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Problem
Consider the stationary problem

α△u + cDφu + f (u) = 0, x ∈ R
2

where u : R2 → R
N is unknown, α ∈ R with α > 0, c ∈ R with

c 6= 0 and f : RN → R
N are given and Dφ is defined as

Dφ := −x2
∂

∂x1
+ x1

∂

∂x2

Under the assumptions

There exists a constant vector u∞ ∈ R
N such that

(A1) limR→∞ sup|x |>R |u(x) − u∞| = 0,

(A2) f ∈ C 1(RN ,RN) and B∞ := Df (u∞) is negative definite.

we want to show unique solvability and exponential decay, i.e.

|u(x) − u∞| 6 Ce−C |x |,
∣
∣
∣Dβu(x)

∣
∣
∣ 6 Ce−C |x |, 1 6 |β| 6 2.
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Example

Consider the quintic complex Ginzburg-Landau equation (QCGL):

ut = α△u + u
(

µ+ β |u|2 + γ |u|4
)

with u : R2 × [0,∞[→ C. For the parameters

α =
1

2
+

1

2
i , β =

5

2
+ i , γ = −1 − 1

10
i , µ = −1

2

this equation exhibits so called spinning soliton solutions.
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Motivation
Consider the stationary problem

α△u + cDφu + f (u) = 0, x ∈ R
2.

Let u∞ ∈ R
N be a stationary point (satisfying (A1) and (A2))

α△u∞ + cDφu∞ + f (u∞) = 0

i.e. f (u∞) = 0. Since f ∈ C 1(RN ,RN) by Taylor’s theorem we
obtain for every u = u(x) ∈ R

N

f (u) = f (u∞)
︸ ︷︷ ︸

=0

+

∫ 1

0

Df (u∞ + t(u − u∞))dt

︸ ︷︷ ︸

=:a(x)

(u − u∞) .

Using assumption (A1) we have

a(x) → B∞, as |x | → ∞
where B∞ := Df (u∞) ∈ R

N×N . Define q(x) := a(x) − B∞, then

q(x) → 0, as |x | → ∞.
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Now we decompose q in the following way

q(x) = q1(x) + q2(x)

where q1 is a small perturbation and q2 is compactly supported.
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From the preliminary idea we obtain

0 = α△u + cDφu + f (u)

= α△u + cDφu + au

= α△u + cDφu + B∞u + qu

= α△u + cDφu + B∞u + q1u + q2u.

Therefore, we must study the following operators

L∞u :=α△u + cDφu + B∞u, (const. coeff. operator)

Lq1u :=α△u + cDφu + B∞u + q1u, (small pert. of L∞)

Lqu :=α△u + cDφu + B∞u + qu. (compact pert. of Lq1)

Today we will only analyze the L∞-operator.
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The operator L∞
Consider the operator

L∞u := α△u + cDφu + B∞u = g

where B∞ := Df (u∞) ∈ K
N×N . To decouple the equation let us

assume that B∞ is diagonalizable over K ∈ {R,C}, i. e.

∃Y ∈ K
N×N : Y−1B∞Y = Λ∞

where λ∞ = diag(λ∞1 , . . . , λ
∞
N ) and λ∞1 , . . . , λ

∞
N ∈ K are the

eigenvalues of B∞. Since B∞ is assumed to be negative definite,
Re λ∞i < 0 for every i = 1, . . . ,N. Substituting in L∞ we obtain

α△u + cDφu + YΛ∞Y−1u = g .

Multiplying from left by Y−1

α△Y −1u + cDφY
−1u + Λ∞Y −1u = Y −1g

and substituting v := Y−1u as well as r := Y −1g we finally arrive
at

α△v + cDφv + Λ∞v = r .
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By this way we have decoupled the system. Therefore, it is
sufficient to analyze the operator L∞ in the scalar case with N = 1,
i. e.

L∞u = α△u + cDφu − δu = g

where α, δ ∈ K with Re α,Re δ > 0. For convenience we discuss
only the case K = R. To show exponential decay we consider this
operator on an exponentially weighted function space.
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Weight Functions

Let ω−1 ∈ C 1(Rd , ]0,∞[) ∩ L1(Rd , ]0,∞[) be a positive and
integrable weight function with

|∇ω(x)| 6 Cω(x) ∀ x ∈ R
d .

Example

Let η ∈ R with η > 0

◮ ωη(x) = eη|x | with C = η (lack of differentiability at x = 0)

◮ ωη(x) = eη
√

|x |2+1 with C = η (smooth version of eη|x |)

◮ ωη(x) = cosh(η |x |) with C = η (smooth at x = 0)

Henceforth we will consider ωη(x) = eη|x |.
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Weighted Sobolev Spaces

Let p ∈ R with 1 6 p <∞ and d ,N ∈ N. Define the exponentially
weighted Lp-space

Lp
η(R

d ,RN) := {u ∈ Lloc(R
d ,RN) | ‖u‖L

p
η
<∞},

‖u‖L
p
η
:=

(∫

Rd

(

eη|x | |u(x)|
)p

dx

) 1
p

,

W k,p
η (Rd ,RN) = {u ∈ Lp

η(R
d ,RN) | Dβu ∈ Lp

η(R
d ,RN) ∀ |β| 6 k},

‖u‖
W

k,p
η

:=




∑

|β|6k

∥
∥
∥Dβu

∥
∥
∥

p

L
p
η





1
p

.

(

W k,p
η (Rd ,RN), ‖•‖

W
k,p
η

)

is a Banach space for 1 6 p <∞ and
(

Hk
η (R

d ,RN) := W k,2
η (Rd ,RN), ‖•‖Hk

η

:= ‖•‖
W

k,2
η

)

is a Hilbert

space for k ∈ N0. Remark: W k,p
0 (Rd ,RN) = W k,p(Rd ,RN).
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Homogeneous Equation
Consider the initial value problem

ut = α△u + cDφu − δu = L∞u

u(0) = u0

(1)

where u : R2 × [0,∞[→ R is unknown, △ denotes the Laplacian
and Dφ denotes the angular derivative given by

△ :=
∂2

∂x2
1

+
∂2

∂x2
2

, Dφ := −x2
∂

∂x1

+ x1
∂

∂x2

.

Assumptions:

(A3) α ∈ R with α > 0 (diffusion coefficient)

(A4) c ∈ R with c 6= 0 (angular velocity)

(A5) δ ∈ R with δ > 0 (propagation constant)

(A6) η ∈ R with η > 0 (decay rate)

(A7) u0 ∈ Lp
η(R2,R) with p ∈ R and 1 6 p <∞ (initial data)
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Definition
A heat kernel of (1) with respect to (Lp

η(R2,R), ‖•‖L
p
η
) is a function

H : R2 × R
2×]0,∞[→ R with (x , ξ, t) 7→ H(x , ξ, t),

such that

(H1) H ∈ C∞(R2 × R
2×]0,∞[,R)

(H2) Ht(•, ξ, t) = L∞H(•, ξ, t) ∀ ξ ∈ R
2 ∀ t > 0

(H3) ∀ u0 ∈ Lp
η(R2,R) : lim

t→0
t>0

∥
∥
∫

R2 H(•, ξ, t)u0(ξ)dξ − u0(•)
∥
∥

L
p
η

= 0

Let H be a heat kernel of (1), then the solution of (1) is given by

u(x , t) =

{∫

R2 H(x , ξ, t)u0(ξ)dξ , t > 0

u0(x) , t = 0
=: etL∞u0(x).

Hence, we get the stationary solution ū of (1) by going to the limit
t → ∞.
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Theorem
Under the assumptions (A3)–(A7) the heat kernel
H : R2 × R

2×]0,∞[→ R of (1) with respect to (Lp
η(R2,R), ‖•‖L

p
η
)

is given by

H(x , ξ, t) =
1

4παt
e−δt−

1
4αt |etQx−ξ|2

where

Q :=

(
0 −c
c 0

)

∈ R
2, Dφ := −x2

∂

∂x1

+ x1
∂

∂x2

.

Now the solution of (1) is given by

u(x , t) =

{∫

R2
1

4παt
e−δt−

1
4αt |etQx−ξ|2u0(ξ)dξ , t > 0

u0(x) , t = 0
=: etL∞u0(x).
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Theorem

Let the assumptions (A3)–(A7) be satisfied with 0 6 η < δ
1
2

α
1
2 p

1
2
,

then we have for t > 0

‖u(t)‖L
p
η
6 C (t) ‖u0‖L

p
η
e−(δ−η

2pα)t ,

‖Diu(t)‖L
p
η
6 C (t) ‖u0‖L

p
η
e−(δ−η

2pα)t , i = 1, 2.

Hence the stationary solution (of the homogeneous equation) is
ū ≡ 0 (in Lp

η–sense).
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Inhomogeneous Equation

Consider the initial value problem

ut = α△u + cDφu − δu − g = L∞u − g

u(0) = u0

(2)

Assumption:

(A8) g ∈ Lp
η(R2,R) (inhomogenity)

By Duhamel’s principle we obtain the solution

u(t) = etL∞u0 −
∫ t

0

e(t−s)L∞gds.
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Again, by going to the limit t → ∞ we obtain the stationary
solution of (2)

ū(x) = −
∫

R2

∫ ∞

0

1

4παt
e−δt−

1
4αt |etQx−ξ|2g(ξ)dtdξ

Remark: The Green’s function coincides with the integral over the
heat kernel

G (x , ξ) =

∫ ∞

0

H(x , ξ, t)dt
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Radial exponential decay and regularity estimates

Theorem

Let the assumptions (A3)–(A8) be satisfied with 0 6 η < δ
1
2

α
1
2 p

and

let ū(x) denote the solution of L∞u = g, then we have
ū ∈ W 1,p

η (R2,R) with

‖ū‖L
p
η
6 C5 ‖g‖L

p
η
,

‖Di ū‖L
p
η
6 C6 ‖g‖L

p
η
, i = 1, 2,

where Cj = Cj(α, δ, η, p) > 0, j = 5, 6.

Unfortunately, up to now the estimates on |α| ‖△ū‖L
p
η

and

|c | ‖Dφū‖L
p
η

have failed. Nevertheless as a consequence we have

L∞ : Lp
η(R

2,R) ⊃ D(L∞) → Lp
η(R

2,R)

is a linear, densely defined, closed operator.
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Proof

For 1 < p <∞ we obtain

‖ū‖L
p
η
=
∥
∥
∥eη|•|ū(•)

∥
∥
∥

Lp

=

∥
∥
∥
∥

∫ ∞

0

∫

R2

1

4παt
e−δt−

1
4αt |etQ•−ξ|2+η|•|g(ξ)dξdt

∥
∥
∥
∥

Lp

6

∫ ∞

0

∥
∥
∥
∥

∫

R2

1

4παt
e−δt−

1
4αt |etQ•−ξ|2+η|•|g(ξ)dξ

∥
∥
∥
∥

Lp

dt

=

∫ ∞

0

(∫

R2

∣
∣
∣
∣

∫

R2

1

4παt
e−δt−

1
4αt |etQx−ξ|2+η|x |g(ξ)dξ

∣
∣
∣
∣

p

dx

) 1
p

dt

6

∫ ∞

0

(∫

R2

(∫

R2

1

4παt
e−δt−

1
4αt |etQx−ξ|2+η|x | |g(ξ)| dξ

)p

dx

) 1
p

dt
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Transformation theorem: d ∈ N, Ω ⊂ R
d open, Φ : Ω → Φ(Ω) ⊂

R
d diffeomorphism, u integrable on Φ(Ω), then it holds

∫

Φ(Ω)
u(y)dy =

∫

Ω
u(Φ(x)) |det(DΦ(x))| dx

Using the transformation theorem in ξ with Φ(ξ) = etQx − ξ =: ψ,
Ω = R

2 (⇒ ξ = etQx − ψ and det(DΦ(ξ)) = 1, Φ(R2) = R
2)

∫ ∞

0

(∫

R2

(∫

R2

1

4παt
e−δt−

1
4αt |etQx−ξ|2+η|x | |g(ξ)| dξ

)p

dx

) 1
p

dt

=

∫ ∞

0

(∫

R2

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2+η|x |
∣
∣
∣g(etQx − ψ)

∣
∣
∣ dψ

)p

dx

) 1
p

dt
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Splitting the heat kernel and using Hölder’s inequality in ψ with
1 < q <∞ and 1

p
+ 1

q
= 1 yields

=

∫ ∞

0

(
∫

R2

(
∫

R2

(
1

4παt
e−δt−

1
4αt

|ψ|2
) 1

q
(

1

4παt
e−δt−

1
4αt

|ψ|2
) 1

p

eη|x |
∣
∣
∣g(etQx − ψ)

∣
∣
∣ dψ

)p

dx
) 1

p
dt

6

∫ ∞

0

(
∫

R2

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2dψ

) p
q

∫

R2

((
1

4παt
e−δt−

1
4αt

|ψ|2
) 1

p

eη|x |
∣
∣
∣g(etQx − ψ)

∣
∣
∣

)p

dψdx

) 1
p

dt

=

∫ ∞

0

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2dψ

) 1
q

(∫

R2

∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2eηp|x |
∣
∣
∣g(etQx − ψ)

∣
∣
∣

p

dψdx

) 1
p

dt
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By the transformation theorem it is easy to verify that

∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2dψ = e−δt .

Using this and Fubini’s theorem we resume with (remark that
1
q
= p−1

p
)

=

∫ ∞

0

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2dψ

) 1
q

(∫

R2

∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2eηp|x |
∣
∣
∣g(etQx − ψ)

∣
∣
∣

p

dψdx

) 1
p

dt

=

∫ ∞

0

e−
1
q
δt

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2

∫

R2

eηp|x |
∣
∣
∣g(etQx − ψ)

∣
∣
∣

p

dxdψ

) 1
p

dt
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Transformation theorem: d ∈ N, Ω ⊂ R
d open, Φ : Ω → Φ(Ω) ⊂

R
d diffeomorphism, u integrable on Φ(Ω), then it holds

∫

Φ(Ω)
u(y)dy =

∫

Ω
u(Φ(x)) |det(DΦ(x))| dx

Using the transformation theorem in x with Φ(x) = etQx − ψ =: y ,
Ω = R

2 (⇒ x = e−tQ(y + ψ) and det(DΦ(x)) = 1, Φ(R2) = R
2)

and remark that
∣
∣etQζ

∣
∣ = |ζ|

=

∫ ∞

0

e−
1
q
δt

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2

∫

R2

(

eη|x |
∣
∣
∣g(etQx − ψ)

∣
∣
∣

)p

dxdψ

) 1
p

dt

=

∫ ∞

0

e−
1
q
δt

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2

∫

R2

(

eη|y+ψ| |g(y)|
)p

dydψ

) 1
p

dt
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Once again, using Hölder’s inequality in y with 1
p
+ 1

∞ = 1
p

we
obtain

∫ ∞

0

e
− 1

q
δt

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2
∫

R2

(

eη|y+ψ| |g(y)|
)p

dydψ

) 1
p

dt

=

∫ ∞

0

e−
1
q
δt

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2

∫

R2

(

eη(|y+ψ|−|y |)eη|y | |g(y)|
)p

dydψ

) 1
p

dt

6

∫ ∞

0

e−
1
q
δt

(∫

R2

1

4παt
e−δt−

1
4αt

|ψ|2

(

ess sup
y∈R2

eη(|y+ψ|−|y |)

)p ∫

R2

(

eη|y | |g(y)|
)p

dydψ

) 1
p

dt

= ‖g‖L
p
η

∫ ∞

0

e−
1
q
δt

(
1

4παt
e−δt

∫

R2

e−
1

4αt
|ψ|2+ηp|ψ|dψ

) 1
p

dt
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Integral 1: Let A,B ∈ R, then

∫ ∞

0

se−As2+Bsds =
1

2A
+

Bπ
1
2

4A
3
2

e
B2

4A

(

erf

((
B2

4A

) 1
2

)

+ 1

)

Using the transformation theorem to transform the ψ-integral into
polar coordinates and using the above mentioned Integral 1 with
A = 1

4αt
and B = ηp

= ‖g‖L
p
η

∫ ∞

0

e−
1
q
δt

(
1

4παt
e−δt

∫

R2

e−
1

4αt
|ψ|2+ηp|ψ|dψ

) 1
p

dt

= ‖g‖L
p
η

∫ ∞

0

e−
1
q
δt

(
1

2αt
e−δt

∫ ∞

0

se−
1

4αt
s2+ηpsds

) 1
p

dt

= ‖g‖L
p
η

∫ ∞

0

e
− 1

q
δt

(

e−δt + π
1
2
(
η2p2αt

) 1
2 e−(δ−η

2p2α)t

(

erf

(
(
η2p2αt

) 1
2

)

+ 1

)) 1
p

dt
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Finally, using Hölder’s inequality in t with 1
p
+ 1

q
= 1 we obtain

= ‖g‖L
p
η

∫ ∞

0

e
− 1

q
δt

(

e−δt + π
1
2
(
η2p2αt

) 1
2 e−(δt−η

2p2α)t

(

erf

(
(
η2p2αt

) 1
2

)

+ 1

)) 1
p

dt

6 ‖g‖L
p
η

(∫ ∞

0

e−δtdt

) 1
q
(∫ ∞

0

e−δt

+π
1
2
(
η2p2αt

) 1
2 e−(δ−η

2p2α)t
(

erf

(
(
η2p2αt

) 1
2

)

+ 1

)

dt

) 1
p
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Integral 2: Let A,B ∈ R with 0 6 B < A, then

∫ ∞

0

t
1
2 e−(A−B)t

(

erf
(

B
1
2 t

1
2

)

+ 1
)

dt

= π−
1
2 A−1 (A − B)−

3
2

(

πA + (A − B)
1
2 B

1
2 − arctan

((
A − B

B

) 1
2

))

Using the above mentioned Integral 2 with A = δ and B = η2p2α

‖g‖L
p
η

(∫ ∞

0

e−δtdt

) 1
q
(∫ ∞

0

e−δt

+π
1
2
(
η2p2αt

) 1
2 e−(δ−η

2p2α)t
(

erf

(
(
η2p2αt

) 1
2

)

+ 1

)

dt

) 1
p

= ‖g‖L
p
η

(
1

δ

) 1
q

(

1

δ
+ πηpα

(
δ − η2p2α

)− 3
2 +

η2p2α− 3
2

δ

(
δ − η2p2α

)−1

−ηpα
δ

(
δ − η2p2α

)− 3
2 arctan

((
δ − η2p2α

η2p2α

) 1
2

)) 1
p
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Because of 1
q
= p−1

p
we finally get

= ‖g‖L
p
η

(
1

δ

) 1
q

(

1

δ
+ πηpα

(
δ − η2p2α

)− 3
2 +

η2p2α− 3
2

δ

(
δ − η2p2α

)−1

−ηpα
δ

(
δ − η2p2α

)− 3
2 arctan

((
δ − η2p2α

η2p2α

) 1
2

)) 1
p

= ‖g‖L
p
η

(

1

δp
+
πηpα

δp−1

(
δ − η2p2α

)− 3
2 +

η2p2α− 3
2

δp

(
δ − η2p2α

)−1

−ηpα
δp

(
δ − η2p2α

)− 3
2 arctan

((
δ − η2p2α

η2p2α

) 1
2

)) 1
p

=:C5 ‖g‖L
p
η
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Open Problems

◮ Solvability in complex case (i. e. α, δ ∈ C with
Re α,Re δ > 0)

◮ Estimates of |α| ‖△ū‖L
p
η

and |c | ‖Dφū‖L
p
η

◮ Analytical representation of D(L∞)

◮ Heat kernel w. r. t.
(

BCunif (R
2,R), ‖•‖∞,η

)
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Why we can choose w.l.o.g. u∞ = 0?
Let u∞ ∈ R

N be a stationary point (i.e.
α△u∞ + cDφu∞ + f (u∞) = 0). Defining v = u − u∞ and
g(v) = f (u∞ + v) we obtain by Taylor’s theorem for every
u = u(x) ∈ R

N

vt = (u − u∞)t = ut

= α△u + cDφu + f (u)

= α△u + cDφu + f (u∞) +

∫ 1

0

Df (u∞ + t(u − u∞))dt(u − u∞)

= α△(u − u∞) + cDφ(u − u∞) +

∫ 1

0

Df (u∞ + t(u − u∞))dt(u − u∞)

= α△v + cDφv +

∫ 1

0

Df (u∞ + tv)dtv

= α△v + cDφv + g(v)

where v∞ := 0 ∈ R
N is a stationary point of the v -equation.

Hence, we can assume w.l.o.g. u∞ = 0.
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The operator L∞
Consider the operator

L∞u := A△u + cDφu + B∞u = g

where B∞ := Df (u∞) ∈ K
N×N and A ∈ K

N×N . To decouple the
equation let us assume that A and B∞ are simultaneously
diagonalizable over K ∈ {R,C}, i. e.

∃Y ∈ K
N×N : Y−1AY = ΛA and Y−1B∞Y = Λ∞

where λA = diag(λA
1 , . . . , λ

A
N), λ∞ = diag(λ∞1 , . . . , λ

∞
N ),

λA
1 , . . . , λ

A
N ∈ K and λ∞1 , . . . , λ

∞
N ∈ K are the eigenvalues of A and

B∞, respectively. Since A and B∞ are assumed to be positive and
negative definite, respectively, Re λA

i > 0 and Re λ∞i < 0 for every
i = 1, . . . ,N. Substituting in L∞ we obtain

YΛAY−1△u + cDφu + YΛ∞Y−1u = g .

Multiplying from left by Y−1

ΛA△Y −1u + cDφY
−1u + Λ∞Y−1u = Y −1g
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and substituting v := Y−1u as well as r := Y −1g we finally arrive
at

ΛA△v + cDφv + Λ∞v = r .

By this way we have decoupled the system. Therefore it is sufficient
to analyse the operator L∞ in the scalar case with N = 1, i.e.

L∞u := α△u + cDφu − δu = g

where α, δ ∈ K with Re α > 0 and Re δ > 0.
Remark: A,B∞ ∈ K

N×N are simultaneously diagonalizable over
K ∈ {R,C} if and only if A and B∞ are diagonalizable over
K ∈ {R,C} and AB∞ = B∞A.
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