 0
-0.2 -0.2 -0.2
-0.4 -0.4 -0.4
-0.6 -0.6 -0.6
08 -25-20-15-10 -5 0 5 10 15 20 25 08 -25-20-15-10 -5 0 5 10 15 20 25 08 -25-20-15-10 -5 0 5 10 15 20 25

Explicit solutions:
e 1d: For o =i, = ki (with k € R) and p = 2 we have

u(w,t) = Cexp (i (Dz + (kC? — D?) t + E))

2 exp (i (C*t + D))
k cosh (Cz + E)

[2 exp (iBx +i(A? + B3t +iC) .
+A fk>0
u(,t) = k cosh (Az — 2ABt + D) e

2
u(z,t) = 5% exp (z(x—ZtD) +1 (k:C'2 In(t) + E)>

where A, B,C, D, E are arbitrary real constants. For a collection of solutions see [29].

u(x,t) = £C yif k>0

Additional informations: With respect to p € Ny in the literature there are special nomenclature

u = alAu + fu :  LINEAR SCHRODINGER EQUATION

u = aAu+ flulu : QUADRATIC NONLINEAR SCHRODINGER EQUATION
ug = alu+ flul®u : CUBIC NONLINEAR SCHRODINGER EQUATION

uy = alu+ fluf>u : QUARTIC NONLINEAR SCHRODINGER EQUATION
u = al\u + 3 ]u\4 % : QUINTIC NONLINEAR SCHRODINGER EQUATION

ug = aAu+ Blul®u : SEPTIC NONLINEAR SCHRODINGER EQUATION
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Literature: [29], [71]
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1.8 Gross-Pitaevskii equation

Name: GROSS-PITAEVSKII EQUATION (GPE)

Equations: up = alu+ BV (x)u + v |u\2 U

u=u(z,t) € C,zcR% de{1,2,3},tc[0,00[, a,,7€C, V:R! = R.
Notations: not available

Short description: The Gross-Pitaevskii equation ([37],[67]), named after Eugene P. Gross and Lev
Petrovich Pitaevskii, describes Bose-Einstein condensates (BEC) at zero or very low temperature and
the ground states of a quantum system of identical bosons. This model exhibits standing solitary

oscillons.
Phenomena:
e Standing solitary oscillon (rotating pulse, stable localized oscillating pulse)

Set of parameter values:

d
1

Q

2

B | v | V)| R| Az | At Boundary Phenomena
—i | —i| Z 10| 0.1 | 0.5 | % =0 on dBg(0) | rotating pulse

Do

Numerical results:
e Standing solitary oscillon (rotating pulse, stable localized oscillating pulse):
I. Nonfrozen solution: Consider the nonfrozen system

Ut = alu+BV(@)u+vyufu ,ze Bg(0),tel0, 00
gu = 0 .z € OBR(0), t € [0, 00]
u(0) = wuo , v € Br(0),t=0
where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters o = %,

B=—i,y=—i,V(z)= %, R = 10 and initial data Reug = i exp (—%), Imug = 0. Moreover, for
the spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For
the temporal discretization we use BDF(2) with At = 0.5, rtol = 1072, atol = 10~* and intermediate
timesteps.

Nonfrozen solution:

solution Re(u), t=500 Solution Im(u), t=500 Solution |u], t=500
. 0.14
\ / 0.045 / [
\ / Il I \
-0.02 \ i 0.04 x i 0.12 I
\ / | {
004 L 0.035 | \ 04 | |
\ / 0.03 / [
- - 0.08
=-0.06 | / £0.025 r \ - r \
£ { £ \ = {
o« =
0,08 \ / 0.02 (/ | 0.08 i 1
| \
0.1 | 1 oo [ 004 / \
0. i f 0.01 / | / |
| \ 0.02 / |
-0.12 \ 0.005 / \ / \
/ / \ / \
10 5 0 5 10 10 5 0 5 10 10 5 0 5 10
X X X

Spatial-temporal pattern:
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Re(u(x,t))

500

400

300

200

100

0.6

0.4

0.2

-0.2

-0.4

-0.6

500

400

300

200

100

Im(u(x.t))

lux.nl

5 10 -1

500
06 0.7
0.4 400 0.6
05
0.2 - |
o _ 104
200 0.3
0.2
0.2
04 100
0.1
0.6
0
0 5 0 5 10
X

II. Frozen system (with freezing method ([12])): Consider the associated frozen system

vy = alv+BV(zw+yvPv+ize , xe Bgr(0),te[0,00]
g = 0 , & € OBR(0), t € [0, 00]
v(0) = o , v € Bgr(0),t=0

(M) = N Lt €[0,00]

’)/1(0) = y t=20

0 = (i0,0 = ) 2By (0),0) , t€1]0,00]

where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters o = %,
B=—i,v=—i, V(z)= %2, R = 10 and initial data Reug = i exp (—%), Imwug = 0. As reference
functions Red(x) and Imd(z) we choose the real and imaginary part of the nonfrozen solution at
time ¢t = 1, respectively, with the parameters mentioned above with Az = 0.05 and At = 0.1.
Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite elements) with

Az = 0.05. For the temporal discretization we use BDF(2) with At = 0.1, rtol = 1072, atol = 1074

and intermediate timesteps.

Frozen solutions:

Profile Re(v), t=150

Spatial-temporal pattern:

Re(v(x,1))

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Profile |v|, t=150

Im(v)

0.7
0.6 [

r |
0.5}

0.4 /

vl

0.3 |
0.2 |

0.1 /

150

100

50

Im(v(x.t))

Vol

0.04

0.03

0.02

0.01

-0.01

-0.02

-0.03

-0.04

<

0.7

0.6

0.5
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Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen

solution:
Velocities 15 Convergence error Eigenvalues
0.9 10 800
600 +
0.89 + R
107 400
_ 0.88 200
‘5 N4 -25
S 087 = 10 E o
o =
2 =
-200
0.86
107 -400
0.85 * e
: -600 *
0.84 10°% -800
0 50 100 150 0 50 100 150 -5 0 5
t t Re x10™*

Explicit solutions: not available
Additional informations: If 5 = 0 then we obtain the CUBIC NONLINEAR SCHRODINGER EQUATION.

Literature: [37], [67]
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1.9 Complex Ginzburg-Landau equation (CGL)

Name: CoMPLEX GINZBURG-LANDAU EQUATION (CGL, CGLE) (sometimes called CuBic Com-
PLEX GINZBURG-LANDAU)

Equations: u = a\u+u (u + 3 ]u|2) + vy

u = u(z,t) € C, uy := Re(u), ug := Im(u), z € R% d € {1,2,3}, t € [0,00], @, 3,7, € C with v = 0,
u the complex conjugate of u.

Notations: ([11])

u(x,t) : complex-valued amplitude, slowly varying in space = and time ¢
Im(a) : dispersion

Re(p) @ distance from the Hopf bifurcation

Im(p) : detuning

Im(53) nonlinear frequency correction

ol . weak periodic forcing term, forcing amplitude

Short description: The complex Ginzburg-Landau equation, named after Vitaly Lazarevich Ginzburg
(1916-2009) and Lev Landau (1908-1968), discribes nonlinear waves, second-order phase transitions,
Rayleigh-Bénard convection, superconductivity, superfluidity and is used in the study of fiber optics
([3]). The equation describes the evolution of amplitudes of unstable modes for any process exhibiting
a Hopf bifurcation, for which a continuous spectrum of unstable wavenumbers is taken into account.
It can be viewed as a highly general normal form for a large class of bifurcations and nonlinear wave
phenomena in spatially extended systems.

Set of parameter values:

d Q@ 15} v I R | Az | At Boundary

211+ %z —11202|1+4+2¢|50]125]0.1 % =0or u=0on dBr(0)

2| 143i| —1]1.98|1+2i|50 125 0.1 u =0 on BR(0)
Phenomena:

e Labyrinthine pattern: d = 2, a = 1 + %i, 6 =-1,v=202 pu=1+2i, R=50, Az = 1.25,
At = 0.1, g—z = 0 on 0Bg(0) (Neumann boundary), ujg = tanh(z), ugg = 1 — up ([11],[38]). L
Nonfrozen solution:

Time=100, Re(u) Max: 1.236 Time=200, Re(u) Max: 1.31 Time=450, Re(u) Max: 1.357
50 50
1 1
30 30
0.5 0.5
10 10
0 0
-10 -10
-0.5 -0.5
-30 -30
1 -1
-50 -50
60 -40 -20 0 20 40 60 Min:-1.217 60 -40 -20 0 20 40 60 Min:-1.31 60 -40 -20 0 20 40 60 Min:-1.337

e Labyrinthine pattern: d =2, a = 1—|—%i, B=-1,v=2.02, u=14+2i, R="50, Ax = 1.25, At = 0.1,
u =0 on 0BR(0) (Dirichlet boundary), ujg = tanh(z), ugg = 1 —wuyg ([41],[38]). I. Nonfrozen solution:
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Time=100, Re(u) Max: 1.265 Time=200, Re(u) Max: 1.298 Time=450, Re(u) Max: 1.368
50 50 50
1 1 1
30 30 30
0.5 0.5 0.5
10 10 10
0 0 0
-10 -10 -10
-0.5 -0.5 -0.5
-30 -30 -30
-1 -1 -1
-50 -50 -50
60 -40 20 0 20 40 60 Min:-1.258 60 -40 20 0 20 40 60 Min:-1.313 60 -40 20 0 20 40 60 Min:-1.356
e Scroll wave: d =3, u=1 (or p=—-1),a=1,8=1+14,~v=0 ([87],[50],[14])
e Spiral-vortex nucleation (formation of Bloch-front turbulence): d =7, o = 1 + 13—01', 6=—-1,~v= %,
W= %—i— %i, R = 256, Az =7, At =7, % = 0 on 0BR(0) (Neumann boundary), uig = front,

ugg = front ([41]).
Explicit solutions: not available

Additional informations: (1): (Bloch-)spiral ™" 5" 7 spiral-vortex nucleation - —=* " labyrinthine,

where ([11])

[Tm(p) + Re(u) - Im(B)|
1+ (Im(8))?

— 30 <7 << 7 = (m())” + © (Re(u))? (for spiral)

In case of Re(a) = Re(3) = p = 0 there exists soliton solutions ([80]). If 4 = v = 0 then we obtain
the CUBIC NONLINEAR SCHRODINGER EQUATION.

(2): If v # 0 this equation is called FORCED COMPLEX GINZBURG-LANDAU EQUATION. In case of
Im(a) =Im(B) =0, 7 =0 and p € R the equation is called REAL GINZBURG-LANDAU EQUATION.

Literature: [12], [33], [6], [41], [38], [27], [50], [14], [3]
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1.10 Quintic Complex Ginzburg-Landau equation (QCGL)

Name: QUINTIC COMPLEX GINZBURG-LANDAU EQUATION (QCGL, QCGLE) (sometimes called
CuBIC-QUINTIC COMPLEX GINZBURG-LANDAU EQUATION (CQCGL))

Equations: up = alAu+u (u +Buf’ +v |U‘4)

u=u(z,t) € C,z e R de{1,2,3},t€[0,00[, a, 3,7, 1t € C.

Notations: ([30])

T :  normalized transversal spatial coordinate (or retarded time, in temporal problems
with d = 1)

t :  mnormalized propagation distance or the normalized number of round tips

U : complex anvelope of the electric field

Re(a) : spatial or temporal spectral filtering, diffusion coefficient, Re(a) > 0

Im(a) : determines the lowest order diffraction, i.e. Im(a) > 0 corresponds to anomalous
dispersion and Im(a)) < 0 corresponds to normal dispersion

u :linear gain (or loss) at the (spatial or temporal) control frequency, p € R

Re(f) : nonlinear gain (absorption processes)

Re(y) : a higher-order correction term to the nonlinear amplification (absorption)

Im(y) : a higher-order correction term to the nonlinear refractive index

Short description: The quintic complex Ginzburg-Landau equation ([30]), named after Vitaly
Lazarevich Ginzburg (1916-2009) and Lev Landau (1908-1968), describes different aspects of signal
propagation in heart tissue, superconductivity, superfluidity, nonlinear optical systems ([60]), photon-
ics, plasmas, physics of lasers, Bose-Einstein condensation, liquid crystals, fluid dynamics, chemical
waves, quantum field theory, granular media and is used in the study of hydrodynamic instabilities
([58]). This model shows a variety of coherent structures like stable and unstable pulses, fronts, sources
and sinks in 1D ([47],[79],[2],[80]), vortex solitons ([24]), spinning solitons ([25]), rotating spiral waves,
propagating clusters ([69]) and exploding dissipative solitons ([75]) in 2D as well as scroll waves and
spinning solitons ([26]) in 3D.

Phenomena:
e Standing solitary oscillon (rotating pulse, stable localized oscillating pulse)
e Traveling oscillating front (stable rotating front)
e Pulsating soliton
e Creeping soliton
e Rotating 2-pulse (rotating multipulse)
e Rotating pulse combined with a traveling rotating front (traveling rotating multistructure)
e Traveling rotating 2-front (traveling rotating multifront)
e Spinning soliton (spinning solitary wave, localized vortex solution)
e Rotating spiral wave (rigidly rotating spiral)

e Standing solitary oscillon (rotating pulse, stable localized oscillating pulse, merger of 3 colliding
solitons into a single stable pulse)
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e Spinning 2-soliton (spinning multisoliton, localized 2-vortex solution):
Set of parameter values:
d| p Q@ I} v R | Ax | At Boundary Phenomena
1] —% 1 3+ -2 +i [20]01]01 %:mOHMﬁm) rotating pulse
1| —55 1 3+1 —L 4 20 0.1 | 0.1 g—“ =0 on 0Bg(0) rotating front
1| -5 | S+30 | &5+i| —&—+i [20]01]01 g—“ =0on 0Br(0) | pulsating soliton
1| —55 | s +5i | 18+i | =55 — 1951 | 20 [ 0.1 | 0.3 g—z =0 on 0Bg(0) creeping soliton
2| —3 s+ 1 2+ 11—+ [20]05 01 g—z =0 on 0Bg(0) spinning soliton
2| =2 | 243 | B+i| —1-45 [20]05 (01| 5%=0o0n0dBg(0) | rotating spiral wave

Numerical results:
e Standing solitary oscillon (rotating pulse, stable localized oscillating pulse):
I. Nonfrozen solution: Consider the nonfrozen system

where d =1 (i. e. Bg(0) =
a=1,3=3+i,v=-4+

alu+u <,u + Blul® +~ ]u|4) , z € Br(0), t € [0,00]
, & € OBR(0), t € [0, 00]

Ut

0 _

o =0
u(0) = g

,x € Br(0),t=0

[—R, R]). For the numerical computations we use parameters y =
1, R = 20 and initial data Reug =

_1
10>

) , Imug = 0. Moreover, for

5
2(1+(§)2

the spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 1073, atol = 10~* and intermediate
timesteps ([79],[47],[78],[76]).

Nonfrozen solution:

08[

0.4

0.2

-0.2

Solution Re(u), t=70

-20 -10

Spatial-temporal pattern:

Re(u(x,t))

0.8

0.6

0.4

0.2

Solution Im(u), t=70

Solution |ul, t=70
T

0.9

-0.1
-0.2
-0.3
-0.4
-0.5
-0.6
-0.7
-0.8

Im{u)

-20 -10

70

60

50

40

30

20

e
o

-10

3
e
=

x o

K((((((««««««(((«((((«« :

o

n
=}

20

0.8

0.6

0.4

0.2

o

08
07
06

505
0.4
0.3
0.2
01

-20

0 10 20

Jux.1)]

0.8

0.6

0.4

0.2
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II. Frozen system (with freezing method ([12])): Consider the associated frozen system

vy = aAv+v(u+ﬁ]v]2+’y\v]4) + Avg +idv , x € Bgr(0), t € [0,00]
gu = 0 , & € OBR(0), t € [0, 00]
v(0) = g ,x € Br(0),t=0
(M) = M , t€0,00]
7m@0) = 0 ,t=0
(72)e = A2 , t€0,00]
72(0) = 0 ,t=0
0 = (0,0 = 0) 12(Bg(0),0) ;1€ [0,00]
0 (if),v - L2(Bg(0),C) , b€ [0, OO[
where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters y = —1—10,

a=1,6=3+1i,v= —% + 1, R = 20 and initial data Reug = , Imug = 0. As reference

2(1+(2)°)

functions Reo(z) and Imo(x) we choose the real and imaginary part of the nonfrozen solution at
time ¢t = 70, respectively, with the parameters mentioned above and atol = 107°. Moreover, for the
spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 1073, atol = 107> and intermediate

timesteps ([79],[47],[78]).
Frozen solutions:

Profile Re(v), t=150

o8| [
07 [

0.6 ) 1
05 | |
04

03 I \
02} b

N

Re(v)

-20 -10 0 10

Spatial-temporal pattern:

Re(v(x.1))

20

150 1
0.8
100
0.6
0.4
50
0.2
o] 0
-20 -10 0 10 20
X

Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen

solution:

05
0.4
03
0.2

£ o1

-0.1
-0.2
-0.3

150

100

Profile Im{v), t=150
i { b
aYAYa
\ /
\\ \
\/ ¥
TH
-20 -10 [} 10 20
X
Im(v(x,1))
1
0.8
0.6
0.4
0.2
— - _— o
- (o} 10
X

0.9
0.8
0.7
0.6

=05
0.4
0.3
0.2
0.1

150

100

Q

Profile |v|, t=150

-20

-10 0 10 20

[v{xD)]

1
0.8
0.6
0.4
0.2
0

-20 -10 [ 10 20
X
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Velocities o Convergence error Eigenvalues
5 10
1
0
10° \j
-5 05 b
"gf —Im1 = .
$ 10 S E o
-15 -05 +
10°
-20 %i
-1
5 50 . 100 150 10780 50 . 100 150 -250 -200 —1R50 -100 -50 0
e Traveling oscillating front (stable rotating front):
I. Nonfrozen solution: Consider the nonfrozen system
2 4
w = adutu(ptBluf+ ) o€ Br(0), € [0,00]
Qu = 0 , & € OBR(0), t € [0, 00]
u(0) = g ,x € Br(0),t=0
where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters y = —1,

a=1,0=3+i,v= —%4—1’, R = 20 and initial data Rewug =

& (3+V9+11k)

1+exp (7 %

VIR

ug = 0. Moreover, for

the spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 1073, atol = 10~* and intermediate
timesteps ([79],[47],[78],[76]).

Nonfrozen solution:

Solution Re(u), t=10

0.6 7
0.4
0.2 [

0.4 l
-0.6 |

0.8 \

f

-20 -10 0 10

x

Spatial-temporal pattern:

Re(u(x,t))
20

Wmfff{m.

<]
5
x o
=]
8

20

Solution Im(u), t=10

0.8

0.6

0.4

Im(u)

0.2

-0.2

Solution |ul, t=10

0.8

0.6

Jul

0.4

0.2

-20

20

Im(u(x,t))

f (mff (72

x o
=)
n
=1

20 -20 -10

0.8

0.6

0.4

0.2

o

Jux.)l

II. Frozen system (with freezing method ([12])): Consider the associated frozen system

20

0.8

0.6

0.4

0.2
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50
vy = aAv+v(u+ﬂ\v|2+ﬂvl4) + AMvg +idov 2z € Br(0), t € [0, 00]
o =0 , € OBR(0), t € [0, 00]
v(0) = g ,x € Br(0),t=0
(M) = M , t €10, 00]
~(0) = 0 ,t=20
(72)r = Ao , t€[0,00]
72(0) = 0 =0
0 = (0,0 = 0) 12(Br(0),0) ;1 €[0,00]
0 (10,0 — 0) 2B 0).0) Lt e 0,00
where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters y = —1,

a=1,=3+1i~v= —14—1 + 4, R = 20 and initial data Reuy = ﬁ, Imug = 0. As reference

5]

functions Reo(z) and Imo(x) we choose the real and imaginary part of the nonfrozen solution at
time ¢t = 4, respectively, with the parameters mentioned above and atol = 10~°. Moreover, for the
spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 1073, atol = 107> and intermediate
timesteps ([79],[47],[78]).

Frozen solutions:

Profile Im(v), t=100 Profile |v|, t=100

Profile Re(v), t=100
1 ~ A 1
/ 2y /
/ 0.2 N /
i /o /’
/ of ———u/ K Ve 08 /
/ }
05 1 \ / /
[ 02 [ 08 f
= = \ / — /
g [ £ | = /
yal .04 \ | 0.4 /
0 — \\ | | r/
{ /
\ f -0.6 \ ’\ 0.2 )
| iy /
y
-0.5 \ i -0.8 \’/ . »
-20 -10 0 10 20 -20 -10 0 10 20 -20 -10 0 10 20
X X

Spatial-temporal pattern:

lve

Re(v(x.1)) Im(v{x,t))

80 0.8 80
60 0.6 60 0.6 0.6
) 40 0.4 ) 40 0.4 i 0.4
20 0.2 20 0.2 0.2
-10 0 020 -10 0 10 20 0 0
X

Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen

solution:
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Velocities o Convergence error Eigenvalues
2 10
2
1& —1Im2 15
5 1
o0 . 10 05% Wﬂﬁf%
8 = E o +
> -1 - -10 05 &
1o 71M WW
2 -15
_30 20 40 . 60 80 100 107150 20 40 . 60 80 100 N -250 -200 —lRSO -100 -50 0
e Pulsating soliton:
1. Nonfrozen solution: Consider the nonfrozen system
g atsutu(p+Bluf +ylul')  x € Br(0), € [0,00]
Qu = 0 , & € OBR(0), t € [0, 00]
u(0) = g ,x € Br(0),t=0
where d =1 (i. e. BR( ) = [-R, R]). For the numerical computations we use parameters p = — 4,
a = 18—0 + %i, 8 = 100 +i, v = % - %Oi, R = 20 and initial data Reug = sech(z), Imug = 0.

Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite elements) with

Az = 0.1. For the temporal discretization we use BDF(2) with At = 0.1, rtol = 1073, atol = 1074
and intermediate timesteps ([5]).

Nonfrozen solution:

Solution Re(u), t=100

Solution Im(u), t=100

0 = =
N\ Ve hf
\ / il ;\
| [ | Al
| 15
05 |
| |
SR 1 f s !
Z ] £ |
1.5 | { 0.5 }
| [
. I
i
-2 \\ / J \
. Y 0 -
20 10 0 10 20 20 10 0 10 20
X X
Spatial-temporal pattern:
Re(u{x,t)) Im(u(x,t))
100 = 1 100 = 1
\‘—5; g:’:
80 = 0.8 80 = 08
= =
= =
— —
60 E— 06 60 —— 06
— =
- — - —
40 — 0.4 40 = 0.4
= =
20 = 0.2 20 = 0.2
- =
e =
9 S o 0 = o
-20 10 0 10 20 -20 10 0
X X

Solution |ul, t=100

25) M\
A
2 | \
|
- 1.5 ‘
; |
\
|
0.5 (} \\
(o] : // . . r !
-20 -10 0 10 20

Jux.)l

II. Frozen system (freezing method still not developed): Consider the associated frozen system



52 1 Mathematical Models

vy = aAv+v(/,L+ﬂ]v|2+7\v]4) + AMvg +idov 2z € Br(0), t € [0, 00]

=0 .z € OBR(0), t € [0,00]

v(0) = g ,x € Br(0),t=0

(71),5 = )\ ,t € [O, OO[

7n(0) = 0 =0

(2)t = A , t €0,00]

72(0) = 0 ,t=20

0 = <A$,U — ®>L2(BR(0),(C) ; t e [07 OO[

0 <Z'I§, v — QA))LQ(BR(O),(C) s te [O, OO[
where d = 1 (i. e. Br(0) = [~R, R]). For the numerical computations we use parameters y = — 15,
o=+, f=38 14 y=—-L—Li R =20 and initial data Reuy = sech(z), Imug = 0.

As reference functions Re o(z) and Im ¢(z) we choose the real and imaginary part of the nonfrozen
solution at time ¢ = 10, respectively, with the parameters mentioned above. Moreover, for the spatial
discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For the
temporal discretization we use BDF(2) with At = 0.1, rtol = 1072, atol = 1075 and intermediate
timesteps.

Frozen solutions:

Profile Re(v), t=100 Profile Im(v), t=100 Profile |v|, t=100
' ‘ A ' ‘ 0.1 ‘ ‘ ‘ ' ‘ i '
25 i A f\ 25 {\
\
S N AN
2 M 0 2 \
{ -0.1
$15 \ s 15
@ £ \ =
1 f 1 -0.2 1 (
|
0.5 [ ] 03 0.5 f 1
[ | \
/ | S
oL .~ 04 0 - -
-20 -10 0 10 20 -20 -10 0 10 20 -20 -10 0 10 20
X X X

Spatial-temporal pattern:

Re(v(x.1)) Im(v(x,1)) v{x.1)]

100 1 100 1
)
08 80 ". 038
)
06 60 06
- - ‘. .
0.4 40 ‘O . 0.4
L)
20 02 20 02
)
0 0 Q 0
)

-20 -10 0 10 20 -20 -10
X

X

Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen
solution:
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Velocities & Convergence error Eigenvalues
0.5 10 150
0 100
107
-05 E——y 50
g -1 %j 10° E o -
g 7 =
-15 \\/\/K/\/\/\/\/ 10 -50
-2 | | | \ | -100
25 20 40 . 60 80 100 10’100 20 40 . 60 80 100 150 -20 -15 R -10 -5 0
e Creeping soliton:
I. Nonfrozen solution: Consider the nonfrozen system
w = abutu(p+Blul’+ylult) @€ Br(0),t €000
gu = 0 .z € OBR(0), t € [0, 00]
u(0) = wup ,x € Bgr(0),t=0
where d = 1 (i. e. Br(0) = [~R, R]). For the numerical computations we use parameters y = —15,

a = o5 + 30, B =13+, 7 = —15 — 1959, B = 20 and initial data Reug = sech(z), Imug = 0.

Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite elements) with
Az = 0.1. For the temporal discretization we use BDF(2) with At = 0.3, rtol = 1073, atol = 10~*
and intermediate timesteps ([7]).
Nonfrozen solution:

Solution Re(u), t=260

Solution Im(u), t=260 Solution |ul, t=260

. \ A‘ 25—~
5 / ; ! 1.5 /\f {\
1 } | 2 V1A
03 ,r ‘ ] ! \( 1.5 } \0
e A
El g0 =2
05 ‘ 1 - | 1 P
1 0 )
| SR .
15 \ [ 05 [
~/ -0.5 \ / / \
2 4 | I / \
| Voo . / -
-20 -10 0 10 20 -20 -10 0 10 20 -20 -10 0 10 20
X X X
Spatial-temporal pattern:
Re(u(x.1) lu(, Dl
250 = L 250 1 1
556 08 556 08 08
150! 06 150! 06 06
100 0.4 100 0.4 0.4
50 — 02 50 0.2 02
0 §~ 0 0 0 0
-20 ) 10 -20 20
X X

II. Frozen system (freezing method still not developed).
e Rotating 2-pulse (rotating multipulse):
I. Nonfrozen solution: Consider the nonfrozen system
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w = abutu(p+Blul’+ylul') @€ Br(0),t €000

qu = 0 .z € OBR(0), t € [0, 00]

u(0) = g ,x € Br(0),t=0
where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters y = —1—10,
a=1,8=3+i,v=—L+i, R =50 and initial data Reug = ,Imug = 0.

5 i 5
2(1+(=52)7) 21+ (=52)°)
Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite elements) with
Ax = 0.1. For the temporal discretization we use BDF(2) with At = 0.1, rtol = 1073, atol = 1074
and intermediate timesteps.

Nonfrozen solution:

Solution Im(u), t=70

Solution Re(u), t=70

\
T |

0.4

Re(u)

Spatial-temporal pattern:

Re(u(x,t))
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0 50

Jux.0)l

II. Frozen system (with freezing method ([73])): Consider the associated frozen system

where d =1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters y =
a=1,0=34+i,v= —%4—2’, R = 50 and initial data Revig =

_1
10°

s Im V10 = 0, RGUQ() = Re’Ulo,

5
2(1+(§)2>
Imwgy = 0. As reference functions and bump function we use Red;(z) = Rewvio, Im 91 (x) = Im vy,
Rev2(x) = Rewvyg, Imv2(z) = Im vy and p(x) = sech(0.5 - z), respectively. Moreover, for the spatial
discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.1. For the
temporal discretization we use BDF(2) with At = 0.2, rtol = 1072, atol = 1075 and intermediate
timesteps.

Frozen solutions:



1.10 Quintic Complex Ginzburg-Landau equation (QCGL)

55

Profile Re(vw), 1=250
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Spatial-temporal pattern:
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Profile Im(v1), t=250
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0 50
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Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen

solution:
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Velocities 5 Convergence error Eigenvalues
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e Rotating pulse combined with a traveling rotating front (traveling rotating multistructure):
I. Nonfrozen solution: Consider the nonfrozen system

u = aAu+u<u+ﬁ\u|2+’y]u|4) , x € Br(0), t € [0,00]
% = 0 , x € OBR(0), t € [0, 00]
u(0) = o ,x € Br(0),t=0
where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters j = —1,

a=1,8=3+i,v=—4i R=50and initial data Re ug = 5 i1 (3+vOFTE)
2(1+(%20) ) 1+exp(f x;;“)

Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite elements) with

Az = 0.1. For the temporal discretization we use BDF(2) with At = 0.1, rtol = 1073, atol = 10~*

and intermediate timesteps.

Nonfrozen solution:

, Imug = 0.

Solution Re(u), t=70 Solution Im(u), t=70 Solution |ul, t=70
0.4 f I I
0.4 0.9 \
0.2 R 0.2 ( 08 ’ | (
/\ . /
0 1~ J A I 0.7 }
\ 0 1 - 06 (
502 s _
3 | £-02 | 305
0.4 0.4 \
0.4 |
06 } 0.3
0.6 | 0.2 / /
-0.8 1 \
0.1 / |
0.8 J )\ /
-50 0 50 -50 0 50 -50 0 50
X X X

Spatial-temporal pattern:

Re(u(x,1)) Im(u(x,t)) Ju(x.1)|
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- A ]
v 20 ! —
—
v —

~ 02 < = o2 0.2
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N =~ P

0 o 0 0
50 0 50
X

II. Frozen system (with freezing method ([73])): Consider the associated frozen system
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where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters y = —1,

a=1,0=3+4iv= —% + 4, R = 50 and initial data Revig = %, Imovig = 0, Revyy =
2(1+(§) )

2 STIIL

M, Imwgy = 0. As reference functions and bump function we use Redi(x) = Rewo,

1+exp(—%

Imd;(x) = Imwyg, Rede(xz) = Rewyg, Imda(z) = Imwyy and ¢(x) = sech(0.5 - x), respectively.
Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite elements) with
Ax = 0.1. For the temporal discretization we use BDF(2) with At = 0.1, rtol = 1072, atol = 1073
and intermediate timesteps.

Frozen solutions:

Profile \v1 |, t=250

Profile Re(vw), 1=250 Profile Im(v1), t=250

r 04 f\
0.9
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VLY LA /‘/ \\
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X X X
Profile Re(vz), 1=250 Profile ]m(vz), t=250 Profile \Vz], t=250
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Spatial-temporal pattern:
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Re(v,(x.1) Im{v,(x,t)) v (%0l
250 1 250 1
200 08 200 0.8
150 06 150 0.6
100 04 100 04
0.2 0.2
0 0 0 0

-50 0 50
X

-50 0 50
X
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Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen

solution:
Velocities S Convergence error Eigenvalues
2 10 ||H[|\L2 Y****+++++++++++++++M
th— IVl 2 2
0 L
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-4 —tau2 10 I+ + + *
-5 theta2 -2
M
-6 107 P A
0 50 100 150 200 250 0 50 100 150 200 250 -10 -8 -6 -4 -2 0

Re

e Traveling rotating 2-front (traveling rotating multifront):
1. Nonfrozen solution: Consider the nonfrozen system

Ut aAu+u(u+B\u|2+7\u|4) , ¢ € Br(0), t € [0,00]
% = 0 , x € OBR(0), t € [0, 00]
u(0) = g , ¢ € Br(0),t=0
where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters j = —1,
1 & (3+v/9+11p)

a=1,3=3+i,v=—-%+i R=>50and initial data Reup = 2 (3 + /9 + 11p) —

& (3+v9+11p)

1+exp (— 1:/50

1+exp (7 wi;go >

, Imug = 0. Moreover, for the spatial discretization we use FEM (continuous piecewise

linear finite elements) with Az = 0.1. For the temporal discretization we use BDF(2) with At = 0.1,
rtol = 1073, atol = 10~* and intermediate timesteps.

Nonfrozen solution:

Solution Re(u), t=70

Solution Im(u), t=70

Solution |u|, t=70
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II. Frozen system (with freezing method ([73])): Consider the associated frozen system

where d = 1 (i. e. Bg(0) = [-R, R]). For the numerical computations we use parameters j = —1,

2
a:175:3+i,7=—%+i,R:50 andinitialdataRele:%(3+ 9+11M)_M

1+exp(—\%> ’
Imwvig = 0, Revyg = M, Imwog = 0. As reference functions and bump function we use
1+exp(f%
Red1(z) = Rewyg, Im 91 (z) = Imwvyg, Rede(x) = Rewvgy, Imvo(x) = Imwyy and ¢(z) = sech(0.5 - x),
respectively. Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite
elements) with Az = 0.1. For the temporal discretization we use BDF(2) with At = 0.2, rtol = 1072,
atol = 10~* and intermediate timesteps.

Frozen solutions:

Profile Re(vw), 1=250 Profile Im(v1), t=250 Profile ‘V1]' t=250
1 \\\ o= ; T
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Spatial-temporal pattern:

F{e(v1 (x,1) Im(v1 (x,1)

v el
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Re(v,(x.1)) Im(v,(x,t)) v (%0l

1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0

-50 0 50 -50 0 50 -50 0 50

X X X

Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen
solution:

Velocities ) Convergence error Eigenvalues
2 10 Tl 2 AR
—— IRl 4 +++*+++++++++++
1 L — vl 2 3 ey
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— 5 " e
—thetal o+ I
% 0 7:;;[2& . N‘ 1 +HM@¢W£M e
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] AW o
> 1} M’W’ T Al e T
Lttt e,
10" “2rT p
o . )
L
-3 10° - ¢++++++++++**”+++H++wr
0 50 100 150 200 250 0 50 100 150 200 250 -12 -10 -8 -6 -4 -2
t t Re
e Spinning soliton (spinning solitary wave, localized vortex solution):
I. Nonfrozen solution: Consider the nonfrozen system
2 4
Ut = aAu+u<u+ﬁ\u| + 7 |u| ) , ¢ € Br(0), t € [0,00]
qu = 0 .z € OBR(0), t € [0, 00]
u(0) = o , ¢ € Br(0),t=0

Whered—2(1 e. Br(0

_ 1 _l 1,
M= 270‘—2 2

={z € R? | ||z]|p2 < R}). For the numerical computations we use parameters
R p p

2 2

0 = + i, v =—1— 1—101', R = 20 and initial data Reup = % exp (—x1+m2),

2

2

b 9
Imug = % exp ( ZB ) (or using polar coordinates ug(r, ¢) = £ exp (i¢) exp (—;—3)) Moreover, for
the spatlal discretization we use FEM (continuous piecewise linear finite elements) with Ax = 0.5. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 1074, atol = 10~ and intermediate
timesteps ([25],[24],[78],[14],[12]).

Nonfrozen solution:

Solution Re(u), t=150 Solution Im(u), t=150 Solution |u|, t=150
1.5 1.5
20 20 — 20
// \\ / T 14
15 15 15
y \ 1 // \ 1 12
10 \\ 10 \\ 10
\ 0.5 \ 0.5 1
5 \ 5 \ 5
K] ( ~. 0 S0 ( () 0 S0 08
5r\ } E } -5 0.6
/ 05 4 0.5
-10 \ y -10 y -10 04
y -1 y -1
15 \\\ o -15 < - -15 02
— —
20 - 15 -20 ) 15 20
-20 -10 0 10 20 -20 -10 0 10 20 -20 -10 0 10 20
X

Spatial-temporal pattern: (with z; € [—20,20] and zo = 0)
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Im(u(x,t)) with x_2=0 Ju(x,t)| with x_2=0
150 15 150 15
1.4
1 1
12
100 05 100 05 1
" 0 " 0 - 0.8
50 0.5 50 05 0.6
0.4
-1 -1
0.2
o 15 o 15
-20 0 -20 5 0

II. Frozen system (with freezing method ([12])): Consider the associated frozen system

N = aAv+v<u+ﬁ\v[2+'y|v\4) + AUz, + A2ug, + M50, x € Bgr(0), t € [0, 00]
o =0 .z € OBR(0), t € [0, 00]
v(0) = g ,x € Bpr(0),t=0
(M = M ,te[0,00]

71(0) = 0 ,t=0

(2)e = A , te[0,00]

%2(0) = 0 ,t=0

(v3)e = As , te[0,00]

v3(0) = 0 ,t=0

0 = (01,0 = 0) 12(BR(0),0) ;e [0,00]

0 = (0o @>L2 BR(O) 0) ;1€ [0, 00]

where d = 2 (i. e. Bg(0) = {z € R? | ||z||g= < R}). For the numerical computations we use parameters
2 2
= —%, o= %—i— %i, 6= %—i—i, v=-1-— %Oi, R = 20 and initial data Reup = % exp (—xﬁx?),

49

2 2
Imug = % exp (—$1$$2> (or using polar coordinates ug(r, ¢) = £ exp (i¢) exp (—’;—;)) As reference

functions Re 0(x) and Im 9(z) we choose the real and imaginary part of the nonfrozen solution at time
t = 150, respectively, with the parameters mentioned above replacing rtol = 1072 and atol = 10~
Moreover, for the spatial discretization we use FEM (continuous piecewise linear finite elements) with
Az = 0.5. For the temporal discretization we use BDF(2) with At = 0.05, rtol = 1072, atol = 10~7
and intermediate timesteps.

Frozen solutions:

Solution Re(v), t=150 Solution Im(v), t=150 Solution |v|, =150
1.5 T 1.5

20 20 20
///\\\ ///\ . 14

15 s 1 15 yZ \\ 1 15
/ \ 4 \ 12

o/ \ wof  / \ -

/ \ 05 / \ 05 1

5t/ \ 5t/ \ 5

&0 0 &0 ‘ | 0 &0 0.8
- ’ - .~ / -
I / I / 5 06
\ J 0.5 \ // 0.5
10 \ / -10 \ y 10 0.4
y A
15 \\ o 1 15 A y 1 15 02
- .
~_ / ~_ /
20 — 15 20 — 15 20
20 10 0 10 20 20 10 0 10 20 20 10 0 10 20
X1 X X

Spatial-temporal pattern: (with z; € [—20,20] and zo = 0)
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Re(v(x,t)) with x_2=0 Im(v(x,t)) with x_2=0 [v({x,1)| with x_2=0
150 150 1.5 150
1.4
1 1
12
100 0.5 100 0.5 10 1
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)(1 )(1 )(1

Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen
solution:

Velocities s Convergence error Eigenvalues
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T
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Real parts of the eigenfunctions:
0.0020416-1.0281i0.0020416+1.0281i  -3.6574e-11
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e Rotating spiral wave (rigidly rotating spiral):
I. Nonfrozen solution: Consider the nonfrozen system

w = abutu(p+Blul’+ylult) @€ Br(0),te 0,00
gu = 0 , x € OBR(0), t € [0, 0]
u(0) = g ,x € Br(0),t=0

where d = 2 (i. e. Br(0) = {z € R? | ||z|/gz < R}). For the numerical computations we use parameters

2 2
= —%, o= %—F %i, 8= 1—53 +i,v=-1- %i, R = 20 and initial data Rewug = % exp (—$1+$2),

9
2 2
xljgm?) (or using polar coordinates ug(r, ¢) = £ exp (i¢) exp (—;—;)) Moreover, for

the spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.5. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 104, atol = 107> and intermediate
timesteps ([78]).

Nonfrozen solution:

Imug = 2 exp (—

Re(u(x

1) with x_2=0 Im(u(

x,1)) with x_2=0

|u(x,t)| with x_2=0

0.5 i
& 0 - 0.8
05 0.6
0.4
-1
0.2
15
Spatial-temporal pattern: (with z; € [—20,20] and z = 0)
Solution Re(u), t=150 Solution Im(u), t=150 Solution |u|, t=150
20 1.5 20 1.5 20 1.6
- 14
15 &\ 1 15 / 1 15
10 N 10 10 1.2
0.5 0.5
5 5 5 1
S0 0 0 0 0 08
o
5 Los 3 05 E 06
-10 -10 -10
15 i -15 & -15 et
-20 ; 15 -20 15 20 0.2
-20 -10 0 10 20 -20 10 0 10 20 20 10 0 10 20
)(1 X

II. Frozen system (with freezing method ([12])): Consider the associated frozen system
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Uy = aAv+v<u+ﬁ\v[2+7|v\4) + Mgy + A2ug, +iA30 2 € Br(0), t € [0, 00]
oo =0 , & € OBR(0), t € [0, 00]
v(0) = g ,x € Br(0),t=0
(M = M yte [0,00[

1(0) = 0 =0

(72>t = XA yte [0,00[

2(0) = 0 =0

(73)15 = A3 ,t € [0,00[

3(0) = 0 ;=0

0 = (02,0 = D) 12(,0),0) , t€[0,00]

0 = (029, = D) 12(B,0),0) , t €10,00]

0 (10,v = 0) 12(BL(0),0) ,t€[0,00]

where d = 2 (i. e. Bg(0) = {z € R? | ||z||g= < R}). For the numerical computations we use parameters

2 2
= —%, a = %+ %i, 0 = 1—53 +i,v=-1- %i, R = 20 and initial data Reup =  exp (—xlzg%),
2 2
Imug = % exp (—xlzgc?) (or using polar coordinates ug(r, ¢) = £ exp (i¢) exp (—77"—2)) As reference

functions Re v(x) and Im v(z) we choose the real and imaginary part of the nonfrozen solution at time
t = 150, respectively, with the parameters mentioned with rtol = 1072 and atol = 10~*. Moreover, for
the spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.5. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 1072, atol = 107> and intermediate
timesteps.

Frozen solutions:

Solution Re(v), 1=150 Solution Im(v), =150 Solution |v|, t=150
20 1.5 20 16
15 § 15 1.4
10 10 1.2
0.5
5 5 1
0 0 0 0.8
5 5
-0.5 0.6
10 10
-1 0.4
15 15
0.2
20 15 20
20 10 0 10 20

Spatial-temporal pattern: (with z; € [—20,20] and z3 = 0)

Re(v(x,t)) with x_2=0 Im{v(x,t)) with x_2=0 [v(x,t)| with x_2=0

150 150
1 1
100 0.5 100 0.5
- 0 - 0
50 -0.5 50 -0.5
=1 -1
_0 = -5 0 A _0 - o

Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen
solution:

1.6
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Velocities o Convergence error Eigenvalues
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Real parts of the eigenfunctions:
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e Spinning 2-soliton (spinning multisoliton, localized 2-vortex solution):
1. Nonfrozen solution: Consider the nonfrozen system
w = abutu(p+Blul’+ylult) @€ Br(0),t €000
Qu =0 , & € OBR(0), t € [0, 00]
u(0) = g ,x € Br(0),t=0

where d = 2 (i. e. Br(0)
= —%, a = %—i—%i, 6= %—i—i, v = —1—%01', R = 20 and initial data Reug

= {z € R? | ||lz||[gz < R}). For the numerical computations we use parameters

% exp (—

2 2
1
)
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2 2
Imug = 2 exp (—36117912) (or using polar coordinates ug(r, ¢) = £ exp (i¢) exp (—;—3)) Moreover, for

the spatial discretization we use FEM (continuous piecewise linear finite elements) with Az = 0.5. For
the temporal discretization we use BDF(2) with At = 0.1, rtol = 10~%, atol = 10~° and intermediate
timesteps.

Nonfrozen solution:

Spatial-temporal pattern: (with z; € [—20,20] and z = 0)

Explicit solutions: ([30],[56],[57])

Additional informations: In case of Im(a) = Im(f) = Im(y) = Im(p) = 0 (i.e. o, 3,7, € R) the
equation is called QUINTIC REAL GINZBURG-LANDAU EQUATION. If v = 0 then we obtain the cUBIC
GINZBURG-LANDAU EQUATION. In the following cases there exists soliton solutions ([30])

1. Re(a) < 2-Re(f), p € R with p <0, Re(y) <0
2. Re(a) > 2-Re(B), u € R with p > 0, Re(y) <0
3. Re(a) =Re(B) =Re(y) =pu=0

In case of Re() > 0 there exists soliton-like solutions ([80]). Multi-armed spirals are everywhere
unstable, moreover the only stable rotating spirals are the one-armed. The QCGL equation describes
a subcritical Hopf bifurcation at Re(y) = 0 with three branches:

_ _ [ ~Re(B) £ V(Re(B))? — 4Re(7)Re(p)
|u| =0 and |u|, = Re(7)

The first branch is stable if Re(u) < 0 and unstable if Re(x) > 0. The second exists only for

(4R§g’2))2 < Re(u) < 0 and is always unstable. The third exists only for (4R§g’?2y))2 < Re(u) and is always

stable ([85]).

Literature: [77], [4], [82], [74], [84], [58], [47], [69], [2], [24], [75], [25], [26], [79], [14], [87], [56], [57],
[40], [81], [80], [5], [76]
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1.11 A-w system

Name: \-w SYSTEM

Equations: ug = DAu~+ (A(|u|) +iw(Jul)) - w

u = u(z,t) € C, z € R d € {1,2,3}, t € [0,00, D € C, A : R — R with A\ = A(|u|]) (i.e.
AMu)) =1 —u?), w: R — R with w = w(|u|) (i.e. w(ju|) = —alul? with a € R).

Notations:
Reu(z,t) : concentration at position z and time ¢ of the first reactant
Imu(x,t) : concentration at position x and time t of the second reactant
D . diffusion coefficient
Re f(u),Im f(u) : f(u) = (A(Ju|) +iw(|u|)) - u, reaction kinetics
« :  reaction parameter (positive constant)

Short description: The A-w system ([53],[61]) describes chemical reaction processes ([53],[52]), phys-
iological processes in the study of cardiac arrhythmias ([66]), time evolution of biological systems ([61])
and is often used to analyse the mechanism of pattern formation ([16]) as well as to study the oneset
of turbulent behavior ([55]). An example of an emerging technological application based on pattern
forming systems is given by memory devices using magnetic domain patterns ([27]). This model
exhibits rotating spirals as well as scroll wave and scroll ring solutions ([10],[30]).

Phenomena:
¢ Rotating spiral wave (rigidly rotating spiral)

Set of parameter values:

d| D] Au|) |w(u)) | R | Ax | At Boundary Phenomena
21 [ 1—|u®| —|u?* |50 | 1.0 | 0.1 %zOonaBR(O) rotating spiral wave

Numerical results:
e Rotating spiral wave (rigidly rotating spiral):
I. Nonfrozen solution: Consider the nonfrozen system

o = DAu+ (M|u]) +iw(|u])) -u , z € Br(0), t € [0,00]
gu = 0 .z € OBR(0), t € [0, 00]
u(0) = , ¢ € Br(0),t=0

where d = 2 (i. e. Bgr(0) = {z € R? | ||z||g= < R}). For the numerical computations we use
parameters D = 1, A(Ju|) = 1 — |u?, w(|u|) = —|u[?, R = 50 and initial data uj9 = 55, ugo = 45 (or
using polar coordinates ug(r,¢) = % (cos(y) +isin(p))). Moreover, for the spatial discretization we
use FEM (continuous piecewise linear finite elements) with Az = 1.0. For the temporal discretization
we use BDF(2) with At = 0.1, rtol = 1073, atol = 10~* and intermediate timesteps ([13],[53],[12]).

Nonfrozen solution:
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Solution Re(u), t=150 Solution Im(u), t=150 Solution |ul, t=150

50 50 50
08 — 08 0.9
0.6 0.6 0.8
0.4 0.4 0.7
0.2 0.2 06

S0 0 0 0 <0 05
0.2 0.2 5.4
-0.4 -0.4 0.3
0.6 0.6 55
0.8 -0.8 o4

-50 -50 re— -50 )
-50 0 50 -50 0 50 -50 0 50
)(1 )(1 X1

Spatial-temporal pattern: (with z; € [—50,50] and z3 = 0)

Re(u(x,t)) with x_2=0 Im(u(x.t)) with x_2=0 Ju(x,t)] with x_2=0

150__7 s | 150-7/ Q . 150 25
— | = z
100? § ! 100%% = 100
——————— %—///\\§\ [
==
=—
=

50 — . 50— 50
——————— } § _ -05
—_— : Y
—_— ——— 05
—_— d
P ———— e ——————— 2 —_— =
VYV e 1
0 ) e —— 0
5 30 -10 10 30 50 50 30 -10 10 30 50
X,‘ X

II. Frozen system (with freezing method ([12])): Consider the associated frozen system

on = DAv+ (A(|Jv]) +iw(|v])) - v + Moz, + Aovg, +iXzv € Bg(0), t € [0,00]
P =0 , € dBR(0), t € [0, 00]
v(0) = o ,x € Br(0),t=0
('yl)t = )\ , 1€ [0,00[

7m(0) = 0 ,t=0

(’72),5 = A , T € [0,00[

w(0) = 0 t=0

(’73),5 = A3 , T € [0,00{

3(0) = 0 ;=0

0 = (0 >L2(BR(O) C) , t€[0,00]

0 = (0 ’[)>L2 (Br(0),C , t € [0, 00

0 (if) f)) 2(Br(0), (C) , t€[0,00]

where d = 2 (i. e. Bgr(0) = {z € R? | ||z||gz= < R}). For the numerical computations we use
parameters D = 1, A(Jv]) = 1 — |[v]?, w(|v]) = —|v|?, R = 50, and initial data ujg = 35, uz = 45 (or
using polar coordinates ug(r, ¢) = f (cos(p) +isin(p))). As reference functions Red(x) and Im o (x)
we choose the real and imaginary part of the nonfrozen solution at time ¢ = 150, respectively, with
the parameters mentioned above and Az = 2.0. Moreover, for the spatial discretization we use FEM
(continuous piecewise linear finite elements) with Az = 2.0. For the temporal discretization we use
BDF(2) with At = 1.0, rtol = 1073, atol = 10~* and intermediate timesteps.

Frozen solutions:
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Solution Re(v), 1=400 Solution Im(v), t=400 Solution |v], t=400
50 - i 50 !
0.9
0.5
0.8
<0 o <0 07
0.6
-0.5
0.5
-50 -50
-50 0 50
X
Spatial-temporal pattern: (with z; € [—50,50] and zo = 0)
Re(v(x,t)) with x_2=0 Im{v(x.t)) with x_2=0 [v(x.t)| with x_2=0
400 1
0.8 350 0.8
0.6 0.6 0.8
300
0.4 0.4
0.2 250 0.2 0.6
0 ~ 200 0
-0.2 150 -0.2 0.4
-0.4 -0.4
100
0.6 . W06 0.2
-0.8 50 -0.8
-50 -30 -10 10 30 50 —050 -30 -10 10 30 5’0
X, X,

Velocities, convergence error of freezing method and eigenvalues of the linearization about the frozen
solution:

Velocities o Convergence error Eigenvalues
12 10 5
e
"
1 AL
] . o
10 + +++++t+t+%+ L 3
0.8 o ++++++H++¢L“# R
I B
Im1 107 +++ +++++++H+++¢++$ s
z 06 —Im2 w, RN I
% —1Im3 = E o0 E 1 1 e +++i}+++++1—H+HMM+
> 04 = -6 o +++#+++§}++++H—H+HMW
10 e H#;rt:r
"
0.2 - * ++++++H+++++f ERRAA
107 : " +++##¢+}+ R e
0 :*} [ ——,
0.2 107 5 i
o 100 200 300 400 0 100 200 300 400 -5 -4 -3 -2 -1 0 1
t t Re

Real parts of the eigenfunctions:
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9 1038e-09 -0.0064283-0.92307i-0.0064283+0.92307i

50 50
’ 1 1
J o of 0
-5Q 1 50 s
-50 -50 50 -50 0] 50
—0 097694 -0. 098197 0.92469i -0.098197+0.92469i
4 50 : 3 50 ‘ 3
2 2
1 0 1
_/ 0 / 0
-4 50— -1 50— -1
—50 -50 0 50 -50 0 50
—0.099691 1.8493| -0.099691+1.8493i -0.10215-2.7738i
50( - 50( -
PN N ¢ :
0 0o 0 0 0
E / -2 E / -2 .2
50— 50— -
-50 0 50 -50 0 50 -50 0 50
-0.1021542.7738i  -0.10558-3.6982i -0.10558+3.6982i
50 // — 50| - -~ 4 50 = -~ 4
2 2
0 0 0 0 0
: 2 -2 -2
i e 3 o
—50 —50 50 -50 0] 50

Explicit solutions: not available

2], [46], [5:

Literature: [12], [61], [18], [5:

51, 127], [66], [53], [10], [1:
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1.12 Autocatalysis model

Name: AUTOCATALYSIS MODEL

up = Dy Au — uv™

Equations:
v = Dy Av + uwo™

u=u(z,t) ER, v=0(xt) €ER, xR de{1,2,3}, t €000, Dy,D, €R, m €N.

Notations:

u(x,t) concentration of the reactant at position x and time ¢
v(x,t) concentration of the autocatalyst at position z and time ¢
Dy, D, diffusion coefficients (positive constant)

m other system parameter (positve integer)

Short description: not available

Set of parameters:

d| Dy | Dy | m| R | Ax| At Boundary
1101 1 [9[18]0.1][0.1]3%=0o0n0[-180,180]
20 2| 1 ]21]200]50]|0.1 91 = () on 9BR(0)
Phenomena:
e Traveling wave front (traveling wave, traveling front): d = 1, D,, = 0.1, D, = 1, m = 9, R = 180,
1 >0
Az =0.1, At =0.1, % = 0 on 0[—180,180] (Neumann boundary), ug = {0 v <0’ vo =1 — up.
T x
Time=100, u Time=400, u Time=800, u
1 1 —— 1 -
09
08 08 08
07
06 06 0.6
0.5
0.4 0.4 0.4
0.3
0.2 0.2 0.2
0.1
0 0 : 0
-150 -100 -50 0 50 100 150 -150 -100 -50 0 50 100 150 -150 -100 -50 0 50 100 150

e Traveling wave front (traveling wave, traveling front): d = 2, D,, = 2, D, = 1, m = 2, R = 200,
Az = 5.0, At = 0.1, g—z = 0 on 0Bg(0) (Neumann boundary), ug = L N vy =
1+exp (—

1 — up.
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Time=30, u Max: 1.00 Time=140, u Max: 1.00 Time=240, u Max: 3.493e-4
200 x107
150
100 3
50 2.5
0 2
-50 1.5
-100 1
-150 0.5
-200 0
200 -100 O 100 200 Min: -3.09e-3 -200 -100 0 100 200 Min: -1.282e-5 -200 -100 0 100 200 Min:-5.437e-7

Explicit solutions: not available

Literature: not available
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