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Rotating Patterns in RY

Consider a reaction diffusion system

1) u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR

where v : RY x [0,00[— R™, A€ R™™ f:R™ — R™, up: RY — R™.
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Rotating Patterns in RY

Consider a reaction diffusion system

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR

(1)

where v : RY x [0,00[— R™, A€ R™™ f:R™ — R™, up: RY — R™.
Assume a rotating wave solution u, : RY x [0, co[— R™ of (1)

u(x, 1) = v, (e ®x)

vy : RY — R™ profile (pattern), 0 # S € R99 skew-symmetric.
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Rotating Patterns in RY

Consider a reaction diffusion system

(1)

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR J

where u: RY x [0,00[— R™, A€ R™™, f:R™ — R™, up: R — R™.
Assume a rotating wave solution u, : RY x [0, co[— R™ of (1)

ue(x, 1) = vi(e x)

vy : RY — R™ profile (pattern), 0 # S € R99 skew-symmetric.
Transformation (into a co-rotating frame): v(x,t) = u(e*x, t) solves

@) ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x,t)), t >0, x eR?, d > 2, J

v(x,0) = up(x) ,t=0,xeR

(5x, Vv(x)) = Dv(x)Sx —ZZSUXJDV —=f Z Z Sij (xiDj — xi Dj) v(x)

i=1 j=1 i=1 j=i+1
(drift term) (rotational term)
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Rotating Patterns in RY

Consider a reaction diffusion system

(1)

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR J

where v : RY x [0,00[— R™, A€ R™™ f:R™ — R™, up: RY — R™.
Assume a rotating wave solution u, : RY x [0, co[— R™ of (1)

ue(x, 1) = vi(e x)

vy : RY — R™ profile (pattern), 0 # S € R99 skew-symmetric.
Transformation (into a co-rotating frame): v(x,t) = u(e*x, t) solves

@) ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x, t)), t >0, x €ER?, d > 2, J

v(x,0) = up(x) ,t=0,x R

Note: v, is a stationary solution of (2), i.e. v, solves the rotating wave equation
ANV, (x) 4 (Sx, Vv (x)) + F(vi(x)) =0, x e RY, d > 2.

AAv,(x) 4+ (Sx, Vvi(x)): Ornstein-Uhlenbeck operator.
ERRTTE



Rotating Patterns in RY

Consider a reaction diffusion system

) ur(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2, J

u(x,0) = uo(x) ,t=0, xR

where v : RY x [0,00[— R™, A€ R™™ f:R™ — R™, up: RY — R™.
Assume a rotating wave solution u, : RY x [0, co[— R™ of (1)

ue(x, 1) = vi(e x)

vy : RY — R™ profile (pattern), 0 # S € R99 skew-symmetric.
Transformation (into a co-rotating frame): v(x,t) = u(e*x, t) solves

()

ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x, t)), t >0, x €ER?, d > 2,
v(x,0) = up(x) ,t=0,x R J

Questions and Ingredients: |11: exp. decay of v,, 12: spectral properties

Q1: Nonlinear stability of rotating waves on R9? (Tools: 11+12)

Q2: Truncations of rotating waves to bounded domains? (Tools: 11+...)

Q3: Spatial approximation (e.g. with finite element method)? (open problem)

Q4: Temporal approximation (e.g. with Euler or BDF)? (open problem)
Bielefeld 2016



Examples for rotating waves
Cubic-quintic complex Ginzburg-Landau equation: (spinning solitons)

- S

ut:aAu+u((5+ﬁ|u|2+'y|u|4> J

u(x,t) e C, xR t >0, a,3,7 € C, Reaw > 0,
0 eR, de{2,3}.

A-w system: (spiral waves, scroll waves)

s 385 8

ur = alu+ (M|u?) + iw(|uf?)) u J

u(x,t) € C, x € RY, t > 0, \,w : [0,00[— R,
ae€C, Rea >0, d € {2,3}.

FER R

Barkley model: (spiral waves, also scroll waves)

_ 1 0 %ul(l—ul)(ul—%’) i
Ut_<0 D)Au—i—( up — up J "

with u(x,t) € R?, x e RY, t > 0,0 < D < 1,
e,a,b>0.
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Spatial decay of rotating waves

Theorem 1: (Exponential decay of profile v,)

Let f € C?

(R™,R™), veo € R™, f(veo) = 0, Df(voo) < —Boclm < 0,

assume (A1)-(A3) for some 1 < p < 00, and let 0(x) = exp (u [x|? + 1) be a

weight function for p € R.

Then for every 0 < & < 1 there exists K1 = Ki(g) > 0 with the following property:

Every classical solution v, € C2

(RY,R™) of

(RWE) ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY,
such that
(TC) sup |vi(x) — voo| < K1 for some Ry > 0
[x|>Ro
satisfies
Vi — Voo € Wel’p(Rd,R’")

for every exponential decay rate

1/ a b dmax
O<pu<e 0 O. < —ao
alllaxp _bO

Denny Otten LP-Energy Estimates for Ornstein-Uhlenbeck Operators

= p(A) : spectral radius of A
= s(—A) : spectral bound of —A
= s(Df(veo)) : spectral bound of Df(v)
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Spatial decay of rotating waves

Theorem 1: (Exponential decay of profile v,)

Let f € C2 (R™ R™), veo € R™, f(Voo) = 0, Df (Vao) < —Bsclm < 0,
assume (A1)-(A3) for some 1 < p < 00, and let 0(x) = exp (u Ix|? + 1) be a

weight function for p € R.
Then for every 0 < & < 1 there exists K1 = Ki(g) > 0 with the following property:

Every classical solution v, € C* (R R™) of

(RWE) ANV (x) 4 (Sx, Vi (x)) + F(vi(x)) = 0, x € RY,

such that

(TO) sup |vi(x) — voo| < K1 for some Ry > 0
[x|>Ro

satisfies

Vi — Voo € W;’p(Rd,Rm)
for every exponential decay rate

Vv ao bo < dmax

amaxp

0< n<eE s(—A) : spectral bound of —A

s(Df(veo)) : spectral bound of Df (v )

|

o

o
I

p(A) : spectral radius of A )

IR 20




Spatial decay of rotating waves
Theorem 1: (Exponential decay of profile v,: higher regularity)

Let f € C™>{2K=1HR™ R™), voo € R™, f(Voo) = 0, Df (Vo) < —Boolm < 0,
assume (A1)-(A3) for some 1 < p < 00, and let 0(x) = exp (u [x|? + 1) be a
weight function for u € R, k € N, p > ¢ (if k > 3).

Then for every 0 < & < 1 there exists K1 = Ki(g) > 0 with the following property:

Every classical solution v, € C*"}(R? R™) of

(RWE) ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY,

such that

(TO) sup |vi(x) — voo| < K1 for some Ry > 0
[x|>Ro

satisfies

Vi — Voo € Wek’p(Rd,R’")
for every exponential decay rate

v aobo < Amax p(A) : spectral radius of A )

. —ap = s(—A) : spectral bound of —A
dmaxP —by = s(Df(ves)) : spectral bound of Df(vs)

Osup<e
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Spatial decay of rotating waves

Theorem 1: (Exponential decay of profile v,: pointwise estimates)

Let f € Cm>{2 k=11 R™ R™), v, € R™, f(Voo) = 0, Df (Vo) < —Boolm < O,
assume (A1)-(A3) for some 1 < p < 00, and let 0(x) = exp (u Ix|? + 1) be a

weight function for u € R, k €N, p > ¢ (if k > 3).
Then for every 0 < & < 1 there exists K1 = Ki(e) > 0 with the following property:

Every classical solution v, € CAT1(RY, R™) of

(RWE) ANV (x) 4 (Sx, Vi (x)) + F(vi(x)) =0, x € RY,

such that

(TO) sup |vi(x) — Voo| < K1 for some Ry > 0
[x|>Ro

satisfies

Vi — Voo € Wek’p(Rd,]Rm), DY (vi(X) — Vo )| < Cexp (—;L\/W) Vx e RY

for every exponential decay rate
Va0ko B

s

and for every multiindex o € N¢ satisfying d < (k — |a|)p.
ERRTTG

s(—A) : spectral bound of —A
s(Df(ves))  : spectral bound of Df(vs)

|

[

o
I

p(A) : spectral radius of A
O<upu<e




Spatial decay of eigenfunctions

Theorem 2: (Exponential decay of eigenfunctions v)

Let f € Cmax{2.k}(Rm,Rm)' Voo € R™, f(Voo) =0, Df(Voo) < Bl <0,
assume (A1)-(A3) for some 1 < p < oo, and let 0;(x) = exp (/,Lj\/|X|2 + 1) be a

weight function for y; € R, j =1,2, ke N, p > % (if k = 2).

Then for every 0 < € < 1 there exists K1 = Ki(¢) > 0 such that for every classical
solution v, € CK*1(RY,R™) of (RWE) satisfying (TC) the following property
holds: Every classical solution v € CK*1(R9,C™) of

(EVP) AAV(x) 4 (Sx, Vv(x)) 4+ Df (v, (x))v(x) = Av(x), x € R,

with A € C, ReA > —(1 — €)f, such that

P (1pd YaBoo
v e Lel(R ,C™) for some exp. growth rate — €2d\A\2 <ur <0
satisfies
v aogb
v E Wekz’p(Rd,(C’") for every exp. decay rate 0 < o < £ Va0
aHl?LXp

and
|D*v(x)| < Cexp (—/142\/ x| + 1) Vx € R?

for every multiindex a € N¢ satisfying d < (k — |al)p.




Exponentially weighted Sobolev spaces and assumptions
Exponentially weighted Sobolev spaces: For 1 < p < 0o, k € Ny, and weight
function 0(x) = exp (u |x|? + 1) with u € R we define

LHRER™) :={v € Li (R, R™) | v, < 00},
Wy P(RY,R™) :={v € L5(RI,R™) | DPu € LH(RY, R™) V|| < k}.
Assumptions:
(A1) (LP-dissipativity condition): For A€ R™™ 1 < p < 0o, there is y4 > 0 with
|z°Re (w, Aw) + (p — 2)Re (w, z) Re (z, Aw) > valz]*|w|* Vz,w € R™
(A2) (System condition): A, Df (vs) € R™™ simultaneously diagonalizable over C
(A3) (Rotational condition): 0 # S € R%9, —S = ST
Note: Assumption (Al) is equivalent with
(A1) (LP-antieigenvalue condition): A € R™™ is invertible and
.. Re(w,Aw) _ |p—2]
A) = inf >
m(A) = Jnf = TAw]
w#0
Aw#0

for some 1 < p < o0

(#2(A) : first antieigenvalue of A)

(to be read as A > 0 in case m = 1).
ERRTTE



Outline of proof: Theorem 1 (Exponential decay of v,)

Exponential Decay: To show exponential decay for the solution v, of

ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY,

investigate the linear system (wy(x) := vy (x) — Vo)

AAW, (x) + (Sx, Vw, (x)) + (Df (Vo) + Qu(x) + Qu(x)) wa(x) = 0, x € RE.

E
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Outline of proof: Theorem 1 (Exponential decay of v,)

Exponential Decay: To show exponential decay for the solution v, of

ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY,

investigate the linear system (wy(x) := vy (x) — Vo)
ADW, (x) + (Sx, Ve (x)) + (DF (Vo) + Qu(x) + Qu(x)) wi(x) = 0, x € R,
Operators: Study the following operators
Lev :=AAV + (5,VV) + Df (Voo )V + Qsv + Qcv,
Lsv :=AAvV + (5, VV) 4+ Df (veo )V + Qsv,
Loov :=AAV + (5-,Vv) 4+ Df(veo)v, (far-field operator)
Lov :=AAv + (5-,Vv). (Ornstein-Uhlenbeck operator)

exp. decay)
exp. decay)
exp. decay)

—_~ o~~~

max. domain)

Ia D. Otten.

Exponentially weighted resolvent estimates for complex Ornstein-Uhlenbeck systems, 2015.
The identification problem for complex-valued Ornstein-Uhlenbeck operators in LP(R?, C"), 2016.
A new LP-antieigenvalue condition for Ornstein-Uhlenbeck operators, 2016.

G W.-J. Beyn, D. Otten.
Spatial Decay of Rotating Waves in Reaction Diffusion Systems, 2016.
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Outline of proof: Theorem 1 (Exponential decay of v,)

Exponential Decay: To show exponential decay for the solution v, of

ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY, J

investigate the linear system (wy(x) := vy (x) — Vo)

AAW, (x) + (Sx, Vw, (x)) + (Df (Vo) + Qu(x) + Qu(x)) wa(x) = 0, x € RE.
Operators: Study the following operators

Lev :=AAV + (5,VV) + Df (Voo )V + Qsv + Qcv, (exp. decay)
Lsv :=AAvV + (5, VV) 4+ Df (veo )V + Qsv, (exp. decay)
Loov :=AAV + (5-,Vv) 4+ Df(veo)v, (far-field operator) (exp. decay)
Lov :=AAv + (5, Vv). (Ornstein-Uhlenbeck operator) (max. domain)

Maximal domain of Ly given by

DP (Lo) = {v e WZP(RY,C™) N LP(RY,C™) : Lov € LP(RI,C™)}, 1< p< oo J

satisfies D (Lo) € WhP(RY,C™).

Denny Otten LP-Energy Estimates for Ornstein-Uhlenbeck Operators Bielefeld 2016



The operator L

Ornstein-Uhlenbeck operator
[Lov] (x) = AAV(x) + (Sx,Vv(x)), x e RY, d > 2.

1

, Heat kernel )
Ho(x,&,t) = (47tA) "2 exp (— (4tA) 7! [e®x — g‘ )  x,EERY £>0.

!
Semigroup in LP(RY,C™), 1 < p < o0
[To(0)] () = [ Hox. & (), 0.
R

strong | continuity

Infinitesimal generator
(AnD(Ap)). 1< p < ox.

semigroup theory N\ identification problem
unique solv. of A-priori exponential max. domain and
resolvent equ. for A, — decay, max. realization,
1<p<oo, ReA >0 estimates 1< p<oo l<p<oo
M —A) v =ge Ll ve € WP, A, = Lo on D(Ay) = DP_(Lo).
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Identification problem of L,

DP (Lo) = { € W2P(RY,C™) N LP(RY,C™) | Lov € L”(Rd,(C"’)}, 1< p< oo

loc

Infinitesimal generator Ornstein-Uhlenbeck operator
(Ap, D(Ap)), 1 < p < o0. [Lov] (x) = AAV(X) + (Sx,Vv(x)), x e RY d > 2.
1 1
S is a core Lo :DP (Lo) — LP(R?,C™)
for (Ap, D(Ap)) is a cIosed operator, 1 < p < oo
' '
LP-resolvent estimates

Identification of Lo

. . . and
maximal domain and maximal .
.. — unique solv. of resolvent equ.
realization for 1 < p < oco: for Lo in DP_(Lo)
AP = ‘CO on D(AP) = loc(‘CO) 1O< p <10;O o

LP-dissipativity condition: Iy4 > 0

|z|°Re (w, Aw) + (p — 2)Re (w, z) Re (z, Aw) > yalz|*|w|* V z,w € K"

LP-first antieigenvalue condition
Re (w, Aw) _ [p—2|

ui(A) := inf , 1<p<oo
wek™ - w||Aw] P
w#0
Aw=#0
Bielefeld 2016
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Energy estimates in exponentially weighted LP-spaces

Theorem 1: (Resolvent estimates in weighted LP-spaces)

Let A € C™™ satisfy (A1) for some 1 < p < oo, let S € R satisfy (A3), and let
B € L*°(R9,C™™) satisfy the strict accretivity condition

(3) Re (w, B(x)w) > cg|w|> Vx € RY Y w € C™, for some cg € R.
Moreover, let A € C with ReA + cg > 0 and let 6,0, € C(R?,R) be positive with

(4) 01(x) = exp (—u1\/|x|2—|—1) for 0< || < \/%,

(5) 01(x) < Cha(x) Vx € RY for some C > 0,
Finally, let g € L) (R?,C™) and v € WZ2P(RY,C™) N L) (RY,C™) be a solution of
(RE) (M —Lg)v=g inlf (R,C™).

Then, v is the unique solution of (RE) in W2P(RY,C™) N Ly (RY,C™). It holds:

2CP
Q vl < rexies llglles

1 _1
2CP~, 2 .
. < == A <
> ||D:V||Lg1 S Rortc)? ||g||Lg2v ifl1<p<2,

with C from (5), va from (A1) and cg from (3).

TR




Proof of Theorem 1

Cut-off functions: Let v € WP N Ly, satisfy (RE) for some g € Lj .
Introduce cut-off functions: ne N, n> 0
X 1 7 |X| < 17
n(x) = 1 <E) , x1 € C2(RYR), xi(x) = { €[0,1], smooth , 1< |x| <2,
0 L x| = 2.
(RE) g =\ —Lg)v=Av—AAv — (5x,Vv) + B(x)v
1 1
=< <
0 - 0
0 1 2 3 0 n 2n
1| x|
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Proof of Theorem 1

Cut-off functions: Let v € W2P N L satisfy (RE) for some g € L5 .
1 2
Introduce cut-off functions: ne N, n> 0

1 X <1
n(x) = 1 (%) , x1 € C2(RYR), xi(x) = { €[0,1], smooth , 1< |x| <2,

0 ) x| = 2.
(RE) g=(\—Lg)v=XAv—AAv — (5x,VV) + B(x)v

Step 1: Multiply (RE) by x20,v' |v|P?, integrate over RY, and take real parts

COvPPvig= A PO vP - Y20.v' |v|PT2AAY
d
- X0 PRy (Sx)iDjv
j=1
+ Y20,V |v|P?Bv.
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Proof of Theorem 1

Cut-off functions: Let v € W2P N L satisfy (RE) for some g € L5 .
1 2
Introduce cut-off functions: ne N, n> 0

1 X <1
n(x) = 1 (%) , x1 € C2(RYR), xi(x) = { €[0,1], smooth , 1< |x| <2,
0 ) x| = 2.
(RE) g =\ —Lg)v=2Av—AAv — (Sx,Vv) + B(x)v

Step 1: Multiply (RE) by x26,v " lv|[P~2, integrate over RY, and take real parts

/ O |v)PivTg = A / X201 |v|P — / 20,7 |v]PP AAY
RY RY RY

d

S Rl SO

j=1

+ / X201v" |v|p Bv.

Denny Otten LP-Energy Estimates for Ornstein-Uhlenbeck Operators Bielefeld 2016



Proof of Theorem 1

Cut-off functions: Let v € W2P N L satisfy (RE) for some g € L5 .
1 2
Introduce cut-off functions: ne N, n> 0

1 X <1
n(x) = 1 (%) , x1 € C2(RYR), xi(x) = { €[0,1], smooth , 1< |x| <2,
0 ) x| = 2.
(RE) g =\ —Lg)v=2Av—AAv — (Sx,Vv) + B(x)v

Step 1: Multiply (RE) by x26,v " |v|p , integrate over RY, and take real parts

R’e/ v Te :(R’e/\)/ X591|VIP—RG/ X201V VP2 AAY
R RY Rd
d

—Re/ 2017 |v|P~ Z(SX)J'DJV

j=1

+ R()/ xX201v" |v|p Bv.
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Proof of Theorem 1

Step 1:
Re/ Xty VP2V g = (Red) / X [vIP — Re / XV VP Any
RY RY
d
- Re/ 20,v" |v|P™ Z(Sx)ijv +Re/ 20,v" |v|P~? Bv.
j=1

Step 2: Rewrite the 3rd term on the RHS. (A3) and integration by parts imply
1 1
0= [ (s M =33 [ xapise v

j=1

__ % i/R Xn(Dixn)(5x);81 |vI” — Zd;/

Xo0(Sx)iRe (Dpv " v) v]P?

Rd

Ly ; 2y T
~p Z/Rd Xa(5x);(D;61) [v|”  (use: D;(|v|?) = p|v|" *Re(Djv v))

d
2 _ -
=2 [ Y (D50 e [ X607 S (56,0

P Jrd = . j=1

d
2 [ XGPS (S0(0m)

P Jpd

=1
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Proof of Theorem 1

Step 2:
Re/ o vP vl g = (Re/\)/ X201 |v|p—Re/ 207" [v[P2 ALY
2 1 2(,1P -
5L Xnb1 [v[? Z (Djxn)(5x); + 5 an|V| > (5x)(D;61)
j=1 j=1

—|—Re/ X,ﬂlv—r |v|p Bv.
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Proof of Theorem 1

Step 2:
Re/ Y201 |v|P v T g = (Re/\)/ Xﬁ91|v|p—R(>/ 20" |v[PT? AAv
2 1 20 1P d
5 L Xnb1 |v[? Z Djxn)(5x); + 5 anIVI > (50)i(D;61)
Jj=1 Jj=1

—|—Re/ Xn91VT|v|p Buv.

Step 3: To the 2nd term apply the following formula with Q = B,,(0), 7 = x26;
—Re/ v |v[P? AAv
Q

d d
>Re/n|v|P—2ZWTADJ-vL¢o+Re/vT|v|P—2ZDmADjv
Q . Q .
— =
+(p-— 2)Re/ nlvP~* ZRe (D v v) V' AD;v1, 0.

j=1
O, v(x)[ >0

Note: xn(x) =0, if |—‘ 2. [|v]91gz01](x) = {O V() = 0 Tif g <O.
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Proof of Theorem 1

Step 3: d
Re [ i ve 7 > Ren) [ xioalvP+ 2 [ xatalvi” 3 (D) (5w
Rd Rd P Jrd =
1 2 P d —T p—2 !
+;/Rd X2 vl jzl(sx)j(ojal)me/w 2xn01V " |v| ;DJXHADJ-V

d d
_ . _ T
+Re/Rd x2v ' |v|P? E (Djel)ADjV+Re'4d Xab1|v|P? E Djv ADjvl,z

j=1 Jj=1

d
+(p — 2)Re/ Xabi|v|P~* ZRe <mT v) V' ADjv1, + Re/ X20:v " |v|P? Bv.
Rd Rd

j=1
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Proof of Theorem 1

Step 3: d
Re [ xinalvP 27 7g > (Red) / GO +2 [ s vl S (D) (S5
]R Rd N
j=1
1 d d
2 [ AV Y000 Re [ 206677V DxeADy
P Jrd = Rd =
J —T
+Re/ v v|PT ZZ D;61)AD; v+Re/ Xa01|v[P~2> " Djv ADjvius0
Rd j=1 j=1

d
+(p— 2)Re/ X201 |v|P~* E Re (DJ'VT v) VI ADjv1, + Re/ X201V |v|P? Bv.
Rd = R

Step 4: Substract the 2nd, 3rd, 4th and 5th term of the RHS.
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Proof of Theorem 1

Step 4:
(ReA)/ Xab1 |v|? +Re/ Xab1|v|P? ZD v AD; ivl,
Rd Rd

Jj=1

+(p— 2)Re/ Xabi|v[P~* ZRe (D v v) VI ADjv1, + Re/d X20:v' |v|P? By
R

Jj=1

gRe/ Xf,91|v|p72VTg7Re/ 2xn01V " [v|P™ 2z:D,x,qADv
R JRd

2 e 1 <
_E/Rdxnth ;( Dixn)(Sx)i— P/R Xa|v| JZI( x);(D;601)

d
—Re /Rd av|v|P? Z(Djel)ADjv.

=t
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Proof of Theorem 1

Step 4: 4
(Re)\)/ Xab1 |v|p—|—Re/ Xi91|v|p72ZmTADjV1V#O
Rd Jrd

j=t

d
+(p — 2)Re/ Xﬁ91|v|p74 Z Re (WT v> VTADJ'V]IV#O—FRe/
Rd

) 207" |v|P? By
R

Jj=1

d
gRe/ Xab1 |v|p72VTg—Re/ 2xn01V " |v|P? Z DjxnADjv
Rd Rd

j=1
2 / xn91IVI”i(Dan)(5X)j—l / xi|v|*’i(5x)j(ojel)
P Jrd = P Jrd =

d
—Re /]Rd Xov ' |v|P? Z(Dj@l)ADjv.

j=1

Step 4: Write the LHS in terms of inner products.
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Proof of Theorem 1

Step 4:
(Re)) [ X201 |v|? —|—/ X201 |v]P"? Re (v, Bv)
R Rd

d
[ Ly S W Re (D)0 ADY) + (5 = 2)Re (Dyv, ) Re (v, ADY)
Rd

=t

d
<Re/ Xab1 |v|P? VTg—Re/ 2xn01V " |v|P? Z DjxnADjv
Rd Rd

j=1
2 / xnel|v|”i(ojxn>(5x)j—1 / xi|v|"i(5x)j(ojel)
P Jrd = P Jrd =

d
—Re /Rd Xav ' |v|P? Z(Djal)ADjv.

j=1
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Proof of Theorem 1

Step 4:
(ReA)/ Xab1 |v|”—|—/ X201 |v|P? Re (v, Bv)
R Rd

d
—|—/ a0 VP Loy g [|v|2 Re (Djv, AD;v) + (p — 2)Re (Djv, v) Re (v, AD;v)
R

j=t

d
<Re/ Xab1 |v|P~? VTg—Re/ 2xn01v " |v|P? Z DjxnADjv
R4 RY

Jj=1

d d
2 1
2 / X1 v S (Dpn)($x)— = / V1P S (5x);(Dif)
RY =) P Jrd =)

p

d 5
—Re/ XiVTvp*2 Di01)AD;v =: T.
[0S 0mAny = 3

Step 5: Next estimate the terms Ty, ..., Ts successively.

Denny Otten LP-Energy Estimates for Ornstein-Uhlenbeck Operators Bielefeld 2016



Proof of Theorem 1

Estimate on T;:

T = Re/ xfﬂl |v|p*2 vig
Rd

Apply Rez < |z|, (5) (i.e. 01(x) < Cha(x) Vx € RY), and Holder's inequality

o “1
T1 :/ X201 |v|P " Re (v'g) </ Xa01 [vIP g
RY RY

2p=1) p-—1 L\ A1 %l 2 1 NG
<(/ (Xm 07 v ) ) (/ <X59f|g|>>
R4 R4

<ct ( / X%envv’)" ( / xﬁ92|g|")”.
R4 R4

Holder's inequality: If f € LP(R?), g € L(RY), 1 = S + ¢, p,q € [1,00], then
fg € LY(R) and
1 1
b q
el = [ et < ([ 1e) ([ lel) " =0l el
R4 R9 R9

Bielefeld 2016




Proof of Theorem 1

Estimate on T5:

T = —Re/ 2Xn91vT|v|p 2 Z Djx»ADjv
j=1

Apply Holder's inequality with p = g = 2 and Young's inequality with § > 0

d d
— 2|A —
T <2IA|/ Xnba [P S 1Dl 1Dpv] < 22 / Xab [Djv] |v|”
R j=1 j=1 /R

1

d : :
<2A|||)’(71||1,QOZ</ Xﬁ91|DjV|2|V|p2]]-{v7£0}> </ 91|V|P>
j=1 Rd R4
2l 6 o 2d]A|la |
X1ll1,00 2 -2 X1ll1 oo
T Z/Rdximojw VP2 Loy + 2N e /9 VP,
Jj=1

Here we used that for every x ¢ R? and j =1,...,d

D) = ) (xa (3))] < 5 max max [Dp(y)] = P

Denny Otten LP-Energy Estimates for Ornstein-Uhlenbeck Operators Bielefeld 2016



Proof of Theorem 1

Estimate on T3:

2
T3:__/ Xnt1 V| Z an SX)'
j=1

Use xn(x) = 0 for |x| = 2n and Djxs(x) =0 for |x| < n

d
2
<23 [t P IS0 0
j=t

d
2 4d 1S [Ix1ll1 oo
2 [ i Dl < [ g,
p =1 /n<Ix|<2n p <|x|<2n

For the last estimate note that x,(x) < 1 and
1 X 1 X
(S0l 1Dxa()] = = (51| (D) (5) | < SISl | () ()
S|

<= ( sup_[¢]) max max [Dixa(y)l = 215} X1l o0 -
N “nglgl<an T I=Ldy ’
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Proof of Theorem 1

Estimate on Ty:
d

P /Rd XalvIP Y (5x);(Dj6r)

j=1

The 4th term vanishes due to (4) and (A3)

1 X2

VI |2

Ty=— 1|v|"zx, Sx); = 0.

E/—/

=xT 5x=0

Note that skew-symmetry of S € R%9 from (A3) implies

x"Sx=2x"Sx+ 3(xTSx)T =ix"(S+ST)x =0, x e RY.
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Proof of Theorem 1

Estimate on T5:

d
To= —Re [ 0TIV Yo (D)AD
Rd

j=1

Apply Rez < |z|, Hélder's inequality with p = g = 2 and Young's inequality with
some p > 0, (4) and |u1] < po for some 1o > 0 that will be specified below

7—5 \/ Xn
: :
<|u1||AIZ(/ 2001”10 1)) ([ d0n1v17)

1] A
\/0| |Z/ X201 |vIP~2 [Dv ? 1{v¢o}+/10|A|Pd/ Xa01 vIP.
j=1

T
VixP+1

- 64l D] < IM1IIA|Z/ 261 /"~ |0y
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Proof of Theorem 1

Step 5: Summarizing, we arrive at the following estimate
(Re)\)/ Xab1 |v|? +/ X261 |v|P "% Re (v, Bv)
R4 Rd
d
+ Z/ X201 VP~ Loy {|v|2 Re (Djv, AD;v) + (p — 2)Re (Djv, v) Re (v, AD;v)
j=1 /R
1

p—1
A et 5 2dAl ally o
<cr ([ oier) " ([ xaaler 4 2l e G
RY RA 4né RA

4d |S| [xally, o 2AlIx1lly, 00 0 & _
PR [ gy SR S i P D Ly
P n<|x|<2n n = Jre

d
A _
+—“O| | > / Xa01 [v|? 2|DJV|211{v¢o}+/~L0|A|Pd/ Xab1 |v|P .
4p = Rd Rd
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Proof of Theorem 1

Step 5:
(Re)\)/ Xab1 |[v|? —|—/ X261 [v|P % Re (v, Bv)
Rd Rd

d
+ Z /d X0 |v[P* Livr0} {M2 Re (Djv, AD;v) + (p — 2)Re (D;v, v) Re (v, AD;v)
j=1 "k

p—1 1
. = L 2dAlall,
<ch ( / xieuvv’) (/ xiaz|g|”) il LSSy W
RI R 4nd R

4d |5 [Ixall;, 00 2AIxtlly 00 § & _
+ 71/ Or|vI” + 712/ Xa01 [vIP 72 Djv [ Loy
p n<|x|<2n = e

d
A _
Ll '}j / X201 V[P IDjvI? Loy + 10| Alpd / X201 |vP.
4p = RY Rd

o [P-dissipativity for A € C™™: There is y4 > 0 such that

(A1) |z]°Re (w, Aw) + (p — 2)Re (w, z) Re (z, Aw) = yalz)?|w|? Y z,w € C™
e strict accretivity for B € L>°(RY,C™™): There is cg € R such that

(3) Re(v, B(x)v) > cg|v]?Vx € R¥ Vv € C™
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Proof of Theorem 1

Step 5:
(Re)\—l—cB)/ Xab1 |v|?
Rd
+’YAZ/ 200 VP2 DV L0y

p—1

1
» 2d|A
<c (/ x§01IVIP)p (/ X592|g|">p+ | '”’“”1*/ 01 |vI°
R Rd

4d |5 lIxally 2|A] Ixally ) o
+7’°°/ 01 vp—i—i"x’ /Xglvp— Div[?1,,
P <|x|<2n v n Zl R w01 |v| |Djv {v#0}

d
A _
Ll '}j / X201 V[P |DjvI? Loy + 1ol Alpd / X201 |vIP.
4p = RY Rd
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Proof of Theorem 1

Step 5:
(Re)\-l-cs)/ Xab1 |v|?
Rd
+7AZ/ 201 VIP2 | DjvI® Liuso

p—1

1
e »  2d]A
<cr ([ dmivr) " ([ doter)” + 22 '”’“”1*/ o IvP
Rd Rd

4d [S| Ixll1, 00 2|A] Ixally i i )
+7’/ 91v”_|_77°C /Xelvp— D1,
P <Ix|<2n v n Zl o " V" [Djv]™ T gvz0y

d
10| A _
+/0—HZ/ Xab1 [vIP 2 | Djv I Ly sy +M0|A|Pd/ Xa01 |v/°.
4p =1 JRe R4

Subtracting the 4th, 5th and 6th term of the RHS.
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Proof of Theorem 1

Step 5:

(Red -+ cs—polAlpd) [ 361 vI°
R

d
polAl 2[AllIxally o 6 / 2 -2 2
a N , 20, |v[P2|Div ]2 1
+<'YA 4 jE:I X L[VIPT DT Livsoy

n

P

—1 1
1 e » o 2d|A| Ixall; o
<ct ([ o) " ([ doigr) + AN [ gy
RA RY 4nd RY

4d |S||Ix1ll; o
LI
P n<|x|<2n
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Proof of Theorem 1

Step 5:

(Red -+ cs — olAlpd) [ X3P
R

Al 2A Xl 0 & _
+ <'YA - ui' | - L ) Z/ 201 [v|? 2 |DJ-v|2 Liv0}
14 =1 Rd

n

p—1

1
o » 2d|A
gC% / xi91|v|p ’ / X202 lg|? P+M 01 |v|?
Rd Rd 4né R
4d [S] lIxally, o0
—= / 01 |v|”
n<g

P <Ix|<2n

Choose p = 1/%;65, Ho = \/% so that

ReA A
Re)\+CB—M0|A|pd:m and VA_M:’Y_A
2 4p 2
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Proof of Theorem 1

Step 5:
LA; < / Xn01 |v|?
Rd

2|A| ||X1||
YA 1,00 2 2
+ <7 - ) Z/ 201 [vIP 2 [Djv]* Livroy

p—1

1
1 p P 2d|A X111 oo
<ch (/ xi91IVI") (/ xiez|g|f’) 2 bl o [ o
RA RY 4nd RY

4d |S|||x
+ | | || 1”1,00 / 01 |V|P
n<

P <Ix|<2n
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Proof of Theorem 1

Step 5:
L/\; = / Xab1 [v|?
Rd

2|A| ||>a|| J
YA 1,00 2
+ <7 - )Z/ X201 VP2 | DvI Ly

p—1 1
) = b 2dlAl
<ch ( / xieuvv’) (/ xiaz|g|”) + 20 [ ooy
RA RY 4nd RY

4d |S||Ix1ll; o
LI
P n<|x|<2n

Step 6: Apply Fatou’s lemma & Lebesgue’s dominated convergence theorem.
6.a. Apply limit inferior as n — oo on both sides

6.b. Apply Lebesgue’s dominated convergence to the integrals on the RHS.

6.c. Apply Fatou to the integrals on the LHS.

Note: Assumptions of Fatou are satisfied thanks to Lebesgue!!!
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Proof of Theorem 1

Step 6.a: Apply limit inferior as n — oo

d
. Re) 2 2lAllIx1ll,008 ) . 2 —2 2
",,"L'”f[eTw /d Xa01 V[P + /d (VTA - %)x,ﬁh VP2 IDjv|” 1ivr0y
e R : R
Jj=1

p—1 1
5.
<nminf[c% (/ x%01|v|") : (/ xiez|g|P)”+2d'A'li‘§“1°°/ o P

4d|S|lIxally
+— 01 |v|?
n<|x|<2n
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Proof of Theorem 1

Step 6.b: Apply Lebesgue’s dominated convergence (L)

d
. 2/A 5 _
lim inf [—Re>‘2“5 /d X0 v|P + Z/d <“’TA _ AAlalhee® |II><,11H1,0<, )xf,bh [v|P~2|Djv|? Ly
R — Jr
j=1

n— oo

p-1 1
5. 1 P P 2d|A -
Simint [ €3 ([ o) " ([ ximler) "+ 220 [ o

4d|S|lIxally
S [ g
n<Ix|<2n

p—1

pP—2 1
1 P
:CE(Iim / xi01|v|f’) <Iim / x92|g|P) T lim / AN e g, 1o
n—o0 Rd n—o00 Rd R

4d|S|lIxall .
+———"= lim 01 |v|?
70 Jng|x|<2n

p—1

p—=1 1
L 1 P P 1 _
Lch (/ el|v|”) (/ ez|g|f’) = ¢ V1% gl
Rd Rd 01 02

Lebesgue’s dominated convergence: f,,f : S — Y measurable, g € L}(S,Y),
|fal < gae VneN,f,—fae asn— oco. Then

fo,f € }(S,Y) and f,— finL*asn— occ.
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Proof of Theorem 1
Step 6.c: Apply Fatou's lemma (F)
d

A —2 2
R / Orlvl® + % Z/ 01 |v|P~? Djv]* 1 qyr0)
Rd =1 Rd

d
ReA+ . 2 A 2[AllIxall1, 008\ 2 -2 2
:%/ liminf x,61 |v|” + E / liminf | 24 — ——=—L2— )5{601 |[v|""" [Djv|” 1{vz0)
Rd n—o0o ‘7 Rd n—o0

||nn_1>!£f [m/ X261 | V|P+Z/ < —M)X%IVIP*QIDJWHWO}
Rd

P

—1 1
5. 1 P B
<liminf [CT’ </ 261 |V|p) (/ X262 |g|p) + 2d|A|u:;“1 = / 01 |v|P
n— oo Rd R

4d|S|lIx1lly
p [ g
n<Ix|<2n

Lt p—1
=Cpr ||V||Lg1 ||g||U;2

Fatou’s lemma: f, € Ll(S, Y), f, 20, liminf,_ fs f,dx < 0o. Then

liminf f, € Ll(S, Y) and liminf fdx < lim inf/ fndx
S

n—oo S n— oo n—oo
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Proof of Theorem 1
Step 6.c: Apply Fatou's lemma (F)
d

A —2 2
R / Orlvl® + % Z/ 01 |v|P~? Djv]* 1 qyr0)
Rd =1 Rd

d
_ ReXf¢ T 2 L 2|AllIx1ll1,0098 ) . 2 —21 1.2
=—=te /Rd |Inl'Tl)|orc1>an91 Iv[” + Z/Rd I',Pllorlf (%A - f)%al VI [Djv]” Lgvon
|,n_1>,mc [m/ X261 | V|P+Z/ < _w)ximwp—zpjvm{v#o}
n o0 R

P

—1 1
5. 1 P B
<liminf [CE (/ 261 |V|p) (/ X262 |g|p) + 2d|A|u:;“1 = / 01 |v|P
n— oo Rd R

4d|S|lIx1lly
p [ g
n<Ix|<2n

Lt p—1
=Cpr ||V||Lg1 ||g||L52

Choose 0 > 0 such that % — 2|A| ||X1||1,oo § >0, then
B gl 3 ol 2 AR
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Proof of Theorem 1

Step 6:

ReX+ ¢ Y. J 1
B P A p—2 12 1 p—1
e [ o +7j_zl/Rd91|v| D3P Loy < CHIIvIE gl

Step 7: From Step 6 we obtain
d
Re) -l- ReA+cp Re)\ + ReA+ce YA _5 2
1% || S——5 d91|V|p+7Z d91|V|p |Djv[™ L{vr0y
R o UR
1 -1
<CHVIE lell,

Dividing both sides by ““*% and ||v||’Z,J_:l yields the L -resolvent estimate
61
2C»

||V||L m ||g||L

Denny Otten LP-Energy Estimates for Ornstein-Uhlenbeck Operators Bielefeld 2016



Proof of Theorem 1

Step 7: L} -resolvent estimate

2C%

< — .
IVl < e el

Unique solvability of (A — Lg)v = g in L] (R?,C™):
Let g € LZ2 and let vi,vo € WP N Lgl satisfy

loc

()‘I_['B)Vlzg7 ()‘I_['B)V2:g7

Then w = vi — v» € WP Lgl satisfies

Denny Otten LP-Energy Estimates for Ornstein-Uhlenbeck Operators

loc
_ P
(M —=Lg)w=0, inlL] .
The resolvent estimate implies ||w||,» = 0, thus v; = vy in L} , hence in W2PNL5 .
01 1 oc 1
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Proof of Theorem 1

Step 6: d
Re>\—|— ReA + cs YA _ 1 _
v || Z/ 01 |vI"* DI Loy < C7 VI " gl e
= R4 01 2
Step 7:
Mg, < =2 gl
Lo, ReA—i—c Elleg,
Step 8: Step 6 implies for any j=1,..., m
[ 210 Ly < 22 12 Nl
Rd 2
Since |Djv| = |Djv|L{,40} a.e. we deduce from Holder s mequality forl<p<?
P _ p(2— —P P)
1Dy = [ 01D 100 = / N e S e e
1
2—p p
p—2 P 2 4C% 2 P
m|Dv||w 1(v0) 0l < | morreys Hmh%-
Sum upJ =1,...,d and taking pth root ylelds the W p—resolvent estimate
1
P 2dciy,t
V], 1, = Div||? ) < 7*‘ .
Mg <;” i, ) < ey el
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Applications of Theorem 1

Some applications of Theorem 1:
Q B(x) = B, 01(x) = b2(x) = 1:
Identification problem of L., in LP (unweighted LP-spaces)
Q B(x) = B — Qs(x):
A-priori estimates for solutions v € Ly of (A — Lg)v = g for g € Ly,
(necessary for proving exponential decay).

Q B(x) = B, 01(x) = 62(x):
Identification problem of L. in Lj (weighted LP-spaces)

LP-dissipativity condition:

94 > 0: |z|?Re (w, Aw) + (p — 2)Re (w, z) Re (z, Aw) > va|z|?|w[]* Vw,z € K™

Question: Can we express LP-dissipativity by spectral properties of A?
Answer: Yes, in terms of antieigenvalues of A. J
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Outline

@ Lr-dissipativity condition vs. LP-antieigenvalue bound
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LP-dissipativity condition vs. LP-antieigenvalue bound

Theorem 2: (LP-dissipativity condition vs. LP-antieigenvalue bound)
Let Ac K™ for K=Rifm>2and K=Cifm>1, andlet be R, b> —1.
@ Given some 4 > 0, then the following statements are equivalent:
(6) |z]°Re (w, Aw) + bRe (w, z) Re (z, Aw) > va|z|*|w|]> YV w, z € K™,

b b
(7) (1—}—5) Re(w,Aw)—|2—||AW|>'yA Vw e K™, |w|=1.
@ Moreover, the following statements are equivalent:
b
(8) 3ya >0: <1+ )Re(w Aw) — [b ||AW| >ya VweKT |w|l=1,

||
24+ 0b’
Here, p1(A) denotes the first antieigenvalue of A
. . Re(w, Aw)
A) = inf ———~
m(A) = il o TAw]
w#0
Aw#0

(9) Ainvertible and pi(A) >

with (w,z) :==w 'z

Apply Theorem 2 for b =p — 2 with 1 < p < c.
Bielefeld 2016



Outline of proof: Theorem 2

@ Given some 4 > 0, then the following statements are equivalent:
(1) |z]*Re (w, Aw) + bRe (w, z) Re (z, Aw) > va|z]*|w[* Vw, z € K™,
b b
(2) (1—1—5) Re(w,Aw>—|2—||AW|>7A Vwe K™ |w|=1.
Note: Dividing (1) by |z|?|w|? implies equivalence of (1) with
(1')  Re{w,Aw) + bRe(w,z) Re(z, Aw) > yaVw,z € K7, |w| =|z| = 1.

(
Case 1: (K=TR). Let m > 2. For y4 > 0 given, show equivalence of
(1) (W Aw) +b(w,2) (2, Aw) > 94 Yw,z €R™ [w|=|z| =1,

2
Optimization problem: For any fixed w € R™, |w|? = 1, solve

ng]kr,ln fo(z) subjectto |z|2=1, f,(2)= (w,Aw)+ b(w,z)(z, AW) — 7a.

(2) <1+§> woAw) = D aw] 500 YweRm W =1

Existence of minimum due to boundedness

|fw(2)] < [wl|Aw| + [bl|wl|z*|Aw| + [ya] = (1 + [b])| Aw]| + |74] < co.
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a Explicit representations of the first antieigenvalue
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Explicit representations of the first antieigenvalue
Recall: Theorem 2 shows that

LP-dissipativity condition: There is y4 > 0 such that
|z°Re (w, Aw) + (p — 2)Re (w, z) Re (z, Aw) > va|z|*|w|* Vw, z € K™,

and

LP-antieigenvalue condition:

A —
Ainvertible and p(A) i= inf oW AW) lp—2|
i |w||Aw| P

Aw#0

are equivalent.

Questions:
Q Are there explicit formulas of p1(A) (e.g. in terms of the eigenvalues of A)?
© What are the minimizers w € K™? And how does one obtain them?
Answer:
@ In general no explicit formula, neither for p1(A) nor for w € K™
@ In some special cases they are obtained by the method of Lagrange multipliers
Bielefeld 2016



CASE 1: (K=R, m=1).

LP-dissipativity condition: There is y4 > 0 such that
|z|°Re (w, Aw) + (p — 2)Re (w, z) Re (z, Aw) > va|z]*|w|* Vw,z € K™,

is equivalent with (22w?A + (p — 2)w?2?A > yaz?w?, z,w €R, 1 < p < 0)

Positivity condition:

A>0
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CASE 2: (K=C, m=1).
LP-antieigenvalue bound:

_ ¢ Re(wAw) _ [p=2|
pm(A) = inf ZLmar > 5
w#0
Aw=#£0

o . A
is equivalent with (% = IIKT?IIA

Cone conditions:

2'5;% TmA| < ReA or |arg Al < cos™? (“’%2> = arctan <2—VIZI_1) .

ImA
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CASE 3: (K= C, m > 2, A Hermitian positive definite).

LP-antieigenvalue bound:

(A) = VMM 2\/ka  GeometricMean(\, \4) - lp— 2|
VYT T4 0A) ~ ka+1  AvithmeticMean(AS, M) ~  p

)

Minimizer: w = /AAwy + /MW, w1 L wy,, Awy = /\fwl, AW, = N wp,.

10

e 0< /\{‘ <o < /\ﬁ eigenvalues 8

=)

A4 .
@ Kp = /\—’1}{ spectral condition

number

ANA i
9 /A{'A7 geometric mean

o (M +A}) arithmetic mean | oo

IS

C(0), Co®

N

o

LP-spectral condition number bound:
2 2
+4p—4—-4 -1 +4p—4+4 -1
Cu(p) = P-2P pvp—1 _ P t4p pvp—1 _ Ca(p)

(p— 2 A= (p—2)
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CASE 4: (K=C, m > 2, A normal accretive).

LP-antieigenvalue bound:

(4) u1(A) =min(EU F) > @,

A 2,/ =2 NP —a V)
E= {AA jedl,. ’"}}’ F:{ e fx;«;—\&ﬂza’ :

3| AP =2ai | AN [+ AR A Al o A A
0< J(‘)’\ﬂz_‘)\;\lg)(a’_iaj) < LA # A e {1, m) e, a; := Re)

e min E > “’—;2l is equivalent with cone condition ¢(A) C X, with conic section

Y, ::{)\ € C: 322 Im )| < Re)\}
1

:{)\ € C:|arg\| < cos™? (%) } ]

Minimizer:

o u(A) = P\A weCm |w| =1,

|wi| =0, ke{l,...,m}, k #J.
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CASE 4: (K=C, m >

LP-antieigenvalue bound:

2, A normal accretive).

(4) p1(A) =min(EUF) > @

)

E—{ Ljeft m}} F—{2\/("’1"3")(3“\?2—%‘|’\7‘2).
= et m, - :

IAA2— A2
3|\ P —2ai| X [ +a| AP

A Al ;o A _ A
0< P2 < LM # N 0L € {1,...,m}}, a; := Re)
e min F > =2 5 2l s equivalent with a semi-ellipse condition:
2/ (a—a)(ail A 2= M%) < lp=2]
M= P
Note:
EINEA] aj a M a;
) ; _ _a
2/ =) GIN—a M) _ \/M[(\ D) R R ]
=M - 2
| Bt
_ 2/ (ripii—r)(ripii—ri)pij A _ ..
= = s P ReW‘I = T ke {ij}
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