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1. Introduction

Nonlinear waves are a common feature in many applications such as the spread of
epidemics, electric signalling in nerve cells and excitable chemical reactions. For
example, one of the most common references in Mathematical Biology [22]|' devotes
more than 100 pages to explaining and analyzing waves in biological systems.

We emphasize that our main interest is not in classical applications of wave phe-
nomena in evolution equations, such as water waves, shock waves in gas dynamics,
and electromagnetic waves, see the reference [31]2. Rather we concentrate on waves
in nonlinear parabolic systems which arise when modelling reaction diffusion sys-
tems. One important feature of these systems is that waves have a specific velocity,
as opposed to the continuum of waves with different wave lengths and different wave
speeds that typical occur in classical wave equations.

LJames D. Murray, born in Scotland 1931, Professor Emeritus of the University of Oxford,
known for his work and his books on Mathematical Biology

2Gerald Witham 1927-2014, a British-born American applied mathematician, worked at the
California Institute of Technology, known for his work in fluid dynamics and waves
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One of the most important applications where this unique speed is essential, is
the famous and Nobel-prize winning Hodgkin-Huxley model for conduction and
excitation in nerve [15].

Our main topic will be travelling waves in one space dimension and the following
problems will provide the guidelines for this lecture:

e Compute explicit travelling wave solutions for specific PDEs from appli-
cations.

e Detect travelling waves of PDEs in one space dimension as connecting
orbits of ODEs und use phase plane analysis.

e Prove the existence of a travelling wave (and uniqueness of its speed if
possible).

e Study the (asymptotic) stability of travelling waves for the underlying
evolution equation and investigate its relation to the spectra of lineariza-
tions.

e Discuss numerical methods for computing travelling waves and analyze
the error arising from the truncation of an unbounded to a bounded do-
main.

e Study families of travelling waves in systems with conserved quantities,
in particular in Hamiltonian PDEs.

In the first chapter we will discuss some formulae of explicitly known wave solu-
tions (see [24]), but also briefly touch upon waves in several space dimensions and
show some examples and numerical simulations. However, a rigorous mathematical
theory of such dynamic patterns is far from being complete and is well beyond the
scope of this lecture.

2. Examples and basic principles

2.1. Travelling wave solutions. Consider a general evolution equation in one
space dimension

(2.1) up = F(u), u(x,t) e R",zeRt>0,

where we think of F' being a linear or nonlinear differential operator in % = 0.

Definition 2.1. A solution

et R x [0,00) = R™,  (x,t) — u(z,t)
of equation (2.1) of the form
(2.2) up(z,t) = v (x —cit),x € Rt >0

15 called a travelling wave with profile v, : R +— R™ and speed ¢, € R. If addition-
ally the limits

(2.3) lim v, () =v_ € R™, lim v, (§) =v, € R™

E——o0 £—o0
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exist then u, is called a travelling front if v_ # vy, and a travelling pulse (or a
solitary wave) if v_ = v,.

In Definition 2.1 we intentionally left the notion of a solution imprecise and we
did also not specify the form of the (nonlinear) differential operator F'. This will
become clearer with the following examples. Generally, we assume a travelling wave
to be continuously differentiable and bounded, i.e. the function v, is continuously
differentiable and bounded. Figure 2.1 shows some wave profiles v, of travelling
waves, namely a front in (a), a pulse in (b) and a wavetrain in (c).

Vi Ux

S N
) EITAE

(a) (b) (c)

FIGURE 2.1. Profile v,: front (a), pulse (b), and wavetrain (c).

Finding travelling waves in one space dimension can be reduced to searching for
special solutions of ODEs. For that purpose assume (2.1) to have the more specific
form

(2.4) uy = f(u,0pu,...,0%), xe€Rt>0,

where f : REFD™ 5 R™ ig a given nonlinearity. We insert the travelling wave
ansatz

(2.5) u(z,t) =v(x—ct), zeRt>0
into (2.4) and find
—cv'(z—ct) = flu(x —ct), v (x —ct),..., o™ (z —ct), ze€R,t>0.

Since this should hold for all arguments we can substitute the wave variable & =
x — ct and obtain the equation

0= cv'(€) + f(v(€),0'(€), ..., v™M(€)), E€ER,
which is a k-th order ODE on the real line. We usually suppress arguments and
write this travelling wave ODE as

(TWODE) 0=cv' + f(v,0,...,o™), €eR.

Note that the final step of reducing to an autonomous ODEs does not work if the
function f in (2.4) depends explicitly on z or ¢

w, = f(x,t,u,0pu, ..., 0%), xR t>0.



We will call (TWODE) the travelling wave ODE for the given PDE (2.4).
2.2. Examples from linear PDEs.

Example 2.2 (The advection equation). Consider the advection equation (or linear
transport equation)

(2.6) w+au, =0, re€R,t>0
for some 0 # a € R. The travelling wave ODE of (2.6) is

/

O=cv' —av', £€R.

For nonconstant v we have v" # 0 which implies ¢ = a. Therefore, any function
uy(x,t) = v.(x — at) with sufficiently smooth profile v, (i.e. v, € C1(R,R)) is a
travelling wave solution of (2.6) with speed ¢, = a. In fact, the associated Cauchy
problem of (2.6)

us + au, = 0, reR,t>0,
(2.7)
u(@,0) = wplz), TER
admits the solution wu(z,t) = wug(z — at). That is all solutions of this simple

equation are travelling waves (which, in a sense, is boring). For constant initial
data, the solution is the same, but the speed is arbitrary. We consider this to be
a degenerate situation since constants are steady states of the evolution equation
(2.6) (i.e. u, = 0) while nonconstant profiles do not have this property. We
sometimes call the latter ones true (or nontrivial) travelling waves. A travelling
pulse solution of (2.6) is shown in Figure 2.2.

Example 2.3 (The heat equation). Consider the heat equation (or diffusion equa-
tion)

(2.8) Uy = QUgy, * €RE>0,

for some 0 < @ € R. The travelling wave ODE of (2.8) is
O0=c+a", E€R,

which has the two linearly independent solutions

(2.9) () =1, n(E) == ek

Both are either constant or unbounded. We conclude that the heat equation has no
true bounded travelling wave solutions. Later on, we will learn that this changes
dramatically when we introduce nonlinearities into the heat equation.

Example 2.4 (The Klein Gordon equation). Consider the Klein Gordon equation
(2.10) Uy = 0P Upy — p*u, T ERE>0

for some 0 # a,u € R. It is an easy exercise to show that the scaling

a 1
ﬂ(yv S) = U(—y, _S)
po g
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FIGURE 2.2. Travelling pulse solution wu,(z,t) = v.(z — ¢,t) of the
advection equation (2.6) with profile v,(§) = exp(—%) and velocity
¢, =a =1 at time ¢t = 0 (solid line) and ¢ = 4 (dashed line).

transforms equation (2.10) into
(211) U = Ugzr — U,

where the tilde was dropped and (y,s) was renamed as (z,t) for convenience.
Applying the travelling wave ansatz (2.5) to (2.11) leads to the travelling wave
ODE of (2.11)

(2.12) 0=(—10"+v, £€R,

which is now a second order ODE. Note that second order time derivative in (2.11)
always imply a second order derivative in the associated traveling wave ODE (2.12).
The characteristic polynomial of (2.12)

p(A) = (2 = DA + 1.
Solving (2.12) is equivalent to finding zeros of p, i.e. A with p(\) = 0, which are

1

+— | <1
-1 e £1 VIe2=1]
A= Vi-e = ¢ no zeros, |c|]=1.
no zeros, |c/ =1 L1 o > 1

Vie2-1]’



FIGURE 2.3. Travelling wavetrain solution u,(z,t) = v.(x — ¢t)

of the Klein Gordon equation (2.10) for k£ = 1, oy = 2, ap = 3,

w(k)

c=2" = /2 at time ¢ = 0 (solid line) and ¢ = 1 (dashed line).

If |¢| = 1 the equation p(\) = 0, hence also the equation (2.12), has no solutions.
If |¢| # 1 the fundamental solutions of the linear equation (2.12) are

| cosh(k§), |l <1 | sinh(k€), || <1
”1@—{ cos(ke), e >1 - ”2@—{ sin(ke), |e|>1

where the quantity £ denotes the angular wave number defined by

1
(2.13) k= —— .
| =1

In case |¢| < 1 there is no bounded solution whereas in case |¢| > 1 we have the
linear family of bounded solutions

(2.14) v(€) = aq cos(k) + agsin(kE), oy, a0 € R.

Defining the angular frequency w(k) := ck, we obtain the family of travelling waves
(2.15) wu(z,t) = aj cos(kx — w(k)t) + agsin(kr —w(k)t), z,t €R, ag, a9 € R.
The definition of w(k) and equation (2.13) imply the relation

(2.16) wk)? =k +1,

which is called the dispersion relation. This relation shows how the speed ¢ of the
wave is related to its frequency w(k). In fact, multiplying (2.13) by the velocity ¢
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shows that (2.16) is equivalent to
w(k) =

c
> = 1]
For completeness, recall the following relations from the theory of wave equations

w 21 B 2Ty

c A c

)

where k is the angular wave number (or: magnitude of the wave vector), v the
frequency of the wave, \ the wavelength, w = 27v the angular frequency of the
wave and c the phase velocity.

Note that the travelling waves (2.15) are neither fronts nor pulses but have an
oscillatory character. For this reason they are called wave trains. Contrary to
Example 2.2, the wave trains (2.15) do not have a fixed speed but can travel at all
speeds ¢ > 1 and ¢ < —1.

Example 2.5 (Symmetric hyperbolic systems). A direct generalization of the ad-
vection equation (2.6) is the first order system
(2.17) ur+ Au, =0, w:Rx[0,00) —R™ AeR™™.

The travelling wave ODE reads (A — c¢l,,,)v" = 0. Every real eigenvalue with real
eigenvector

(2.18) Aw =, IeRweR™
leads to a solution
(2.19) v(§) = a(§w,

where a : R +— R is any bounded sufficiently smooth function. This corresponds
to the travelling wave solution

(2.20) u(z,t) = alz — M)w
If A is real diagonalizable, then it has only real eigenvalues \; with linearly in-
dependent eigenvectors w;,j = 1,...,m. Correspondingly, equation (2.17) has

solutions which are superpositions of waves travelling with speed \; in direction
wj

(2.21) }:aj — \t)w,,

where the o; are smooth bounded scalar functions. Given an initial condition
as in (2.7) with a vector valued function ug, the solution of the Cauchy problem
(2.17),(2.7) is given by (2.21), where the functions «; are determined from the
decomposition of initial data

ZO‘J r)w;, x€R.
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We conclude that all solutions of the first order system (2.17) are linear super-
positions of travelling waves with different speeds. The system (2.17) is called
symmetric because we can transform (2.17) via

u(z,t) =Wo(z,t), W= (w wy - wy,)€R™
into the diagonal system
v +diag(A;,j=1,...,m) v, =0,

which consists of m copies of the advection equation (2.6) with different propaga-
tion speeds.

2.3. Travelling waves in nonlinear parabolic PDEs. We are looking for trav-
elling waves in a nonlinear system of equations

(2.22) up = Az, + f(u), z€Rt>0,

where f € C'(R™ R™) and A € R™™ is invertible. By (TWODE) the travelling
wave ODE is

(2.23) 0= A"+ cv' + f(v).
We look for solutions v € C?(R,R™) of this system such that the limits
T I /
e = Jip (O, L= i VO

exist. As the next Lemma shows, this necessarily implies

(2.24) floe) =0, lim /(€ =0.

Lemma 2.6. With the setting w = <Z,) equation (2.23) is equivalent to the first

order system

(2.25) w' = <_C A, 2 f(w1)> = G(w).

Any solution of (2.23) on [0,00) for which the limits

glilgv(f) =:v,, glirilov'(g) =0l
exist, satisfy
(2.26) flop) =0, o} =0.
The same statement holds if the limits & — —oo exist.

Proof. The transformation to a first order system is standard. From w(§) — w, =

<:T) as £ — oo we obtain for all x > 0
+

Glonl =| [ Gl - Glu(e) + wig)de
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=< /m |Gwy) = G(w(§))|dE + |w(z + 1) — w(z)]
< sup |G(wy) = Gw(@))] + [w(r +1) —wy| + Jwy —w(z)].

&2

By our assumption and the continuity of GG the right hand sides converge to 0 as
x — o0o. Hence, w; satisfies G(w,) = 0 from which (2.26) follows. O]

Remark 2.7. If all eigenvalues of A have positive real part (i.e. equation (2.22)
is parabolic) then one can omit the assumption that the derivative v'(§) converges
as & — +oo. This will be proved in Lemma 2.23 in Section 2.6.

Another simple observation is the following reflection symmetry.
Lemma 2.8. Ifv,,c, is a travelling wave of the system (2.22) then so is
(2.27) V(&) = v (=E), = —c,.

In the following we restrict to scalar equation with A =1

(2.28) Up = Ugy + f(u), z€Rt>0,

with travelling wave ODE

(2.29) 0=2v"4cv" + f(v).

According to Lemma 2.6 the potential limits of travelling waves must be zeroes of
f. In the following we are particularly interested in the case where f has three
zeroes

> 0, ’U<b1, by < v < bs
<0, by <v<by, bg<v °

(230) bl < bg < bg and f(U) {
Our model example is the following Nagumo equation

Example 2.9 (Nagumo equation). Consider the scalar parabolic equation
(2.31) Up = Uy +u(l —u)(u—10), x e R, t >0,

where 0 < b < 1, [21], [22]. Tt is well known that (2.31) has an explicit travelling
front solution wu,(z,t) = v.(x — c.t) (called the Huzley wave) given by

(2.32) U*<£> - 1+ p1< £ )7 = \/5 (b_ %) ’
exp { —5

with asymptotic states v_ = 0 and v, = 1. Note that ¢, < 0if b < % and c, > 0 if
b> 1.
2

Demo: Phase plane analysis of (2.25),(2.29)
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In Mathematical Biology this equation is motivated by population models which
have three equilibria as in (2.30) in the spatially independent case. An example of
this is the spruce budworm model described in [22, Ch.1.2, Ch.11.5]

o u?
w=rull—=)— )
! q 1+ u?

If one adds spatial spread of populations via diffusion to such a law then a parabolic
equation of the type (2.28) arises with the nonlinearity satisfying (2.30).

The following exercise shows that systems with cubic nonlinearities which have 3
consecutive zeros and behave like —u?® (rather than u?) can always be transformed
into the Nagumo equation (2.31).

Exercise 2.10. Show that the general equation

(2.33) u = Dugy + B(u—by)(be —u)(u—b3), x€Rt>0

where D, B > 0 can be reduced to the Nagumo equation (2.31) via linear trans-
formations u = ({14 + [ and scalings of time and space u(z,t) = u(ayz, ast).
Determine the profile and speed of a travelling wave for (2.33).

Solution: The linear transformation v = by + @(b3 — by) shifts the zeroes by, by, bs to 0,b =
b2=b1 1 and gives the equation

bz—b1?
uy =(bs — by)uy
=D(bg — by )iige + B(bg — by)ii(by — by — (b3 — b1)@) (b — by) (@ — 1),
iy =Diigy + B(bs — by)?u(b — @)(i — 1).

Now perform a scaling i(z,t) = w(a1z, ast) and obtain
iy =0ty = a2 Diigy + B(bs — by)?u(b — @) (0 — 1).

This is equivalent to (2.31) if we set

o B
az = B(bs — 1), a1 =, 32 = (bs — b1)y/ D

Suppose (x,t) = v.(x — ¢4t) is travelling wave of (2.31) then we have the following solution of
(2.33)

u(z,t) = by + (bg — b1)ve (o — crant).

This is a travelling wave with speed

(2.34) i=c,22 = c,v/DB(bs — by)
aq
and profile
N B
(2.35) ’U(f) =by + (b3 — bl)v*(alf), o] = (b3 — bl) B

With the values of b and ¢, from (2.32) we obtain the final expression for the speed of the wave
that belongs to (2.33)

by — b 1 DB
(2.36) E=v2 (; bl - 5) (bs = ba)VDB = | =~ (b1 + 2b2 — bs).
3 — V1l
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Although it is easy to verify the formula (2.32) for the travelling wave of the
Nagumo equation (2.31), we discuss a more general approach that allows to arrive
at such an explicit expression. The travelling wave ODE for (2.31) is

(2.37) 0=v"4c'" +v(v—>0)(1—0).

Note that the standard energy method for ODEs works only in case ¢ = 0 (cf.
Section 2.4). In order to find a solution which connects v_ =0 to v, = 1 we try a
solution of the first order equation

(2.38) v =av(l—v) =:g(v),

where the parameter o > 0 is still to be determined. By separation of variables,
the solution of (2.38) with v(0) = 3 is found to be

1

(2.39) va(§) = m7

¢ eR.

We insert (2.38) into (2.37):
1

VI cvg + V(b — v0) (Ve — 1) = ¢/ (Va)V, + cvl, — — (b — v )V,
«
, ( b 1 )
=v, | —200, +a+c——+ —v, | .
a o«

This term vanishes provided we set

which together with (2.39) leads to formula (2.32).
The following proposition summarizes the general methodology.

Proposition 2.11. Let g € C*(R™,R™) satisfy for some ¢ € R
(2.40) (Dg(v) 4+ cly)g(v) + f(v) =0, Yo eR™

Then any solution v € C''(J,R™) of v/ = g(v) on some interval J C R satisfies the
travelling wave ODE (2.29) on J.

Proof. 1t is sufficient to note that v" = g(v) on J implies v” = Dg(v)v' = Dg(v)g(v)
on J by the chain rule. O

Remark 2.12. For the Nagumo equation (2.31) we used this proposition with the
settings f(v) =v(b—v)(v —1), g(v) = av(l —v) where a and ¢ were determined
such that (2.40) holds. If, in the scalar case, g is taken to be a polynomial of degree
¢, then f should be a polynomial of degree 20 — 1. Moreover, relation (2.40) shows
that g is a smooth factor of f, i.e. the zeroes of g are also zeroes of f and if f has
even more real zeroes, then they must be incorporated into the first factor g'(v) 4+ c.
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Exercise 2.13. Consider the quintic Nagumo equation
5

(2.41) Up = Uyy — H(u —by),

where b; < by < b3 < by < bs . Determine a relation among by, ..., bs that allows
to compute a travelling wave connection of by to bs or of bs to b; from a first order

ODE.

2.4. Phase plane analysis of travelling wave ODEs. As shown in Lemma
2.6, the profile of a travelling wave appears as an orbit connecting two steady states
of an autonomous ODE.

Definition 2.14. Let w € CY(R,R™) be a solution of the dynamical system

(2.42) w = G(w), where G € C'R™R™),
such that the limits
(2.43) éErinoow(g) = wy

exist. Then Q(w) = {w(§) : £ € R} is called an orbit connecting the steady state
w_ to the steady state w,. The connecting orbit is called heteroclinic of w_ # w,,
and homoclinic of w_ = w,.

Therefore, a travelling wave of equation (2.22) with speed ¢, and profile v, con-

necting v_ to vy, corresponds to an orbit Q(w,),w, = Zf) of the dynamical
*

system (2.25) with parameter ¢ = ¢, connecting the steady state w_ = <UO ) to

wy = (Ug ) We stress the fact that not only the orbit w, but also the speed ¢, is
unknown. Therefore, we have to drive the system (2.25) by varying ¢ until an orbit
connecting two steady states occurs. Proving that such a connection occurs can
be quite hard, and we refer to Section 3 for some situations where this is possible.
Before treating further examples we add another observation that applies to trav-
elling waves of (2.22) for which the nonlinearity f is a gradient, i.e.

(2.44) f(v) =VF(v),v € R™ for some F € C*(R™R).

Proposition 2.15. Let A € R™™ be symmetric and let f € C'(R™ R™) be the
gradient of some F' € C*(R™ R). Further, let v, € C?*(R,R™) be a travelling wave
of (2.22) with speed ¢, # 0, connecting v_ to vy. Then, v, € L*(R,R™) and the
following formula holds

(2.45) o [ 1OPdE = Flo) - Fuy)

[e.e]
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Proof. Multiply the travelling wave ODE (2.23) by v/I" and integrate over [—R, R]

(2.46) /'ﬁﬁmﬂ@%+@/Id@ﬂﬁz—/zwﬁvﬂwwﬂé

-R -R R
Integration by parts and the symmetry of A show for the first integral
R
1
[ @ A€ = 3 (@R - (W-R).

which converges to zero as R — oco. The right hand side in (2.46) is a complete
integral

/R V)TV (v.(€))ds = /R i(Fov )(€)dE = F(u.(R)) — F(v.(=R))
n * * - n df * - * * 5

which converges to F(vy) — F(v_). Therefore, we can take the limit R — oo in
(2.46) and obtain v/, € L*(R,R™) as well as formula (2.45). O

Formula (2.45) shows that the speed ¢, of the wave is positive if F(v_) > F(v,)
and negative if F'(v_) < F(v;), i.e. the wave runs from the larger critical value of
the potential F' to the smaller critical value. This imposes restrictions on the type
of transitions that a wave can take. Note that ¢, = 0 still follows from our proof
in case F'(v_) = F(v,), but we cannot conclude v’ € L?(R, R™) anymore.
Proposition 2.15 always applies to the scalar case which has the potential

(2.47) / fa

In the scalar case (2.28), the system (2.25) becomes two-dimensional

(249 o= () = (L ) = Gl

and much insight can be gained by so-called phase plane analysis.

Lemma 2.16. Let vy € R be a zero of f. Then the steady state wy = (UO) of
(2.48) is a
saddle if  f'(vg) <0
sink if  f'(vg) >0 andc > 0,
source if f'(vg) > 0 and ¢ < 0.
More precisely, the eigenvalues of the linearization

(2.49) DG(wy) = (_ ff) L )

(vo) —c
are

(2.50) Ao = ( c+ 4f’(v0)>.

[\DI»—A
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In case of a saddle the eigenvalues satisfy A\_ < 0 < Ay and suitable eigenvectors
are

(251 =) w=(1)

Proof. The proof follows by straightforward computation of the eigenvalues and
eigenvectors of the Jacobian (2.49). Note that in the borderline cases f'(vy) = 0 and
f'(vg) > 0, ¢ = 0 the linearization is not enough to determine the type of the steady
state since some eigenvalues lie on the imaginary axis (in case f'(vy) = 0, ¢ < 0 one
can at least conclude that wy is unstable). Also note that the eigenvalues become
complex if

(2.52) & < 4f' (),
i.e. the solutions are spiraling in if ¢ > 0 and spiraling out if ¢ < 0. O

Remark 2.17. The qualitative phase diagram near steady states is preserved from
the linear to the nonlinear case provided there are no eigenvalues on the imaginary
axis. This is made precise by the famous Hartman-Grobman theorem, see for exam-
ple [4, Theorem 19.9]. Given a dynamical system v' = f(v) with f € C*(R™, R™)
and t-flow denoted by ¢'. Let vy € R™ be a steady state such that D f(vo) has
no eigenvalues on the imaginary azis and let ®'(v) = exp(tDf(vo))v be the lin-
earized flow. Then there exist neighborhoods U C R™ of 0, V. C R™ of vy and a
homeomorphism h : U — V' such that

(2.53) ¢' o h(v) = ho ®(v)

holds for all (t,v) with ®*(v) € U for all min(¢,0) < s < max(t,0). The relation
(2.53) is also called local flow equivalence.

Demo: The following Figure shows the (numerical)
c1 = —0.4 <cy = —0.36 < ¢35 = —0.35355339 =~ ¢,
<cy=—-03<c5=-02<c¢cs=0.

Since f’(0) < 0 and f’(1) < 0 both steady states w_ = (0,0) and w, = (1,0) are
saddles. The eigenvectors from (2.51) are locally tangent to the so called stable
and unstable manifolds

(2.54) W (wa) ={w : ¢ (w) = ws as § = oo}

. W ws) ={w : ¥ (w) = wy as &€ = —oo},

where ¢ denotes the ¢-flow of the system (2.48). We used the variable ¢ instead
of ¢ since ¢ is the wave variable by derivation. Sometimes this approach is called
spatial dynamics. As we will see in Section 3, the stability of travelling waves for
the time-dependent PDE (2.22) has nothing to do with the stability properties of
the asymptotic steady states when considered as equilibria of the travelling wave

ODE.
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In the current example the one-dimensional unstable manifold of w_ and the one-
dimensional stable manifold of w, intersect at a specific value of ¢. Then they
must coincide because of uniqueness of solutions to initial value problems to form
a heteroclinic orbit.

We also observe that there are orbits connecting the source w, = (b, 0) to the saddle
w_ = (0,0). These are also travelling waves for the original PDE, but as we will
see, the corresponding solutions of the PDE (2.22) do not enjoy the same favorable
stability properties as the saddle-to-saddle connection. Moreover, they occur over
a whole interval of c-values since w; has a two dimensional unstable manifold and
w_ has a one-dimensional stable manifold.

The classical example for such waves is the Fisher equation (|22, Ch.11.4],[10,
Ch.4.4] for which, unfortunately, there is no general explicit formula for the trav-
elling wave solution (except for the nontypical speed ¢ = %, see [24]).

Example 2.18 (The Fisher equation). On assumes logistic growth of a population
and diffusion

(2.55) Up = Uz +u(l —u), z€Rt>0,
with the travelling wave ODE given by
(2.56) 0=2v"4+c' +v(1—0).

The steady states are vy = 0 and v; = 1 with f'(vg) = 1, f’(v1) = 1. From Lemma
2.16 we immediately infer for the system (2.48) that

vy = ((1)) is  a saddle,

(2.57) an unstable node, c< =2,
) 0 . a spiral source, —2 < ¢ <0,
U= (O) 5 a spiral sink, 0<ec<2,

a stable node, 2<ec.

We are looking for a connection from v_ to the saddle v, and we restrict to ¢ < 0
since the case ¢ > 0 follows by reflection (c¢f. Lemma 2.8). Moreover, since the
equation models populations, we are only interested in solutions that have u(£) > 0
for all £ € R. The phase diagram reveals that the stable manifold of the saddle
(approaching v, through negative values of v') originates from the unstable node/
spiral source at v_ . The positivity condition on v excludes the case of a spiral
source for —2 < ¢ < 0. Therefore, we have a whole family of connecting orbits
v(+, ¢) for parameter values ¢ < —2 (by a limit argument one can show that the orbit
from v_ to vy is also nonegative for ¢ = —2). In view of the phase portraits near
an unstable node it is also reasonable to expect that the connecting orbit leaves v_
in the direction of the eigenvector that belongs to the slowest eigenvalue’. In view

of (2.50) and (2.51) this direction is y_ = ()\1_> where A_ = 1 (—c— /2 —14).

In the critical case ¢, = —2 we have A_ =\, = 1.
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Since we find a whole family of positive travelling waves (¢ < —2), it is a natural
question to ask, which one of these appears in the longtime dynamics of the PDE
(2.54) when initial data u(-,0) = ug(-) far from the true waves are given. This is a
delicate matter which depends sensitively on the behavior of the data ug at +oo.
In a sense the critical wave at ¢ = —2 is the 'most stable’ one concerning these
conditions (see the discussion in [22, Ch.11.2]).

2.5. Examples of nonlinear wave equations. As in Section 2.3 for the para-
bolic case, we now consider some nonlinear versions of the linear wave equations
from Section 2.2.

Example 2.19. Consider the nonlinear wave equation
(2.58) Uy = Uypy — Sinu, x,t€R
Exercise 2.20. Show that the general equation

Auy = Kugy — T'sin(u), A K, T >0
can be cast into the form (2.58) by suitable transformations.

The travelling wave ODE for (2.58) reads
(2.59) (> = 1)v" = —sin(v).

In the following we assume |c| # 1. The only steady states of the corresponding
first order system are w, = (v,,0) = (nm,0),n € Z. As in Lemma 2.16 saddles
occur for even values of n, while w,, are centers for odd values of n (this, however,
does not follow from Lemma 2.16). We look for an explicit solution that connects
wo 1O wg.

An explicit solution may be found by the energy method: multiply by v" and
integrate,

(¢ = 1" =(c* — 1)[5(1/)2]' = [cos(v)] = — sin(v)v,
=1 1(¢\2
const = 5V (€)* —cos(v(€)) VEeR.
Since we want a solution with v(§) — 0, v'(§) — 0 as £ — oo (resp.v(§) — 27,
V'(§) = 0 as £ - —oo ) we find the constant const = —1. Thus we have to solve
2
(2.60) (v')? = (1 —cos(v)), &€R.

1—¢?
Since the left-hand side is nonnegative and 1 — cos(v) > 0 the only case left is
|c| < 1. Then a solution to (2.60) is found by separation of variables as

§
\/1_—02))7 6 e R'
The corresponding travelling waves u(x,t) = v,(z — ct) exist for all |¢| < 1.
Demo: ¢ = %

(2.61) v, () = darctan (exp(—
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As shown above the system (2.59) has a conserved quantity E(v,v’) = %(v’)2 —
cos(v). Hence the phase plane consists of the level curves of E, apart from homo-

clinic orbits there are also continua of periodic orbits which lead to wave trains.

The next example contains third order spatial derivatives. It is derived by simpli-
fying equations for water waves and to approximately describe the propagation of
solitary waves, compare [31, Ch.13.11].

Example 2.21 (The Korteweg-de Vries (KdV) equation). The equation is the
following

(2.62) Up = —UlUy — Ugpy, T ER

with travelling wave ODE
(2.63) 0=cv — =(v?) —".

Integrating once leads to

1 1
(2.64) V' = v — 51)2 =v(c— 5@) =: f(v).
We took the integration constant to be zero since we look for solutions satisfying
v(€) = 0 and v"(§) — 0 as £ — +oo.
Equation (2.64) can be handled completely by the energy method since it has the

conserved quantity

(2.65) E(v) = %@/)2 +P(v), P(v)=— /va(s)ds - —gqﬂ n év?’.

Here P is the potential satisfying P’ = —f, and (2.64) may be considered as the
Newtonian dynamics of a particle of mass 1 moving in the potential P. The first
order system has a homoclinic orbit connecting (0, 0) to itself which belongs to the
energy level E(v) =0 and, for ¢ > 0, is explicitly given by

(2.66) v(€) = 3csech2(§§), £ eR.

Thus the KdV equation has a whole family of solitary waves given by
u(z,t) = 3csech2(§(:p —ct)), ¢>0.
Demo: travelling wave and phase plane diagram for KdV

2.6. Travelling waves in parabolic systems.

Example 2.22 (FitzHugh-Nagumo system). Consider the 2-dimensional FitzHugh-
Nagumo system

1 0 u; — Lud — uy
2. = 371 R, t >
(2.67) Uy <0 p) Ugy + (5( NE reR, t>0,
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with u = u(z,t) € R? and positive p,a,b, e € R, [11]. For the parameters p = 0.1,
a = 0.7, ¢ = 0.08 it is well-known that (2.67) has travelling pulse solutions for
b = 0.8 and travelling front solutions for b = 3. Unfortunately, in both cases there
are no explicit representations neither for the wave profile w, nor for their velocities
¢.. However, we know some approximations of the velocities in both cases. The
pulse travels at velocity ¢, = —0.7892 and the front at velocity ¢, = —0.8557.

In fact, the value of b determines the number of steady states of (2.67) (for b small
we have only one steady state but for b large we have three).

The next Lemma improves Lemma 2.6 by showing that the convergence of a trav-
elling wave to its limits implies the convergence of derivatives. In fact, if v satisfies
the travelling wave ODE (2.23) and vy = lime_, 1 v(&) exist, then the following
Lemma applies to h(§) = —f(v(£)), € € R and shows

Jlog) =0, lim v'(§) = 0.

Lemma 2.23. Let A € R™™ have only eigenvalues with positive real part and
suppose v € C*(R,R™) and ¢ € R solve the second order ODE

(2.68) A" + ' = h e C(R,R™),

such that both limits lime_, 1o h(E) and limg_,y o v(§) exist. Then the following
equalities hold

(2.69) lim A(¢) =0= lim ().

E—+o0 E—+o0

Proof. Tt is sufficient to prove the result for the positive axis R, = [0, 00), then the
result for the negative axis follows by reflection since we have made no assumption
on the sign of ¢. First multiply (2.68) by A~! to obtain

V' AT = A h =1
lim 7(£) = A™! lim h(€) =:7y.
E—o0

E—o0

(2.70)

All solutions of (2.70) can be written as follows

(2.71) v(€) = Vi(§an + Va(§az +v3(§), £ € R a,a0 € R™,

where (“;1, “;2,) € R?™2m forms a fundamental system of the first order equation
1 V2

obtained from (2.70) and vz is a special solution of the inhomogenous equation.
We will construct vs in the following form

(2.72) 05(€) = / TGy, R

with a suitable Green’s matrix GG. We will use the boundedness of v to show that
v3(€) is the dominant part in (2.71) and that |v3(§)| — 0o as & — oo if ry # 0.
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¢ > 0: Take Vi(€) = I, Va(§) = Aexp(—cA™1E) and

(2.73)

(2.74)

3
03(6)] /5 G(€,m)dnr

1 —exp(—cA~ (€ —
@&mz{cAUm eﬂgﬂ (€ mD,0§2§&

One easily verifies that V7, V5 generate fundamental solutions and that v
satisfies the inhomogeneous equation (2.70) as well as v3(0) = v4(0) = 0.

Let us note that all eigenvalues of A~! have positive real part, hence
there exists p; > 0 such that Re(u) < —p; for all eigenvalues p of —A~1.
By a well-known result (see Numerical Analysis of Dynamical Systems,
for example) we then have a constant C' > 0 such that

|eXp(—7'A_1)| < Cexp(—pi7), 72>0.

Since V1, V3 and v itself are bounded, equation (2.71) implies that v is
bounded. We now assume 7, # 0 and show that |v3(§)| > C¢ for € large
which is a contradiction. Given € > 0, take & so large that

r(§) —ryl <e forall £>¢.

Then we estimate with (2.74)
&e

G@mmmm‘

0

£
-/ G(&m)(?‘(n)—m)dn‘
13
> |2 ot - Sexpi-cae -] r.
Ee

£ &e
- [ 16 midn - / G(E ) dnllrll
e 0

C20API 20141 2JAIC ]
201APYr | |

Cc Cc

(g - fs)

Since |Ary| > 0, the third term can be absorbed into the first one by tak-
ing ¢ sufficiently small, which then dominates the second and the fourth
one by taking & — & sufficiently large. This shows that v3 is unbounded,
a contradiction.

Finally, we obtain from (2.71)

V(€) = Vi(©)as +4(6), EER.
The first term decays exponentially due to (2.74). The second term is

ZL&‘AT’H
c

13
o(E) = / exp(—cA™N(€ — n)r(n)dn.
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With (2.74) we estimate v} as follows

£/2 3
sA W@WMW%+LH@&WMWM

£/2 13
<C {/O exp(—cp1(§ —n))dn||r||o +/£/2 exp(—cp1(§ —n))dn sup |'f’(n)\}

n=¢/2
C
< C (x5 — expl-cm®)) Il

. (1..exp<_f%§§>) suplr@ﬂl}-

n>&/2

Since r, = 0 and ¢, p; > 0 all terms on the right-hand side converge to
zero as & — 0.

: The fundamental matrices are Vi(§) = I, Va(§) = &1, and Green’s
matrix is given by

Gle = { P 128

Assume 7 # 0 and for a given € > 0 take & such that |r(n) —ry| < e for
all n > &.. Then we estimate

3
) 2| [ (&= ndn i
’ 3
-1 [ €=t = rtaynl = | [ (€= mrtan
&e 0

1 1
25 (el = )€ = &)* = lIrllecte(€ = 5&0).
By taking e sufficiently small and letting £ — oo, we find that vy grows
quadratically if r, # 0. This is stronger than a; + V5(§)as which grows
at most linearly, and contradicts the boundedness of vs.

Equation (2.68) has the simple form v” = r and we have to show that
lime o 7(§) = 0 and the existence of limg_,o, v(€) imply lime_,o, v'(§) = 0.
Without loss of generality we can assume m = 1. Then the mean value
theorem implies that

v(in+1) —v(n) =2(0,) forsome 6, € (n,n+1).

Since v(n) and v(n + 1) have the same limit, we infer v'(6,) — 0 as
n — 00. Therefore, forn <& <n+1

[0 ()] <[0(§) = v'(0n)] + |V (6n)]

< sup  [W'()[[§ = O] + [V'(60)]
n€n,n+1]
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< sup ')+ v (0,)] =0 as n— oo.
n€[n,n+1]

¢<0: As in case ¢ > 0 we use the fundamental matrices Vi(§) = I, and

(2.76)

(2.77)

(2.78)

Va(€) = Aexp(—cA7LE), however the Green’s matrix is no longer a trian-
gular kernel

A I, —exp(cA™n), n<¢,
G(En) =~ { exp(cA () — €)) (I, — exp(cA7LE)), 1> &

Note that (2.74) and ¢ < 0 imply for some constant C; > 0 the estimate

1, n<g,
G(&,m)] < Cl{ exp(—|c|pi(n =€), n>¢.

Therefore, the integral in (2.72) exists and yields the estimate

o0 o0 1
| / G(&,)r(n)dn| < / Gl < Co(E+ 1)

It is then straightforward to verify that (2.72) yields a solution of (2.68)
which grows at most linearly with £. Therefore, the dominant term in

(2.71) is
[Va(€)az| = |exp(—cAT'E) Aas| > exp(le|pi€)|Aas|.

Since v is bounded we conclude that ap = 0. Let us assume r; # 0 and
estimate v3 from below with & chosen as in the previous cases:

00 &e
() 2 [ Gl mdnre| | / G(&,m)r(n)dn

&e

1 :O G(E,m)(ry — r(n))dn).

For the first integral we find

[
—é(lm — exp(cA1¢)) Eexp(cA—l(n - f))Eo

A

C

{(e= o+ 200, - eteane}.

so that for some constants C7,Cy > 0

| / G(& m)radn| > CLIE — & Ary| — C.
&e
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For the third term we obtain from (2.77)

| :G(S,n)(u vl <e [ 16(& )l

§5<Cl(£ - §€> + 02)'

This term can be absorbed into (2.78) by taking e sufficiently small. Fi-
nally, equation (2.77) also leads to an estimate of the second term

15
| i G (& mr(n)dn| <C1&||7||co-

Summing up, if 7y # 0 we get a linearly growing lower bound for v3(&)
which contradicts the boundedness of v.

Finally we have to show v'(£) — 0 as £ — oo. For this note that from
(2.76) we have

(€)== [ el ).
This yields the estimate

[ (€)] <sup r()] /g " expleA™(y — €)dn

n>§€
> 1
<sup [r(n)] / exp(=pilel)dn = —— sup [r(n),
n>¢ ¢ pilc] n>e

which shows v/(§) = v5(£) — 0 as £ — oo and finishes the proof.
U

Remark 2.24. We notice that the convergence of v(§) as & — +oo was only used
to derive v'(§) — 0 in case ¢ = 0. All other conclusions work under the hypothesis
that v is bounded.

2.7. Waves in complex-valued systems in one space dimension. Quite a
few models in Physics lead to PDEs for complex-valued functions

(2.79) u:Rx[0,00) = C, (x,t) = u(z,t).

We just mention the well-known Schrodinger equation from quantum mechanics.
There u is a wave function with complex amplitude, the absolute value |u(z,t)| of
which may be interpreted as the probability of finding the 'particle’ at position x
at time ¢.

In this subsection we consider equations of the type

(2.80) U = Az, + g(z, |u))u, = eRteR,

where @ € C and g : R? — C is a smooth function. In case Re(a) > 0 the
equation is of parabolic type while in case a = 7 it is of wave type (the Schrodinger
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equation). This can be seen from the real-valued version of (2.80), which reads
(with a = a1 + iag, u = uy + tug, g = g1 +1ig):

/
e ()= () @) @) e ()
We consider some characteristic examples:

Example 2.25 (Linear Schrodinger equation (LSE)).

(2.82) a=1, gz, |u])=—iV(z),z € R, V :R — R potential.

Note that in Physics one usually writes
2

ihW, = IO\ V(x)W
24

where h is Planck’s reduced constant and W is the wave function. Dividing by ih
and scaling the space variable allows to reduce this to (2.80),(2.82). We prefer to
keep the pure time derivative u; on the left-hand side in order not to change our
general evolution equation (2.1).

Example 2.26 (Nonlinear Schrédinger equation (NLS)).
(2.83) a=i, gz |ul) =B, f=ibbeRp=>2
For p = 2 we have the cubic nonlinear Schridinger equation (CNLS).

Example 2.27 (The Gross-Pitaevskii equation (GPE)). This is a mixture of LSE
and the cubic NLS and supposed to describe so-called Bose-Einstein condensates:

1
(2.84) a =i, g(@ fu)) = =iV(z) + Bluf*, B=ibbeR.

Example 2.28 (Complex Ginzburg-Landau equation). This equation occurs in
applications to superconductivity, in nonlinear optics, and in laser physics:

(2.85) rm Im(a) # 0,Re(a) >0, g(x, [u]) = p+ Blul® + v|ul*,

where typically © € R but 8,+ € C. In the case given here, the nonlinearity has
quintic terms, therefore it is called the quintic complex Ginzburg-Landau equation

(QCGL).

Rather than travelling waves we look for a standing oscillating pulse (sometimes
called an oscillon)

(2.86) u(z,t) = exp(—ibft)v(z), xR, t>0,0<60<m.
Insert this into (2.80) and obtain

—ife" " (x) = ae”" (x) + g(x, |v])e v (x),
which leads to the oscillating pulse ODE
(OPODE) 0 =av"” +ibv + g(z, |v|)v.
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Example 2.29 (The cubic NLS). With p = 2 and (2.83), equation (OPODE)
reads
(2.87) 0 ="+ v + blv|*v.

We realize that (2.87) is very similar to the travelling wave ODE (2.64) of the KdV
equation, and we find real-valued solutions from the conserved quantity

1
E(v,v") 251/2 + P(v),

v 1 1
P(v) :/ 0s + bs*ds = —0v* — ~bv™.
; 2 4

Note that we expect v(x) — 0 as © — Fo00, hence the constant of integration is
taken to be zero and we solve E(v,v') = 0. In fact the ansatz

(2.88) v(x) = ¢ysech(cpz), = €R
leads to the condition —0 = ¢3,¢f = 2. Hence we assume b > 0 and find the
solution

2
v(x) :\/;sech(@:c), r € R,

where ¢, > 0 is an arbitrary parameter. With 6 from above, the travelling waves
are then given by the formula

2
(2.89) u(z,t) = \/;exp(icgt)sech(@x), x,t € R.

Let us recall that we found oscillating waves since the nonlinear operator
F(u) = aug, + g(x, |u))u, ue C*(R,C)
satisfies the equivariance condition
F(e"u) = e F(u),u € C*(R,C),0 € C.
In the travelling wave case we had
F(u) = Aug, + f(u), ue C*(R,R™),
and equivariance with respect to translations

Flu(-=7) = [FW)](- =7), ~veR.

The notion of equivariance will be formulated in abstract terms in Section 3.
Note that this translation equivariance also holds for the complex equations NLS
and QCGL, but not for the LSE and GPE which both contain a space dependent
potential.

For the first two equations it is therefore reasonable to look for solutions which
travel and oscillate simultaneously

(2.90) u(z,t) = e u(x —ct), x,t€R.
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Plugging this into the autonomous complex equation

(2.91) Up = AlUgy + g(‘u‘)uv
leads to the travelling and oscillating wave ODE (TWOSODE)
(TWOSODE) 0=av"+cv' + (g9(|v]) +i0)v, z€R,v(x)eC.

Exercise 2.30. Determine for the NLS a wave that oscillates and travels by solving
(TWOSODE) via the ansatz (2.90) with

(2.92) v(€) = crexp(ica€)sech(csf), € € R.
Solution: With the abbreviations
e = exp(icaf), o =sech(es€), 7 = tanh(cs)

we obtain

¢ =icoe, o = —cyjro, T =c30%, oP=1-—12

v =c;(icgeo — ec3to) = v(icy — tez), v =wvlicy — c37)* —vcio?,
2 —dcv(icy — c37) + (bio® + O)v
=v[—c5 + cca + 0] + ivT[—2c2c3 + cc3] + v[caT?

=v[—c3 + cca + 3 + 0] + ivTes[c — 2¢2) + voi[be — 2c3).

v —icv’ 4 (b|v|* + 0)v = v(icy — c37)* — cvo

2 2 2 2
—c30° + beio”]

Hence we arrive at the relations

2
c=2c, 203\/;, 9:—c§—c§

and at the travelling and oscillating wave

_ 2 exp(icaz +i(ci — c3)t)
u(z,t) = exp(—ift)v(x — 2¢at) = 03\/; cosh2(63(36 —32C2t)2)

Since the parameters ci,ca,cs can be chosen arbitrarily this formula yield a three-parameter

family of waves.

2.8. Selected waves in more than one space dimension. In this final sub-
section we consider reaction diffusion in systems in d > 2 space dimensions:

(2.93) u = AAu+ f(u), zeRY >0, wu(x,t)€R™,
where A € R™™ is assumed to have eigenvalues with positive real part and
f € CHR™ R™). For v in a suitable function space (e.g. H*(RIR™) or v €
C? +(R? R™)) the operator F given by
[F(v)](z) = AAv(z) + f(v(z)), z € R?
satisfies for v € R?
[F())(x —7) = F(u(- —7))(x), «eR".
We look for a travelling wave of the form
(2.94) u(z,t) = v(k"z — wt),

with wave vector k € RY, frequency w € R and one dimensional profile v : R — R%.
Solutions of this form are called planar waves since their value is constant in the
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hyperplane k" and they travel in direction k. A short computation reveals that
(2.94) defines a solution of (2.93) if v, k and w satisfy

(PWODE) 0 = Alklv" +wv' + f(v),

compare equation (TWODE). Usually, one normalizes |k| = 1, so that (PWODE)
agrees with (TWODE) in one space dimension.
But in R?, d > 2 it is also possible to have rotations determined by the orthogonal

group

(2.95) O(RY) = {Q e R : QTQ = I,}.
The orthogonal group acts on functions v : R? — R™ as follows
(2.96) vo(r) =v(Q'z), reRY Qe ORY.

Lemma 2.31. The operator F(v) = AAv + f(v) satisfies for sufficiently smooth
v:RY — R™ the condition

(2.97) F(vg)(z) = (F)(QTz), xeRY Qe O(RY).
Proof. 1t remains to show for the Laplacian
Avg(z) = (Av)(QTx), v € R™

In fact, the chain rule shows

Do ZD v(QT2)(QT) 4,

d

DgD ’UQ ZDkDEU l‘ Q ) (QT)]‘Z‘

k=1

d
D}vg(x Z Dy Dju(Q"x) Z(QT)inik

d
)0k = Z D?U(QTSL’) = Av(Q"x).

O

Example 2.32 (The Barkley model). The following equations were set up by
Barkley as a model for excitable media that show the occurence and parametric
behavior of spiral waves. For m = 2,d = 2 they read

(2.98) u = ((1) 6?2) Au + (5“1“ — (w1 = U2T+b>> .

g(ur) — uz



28

Here u; is the activator which diffuses with constant 1 and ws is the inhibitor which
diffuses at a much smaller rate 0 < dy < 1. The nonlinearity in the first compo-
nent is of cubic shape as in the Nagumo or the FitzHugh Nagumo equation, see
(2.31),(2.67). However, the position 22 of the intermediate steady state depends
on the inhibitor and the parameters a,b > 0. The constant ¢ > 0 is assumed to
be small so that the dynamics of the activator become fast. There are 2 common
choices for the nonlinearity in the second equation

g(w)=w, or g(w)=w’ weR.

The following figures show a simulation with parameters

1 3 1 1
d2_1_0’ Q_Z7 b—ma 5—%7
and initial data

0, = <0, 0, x <0,
ul(:c,O):{l x1>0 ’u2<$’0):{“ x22>0
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We observe that a spiral wave develops that seems to rotate about the origin.

Let us make the observation from this example more precise. We consider the
solution that develops as t — co as a rigidly rotating wave, i.e. a function

B T _ [cos(wyt) —sin(wyt)

299 ule) = u(@ ), Q- (Griy) ),

where v, : R? — R™ is the profile of the wave and w, is its frequency of rotation
or its angular velocity. In order to match this with the pictures observed, imagine
that we fix a specific feature of the profile, e.g. the tip of the spiral, which at time
t = 0 is located at z, € R?. At time ¢t > 0 we will find the same feature at position
x(t) where

QT()x(t) = x,, ie xz(t) = Qt)x,.

Therefore, the profile rotates counterclockwise if w, > 0 and clockwise if w, < 0.
Next we set up the equation satisfied by the profile v, of a rigidly rotating wave.

First note that the rotation Q(t) in (2.99) may be written as the exponential of a
simple skew-symmetric matrix

Q) = exp(tS), S — (0 _“*) .

w, 0

For a general skew-symmetric matrix S € R%? S = —S7 the matrix Q = exp(9S)
is orthogonal, since

QTQ = exp(9)Texp(S) = exp(ST)exp(S) = exp(—S)exp(S) = exp(0) = I,.

In Section 3 we will put this relation into the more general framework of Lie groups
and Lie algebras.
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Proposition 2.33. Let S € R%? be skew-symmetric and let

(2.100) u(z,t) = v(exp(—tS)z),r € Rt >0
be a solution of the parabolic system (2.93). Then the profile v solves the equation
(2.101) 0 = AAv(z) + v, (2)Sx + f(v(z)), z€R%

Conversely, if v satisfies (2.101) then (2.100) defines a solution of the system (2.93).

Proof. Using Lemma 2.31 and the orthogonality of exp(¢S), the proof follows from
the straightforward calculation

w(z,t) = — vy (exp(—tS)x)Sexp(—tS)x,
AAu(z,t) =(AAv)(exp(—tS)x),
f(uz,t)) =(f o v)(x,1),
and the substitution y = exp(—tS)z. O]
Remark 2.34. Note that v, € R™ is the total derivative so that equation (2.101)

contains a first order term with unbounded coefficients Sx. One may also write
this term as (Sx,Vuv(x)) where Vv = vl is the gradient and the inner product

is defined as (Sx,Vv) = ¢ (Sx);Dw. Using the skew-symmetry we can also
rewrite this term as follows

(vg(2)Sz); = Z Djvi(x)(Sz); = Y Djvi(w) Sy

7,k=1

= Z DjU¢<$)Sjkxk - Z Djvi<x)sijk

i<k >k
= Z Sik(xrDjv; — x;Dyvy)(z), i=1,...,m.
i<k

The expression shows that one takes angular derivatives of the v-components in the
(2, zr) plane (as indicated by xyD; — x; Dy ) with velocity Sy.

Of course, a rotating wave need not rotate about the origin, in general. For exam-
ple, if we have a rotating wave as in (2.100), then for any x, € R? the function

uo(z,t) = u(x — o, t) = v(exp(—tS)(z — x0)),z € R4t >0
also solves (2.93). Defining the shifted profile by
vo(z) = v(z — 20), 2 € RY,
we obtain the following representation for the wave rotating about x
uo(w,t) = vo(zo + exp(—tS)(x — x0)), 2 € R%, ¢t > 0.

The wave now satisfies ug(x,0) = vo(z), and the shifted profile vy solves the equa-
tion

(2.102) 0= AAvy + vo,,S(x — 20) + f(v0),z € R
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Hence rotating waves always come in families, a topic that we will take up in a
more systematic way in Section 3.
The generalization of the complex valued system (2.80) to d dimensions is

(2.103) w, = aAu+ g(lu)u, xR u(z,y) €C,
where o € C,Re(ar) > 0 and ¢ : R — C is smooth. Now the operator
Fu) = aAu + g(|ul)u
satisfies the equivariance condition
F(e%u) = e®F(u), 0€R.

Therefore we expect to find oscillating waves

(2.104) u(z,t) = e Py (x).

Inserting this into (2.103) leads to the oscillating wave PDE

(OWPDE) 0 =alAv+ifv+ g(jv|)v, =€R%

Example 2.35 (The quintic Ginzburg-Landau equation).

(2.105) up = alAu+ u(p + Blul> +ylulh).

The example shows a spinning soliton solution for the parameter settings
(2.106) a:%(1+i), u:%, B:g—i-i, 7:—1—1—101',

whereas a perturbation to § = % + 1 with all other parameters kept fixed, leads to
a rotating spiral solution.

Example 2.36 (A —w system). These systems are of the form (2.103) with

g(r) =Ar) +iw(r), eg MNr)=1- r2, w(r) = 2

Of course this is a special case of a cubic Ginzburg Landau equation, but the name
A — w-system has become customary, in particular in mathematical Biology, see
[22]. For the particular choice here, the simulation shows a rigidly rotating spiral
wave developing.

We note an observation for the spinning wave solutions of Example 2.35. The
simulations suggest that the associated profile v, : R? — C has the property

(2.107) v (v) = v, (Ryz), x€R? HcR,
where (compare (2.99))
no_ cosf) —sind
7 \sinf cosh )

Therefore, the respresentation of the rotating wave is not unique, but can be given
in two different ways

u(z,t) = e, (2) = v, (R_g).
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Finally, we consider the QCGL (2.105) in d = 3 space dimensions with the param-
eter setting from (2.106). We find rotating waves that are of the form
u(z,t) = v,(exp(—tS)z), z€R?’ teR

with some skew-symmetric matrix S € R*3. In the example shown, the wave
rotates about the z-axis, hence we have

0 —w 0 cos(wt) sin(wt) 0
S=lw 0 0], exp(—tS)=|—sin(wt) cos(wt) 0
0 0 0 0 0 1

3. Equivariant evolution equations, relative equilib-
ria, and Lie groups

3.1. The concept of equivariance and relative equilibria. Before turning to
the abstract concept of equivariance let us show that the waves observed in Section
2 may be viewed as steady states in an appropriate comoving frame.

Consider the initial value problem (also called the Cauchy problem) associated

with the parabolic system (2.22),
- up =Aug, + f(u), xR, t>0,
(3:-1) u(z,0) =up(z), =z €R.

If u solves this equation, then v : R x [0, 00) — R™ defined by
(3.2) u(z,t) =v(x —ct,t) or wv(&t)=u(l+ct,t)
solves the equation
u(x,t) =(—cve + ve)(z — ct, t) = Augy(x,t) + fu(z, t))
=Avee(x —ct,t) + f(v(z —ct, t)).
Replacing x — ¢t = £ € R, we obtain that v solves the Cauchy problem
v =vge +cve+ f(v), £€R, 120,
v(€,0) =uo(§), £EeR.

We call this the comoving frame system. Note that a travelling wave (v,, ¢,) now
appears as a steady state of (3.3). In particular, the stability of travelling waves
(w.r.t. perturbations of initial values) for the original system is reduced to studying
the stability of a steady state for the comoving frame equation. This will be the
topic of Section 5.

We set up the comoving frame equations for our further examples from (2.80) and
(2.93) in Section 2.

With

(3.3)

u(z,t) = e oz, t)



32

the comoving version of (2.80) is

(3.4) U = QU + 100 + g(x, [v])v.

For the reaction-diffusion system (2.93) in d dimensions the transformation
(3.5) u(z,t) = v(exp(—tS)w,t), =€ R v(x,t) € R™

leads to the comoving frame equation

(3.6) v = AAv + v, St + f(v),

for which the profile of a rigidly rotating wave (2.100) appears as a steady state,
see Proposition 2.33.

Exercise 3.1. Set up the comoving frame equation for the complex autonomous
equation (2.91) such that travelling and oscillating waves appear as equilibria, cf.
(TWOSODE).

In a nonrigorous sense, the underlying mechanism of these transformations is the

following;:
Consider a general evolution equation

where F' : Y C X — X with suitable function spaces Y C X. The operator F
has the additional property that it commutes with some subgroup I'xy C GL(X)
of linear homeomorphisms

(3.8) F(Tu)=TF(u), uveyY, T ely.

Equation (3.7) is then called equivariant with respect to U'x. A relative equilibrium
of (3.7) is defined as a solution of (3.7) of the following form

(3.9) u(t) =T(t)v,, teR,

where v, € Y and I' : R — I'x is a given function such that u(t) = I'(f)v, has some
smoothness properties. It will be important in the following to require just this

pathwise smoothness, rather than smoothness of the map I' : R — I'y € GL(X)
where GL(X) is equipped with the operator topology.

Example 3.2. Consider the system (2.22) and embed it into the setting above by
defining

Y =H*(R,R™), X = L*(R,R™),
(3.10) F(u) =Aug, + f(u),u € X,
(Tu)(z) =u(x —v),r € R,u € X for some ~ € R.

Obviously, the translation operator I' is an isometry of X. For the nonlinearity
f € CHR™,R™) one needs the condition f(0) = 0 to show that u(-) € H' implies
f(u(-)) € L? (cf. Example 3.37). With T'(t)v = v(- — (1)) a relative equilibrium is

of the form
u(-t) =v(- — (1))
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Since it solves the system (2.22) we find
0= Avy, +v,%(t) + f(v), xe€R.

Taking the inner product with v, we obtain

0 = (Vg AVuz) 2 + (Vg V) L2V (t) + (v, f(V)) 12,

from which we conclude v;(t) = ¢,t € R for some ¢ € R (note that (v,,v,)r2 > 0,
since the only constant function in L?(R,R™) is identically zero). Hence, y(t) =
ct 4+ b for some b € R, and the relative equilibrium is a travelling wave

u(z,t) = v (x—ct), v(§)=v(E—-0b), ek

As in this example the group I'x of transformations is the image of a homomor-
phism (also called an action) a : G — GL(X) from a group (G, o) into GL(X),
ie. a(gy o g2) = a(gr)a(ge) for all g1,92 € G. In the case above, the group is
(G,0) = (R, +) and the action assigns to any 7 € R the translation of functions
defined by a(y)u(-) = u(- —v),u € L*(R,R™). Such an action is also called a
representation of G on X.

More interesting examples occur with rotating waves, cf.(2.95), (2.96):

X = L*RYR™), G =O0(R?% (the orthogonal group)
lalg)ul(z) = u(g"z), z€R,uE X, geC.

In this case the group is no longer a linear space but a manifold. Moreover, as the
example shows, we want to take for fixed u € Y derivatives of the map

g€ G —algue X.

The appropriate mathematical framework for this is the theory of Lie groups and
Lie algebras which in turn requires some familiarity with the calculus of manifolds.
This will be the topic of the following sections.

3.2. Lie groups and manifolds. There are quite a few classical texts on the the-
ory of Lie groups and Lie algebras, see [17],[6],]27],[30]. A particularly elementary
and constructive approach to the subject via linear matrixz groups is provided by
[25], which we partly follow. The latter reference also contains a brief introduction
into the analysis on manifolds. The general theory of Banach manifolds (where
charts map into a Banach space rather than into a finite dimensional space) may
be found in the rather abstract book [19]. For application of symmetries to partial
differential equations we refer to [7], [13], [9].

Definition 3.3. A group (G, o) is called a Lie group if it is a finite-dimensional
C*>-manifold, for which the composition
GxGE — G,

3.11 comp :
(3:.11) P*g7) = gon
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and the inverse
— @,
gt

(3.12) inv : G
g 9

are C'*°-maps.

Remarks. 1. Instead of C*°-manifolds one may also work in the category of C“-
manifolds where coordinate transformations between different charts are required
to be real analytic (i.e. have a locally convergent power series). This is the approach
taken in [25], see Section 3.3.

2. Definition 3.3 implies that multiplication from the left L, = comp(g,-) and
from the right R, = comp(-,7) are C*-maps. These operation are given by

G — G R G —- G
v = goy=Lyy)’ 7 g — goy=Ry(9)"

Below we recall some notions from the analysis on manifolds. Let us first consider
an example where the manifold structure is trivial.

(3.13) Ly:

Example 3.4. Let X be a real finite-dimensional Banach space and let
(3.14) GL(X) = {g € L[X] : g is invertible}
be the set of linear automorphisms. Of course, we may identify X with R¥ k =
dim(X), L[X] with the space of k x k-matrices and GL(X) with the set of invertible
matrices. Then G = GL(X) is a group with respect to composition (or multiplica-
tion of matrices), called the general linear group on X. Since G is an open subset
of L[X] it inherits its topology and the notions of differentiability from this finite
dimensional space of dimension k? (in the setting of manifolds below, one has the
charts (Iy,U), where U C GL(X) is open and Iy : U — GL(X) is the identity on
U). The composition comp(g,y) = g7y satisfies for hy, hy € L[X]
comp(g + h1,7 + ha) = comp(g,7) + 1y + gha + hihs.

Since hihy = O(||he||*+]|h2]]?), we find the total derivative d comp(g,v) € L[L[X]x
L[X], L[X]] to be
(3.15) dcomp(g,y)(hi, ha) = hiy + gha,
and the partial derivatives dL,(y) € LIL[X], L[X]], dR,(g) € L[L[X], L[X]] to be
as follows

dL,(v)=L,, Vy€ G, dR,(g9)=R,, VgeG.

Therefore the derivatives of L, and R, are constant and their higher derivatives
vanish. Furthermore, for the inverse we have from the geometric series for h € L[X]
small,

inv(g+h)=(g+h) ' =T+g'h) ¢!
= (I —g'h+O(|h]*)g " =inv(g) — g thg~" + O(||h|]?),
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hence
(3.16) [dinv(g)]h = —g 'hg™', h € L[X].
We may also write this as dinv(g) = —L;-1 0 Ry-1.

Definition 3.5. A C*-manifold of dimension n is a Hausdorff topological space
M together with a family of pairs (U,, va), « € 2 with the following properties

(M1) For allaw e A, U, C M, the map
Pa - Ua — (pa(Uoz) =V, C R"

18 a homeomorphism, and V, is open in R".
(M2) For any pair «, 5 € A with U, NUs # 0, the coordinate transformation

@ 09"t pa(UsNUs) = Vs

is of class COF.
(M3) M =U,eq Va-

Some remarks concerning this classical definition are in order.

Remarks. 1. Charts: The pairs (U,, @) are called charts (or cordinate maps)
of the manifold. They play the same role for manifolds as geographical maps do
for the earth. Correspondingly, every collection of charts satisfying (M1)-(M3), is
also called an atlas of M. If an atlas contains all possible charts compatible with
the given atlas by (M1),(M2), then it is called mazimal. It is common to write the
images of charts as

a(p) = 2(p) = (1(p), 22(p), - .., 2 (p)), p € U,

and to call the maps x1,...,z, local coordinates at p € M.

2. Smoothness: In the definition above we assume &£ > 1. From (M2) we find
that ¢s o ;! has a C*-inverse given by ¢, o cpgl on ¢g(Us NU,), hence it is a
diffeomorphism. If these coordinate transformations have smoothness C'* or even
C¥, then M is called a C* resp. a C¥-manifold.

3. Topology: Definition 3.5 assumes the topology on M to be given and to be
Hausdorff. It is possible to avoid this assumption and assume that just a family
of charts (U,, ¢s) is given such that ¢, : Uy, € M — V, C R™ are one-to-one
and conditions (M2),(M3) hold. Then one can generate a topology on M by all
pre-images ¢, (V) with a € 2 and V' C V,, open. It remains to verify that the
topology created in this way is Hausdorff. Note, however, that some references
don’t require M to be Hausdorff at all (cf. [19]).

4. Banach manifolds: Using the calculus of Frechét-derivatives for maps be-
tween Banach spaces (see e.g. [5]), one can easily replace the space R™ in Axioms
(M1),(M2) of Definition 3.5 by an arbitrary Banach space X. In this way one
obtains a so-called Banach manifold modeled over X, see [19]. This generalization
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is in fact useful for our applications as the following example shows:
Consider a travelling front u(z,t) = v, (z — ct) of (2.22) with

Jim v.() = v- £ vy = Jim . (6).
For this solution an appropriate function space is the affine space
M = v, + L*(R,R™),
where v, € C}(R,R™) is chosen such that
lim v,(&) = vy, vee € HY(R,R™).

E—+oo
The charts consist of open sets U C L?(R, R™) and the mappings

v, +U — U

Yu Uy +Uv — .

Obviously, the coordinate transformation g, o <p{]21 = [y is arbitrarily smooth on
ou, ((ve +Uy) N (vy + Uy)) = Uy N Us. One may argue, that it is easier to reduce
the affine case to the linear case by writing the PDE in terms of v rather than
u = v, +v. However, this will make the right-hand side space-dependent and thus
introduce complications with the representation of the shift group. Even in this
simple case, it seems worthwhile to use the general calculus of Banach manifolds.

Definition 3.6. Let M be an m-dimensional and N be an n-dimensional C*-
manifold with atlases (o, Us), € A and (s, Vs), [ € B, respectively. Then
a function f : M — N is called of class C', | < k, if f is continuous and all
coordinate transformations satisfy

(3.17) vpo fopy! € Clea(Uan fH(VE),RY), a€cABeB.

Of course, we do not only want to define differentiability but also the derivatives
(or tangent maps) themselves. This, however, needs some preparation on tangent
spaces (see below).

If M, N are manifolds as in Definition 3.6 then one defines the product manifold as
the Hausdorff topological space

M x N ={(p,q):pe M,qe N},
endowed with the product topology and with the charts
Uy xVg — R™xR"

(pa) = (palp) ¥s5(q)),
This construction obviously satisfies the properties (M1)-(M3) in Definition 3.5 and
M x N becomes an m + n-dimensional manifold with the product atlas defined
above.

Summarizing we have recalled all notions necessary for the abstract Definition 3.3
of a Lie group.

(pa®w6: ae g eB.
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3.3. Lie groups of matrices and their Lie algebras. The most important
type of Lie groups are subgroups of the general linear group from Example 3.4.

Definition 3.7. Let X be a finite-dimensional Banach space. FEvery subgroup G
of the general linear group GL(X) is called a linear group.

Let || - || be the norm on X, then we use on L[X] the associated operator norm
llgl| = sup{||lgz|| : x € X, ||z|| < 1}. Since X is finite-dimensional, all norms in X
and L[X] are equivalent.
Our goal is to recognize every linear group as a Lie group. Let us first consider
some standard examples.

Example 3.8 (The orthogonal group). The orthogonal group in R? already ap-
peared with rotating waves in (2.95), Lemma 2.31,

(3.18) ORY) ={g e LR : g"g = L}.

Since | det(g)| = 1 for g € O(R?), we can decompose O(R?) into two connected
components, the special linear group

(3.19) SOR?) = {g € LR : g"g = L4, det(g) = 1},
and its counterpart
SO™(RY) = {g € L[R") : g"g = Iy, det(g) = —1}.

Note that SO(R?) is a linear group itself, but SO~ (R?) is not. For d = 2, the group
SO(RR?) contains rotations

(3.20) SO(R?) = {(COSG _SM) 0 e (—w,w]},

sinff  cos0

while SO~ (R?) contains reflections

oy ) [cos@  sinf
SO (R)—{<sin9 —COSH) .96(—7?,7@}.

In dimensions d > 3 the group SO(R?) is no longer Abelian.

Example 3.9 (The Euclidean group). Every affine transformation 7' : R? — R?
that preserves the Euclidean distance (i.e. |Tpy — T'pala = |p1 — pal2 ¥p1, p2 € RY)
is of the form

Tp=Qp+b forsome Q€ O(RY),beRL

The composition of two such transformations leads to
(T o Ty)p =Q1(Top) + by = Q1(Qa2p + ba) + by = Q1Q2p + Q1ba + by,

hence the group operation is

(3.21) (Q1,01) 0 (Q2,b2) = (Q1Q2, Q12 + by).

These transformations form the Fuclidean group
ER?) = {(Q,b) : Q € O(R),b € R}
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Taking Q € SO(R?) one obtains the special Euclidean group SE(R?). Because of the

group operation (3.21) (which differs from the standard operation on the product

of two groups) the resulting group is called a semidirect product and written as
E(RY) = O(R?) x RY,  SE(RY) = SO(R?) x R%.

It is convenient to represent the group SE(R?) as a subgroup of GL(R*™!),

(3.22) SE(RY) — {(Cg Z{) . Q € SO(RY), b € ]Rd} |

For the isomorphism between the two representations note that the matrix multi-

plication
(Ql b1) (Qz bz) _ <Q1Q2 Q1by +bl>
0 1 0 1 0 1

is compatible with the group operation (3.21). We conclude that one may view
an affine transformation in R? as the restriction of a linear transformation in R4+
from (3.22) to the affine subspace R? x {1} of R4*L.

For the construction of charts on a linear group we use the exponential map defined
by

LIX GL(X),
(3.23) CXp - Eél] :>> exp((Agz > A

j=0 7!
In particular, we need the (local) inverse of this map, that is the logarithm of a
matrix.

Proposition 3.10. The following properties hold:
(a) det(exp(A)) = exp(tr(A)) for all A € L[X],
(b) the exponential function maps a neighborhood of 0 € L[X]| homeomor-
phically onto a neighborhood of Iy € GL(X). More precisely, the series
= 1y

(3.24) log(B) = ; (B —Ix)’

j=1
converges for ||B — Ix|| < 1. For every A € L[X] with ||A|| < log(2) we
have ||exp(A) — Ix|| < 1 as well as

(3.25) log(exp(A)) = A,

and for every B € L[X]| with ||B — Ix|| < 1?1%?()2) we have || log(B)|| <

log(2) as well as
(3.26) exp(log(B)) = B.

Proof. Assertion (a) is a special case of Liouville’s Theorem for linear ordinary
differential systems 3/(t) = A(t)y(t),t € R. If Y(¢) denotes a fundamental ma-
trix of this system, then d(t) = det(Y'(¢)) solves the differential equation d'(t) =
tr(A(t))d(t). For the proof of (b), note that the geometric series 7, [|[B — Ix|J’
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is a convergent majorant of the log-series (3.24) for |B — Ix|| < 1. Moreover, for
|Al] < log2 we have

lexp(A —fo—HZ AJH<Z | p(fAll) =1 <1.

Hence, log(exp(A)) is defined by (3.24), and the proof of the functional equation
(3.25) can be transferred from the scalar to the matrix case. In a similar way, we

have for |B — Ix|| < 1flig()2)

N B = Ix|
|| log( B —Ix|) = ——=—F— < log(2),
and (3.26) follows again as in the scalar case. Both relations (3.25),(3.26) together
show that exp is a homeomorphism from a ball of radius log(2) about 0 onto
its image. The image is a neighborhood of Ix since it contains a ball of radius
log(2)1 + log(2). O

Remarks. 1. The logarithm may be defined as an analytic function in a much
larger domain than the ball of radius 1 around Ix where the power series (3.24)
converges. For example, it is well-known from complex analysis that the log-
function has a holomorphic extension from the positive real axis (0, 00) to the slit
domain C \ (—o0,0]. This is called the principal branch of the log-function, it has
the property

(3.27) log(z) = log(r) + 6, where z = rexp(if),r > 0,0 € (—m, 7).

For any matrix B € L[X| with o(B) N (—00,0] = () one can choose a simple closed
contour C in C\ (—o0, 0] which encloses the spectrum o(B) and define the logarithm
of B via the so-called functional calculus

1
(3.28) log(B) = — /log(z)(zlx — B) ldz.
2m Je
Let us show that (3.28) agrees with (3.24) if ||B — Ix|| < 1. In order to see this,
use Cauchy’s theorem and replace C in (3.28) by acircle C, = {z € C: |z —1| =71}
with ||B — Ix|| < r < 1. The geometric series
(2Ix =B) ' = (=) x = =) (B-Ix) ' =) (=177 B~ Ix)

J=0

converges uniformly for |z — 1| > r. When we insert this into (3.28) (with C,
instead of C), we can interchange the series with the integral and obtain log(B) =
> 20 bi(B — Ix)’, where by Cauchy’s formula,

b; = QLm 5 log(z)(z — 1) 1dz :l! [ﬂ log] (1) = (=1~ :
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The construction via (3.28) works in general for any simply connected domain in
C for which a holomorphic extension exists. With this one can show that for every
clement B € GL(X) there exists a linear operator A such that exp(A) = B. Just
take a suitable ray gy = {rexp(if) : » > 0} which does not intersect o(B) and
then use (3.28) with the holomorphic extension of log to C\ gg. However, there
is a caveat. The linear operator A need not be real in general (although the local
power series (3.24) gives a real operator), and there is no holomorphic extension
of this log-function to the whole of GL(X).

2. An alternative way of deriving (3.25) from the scalar complex case is via diag-
onalization. For example, assume A to be diagonalizable, i.e. A = Sdiag(\;)S™ 1,
and obtain |\;| < ||A]| < log(2). The power series for exp shows exp(A) =
Sdiag(exp();))S™* and by equation (3.24),

log(exp(A)) = Slog(diag(exp()\j)))S_l = Sdiag(log(exp()\j)))S_l = A.

In the general case one selects a sequence of diagonalizable matrices converging to
the given matrix and uses a limit argument. A similar reasoning works for (3.26).

Next we show that the special orthogonal group SO(R?) from (3.19) is the image
under the exponential function of the linear group of skew symmetric matrices

(3.29) so(RY) = {S € L[RY) : ST = —S}.

For the two-dimensional case (3.20) this follows from

(3.30) Ry = (COSQ o 0) =exp(Sy) for Sy=40 <? _01) .

sinf cos@

The relation (3.30) is easily seen by either using the series representations for
sin, cos, exp or by diagonalizing Sy. From Proposition 3.10 and (3.30) we conclude
Sy = log(Ry) provided ||Syll2 = |0| < log 2.

Proposition 3.11. For every g € SO(R?) there exists S € so(R?) such that
(3.31) g=-exp(S), o(S) Ci[-m, 7l

If the eigenvalues exp(if;) of g satisfy max;|f;| < log2, then (3.31) holds for
S =logyg.

Proof. We use the normal form theorem for normal matrices (see [16, Cor.2.5.11])
and note that skew symmetric and orthogonal matrices are normal, i.e. g7g = gg7):
for every g € SO(n) there exists Q € O(R?) such that

QT 9Q = diag(Ry,, . . Ry, 1, £ 1),

where 0; € (0,m). Since det(g) = 1 we infer that there is an even number of
—1’s among the d — 2p values +1. Collecting these in matrices R, = —I, and the
remaining 1’s in Ry = I, we can write the normal form as

QTgQ = diag(Rgl, ceey Reka ]-*)a
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where 0; € [0,7],j =1,...,k = [£] and
L _[ 1 dodd,
71 0, deven.

From (3.30) we obtain QT gQ = exp(S) for

S = diag(Sp,,---,50,,0s), 0, = { 87 d odd,

, deven.
Finally, S = Q§QT is in so(R?) and satisfies

exp(S) = Qexp(S)Q" = g.
By Proposition 3.10 the matrix S above agrees with log(g) defined in (3.24), if

.....

O

Let us define the tangent space of a Lie group without recourse to the general
theory of manifolds. The connection to this theory will be discussed in Section 3.4.

Definition 3.12. Let G C GL(X) be a linear group with unit element 1. We
define the tangent space of G at 1 to be

(3.32) TG ={(1,v):3e>0,9g¢c C'(—¢,¢),G) with g(0) = 1, ¢'(0) = v}.
The subset

(3.33) g={velLX]:(1,v)eThG}

is called the Lie algebra of G.

Remark 3.13. The element 1 in the pairs of T1G is included in order to keep
track of the point where the tangent space is located. This will be important when
we consider the tangent space T,G at an arbitrary point g € G, see Section 3.4.

Of course we can (and actually will) identify the Lie algebra with the tangent space
T\G.

The notion of Lie algebra is motivated by the following proposition.

Proposition 3.14. The Lie algebra g of a linear group G has the following prop-
erties.
(i) g is a real vector space,
(ii) if p9, po € g, then the commutator satisfies
(3.34) (11, o] := papr — popa € g,
(iii) The bracket [-,-] is skew symmetric [py, po] = —[u2, 1] and satisfies the
Jacobi identity

(3.35) ([, pa), pus] =+ ([t 3], pa] + (s, pa]s pt2] = 0 Vg, po, ps € 9.
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Remark 3.15. An abstract Lie algebra is a real vector space V endowed with a
skew-symmetric bilinear bracket operation
[,]: VXV =V,
which satisfies the Jacobi identity.
Proof. (i): Let g1(+), g2(+) be C'-curves in G with
9;(0) =1, g;(0)=p; j=12

For ay, a9 € R consider the curve g3(t) = g1(agt)ge(ast) for |t| small and note
g(0) = 1 as well as

q'(t) = argi(ant)galaat) + asgi(ant)gs(ast), ¢'(0) = aqpr + aspo,

hence oy + asus € g.
(ii): Let g1, g2 be as above and consider for fixed |7| small

9(t) = 1(1)g2(t)gr (7)™, [¢] small.
Then g(0) = 1 and ¢'(0) = g1(7)g5(0)g1(7) ™" = g1(7)p2g1(7)~". Setting (1) =
g1(7)p2g1(7)~! we obtain from (3.16)
N (1) = g1(1)uagi (1) ™" = gi(T)pagr (1)~ g1 (1) g (1),
and therefore X'(0) = pypie — pofin € g.

(iii) The Jacobi identity is verified by using the definition (3.34) in the expression
on the left-hand side of (3.35) and expanding terms. O

Corollary 3.16. The Lie algebra of the special orthogonal group SO(R?) is the
additive group so(RY) of skew-symmetric matrices.

Proof. Let g(-) be a C'-curve in SO(R?) with g(0) = I,. Differentiating g(t)Tg(t) =
I; at t =0 yields

0=4g' )" g(t)+g" (t)g'(t), 0=g(0)" +g0),
hence ¢'(0) € so(R?). Conversely, let S € so(R?) and define g(t) = exp(tS),t € R.

Then we have g(0) = I and since S and ST = —S commute,
g() g(t) = exp(tS) exp(tS) = exp(tST)exp(tS) = exp(t(S + ST)) = 1.
Finally, det(exp(S)) = exp(tr(S)) = 1 by Proposition 3.10 (a). O

The following Theorem shows the general role of the exponential function.

Theorem 3.17. Let G C GL(X) be a linear group and g be its Lie algebra. Then
exp maps g into G.

Proof. Let n = dim(g) and let {1,..., u,} be a basis of g. Further, let g;(-) be a
C'-curve in G with tangent vector p; at 1, and define the mapping g by
R™ - G,

9° 2= ()i = gi(x1) - galzn).



43

Then we choose a subspace Y of L[X] with L[X] = g ® Y and extend ¢ to the
mapping
Iy R*"®@Y — L[X],
- (my) = g@)Ux +y).
Clearly, f satisfies f(0,0) = Iy and a straightforward calculation shows

Df(0,0)(x,y) = Z.Tj,uj +y, zeR"yeY.

J=1

By our choice of Y, the linear map Df(0,0) is invertible. The inverse function
theorem shows that f has a C"*°-smooth local inverse

f7(B) = (f'(B). fs(B)) eR" x Y, BeU(x)C LIX].
In particular, by the definition of f,

(3.36) gz +12)Ix+y) =y, z,2€R"ycY,7€R small
Differentiating (3.36) at 7 = 0, we obtain for small z € R",y € Y,
(3.37) Dy (g(x)(Ix + ) (Dag(2)2)(Ix +y) = 0.

This relation is linear in z, hence it does not only hold for small z but for all
z € R™

For z € R" the map 7 — g(z + 72)g(z)~! defines a smooth curve in G passing
through 1 with tangent vector

339 A= o] =D es

For x = 0 we obtain the linear map A(0) : R™ — g,
A(0)z = D,g(0)z = sz,uj.
j=1

This map is invertible, hence A(z) : R™ — g is also invertible for small x by the
Banach perturbation lemma. With A(z) from (3.38) we can write (3.37) as

D fy H(9(2)(Ix + ) (A(x)2)g(z)(Ix +y) =0

for all z € R™ and small z € R", y € Y. Since A(x) is invertible we can replace
A(z)z by an arbitrary element p € g, and since f is a local diffeomorphism, we
can replace g(z)(Ix + y) by an arbitrary element B in a neighborhood U (Iy):

(3.39) Dfy'(ByuB=0 VYucg BecU(Ix).
For a given u € g consider now the curve B(7) = exp(7u) in L[X]. From (3.39)

we find for small |7|,

0= Dfy (exp(rp))pexp(Tp) = % [/ (exp(ri))]
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hence f, '(exp(Ti)) = f5 '(exp(0p)) = f5(Ix) = 0. By the definition of f, this
shows exp(ru) = g(f; (exp(rt))) € G for |7| in some interval (—7o, 7). For a
general 7 € R we take & € N such that %‘ < 7o and find from the functional
equation of the exponential function

exp(ri) = exp(k o) = (exp(T) € G

O

Note that this proof uses a local coordinate system near 1 (defined by f), where
elements of the group G are identified by a vanishing component of the inverse (
f5(B) = 0). Despite this construction, we do not consider the Lie group G as
a submanifold of GL(X). In particular, the topology on G will not be defined as
the relative topology of G in GL(X). The reason is, that a neighborhood of 1
in GL(X) may contain further pieces of the group that do not arise as images of
points near zero under f. The following example illustrates this situation.

Example 3.18. With the rotation matrices from (3.30) and two real numbers
a,b > 0 define the linear group

(3.40) Gy = {M(T) _ (R(;” Rg)) e R} C GL(RY).

Geometrically, we may think of this group as a curve on the 2-torus

e (5 &) nnes) o

which rotates with speed a about one axis and with speed b about the second.
If £ € Q then the curve is closed (and so is the Lie group) and G,;, may be
considered as a submanifold of T?. However, if 7 & Q, then G, is dense in T2,
and any GL(R*)-neigborhood of a fixed element M(7) € G, contains an infinity

of branches of G which accumulate on M (7).

One can in fact show that the group topology and the relative topology of G in
L[X] coincide if the group G is closed (see the Closed subgroup theorem [25, Section
2.7]).

Keeping this warning in mind, we now define a topology and charts on a linear
group G which turn G into a C*°-manifold (in fact, it is of type C*). This is
achieved by using the relative topology of g in L[X] and the exponential map for
parametrization.

Let us write balls in g as

BY0,e) ={pn€g:|pull <e}

Definition 3.19. Let G be a linear group. A setUU C G is called a neighborhood
of an element g € G if there exists an € > 0 such that

U:(9) == {gexp(n) : p € B%(0,6)} CU.



45
A set M C G is called open if it is a neighborhood of each of its elements.

It is not difficult to verify that this generates a topology on G, called the group
topology. Moreover, the topology is Hausdorff: take two different elements ¢, go €
G and then estimate for puq, ps € g,

[grexp(p1) — gaexp(p2)|| = llgr — g2ll — [[g1(1 — exp(p1))[| — [|g2(1 — exp(p2))|l

Since the exponential function is continuous, the right hand side becomes positive
if |||l and ||pz|| are sufficiently small. Hence U.(g1) and U.(g2) do not intersect
for small ¢.
For a chart on U.(1) with € < log(2) we use the local log-function from Proposition
3.10

U.(1) — B%0,¢)
v=oxp(p) = log(y) =p -

The map is one-to-one by Proposition 3.10. A chart near an arbitrary point g € G
is given by

-1 = log :

(3.41) Peg = P 0 Lg1 1 Uc(g) = BY0,¢), e 4(gexp(p)) = p.

A coordinate transformation (see condition (M2))

Pea,g2 © 905_11,91 = Pezg2 © Lgr;l o Lg o ‘:06_11,91 = log (g5 "grexp(-))

is of type C* on its domain of definition ¢., 4, (Us, (91) NUs,(g2)) which is an open
subset of B%(0, ;). Finally, the covering property G = UgeG -<log2 U=(g) is obvious.
Let us summarize the result.

Proposition 3.20. With the topology according to Definition 3.19 and the charts
defined in (3.41) every linear group G in GL[X] is a Lie group.

3.4. Tangent maps, tangent bundle, and flows on manifolds. We proceed
with the general theory of manifolds and relate it to the previous construction for
linear groups.

Let us first define the tangent space. Consider an n-dimensional C'-manifold M
and a point p € M. Suppose that (U,, ) is a chart with p € U, and v(t) €
M,|t| < €is a Cl-curve in M with v(0) = p (see Definition 3.6 for the meaning
of C'). Such a curve always exists, since one can take v(t) = ¢, '(2(t)) where
z(t), |t| < € is a smooth curve in V, = ¢,(U,) € R™ satistying 2(0) = ¢a(p)).
Then we form the tangent vector of the image curve

d

o (@a(v(7))) =0 € R

If two such curves v; € C'((—¢j,e;,)M),j = 1,2 satisfy *L(pa 0 v1(7))jr—0 =
d%(goa 0 U9(T))|r=0, then we call them equivalent and write v; ~ vy (We suppress
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the dependence of this relation on p). This notion is independent of the chart
containing p, since for another index § we have by the chain rule

d d B
oy FET e e
=D(5 0 92" ) (#alp)) (a0 0(7))ir=0-

Note that the transformation matrix D(¢so¢,")(pa(p)) is invertible and indepen-
dent of v.

Definition 3.21. For an n-dimensional manifold M and p € M the set
(3.43) T,M = {(p,[v]-) : v € C'((~, ), M), v(0) = p}
with the equivalence class
W] ={we C(—¢c,e),M) : e = e(w) > 0,w(0) = p,v ~ w}
15 called the tangent space of M at p.
Note that the domain (—e(w),e(w)) of the curve may vary within the equivalence

class [v]..
We turn 7),M into a linear space with the help of the map

M — R"

3.44 dos(p) - P

B B ) = Epalelm)ems

By construction, this map is well-defined and one-to-one. It is also onto, since for a
given vy € R" we can take v(7) = ¢, ' (pa(p) +Tv9) and then find de,(p)(p, [v]~) =

L (o (p)+7V0)jr=0 = vo. Hence dip,(p) is a bijection. For a,b € R and (p, [v1]), (p, [va]~) €
T, M one defines

(3.45) a(p, [v]~) +b(p, [v2]~) = dea(p) ' (a dpa(p)(p, [v1]~) +bdea(p) (p, [v2]~))-

This definition turns out to be independent of the chart at p, and in this way
T,M becomes a vector space isomorphic to R". Therefore, it is convenient to
suppress the notation of equivalence classes and simply write (p,v) € T,M (or
even v € T,M) instead of (p, [v].) € T, M.

Definition 3.22. Let M be an n-dimensional C*-manifold. Then
(3.46) T™ = ] T,M

peEM
15 called the tangent bundle of M.

The tangent bundle T'M can be given the structure of a manifold by defining the
charts (U,, P, ), € A as follows

Uo, ={(p,v) : p € Uy, (p,v) € T,M}
Do (p,v) =(@a(p), dea(p)(p,v)) € R" X R, (p,v) € Uy.
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Note that
b, U, =V, xR"
is bijective. Moreover the change of coordinates is
(VanVs) xR* — VxR
(z,) = (psows'(x), dos(p)(p, [dea(p) ™ (¥)]2),

where p = ¢ '(z) and [] indicates the second component of the preimage. From
the chain rule (3.42) we finally obtain the formula

(3.47) P50 @, (z,y) = (50 9a (2), D(ws 005" )(2)y).

This formula is suggestive to keep in mind because it combines the original coordi-
nate change with its derivative applied to a tangent vector. If M is a C*-manifold
then the tangent bundle TM becomes a C*~!-manifold. In this way one can con-
tinue to form higher order tangent bundles T7>M = T(T'M) and so on.

(I)B O(I);l .

Definition 3.23. Let M,N be C*-manifolds (k > 1) with tangent bundles TM,
TN and let f : M — N be of class C' according to Definition 3.6. Then the
tangential of f at p € M (also called the derivative of f at p € M) is defined as
the map

- LM = Ty,N
(3.48) IO G0 = ). o))

Remark 3.24. By Definition 3.6 a C*-curve v(-
into a C-curvew(-) = f(v(+)) in N satisfying w(0
is an element of Ty, N.

In the literature the notation T,f is also frequently used for the tangential map
of [ at p. However, we prefer to write df (p) since the tangential map is a direct
generalization of the total derivative to manifolds. For example, let M C R™ and
N C R" be open subsets with the trivial charts ¢,, = I, and @, = I,,, respectively.
Then we find

(3.49) df (p)(p,v) = (f(p), Df(p)v), veR™

with the Jacobian D f(p) € LIR™,R"| of f at p, since

diT [on 0 f(om (Om(p) +TV))], _ = d%f(p +TV) =0 = Df(p)v.

in M with v(0) = p is mapped
= f(p). Therefore, (f(p). [f(v)]~)

~—

Definition 3.25. Let M be a C*-manifold where 1 < k < oo. A C"-vector field
on M with 0 <r <k—11is a map

M = TM
(3.50) f: p = )

which satisfies f(p) € T,M for all p € M and which is of type C".
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With this notion we can consider initial value problems on the manifold M

(3.51) p(r) = f(p(r), 7 €R,  p(0) = po,

where py € M is given and f is a C*-vector field on M. Note that we use the sug-
gestive notation p/(7) in (3.51) instead of the tangential map dp(7) as in Definition
3.23. Moreover, the differential equation in (3.51) is autonomous since the vector
field does not depend explicitly on time.

The following theorem is the extension of the classical local Picard-Lindel6f theo-
rem to initial value problems on manifolds.

Theorem 3.26. Let M be a C*-manifold (k > 2) and f: M — TM be a C*'-
vector field. Then the for any py € M there exists an € > 0 sucht that the initial
value problem (3.51) has a unique solution p € C*~1((—e,¢), M).

A proof in the analytical case may be found in [25, Section 4.3]. The reference [19,
IV, § 2| provides not only the local theorem 3.26 for Banach manifolds but also the
standard further results such as maximal continuation of local solutions, continuous
and differentiable dependence on initial conditions etc. The proof essentially works
by applying the classical theorem in the coordinates provided by the charts.

For our purposes it is important to study flows on Lie groups.

3.5. The exponential function for general Lie groups. Our aim is to gen-
eralize the exponential function via the differential equation

(3.52) %exp(tA) =exp(tA)A, exp(0)=1.

Note that this differential equation has a natural meaning in the setting of a linear
group and its Lie algebra where the right-hand side of (3.52) is just composition
in L[X] (cf. (3.23)). However, in the setting of an abstract group we must define
the vector field in (3.52) in a proper way, i.e. the multiplication of elements from
G with elements of the Lie algebra g.

Definition 3.27. Let (G, o) be a Lie group, then the tangent space TyG of G at 1
is called the Lie algebra associated with G and denoted by g. For every u € g we
call

(3.53) gu=dLy(1)p, pg=dRy(1)pu.
the vector fields induced by right resp. left multiplication with .

Let us comment on this definition. The name of a Lie algebra will be justified by
Proposition 3.28 below.

According to Definition 3.21, an element u € g is of the form (1, [v].) with v(-)
a path in G passing through 1 at t = 0. This notation slightly deviates from the
notation in Definition 3.12 for linear groups where the element 1 was excluded
from the symbol. However, as in the remark following Definition 3.12 we can
always identify g with {v: (1,v) € g}
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We also note that dL,(1) is a linear map from 77G = g into T,G (cf. Definition
3.23), so that (3.53) defines a smooth vector field on G. Using p = (1, [v].) we
may also write the vector field as follows

d d

(3.54) gp = %(g o v(T))jrm0,  pg = %(v(f) ° g)jr=o-

The following proposition is the analog of Proposition 3.14.
Proposition 3.28. Let (G, o) be a Lie group with tangent space T7G = {1} x g.
Then the following holds:
(i) For p; = (1,[v]~) € g, € R,j = 1,2 the linear combination may be
written as

d
Qfiy + Qofly = dr (vi(aaT) 0 U2(042T))|T=o-

(ii) The vector space g is a Lie algebra with respect to the bracket

[Mla,uQ] = % (01(7)'“2”1(7)71)\7':0'

Proof. (i): Let ¢, be a chart at 1, then the definition (3.45) implies

a1y + apty =dpa (1) (andpa (1) + aadpa (1) 1)

= (1) (01 (P (0(1))) + @ (02(7))

Zd%(ﬂ)_l%(%(vl(aﬁ)) + (alv2(aa7)))ir=0
d

:d‘Pa(ﬂ)_l%(‘Pa(vl (a17) o va(@2T)))jr=0

:d¢a(1)1d¢a(l)%(v1(a17) 0 V2(2T))|r=0

:i(vl (a17) 0 va(@aT)) 0.

dr
(ii): Similar to the proof of Proposition 3.14 (ii), one considers for fixed 7 the
curve v(t) = v (T)ve(t)v1(7)~ which satisfies v/(0) = vy (T)pov1 (7)™t =1 A(7).
Then one differentiates A at 7 = 0. The details will be omitted. 0J

Theorem 3.29. Let (G,0) be a Lie group with Lie algebra g. Then there exists a
unique C'*°-map

(3.55) exp:g—G,
such that for all p € g and 7 € R

d
(3.56) S, exp(Th) = exp(Tp)p.
For all p € g, 7,7 € R the map satisfies
(3.57) exp((71 + o)) = exp(Tp1) o exp(Top).
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Proof. With the vector field g — g from (3.53), we apply Theorem 3.26 to the
initial value problem

p(r) =p(m)p, p(0) =1
and obtain a locally unique solution p(7) =: exp(ru),|7| < €. The functional
equation (3.57) is proved for |7, || < § in the standard way: For example, let
0 < 71, 7 and define the continuous function

exp(Tp), 0<7<m,
plr) = { exp(rip) o exp((T —m)p), T <7< T4
Differentiating the relation L, o L, = L.,4, at 1 yields
dLy(7)dLy(1) = dLyoy (1) : ThG = Tyor G
Using this when differentiating (3.58) leads to

(3.58)

p/<7_> _ { exp(Tu),u, 0<7<m,
dLexp(Tlu) (eXp((T - Tl)ﬂ))dLexp(T—Tl)u))(]]-)Ma T <T S 1+ T2,

_{ p(Mp,  0<7<m,

de(T)(IL)N 71 <T < T+ T, =p(m)p.

Since the right-hand side is continuous at 7 = 71, so is p/(+). By the uniqueness of
solutions to (3.56) we obtain p(7) = exp(7)u for all 0 < 7 < 7 + 75 and hence

exp((11 + 72)p) = p(11 + 72) = exp(Tip) 0 exp(Tap).
By symmetry we can exchange 77 and 75 in this relation. So far we have defined
exp(7p) for 7 in some neighborhood (—¢,¢) and proved (3.57) for 7,70, 71 + 79 €
(—¢,¢).
For arbitrary 7 € R we select n € N such that |7| < en and define

exp(rys) i= (exp(Cp))"

This definition is in fact independent of the choice of n. If |7|¢ < e for another
g € N, then we conclude from the local validity of (3.57)

) = o) = 7 q)" _ ( 7 )n
(ep(2) = ((ep(om)") = ((eplom)?) = (o)
In a similar way, for arbitrary 7,7 € R select n € N with 2|7| < en, 2|n| < en

and find

DN = (exp(Pwesp(Z))”

exp((m + m)p) = (exp( - -

= (exp(%ﬂ)) ! (eXp(%/i)> o exp(Tip)exp(Tap),

since exp(™ 1) and exp(7 1) commute. Finally, we differentiate the relation exp((7+
0)1t) = Lexp(rp) © exp(opt) at 0 = 0 and obtain from the chain rule

d

d d
%eXp@—M) :%eXp«T + O-)ILL>|U:0 = dLexp(T,u) (eXp<O-/~L))%eXp<O-M>|U=O
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_dLexp(T,u (]l)exp(Ou),u = exp(ﬂz),u.
Therefore, the differential equation is satisfied on the whole real line. O

Example 3.30 (The Euclidean group revisited). Consider the representation (3.22)
of the Euclidean group SO(R?) as a subgroup of GL(R?*1). The corresponding Lie
algebra is given by

(3.59) se(RY) = {(g g) S € so(RY),a € Rd}
This is quite obvious in view of Corollary 3.16. Given a C'-path p(t) = (Q(()t) b(lt)>
in SO(R?) with Q(0) = I4,b(0) = 0, we obtain

vo - (4" "), o --0o,

i.e. p'(0) € se(RY). Conversely, let yu = <g 8) € se(R%) and let us compute

(Qét) b@) — expltp) = exp (t (*g g))

From the initial value problem (3. 56) we have Q(0) = I4,b(0) = 0 and

(57 ") = (5 ") (G 5) - (%97 40")

Therefore, Q(t) = exp(tS), Q(t)a and by integration,

b(t)
/ s)dsa = /t exp(sS)ds a.

If S is invertible, we find b(t “Hexp(tS) — Iz)a. This motivates to define the
analytic functlon

xﬂ : w0,
(3.60) exp, (z) == 1 { N 7: 0.
i=

With this definition we obtain for all S' e so(Rd)

/ sS Idsa = Z / s7dsS?a

(tS) Ya = texp, (t9)a.

Let us summarize the final formula (which in fact holds for all S € R%4),

son eo(s($ 1)) = (VLS mES) L cn
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3.6. Characterization of relative equilibria. Let us return to the general evo-
lution equation (3.7) from Section 3.1, i.e.

(3.62) w = F(u),

under the following assumptions

(A1) (X,|| - |lx) is a Banach space, (Y,| - |ly) is a dense subspace of X and
F:Y — X is a continuous operator.
(A2) G is a Lie group with Lie algebra g and there exists a homomorphism

.G > GLX),

3.63
(369 T o al)
such that for ally € G,ue Y
a(v)(Y) =Y,
ot )

Fla(y)u) = a(y)F(u).
(A3) For fixed v € Y, resp. v € X, the mapping

a(-)v: G =Y (resp. X), v — a(y)v
is continuous.

(A4) For v € Y the map a(-)v : G — X is continuously differentiable with
differential

dla(y)v] : T,G — X.
We note that this corresponds to equivariance of (3.62) as defined in (3.8) for the
representation of G in GL(X):

I'x ={a(g) : g € G}.
As in (3.9) we define:

Definition 3.31. A relative equilibrium of (3.62) is a pair (v, 7,) € Y x CY(R, Q)
such that 7,(0) = 1 and

(3.65) us(t) = a(v(t))ve(t), teR

is a solution of (3.62) on R, i.e. u, € C(R,Y)NCYR, X) and (3.62) holds on R.

In the literature, the whole group orbit

O(v.) = {a(y)v. : v € G}
is sometimes called a relative equilibrium. However, we prefer to keep the orbit v,
on the group (normalized by ~,(0) = 1) as part of the definition since it satisfies a
differential equation and is to be determined in numerical computations.
In the following it will be important to consider those group actions which leave
v, invariant, i.e.

(3.66) H(v) ={7€ G :a(y)ve. = v}
Obviously, H(v,) is a subgroup of G.
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Definition 3.32. For any element v, € X the subgroup (3.66) of G is called the
isotropy subgroup (or the stabilizer) of v, with respect to the group action a.

Note that with (7, v,) every pair (v, a(y)vy),y € H(v,) is also a relative equilib-
rium. There are two extreme cases. If H(v,) = G then u,(t) = v, for all t € R.
Hence v, satisfies 0 = uy,; = F(v,), i.e. v, is an equilibrium of F. This case will
usually be excluded in the following, cf. the 'constant travelling waves’ in Example
2.2. The other case is H(v,) = {1}, then we expect the profile v, to be unique.
Conditions (A3) and (A4) require some smoothness of the group action. From (A3)
we conclude that the isotropy subgroup H(v,) is closed, hence is a Lie subgroup
of GG, see the discussion following Example 3.18. It is important that we assume
a(-)v to be differentiable only if v € Y. This will be illustrated by the travelling
waves example below.

Lemma 3.33. Let (A1)-(A4) be satisfied and let v € Y. Then the following holds.
(i) Let g € CY(J,G), J C R an open interval, then for allt € J,

(3.67) dyla(g(t))v]dLyw (1) = alg(t))d,[a(T)v].
(ii) The isotropy group H(v) is a Lie subgroup of G with Lie algebra
(3.68) b = N(d,[a(1)e]) = {1 € 0 dyfa(L)o}u = 0}.

Remark 3.34. Imagine G as a sphere in R3, H(v) as one of its great circles,
passing through a pole, g as the tangent plane at the pole and within it § as the
tangent line to the great circle.

Proof. (i): Differentiate the relation
a(g(t)y)v = alg(t))(a()v), tedyed
with respect to v at 1 and obtain
dy[a(g()7)v]d Ly (v) = alg(t))d,[a()v],
dy[a(g(t))v]d Ly (1) = a(g(t))d,[a(T)v].

(ii): Let us abbreviate A = d,[a(1)v] € L[g, X]. As noted above, H(v) is closed
and a Lie subgroup of GG. By definition its Lie algebra is

h=TyH(v) = {p'(0) : p € C*((—¢,¢), H(v)),p(0) = 1}.
Let = p/(0) € g as in this definition. Then differentiate a(p(7))v = v, |7| < ¢ at

0= diT (a(p(T))v),—o = (dy[a(p(r))v]p' (7)), = Al

hence h € N(A). Conversely, let € N(A) and define p(7) = exp(7p), u(r) =
a(p(t))v. Then u(0) = v,p’(0) = p and by Theorem 3.29 and (3.67)
/(1) = dyfa(p(7))v]dLexp(r (1) = a(p(r))dy[a(T)v]p = 0.

Therefore u(7) = v holds for small |7|. We conclude p(7) € H(v) for small 7 and
p'(0) = p € b by definition. -
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Theorem 3.35. Let assumptions (A1)-(A4) hold and in addition assume

(A5) For every ug € Y there exists at most one solution u € C*([0,00), X) N
C([0,00),Y) of the initial value problem

(3.69) u = F(u),t >0, u(0)=u.

Let (vy,7v4) be a relative equilibrium of (3.62). Then there exists p, € g such that
(3.70) 0= F(o.) = dy[a(T)vd s,

(3.71) a(y(t))ve = alexp(tp))ve, t>0.

If H(v,) = {1} then p, is unique and v.(t) = exp(tp,). Conversely, let u, €
0,0, €Y satisfy (3.70). Then v, and v.(t) = exp(tps) are a relative equilibrium
of (3.62).

Remark 3.36. The theorem shows that a relative equilibrium can always be written
with a group orbit of the form ~.(t) = exp(tuy) for some p, € g and that the pair
(s, pis) satisfies a modified stationary equation (3.70). Therefore, the theorem
reduces the search for relative equilibria to solving equation (3.70) for v, € Y,
te € g. We will show that the abstract form (3.70) comprises all our defining
equations for travelling, oscillating or rotating waves in Section 2.

Proof. Let (v, 7,) be a relative equilibrium and define u,(t) = a(74(¢))vs. Then
the chain rule shows

A1) F (1) = Flalu(0)2) = P (1) = (1)
= (@O (0)0) = dfa( ()L 0),

where v, (t) € T, )G. Since dL., (1) : ThvG — T, ;)G is bijective, we can define
po(t) € g via v, (t) = dL., ) (1)po(t). From (3.67) and (3.72) we find

F(v.) = a(7.(t) " dy[a(y.(t))v.]dL, (1)po(t)
= dy[a(1)v.]po ().
With the Lie algebra b from (3.68) we decompose

g=bob,, po(t)=p(t)+ p(t)

Since b is the null space of d,[a(1)v,] by Lemma 3.33, we obtain F'(v,) = d,[a(1)ve]ps(t),t €
R. But d,[a(1)v,] : b, — X is one to one, so we know that s, () is independent of

t. Therefore, u, = p,(t) solves equation (3.70). In particular, in case H(v,) = {1}

we have that pu, is unique. We postpone the proof of (3.71).

Conversely, let us assume that v, € Y, u, € g satisfy (3.70). Then we prove that

wy(t) = a(g«(t))v, with g,(t) = exp(tu,) is a solution of (3.69) with w(0) = wv,.

Hence by condition (A5) we obtain that u,(¢) and w,(t) agree on their common do-

main of definition. In this way the postponed equation (3.71) is proved. Moreover,

in case H(v,) = {1} the relation a(7,(t))vs, = a(g.(t))v, implies v, (1) g, (t) = 1

(3.72)
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and hence v, (t) = g.(t) = exp(tu,). Finally, showing that w, solves the evolution
equation (3.64) is quite similar to the computation in (3.72):

a(g« (1)) F(ve) = F(a(g.(t))vs) = F(w. (1)),
and by (3.67), (3.70),

waalt) jtu ()0.) = d ol (D).l 1)

)
dy[a(g«(t))vddLg, @) (1) s = a(ga(t))dy[a(1)v.]
—a(g*( DE(v.) = F(w.(t)).

With w,(0) = a(g,(0))v, = a(1)v, = v,, the proof is complete. O
3.7. Application to parabolic systems. In this section we develop the correct

functional setting showing that the travelling and rotating waves from Section 2
fit into the abstract framework of Section 3.6.

Example 3.37. Let Y = HY(R,R™), X = L*(R,R™) and consider the shift action
(3.73) la(y)ul(z) =u(x —v), z€R, uweY,yeG=R.

First, a(y) is an isometry on X which is continuous with respect to v since (cf. [3,
Satz 2.14])

la(1)o — a(o)ellze = [[o(- +7 = 70) — vllzz = 0 a7 = .

Then we claim the following inequalities for all h € R and v € H*(R,R™)
[o(- 4+ R) = v()llz2 < [All|va]| 22,

(3.74) o€+ B) = 0() + 0l < B] sup ool + ) = a0l

It is sufficient to prove (3.74) for v € CF°(R,R™) and then use the fact that
CP(R,R™) is dense in both X and Y. The first inequality in (3.74) follows from
the mean value theorem using the Cauchy Schwarz inequality and Fubini’s theorem

1
lo(-+ 1) — v()|% :/Rh2|/0 vola + Th)dr|2ds <

1 1
hZ/R/o |vg (2 + Th)|*drdx :h2/0 /R|v$(x+7h)|2dxd7': h2{|v.|3e.

In a similar way,

1
[o(- +h) —v(-) — vz (-)h172 §h2/0 [0g (- + Th) — va(-)||72d7
<h? sup ||vg(- + 9) —vx(-)||%2.
[6]<]h]

Now let h — 0 in (3.74) and use invariance and continuity of || - |2 with respect
to the shift (3.73) to obtain the derivative of the action

(3.75) dyfa()vlp = —v. (- =)p, wyERWEY.
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The derivative is also continuous since v, € L?(R,R™).

In the language of semigroup theory (cf. Section 8.2), we have shown that H' is
in the domain of the infinitesimal generator d,[a(1)-] of the one-parameter group
a(y),7 € R (which here is a group). In fact both spaces agree. For this one has
to show that A=t (v(- +h) — v(:)) — w in L? as h — 0 implies v € H' and v, = w
(Exercise).

The example shows that the shift action satisfies our assumptions (A3) and (A4).
If we want to apply Theorem 3.35 to the nonlinear parabolic system (3.1) we need
more conditions on the nonlinearity.

Proposition 3.38. Let f € C'(R™,R™) satisfy f(0) = 0. Then conditions (Al)-
(A4) hold for the action (3.73) and the operator

(3.76) (F(u))(x) = Auge(x) + f(u(z)), z€R™, weyY
with the setting Y = H*(R,R™) and X = L*(R,R™).
Proof. Introduce the Nemitzky operator F associated with f,
(F)(@) = fu(z), o€ Rue ®R™E
By the Sobolev imbedding theorem (see Appendix 8.3)
(3.77) lullze < llullm,  we H' (R,R™).
Hence for a.e. x € R by the mean value theorem
|f (u(z))| = |f (u(z)) = FO)] < sup{|Df(v)] : |v] < |ullm Hu(z)].

Taking squares and integrating shows F(u) € L?*(R,R™). In a similar way, for any
two functions uy, us € H*(R,R™),

(3.78) [ F(ur) — Fuz) |2 < K(ug, ug)||ur — uzl| 2,

where KC(uy, ug) = sup{|Df(v)|: |v| < max(||u1| g1, ||uz||g1)}, i.e. the operator F
is locally Lipschitz bounded. Finally, taking derivatives one finds

[F(u1)e = Fluz)allzz = [Df (ua(-))ure — Df (ua()) | 2
<[(Df(ui(-)) = Df(ua(-))urallz + [[Df (ua(-)) (u1.0 — uae) | L2
<D (ur(-)) = Df (ua()) |z lua.all e + K0, ua)[ur.e — v2a |22

<w(max(||ug | g1, [|uallgr), [[ur — vollg) |Jud || g + K0, uz) [ur — sl

(3.79)

with the modulus of continuity
w(R,0) = sup{|Df(v1) = Df(va)] :|or = va| <6, [oa],[va] < R}.
Since w(R,§) — 0 as 6 — 0, the operator F is even continuous when considered

as a map from H'! into H'. With the choice Y = H?, also the linear differential
operator u — Au,, maps Y into X = L? and our assertion is proved. (]

In the next step we consider the multidimensional reaction diffusion system (2.93)
subject to the action of the special Euclidean group SE(R?), see (3.22).
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Example 3.39. Consider X = L*(R% R™) and the action

(3.80) [a(y)v](x) = v(QT(z — b)), z€RY ~= (%2 11)) € SE(RY).

We claim that this action is continuous. By the orthogonality of () and the trans-
formation formula, the operator a(v) is an isometry, ie. |la(y)v||z = [|v||Lz.
Hence it is sufficient to prove continuity at v = 1 = I3. Given ¢ > 0 we choose
¢ € C3°(R,R™) such that ||[v —¢l[;» < § and obtain

la(y)v —vllz2 <|la(y)(v —©)|l2 + la(y)e — @llz2 + [lo — v 2
9
<get la(v)e — ¢l 2.

Now take R = 1+ sup{|z|, : z € supp(¢)} and |b]> < 1 and observe QT (z —b),x ¢
supp(y) for |z]y > R as well as

QT (z —b) — x|y < |QT — 1|3R + |b|y for |z| < R.
Using the uniform continuity of ¢ this leads to

7)o = elis = [ 16(Q" (e =) - pla)fido
<C(R)w(R,|Q" — L|2R +[b]2)) — 0,
where the constant C'(R) depends on R only and
w(R,0) = sup{le(z) — o(y)]3 : |zl2, [yl < B, |z — yl> < 6}

Calculating the derivative of the action (3.80) in a formal sense is rather easy (cf.
(3.6)). We consider the path (see (3.6), (3.61))

(381) (1) = exp (t (5 g)) _ (eXpéw) bgt)), b(t) = /0 exp(rS)dra,

passing through 1, and evaluate the derivative of a(y(t))v at t = 0:

(3.82) (dy(a(1)v)p) (z) = —v.(2)(Sz +a), v €RY, p = (g 8) € se(RY).

Making this rigorous in suitable function spaces is more involved. Formula (3.82)
suggests to introduce for S € so(R?) the linear differential operator

(3.83) Lsv(r) = v,(z)Sz, xR ve H(RYR™).

With this we define the Euclidian function space

(3.84)  HE o (RER™) = {ve H' (R R™): Lgv € L*(RL,R™) VS € so(RY)},
which becomes a Banach space with respect to the norm

(3.85) lollzy, = Il +sup{l|Lsvll7: : S € so(R?),|S]2 < 1}
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Of course, instead of taking the supremum over all S € so(R?) with |S|, < 1, one
can simply take the maximum over a basis of the @—dimensional space so(R?).

Proposition 3.40. The space Ci°(R%, R™) is dense in H},,(RY, R™) with respect
to the norm |- ||z . Further, for v € H} (RYR™) the Euclidean action (3.80) is
a continuously differentiable map from SO(R?) into L*(R?, R™) with the derivative
given by (3.82).

Proof. In the following we will frequently omit the underlying R"™-spaces and write
H]}jud = HE (RER™), [? = L*(R4, R™) etc. Balls of radius R > 0 are denoted by

= {z € R?: |z|y < R}. The proof of the first part adapts standard techniques
to prove density of Cg° in Sobolev spaces to our setting (cf. [3, 2.14,2.22,2.23,U8.8]).
Let

(3.86) ps() =07 %1(07 x), 1 € CF°(BL,R)
be a Dirac sequence satisfying
65 wzo [ a@di=1 i) =eil) it ol = [yl
Rd
As usual we approximate v € Hj, ., by the sequence
(3.88) vs(z) = /d os(x —yw(y)dy, = €R™
R
Then vs € C*(R%, R™) holds and we show that
(3.89) v —vsllgy  —0 as §—0.

For the norm ||v — vs]| g1 this follows by standard arguments, see [3, 2.22|. Hence
it is sufficient to prove

(3.90) sup{||Ls(v —vs)||lg2 : [S]2 < 1,5 € so(RY)} =0 as & — 0.
From (3.87) we obtain
Lsvs(x) =—-vs(exp(tS)T)|i=0

(@s(exp(tS)(z — exp(—tS)y)))=ov(y)dy

d

|

/ diw-exm ~t5)y)) o0 (y)dy
/

Z Djps(z —y)(Sy);v(y)dy

/ ZZSJk yk% z —y))v(y)dy.

J=1 k#j



59

For every fixed x € R? the function y — yrps(z — y) has compact support in R?,
hence by the definition of the weak derivative

d
Lsvs(x) = /Rd Z Z Sikyres(x —y)Djv(y)dy

i=1 k#j
- / s — ) Lsoly)dy.
]Rd

By the standard convolution estimate (cf. |3, Satz 2.14])

505 =02 < [ es(€)d sup L5 +1) = Lool o
R4 |h|<5
Taking squares and the supremum over |S| < 1 in the finite dimensional space
so(R9) then shows (3.90).
Thus we have shown that C*NHL_, is dense in H}, , and it remains to approximate
an element v € C™ N H,, by functions in C§°. For that purpose take a cut-off
function x € C*(R,R) with

= 1, <,
x(r)yg € [0,1], 1< |r] <2,
= 0, lr| > 2

and let
xr(®) = x(R7zl), = €RYR>0.
Then the function yzv has compact support and
Ls(v—xgrv) = (1 —xr)Lsv — (LsXxr)v.
The skew-symmetry of S implies
d

(Lsxr)(x) = (Rlzls) "X (R |2]) Y x;(Sz); = 0.

j=1
Therefore, we obtain for R — oo

sup [|[Ls(v — xrv)||2 < sup [[Lsv]p2ra\pyrm) — 0.
IS|2<1 |Sl2<1

The same convergence holds for the norm || - || z: and this shows our first assertion.

. . . b
Next we prove a Lipschitz estimate for v € H} , and v = @ ),

0 1
(3.91) la(v)v = vllzz < Cllollgg,, (1bl2 +]Q = T2).-
Since both sides are continuous with respect to [| - ||z it is sufficient to prove

(3.91) for v € C§°. By the triangle inequality,

ey ol = (/ (@ (@~ 1)) - v<@%>|3dx) -
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1/2
+ (/ 0(QTx) — v(x)\gdx) T4
R4
As in Example 3.37 the first term is bounded by
Ty < |Q"blzllvallz2 < [Blal|v]lse.
For the second term take S € so(R?) with @ = exp(S) (cf. Proposition 3.11) and

estimate
Ty = /
Rd

:/Rd

1
§/ / |vg(exp(—78)x)Sexp(—7.8)z|5 drdz
R J0

2

dx

2

/o %v(exp(—TS)x)dT

2

dx

2

/0 vz (exp(—79)x)(=S)exp(—75)xdr

1
:/ / v (exp(—78)x)Sexp(—78)x|3 dvdr
0 Jrd

2
_ / oSyl dy < 1SBllolZ, .
Rd uc

By Proposition 3.10 we have

. 1

Since (3.91) is trivial for @ — 1|, > 3 the assertion follows.
Finally we prove (3.82). Take first v € C5° and consider the path (3.81) in SE(R?).
In the following we abbreviate

(- trz) = exp(—t7S)(x — b(tT)).

[t (a(v()v — v) + Lsv + veadr | 2

:/Rd
:/Rd

1
§2/ / |ve(z) ST — v (- tTx)S(- t7‘x)|§ + |ve () — v (- t7‘x)|§ |a|§d7’dx.
Rd Jo

Since |(- tTx) — x|y — 0 as ¢ — 0 uniformly for 7 € [0,1] and for z in a compact
set, the right-hand side converges to zero. For a general v € HL , and € > 0 we
choose v € C¢° such that ||v — v.[|g1 < e. Then we estimate with (3.91)

2

dx

T 2

/01 tldiv(- trx) + v, (z)(Sz + a)dr

2

/0 —vg (- trx) [S(- ttx) + a] + v (2)(Sx + a)dr| dx

1

I3 (@l (E)o —v) + Lsv + vaalls
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1

<[5 (aly(@))(v = ve)) = (v = ve)llz2 + [[Ls(v = ve) + (va — vae)all 2

1

+||¥(a’(/7(t))ve - UE) + ‘CS'Ua + 'Ua,aﬁa“HL2

< (CltTH([b(t)|2 + lexp(—tS) — 1[2) + |als)
1

17 (@(r(8))ve = ve) + Lgve + vegal 2.

The first term is bounded by O(¢) uniformly in ¢ # 0 and the second term converges
to 0 as t — 0 for fixed € > 0. This shows that we can bound the whole right-hand
side by O(e) for |t| sufficiently small. This finishes the proof. O

Exercise 3.41. Recall that the infinitesimal generator of a one-parameter semi-
group T'(t),t > 0 in some Banach space X is given by (cf. Section 8.2)

DA)={veX: 2ltiI% tH(T(t) — v =: Av exists}.

For every p € se(R?) let A(u) denote the infinitesimal generator of the semi-
group T, (t)v = a(exp(tp))v, v € L*(R? R™), where a(v) is the action (3.80) of the
Euclidean group on L2. Prove that

(3.92) Hyo(RER™) = (V{D(A(n) : 1 € se(R)}.
Hint: Note that the inclusion 'C’ follows from Propositions 3.38, 3.40.

Solution: Let v € N{D(A(1)) : p € se(R%)}. For every j = 1,...,d let e/ be the j-th Cartesian
unit vector and let v; € L? be the limit of ¢~ (v(- 4+ te/) —v(+)) in L? as t — 0. Then we have for
every ¢ € Cg°

/Rd vi(2)e(x)dr =lim [ 7 (v(z +te?) — v(x))p(z)dx

t—0 Rd

=—1lim [ w(2)t e(x) — oz —te?))dx = —/ v(z)Djp(z)dz.

t—0 Jrd R4

Hence v has a weak derivative Djv and D;jv = v;. Thus we have v € H L. Next consider the
L2-limit wg = limy—0t ! (v(exp(tS)-) — v(:)) for S € so(R?). Then we obtain for ¢ € C§°

/Rd ws(x)p(x)dr =lim [ ¢t~ (v(exp(tS)z) — v(z))p(x)dx

t—0 Rd

=lim [ wv(x)t ' (p(exp(—tS)x) — ¢(x))dx

t—0 Rd

_ /R (@) (x)Sada.

Now we use v € H, S = —ST and the fact that z — (Sz);p(z) is a function in C§° to conclude

/vm )Sap(x dx—/ ZD ) [(Sz) ()] da
— [ oD, (50t

j=1
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d
S /Rd v(z) Z(Sz)jD;‘sﬁ(z)dz =— /Rd v(2) s (z)Sada.

j=1

Comparing both equalities we obtain

/Rd ws(z)p(x)dr = / v () Swo(z) dz

Rd
for all ¢ € C5°, hence Lgv = wg € L2
The verification of the conditions (A1)-(A4) for the multidimensional operator from
Lemma 2.31 is almost a copy of Proposition 3.38.

Proposition 3.42. Let f € C'(R™ R™) satisfy f(0) = 0. Then conditions (A1)-
(A4) hold for the action (3.80) and the operator

(3.93) (F(u))(x) = AAu(z) + f(u(x)), ze€R™, weY
with the setting ¥ = HE (R, R™) and X = L*(R,R™) provided k > £.
Proof. Recall the Nemitzky operator F associated with f,
(F(w)(z) = fu(2)), zeRue ®R™™

Since k > g, the Sobolev imbedding theorem (see Appendix 8.3) implies
(3.94) lullze < ullme, we HYRER™).
Hence for a.e. x € R? by the mean value theorem

|f (u(z))| = |f (u(z)) = FO)] < sup{|Df(v)] : |v] < |[ull g} ulz)].
Taking squares and integrating shows F(u) € L?*(RY, R™). In a similar way, for
any two functions u;, uy € H¥(RY, R™),
(3.95) [F (ur) = Fluz)llr2 < K(u, ug)llur — |12,

where K(uy, us) = sup{|Df(v)| : |v| < max(||uy||gw, ||uz|gx)}, i.e. the operator F
is locally Lipschitz bounded. Finally, taking derivatives one finds

[ F(u1)e — F(uz)ellz = | Df (ur(-))ure — D f (ua(-))uzq| L2
<[(Df(ui(+)) = Df(uz(-)))urellrz + | Df (ua(-)) (U1 — vzl 2
<I(Df(ur()) = Df (ug()) |z |lur el 2 + (0, ug) [ ure — gl 12

<w(max([lus |l g, [luallge), lur = ol ) furll ar + K0, ug)lJur = ual| 1

(3.96)

with the modulus of continuity
w(R,0) = sup{[Df(v1) = Df(va)] :[vr —wa <6, |on], |va| < R}

Since w(R,d) — 0as § — 0, the operator F is even continuous when considered as a
map from H* into H'. With the choice Y = HE , k > 2, also the linear differential
operator u — AAwu maps Y into X = L? and our assertion is proved. 0
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4. Existence of travelling waves for reaction diffu-
sion systems

In this chapter we return to travelling waves in one space dimension. For the
scalar travelling wave equation (2.29) we prove existence of an orbit connecting
two steady states for nonlinearities that behave like the cubic in the Nagumo
equation (2.3). This requires to make the phase plane analysis from Section 2.4
rigorous in a specific case. Then we will comment on (but not prove) some recent
results for the general gradient case, see Proposition 2.15. The proof of existence
in the scalar case needs a rather detailed result on stable and unstable manifolds
of hyperbolic points in parameterized dynamical systems. This will be the topic of
the final Section 4.3.

4.1. Scalar bistable reaction diffusion equations. Consider the equation
(4.1) Up = Uy + f(u), z€R,t>0,

where f € C'(R,R) has a cubic shape. More precisely, we assume that there exist
a € (0,1) with the following properties (see Figure)

(B1) f(0) = f(a) = f(1) = 0,
(B)f<00n(0 a), andf>00n(a,1),
(B3) f ()<0 and f'(1) <

(B4) fo x)dzx > 0.

In the scalar case f is always a gradient (cf. (2.44)), namely of

(4.2) / f(z)dz, veR.

From (B1)-(B4) we find that F' has local maxima at x = 0,1 and a local minimum
at x = a. Moreover, there is a unique value a, € (a,1) such that ' < 0 in (0, ay)
and F' > 0 in (ay, 1) (see Figure). From Proposition 2.15 and (B4) we also obtain
that a travelling wave u,(x,t) = v,(x — ¢,t) of (4.1) connecting vy = 0 to v; = 1,
satisfies

C /OO v (z)%dr = F(0) — F(1) = —F(1) = —/0 f(z)dx < 0.

Hence we look for travelling waves with ¢, < 0.
From Section 2.3 we know that w, = (v,,v.)? is a heteroclinic orbit with ¢ = ¢, of

the TWODE ’
(4.3) @i) — (_ f(w?f_ sz) —: G(w,c).

Accoding to Lemma 2.16 the endpoints of the heteroclinic orbit

(4.4) w! = (é) . j=0,1
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are saddles of (4.3) with eigenvalues and eigenvectors of DG (w’, ¢) given by

(45) M= (et \Je —ap(), j=01

(46) n=(y). i-or
+

We consider negative values of ¢. Then the eigenvector y} belonging to the unstable
eigenvalue at w® has positive components and points into the positive quadrant,
while the negative eigenvector —y! belonging to the stable eigenvalue at w' has
negative first and positive second component. Then w! —y! also lies in the positive
quadrant but to the left of w!. The following schematic phase diagram illustrates
the situation: stable and unstable manifolds of the two saddles w?,w! with their
tangent spaces and the vertical line w; = ag where a < ap < 1 and where the
unstable manifold of w° and the stable manifold of w' are expected to intersect.
The following is the main result of this section.

Theorem 4.1. Let conditions (B1)-(B/) be satisfied. Then there exists
(4.7) ¢, € (—¢,0), ¢ = 8max (4a_2(F(1) — F(a)), max0<v<1M)

=
and a solution w, € C1(R,R?) of system (4.3) at ¢ = ¢, such that

(1) lim, oo wy (x) = (8) C Ty wy (2) = ((1))

(ii) wy(z) € (0,1) x (0,00) for all x € R.
Remark 4.2. The lower bound —¢ is not the best possible. However, the explicit
form shows that such a bound depends only on data determined by the nonlinearity
f- In the proof we will frequently derive estimates that are uniform on compact
c-intervals. Therefore it is important to have this a-priori bound. One can also

show that the heteroclinic orbit is unique in the strip (0,1) x (0,00), see 27 But
we will not go into the details of the proof of such a result.

The proof of Theorem 4.1 will be divided into several steps.

Step 1: The local unstable manifold.

First, we use Theorem 4.7 from Section 4.4 to study the local unstable manifold of
w’ € R?. Let P{(c) : R* — span{y]} denote the projector onto the unstable sub-
space of DG(w?, ¢) with respect to the decomposition R? = span {y° } ®span {y} }.
The dependence on ¢ € [—¢, 0] will frequently be suppressed in the sequel.
According to Theorem 4.7 there exist constants pg, K1, Ky, K3,1 > 0 such that for
all ¢ € [—¢,0], 0 < p < pg the boundary value problem

(4.8) w' = G(w,c) on (—o0,0],

(4.9) P (c)w(0) = pyY,
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(4.10) lw(t)| < pK; forall t € (—o0,0]

has a unique solution w = w(-, p,c) € C*((—o0,0],R?) which is as smooth as G
with respect to all variables. Moreover, the following estimates hold

(4.11) lw(t, p,c)|ee < Koe™, t <0,

(4.12) (1 = P2(c)w(0,p,0)]s < K3p%, 0 < p < po.
From (4.12), (4.9) we obtain
w(0) = pyl|ee = [(I = P2(c))w(0)]o0 < K3p”.
We take p > 0 sufficiently small such that the following estimates hold:

(4.13) wi(0) = p— |y} — w(O)le > p— Kaop® > £,
(4.14) wi(0) < p+ oyl — w(0)|oe < p+ Kap® < a,

w(0) — & wi(0) = Ajp — Ksp? = 1 p— 1 K5 p?
(4.15) = %{(02 —4f'(0))"* — Kyp(2 + ICI)?

> p{ 1702 = Kap(1+5)} >0 Ve e [-2,0].
As a consequence of these estimates we have w(0, p,c¢) € (0,a) x (0,00) for all
¢ € [—¢,0] and for sufficiently small p > 0. From now on we fix such a p > 0 and
drop the depence of the solutions on p.

Step 2: Continuation of the local unstable manifold.

We choose values a,, ag, a; such that
(4.16) a<a_j <ay<a <a,<l.

The goal is to match the unstable manifold of w® with the stable manifold of w!
on the line w; = ag. In the following let

(4.17) w(t,c), t € J(c)

be the maximally extended solution of the initial value problem
(4.18) w' = G(w,c),w(0) =w(0,c)

in the domain

(4.19) WO :=(0,a,) x (0,00).

By Step 1 we know (—o0,0] C J(¢) and in fact (—o0,d] C J(c) for all ¢ € [—¢, 0]
and some ¢ > 0 by the local existence theorem for initial value problems. We will
show that there exists a unique time 7'(¢) € J(c) N (0,00) such that

(4.20) wi(T(c),c) = ag for all ¢ € [—¢,0].
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Step 3: The energy function
Consider the energy function

1
(4.21) E(w) = §w§ + F(wy), w = (wy,wy) € R%
For t € J(c) we have by (4.3)
d
(4.22) p E(w(t,c)) = F'(wy)w) + wywh = —c wi(t, c).

From Step 1 we conclude

lim E(w(t,c)) = E(w") =0,

t——o0

so that(4.22) implies for all ¢t € J(c)
=0 ,¢c=0

4.23 B(uw(t, P
(4.23) (ol C)){>0 ,—t<c<O.
In case ¢ = 0 the solution lies on the curve
(4.24) I'={(wy,v/—2F(wy)) : 0 <wy <aq},
while for ¢ < 0 it lies above it (recall F' < 0 in (0, a,)).

Step 4: Intersection with the vertical line w; = ay.

The function wy (-, ¢) is strictly monotone increasing since by
(4.3)

(4.25) wi(t,c) = wq(t,c) >0, t € J(c).
Let fumin = Min {f(z) : 2 € [0,1]}, then (4.3) implies

wh(t) = —f(wi(t)) — cwa(t) < | fuin| + |clwa(t), t € J(c).
Hence by the Gronwall lemma (cf Appendix 8.5)

t
(4.26) wy(t) < el (wy(0) —i—/ el ds | frin|), t € J(c) N[0, 00).

0
The theorem on continuation of solutions leaves us with two alternatives:
Case (i): J(c¢) = (—o0,0).
Then we infer from Step 3 and (4.25) for all ¢ > 0

wi(t) = wg(t) > (—2F(w1(t)))1/2 > (_2 MaX(F(wl(O)), F(al)))l/Q < 0.

Hence w; grows unboundedly as ¢ — oo which contradicts w(t) < a; for all

te J(c).
Therefore, the following holds:
Case (ii): J(c¢) = (—o0,t4(c)), t+(c) < oo,
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and w(t) approaches the boundary of W as t — ¢, (c¢) or becomes unbounded.
The latter case is excluded by (4.26).

Moreover, w(t), t > 0 lies above the curve I' from (4.24) and thus cannot approach
the lower boundary [0, a;] x {0} of WP°. Further w(t) is strictly increasing, so that
the left boundary {0} x [0, 00) is also excluded. We obtain

dist (w(t),{a1} x[0,00)) = 0 as t =t (c).
Since w(t) lies above I" and (4.26) holds we find
wi(t) = a; as t—ty(c).

Now w is strictly increasing which together with (4.16) and (4.14) implies that
there is a unique 7T'(c) € (0,t,(c)) satisfying (4.20). Moreover, the relation (4.25)
shows that the implicit function theorem applies to (4.20) for every fixed ¢ € [—¢, 0].
By the uniqueness of T'(c) in (0,t,(c)) this implies T € C*([—¢, 0], (0, 00)).

Step 5: Growth on the vertical line.
We discuss the behavior of

(4.27) wy(T(0),0) = (—2F(ag))"? > 0.

For ¢ = —¢ we show

(4.28) wy(T(c), ) > 2(2(F(1) — F(a)))Y2.

We let g = @ and prove that

(4.29) wy(t, —¢) > B wy(t,—¢) for all t € [0,T(—7).

For ¢ = 0 this inequality follows from (4.15). Suppose there exists ¢, € (0,7(—¢)]
such that (4.29) holds on [0,tg) but wsy(ty, —¢) = B wi(ty, —¢). Then from (4.7),

0> (wy — B wy) (to, —¢) = (=B wa +C wy — f(wy)) (to, —C)

. Jc w N
— w2<t0, —C) _5 — J;< wll) (to, —C):|
[c 2 v
= wlty, =€) |5 — 7 Max fi W
> wy(ty, —7) g _ ﬂ >0,

a contradiction. In this way inequality (4.28) and (4.7) yield

~

(4.30) wo(T(=8),8) > 5 ap > 2(2(F(1) — F(a))"? =

> 2(2(F(1) — F(a)))V2.

Step 6: The stable manifold of the target saddle.
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As in Step 1 we apply Theorem 4.7 and obtain constants pg, K1, Ko, K3, > 0 such
that the boundary value problem

(4.31) 7 =G(z,¢), on [0,00),
(4.32) PL(2(0) — w') = —pyt,
(4.33) |2(t) —w'|ee < Ky p for 0<t< 00

has a unique solution z(-,¢) € C'([0,00), R?) depending smoothly on ¢ € [—¢, 0].
Moreover, the following estimates hold for all 0 < p < pg

(4.34) |2(t, c) —w'| < Koe™™, t >0,

(4.35) (1 = PL)(2(0) — wh)|o < Ksp”.

Taking p sufficiently small (compare (4.13), (4.15)) we can guarantee
(4.36) 2(0,¢) € (a_1,1) x (0,00) =: W

Now let J(c) = (t_(¢),00) 2 [0,00) be the maximal interval of existence for the
solution of (4.31) in W1, Since 2] = 29 > 0, 2(+, ¢) is strictly increasing on J(c).
Moreover, the solution cannot approach the lower boundary [a_y, 1] x {0} of W1,

because zy(t,¢) > 0 for tg < t < 0 and 23(tg, ¢) = 0 for some ty < 0 would imply
0= Z;(to, C) = _CZQ(th C) - f(zl(t07 C)) = —f(Zl(to, C)) <0.
According to (4.22) the energy E(z(t,c)), ¢ € [—¢, 0] is monotone increasing with
respect to ¢t € J(c), hence
1
(4.37) 3 Z(t,e) + F(z1(t,c)) < lim E(z(7,¢)) = F(1).

T—00

with F'(a) < F(a_1) < F(z(t,c)) this gives the a—priori bound

(4.38) 2t c) <2(F(1) — F(z1(t,¢) < 2(F(1) — F(a)), t € J(c).

In particular zo(-,¢) is bounded from above on J(c¢). The theorem on maximal
extension of solutions then shows

dist (2(t,¢), {a_1} x[0,00)) = 0 as t —t_(c).

Since z(-, c) is strictly monotone increasing and a_; < ag there exists a unique

T(c) € (t_(c),0) such that
(4.39) 2(T(c),¢) = ag, —¢< ¢ <O0.

Again, from 2, > 0 on (¢_(c), 0) and the uniqueness of T'(¢) we infer T' € C([—¢, 0], (0, 00))
from the implicit function theorem. Moreover, (4.38) yields the estimate

(4.40) 20(T(e), ) < (2(F(1) - Fla))
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Step 7: Application of the intermediate value theorem .
Consider the difference

o(c) =wy(T(c),c) — 2o(T(c),c), ¢ € [-¢,0].
Equations (4.40) and (4.29) show o(—¢) > 0.
Moreover, at ¢ = 0 we have by (B4)

% w3(T(0),0) + F(ag) = B(w®) = F(0) < F(1) =

hence

23(T(0),0) + F(ap),

N —

a(0) = wo(7(0),0) — 22(7(0),0) < 0.
Since o(+) is continuous the intermediate value theorem gives a value ¢, € (—¢,0)
with o(c,) = 0.
Finally, it is easy to prove that

w, () = w(x+T(ch),ci), <0,
* o Z(IL' + f(c*)’c*)’ x>0

is a solution of (4.3) satisfying

Jim )= (). i v = (o)
|

4.2. Results for gradient systems. The scalar evolution equation analyzed in
Section 4.1 is a special case of the gradient systems which already appeared in
Section 2.4

(4.41) Up = Uyy + VF(u), € R, t >0,

where F € C?(R™ R). Suppose v_,v, € R™ are two zeroes of VF. From Propo-
sition 2.15 we know that every solution (v, c,) of the system

(4.42) 0=v"4+c +VF(v) in R,
(4.43) glim v(€) =v_, 6lim v(€) = vy

satisfies the relation
(4.44) o [ 1] dg = Floo) — P

In the following we report about some recent results of Alikakos, Katzourakis [2].
The results have been adapted to our setting and may be considered as general-
izations of Theorem 4.1. The main assumption is

0 =F(v.) < F(vy) =Max {F(v) : v e R™},
v_ 1s a local maximum of F.

(K1)
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Note that this is almost implied by (B1)—(B4), except for the fact that F(v,) in
(K1) is a global rather than a local maximum. The assumption F'(v_) = 0 is just
a normalization.

Theorem 4.3. (|2])
In addition to (K1) assume the following level set conditions. There exists cg > 0
and for any a € [—ayp, 0] two convex compact and disjoint subsets M, M C R™
such that

Fla,00) = M; UM}, vy € ME,

Fl({a}) = OM; UM,

(K2) o )
OM( resp. OM.) is of type C* for a € [—ay,0]
(resp. o€ (~an,0)), My = u_).

(K3) VEW) nw) < =y <0 YovedM, n(v) outer normal

D*F(v) < —yl,, VY veE M.

d
(K4) - Fop +718) <0 forall m>0, [l2=1, a € [-a,0)

with vy +r& € M, D*F(v_) < —yol,.

Then there exists a value ¢, < 0 and a corresponding solution v, € C?(R,R™) of

(4.42), (4.43).

The proof is quite involved and will not be presented here. Note that all as-
sumptions (K2)—(K4) follow from (B1)-(B4) in the one-dimensional case if we
additionally assume F'(by) < 0, f' = F" < 0 on [ay, by for some by > 1. Then (K2)
holds with suitable intervals M= containing v_ = 0, vy = 1 and (K3), (K4) follow
from the sign constraints on F'. Of course, the proof of Theorem 4.1 did not make
use of the behavior of f outside [0, 1].

An important ingredient in the proof of |2] is the energy functional associated with

(4.42)

B0 = [ (5 I - P))esag

in suitable function spaces (which enforce the integral to exist). A formal calcula-
tion shows that a critical point v of this functional satisfies for all h € C§°(R,R™)
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d
0=— E<U+8h’7c>|€=0

de
d
- / de [%@5 Tehe,ve +ehe)y —Fluteh)(©)]  e*dg
= / ((ve, he)a — VF(v)Th)ede
k; d
- / (d_§ <U§€C§)7 h<§)>2 + VF<U)Th<§)665 d¢
= — / ecf(vgg + cve + f(’U),h)Q de.

Here we used integration by parts. Since the relation above holds for all h €
C°(R,R™), this implies

vee + cve + f(v) =0 on R.
In general this procedure does not work since the functional £ does not have a
global minimum in all reasonable Banach spaces. Moreover, the calculation does
not reveal how to determine the wave speed ¢. In fact, the authors of [2] prove
that ¢, is finally determined from the condition F(v.,c,) = 0.

4.3. Spectral projections and hyperbolic equilibria. As a preparation for
the parameterized stable manifold theorem in Section 4.4 and the stability theory
in Section 5 we discuss in this section parameterized families of hyperbolic matrices.
First consider a single matrix A € C™™ and decompose its spectrum o(A) C C
into two disjoint subsets

(4.45) o(a) = oUa,.

Take a closed contour I' C (C\ ¢(A)) which has o, in its interior but o, in its
exterior. By definition this means that

(4.46) zim (z—\)tdz = {

1, \€o,,
0, \€o,

It is easy to construct such a contour by taking the sum of sufficiently small circles
enclosing exactly one of the finitely many values in o,. Then the matrix

1 —1 m,m
r
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is called the Riesz projector (or the spectral projector) associated with
Os.
This notion is motivated by the following proposition.

Proposition 4.4. Under the assumptions above the matrix P is independent of
the choice of contour enclosing o, and excluding o,. Further, P is the unique
projector such that the subspaces

(4.48) X, = P(C™), X, = (I — P)(C™)

have the properties

(4.49) C" =X, ® X, A(X,) C X,, A(X,) C X,,

(4.50) o(Ax,) = 05, 0(Aix,) = 0u.

If A e R™™ and o, = 75, then P is a real projector and (4.49), (4.50) hold with
R™ =X, & X,.

Remark: The Riesz projector (4.47) may be defined for general linear bounded
operators in a Banach space with o4 being a closed subset of o(A) (see e. g. |29,
Ch.V]). It even generalizes to closed unbounded operators in a Banach space, see
Section 5 and [29].

Proof: Cauchy’s Theorem shows that P is independent of the choice of I'. For the
matrix case here we use the Jordan normal form

(4.51) STAS = J € C™™, S = (S, S.),

where

Ji

J ) Jj: ‘ ' c Cmimi,
r+1 .

—_

Ik
The eigenvalues have been ordered such that

(4.52) os={N:j=1...,r}, ou={N:g=r+1,...k}, osNo,=0.
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With this transformation we obtain

(2L — SIS dz = § 2% / (21 — )" dzS~,
T

T 2mi

1
=5 — diag((zlm, — J;) " :j=1,...,k) dzS™".

211
r
With _ -
0 1
0 1
Jj = N, + Ej, Ej =
1
- 0_
we find
(2L, = J) 7 = (2= X)Ly = (2 = \)) By
m;—1 mj—1
=(z=X)"" D (z=X)TVE =) (2= N)TTEL
v=0 v=0

By the construction of I' we have the fomula

L, (z— X)) dz = {

1, if j=1,...,r, v=0,

271
r

0, otherwise ,

hence

1 I, j=1,...
—,/(z[m,—Jj)—ldz: mpp S =T
2mi ! 0, j=r+1,...k
r

This shows that

Im

1

(4.53) P=S ’ St

0

is the projector onto X; = R(Ss) and I,, — P projects onto X, = R(S,). The
spectral properties (4.49), (4.50) then follow from (4.51) and (4.52).

In the real case A € R™™ o, = G5 we can choose a contour which is symmetric
with respect to the real axis:

= {ot):te[0,2]}, o(t)=p2—1), te]0,2].
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Using this and setting s =2 — ¢ for ¢ € [1, 2] leads to

P = % {/ (p(t) L, —A)lgpf(t)dtju/ (e(t) ], — A) 1 (1) dt}
- QLM {/ (cp(t)lm - A)_1Q0/(t) dt —/ (gp(s)]m — A)—lw/(s) ds}
-~ { Jeon, - a7 dt}.

A:

Moreover, for v = Pv € X + iX, we have by (4.51), (4.53)
Av = APv = SJS7'S diag(L,n,, ..., In.,0,...,0)S v
= S diag(Jy,...,J,,0,...,0)S v,
which proves the spectral relation (4.50).

In the following proposition we continue the spectral projectors for parameterized
families of matrices.

Proposition 4.5. Let Z C R? be a domain (open, connected) and M € C*(Z, R™™) k >
0 be a matrix family satisfying

(4.54) o(M())NiR =0 forall (€ Z.

Then there exists a projector—valued function P, € C*(Z, R™™) with the following
properties

(4.55) M()Xs(¢) € X,(C) for X(¢) = R(Ps(C)), ¢ € Z,
(4.56) rank (Ps(¢)) = ms is independent of ¢ € Z,
(4.57) J(M(C)p(s(()) =o(M())N{z€eC:Rez<0}, C€Z.

For any compact subset Z; C Z there exist constants K, > 0 such that for all
CE€Zy, t>0

(4.58) lexp(tM(C)) Ps(Q)] + lexp(—tM(Q)) (I — Po(C))] < K ™.
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Remark: P;(() is called the stable projector associated with M ({). Correspond-
ingly, P,(¢) = I — P,(() is the unstable projector which satisfies M ()X, (¢) C
Xu(C) for X,,(¢) = R(P.(n)) as well as

a(M(Q)ixu) = (M) N{z€C:Rez >0} for (€ Z.

Instead of taking iR as the line separating o(M(()) into two parts, one can take
any contour I" which is symmetric with respect to the real axis and runs from
R —i00 to R + ioc0.

Proof: Let us first consider a compact set Zy C Z. Then there exists R > 0 such
that for all { € Z,

1
(4.59) Al < R, Re A < y, for all A € o(M(C)), Re A < 0.

If this is not true we find sequences ¢, € Zy, A\, € 0(M((,)), v, € C™ such that

lvon| = 1, M(Co)vn = Ao, Re Ay = 0 or |\,| = oo
Since |A,| < sup |M(C)] < oo we conclude Re A, — 0 as n — oo. Taking suitable
CEZ

subsequences we ﬁnd a value ¢ = hm (o € Zy such that M () has an eigenvalue
in iR, which contradicts (4.54). Wlth R from (4.59) the semicircle I' defined by

1
Plt) = = +iR(2t 1), 0t <1,

o(t) = —% +R exp(zﬁr(t— %)), 1<t<2,

encloses all stable eigenvalues of M((), ¢ € Zy. Hence, by Proposition 4.4 the
projector satisfying (4.55), (4.57) is

(4.60) PO = 5 [ (el = MQ) 2 C € 2,

The formula also shows that P, is of class C*.
From the spectral property (4.57) we infer

Al <1 forall A € o(exp(M(C))Pu(C)) U o(exp(=M(C)) Pu(C))-

Therefore, for every (, € Z there exists a norm |- |o in R” (depending on (y) such
that for the subordinate matrix norm | - |o

(4.61) lexp(M (Co)) Ps(Co) o, |exp(=M (Co))PulCo)lo < 1.

Since M and P; depend continuously on ¢, we find a neighborhood U(({y) C Z such
that for some ag > 0

(4.62) lexp(M () Ps(¢)lo, [exp(=M(C)Pu(C)lo < e™™ <1 V¢ e U(G).
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By the submultiplicativity of | - |y we obtain for all n € N, ¢ € U((p)

(4.63) lexp(nM () Pa(C))lo, lexp(=nM(C)Fu())]o < e7".
Finally, every ¢t > 0 is of the form t =n + 7, 0 < 7 < 1 which leads to
(4.64) lexp(tM(C) Ps(C))lo, lexp(—tM (1) Pu(¢))]o < Ko e, ¢ € U(Go)

with Ko = sup {lexp(7M(C))Ps(¢)|o + |exp(—7M({))Pu({)]o : 7 € [0,1], ¢ €

U(Co)}-
Since we can cover Z, with finitely many neighborhoods U(¢;), j =1,..., N and

since all norms in C™ are equivalent, the estimate (4.64) yields the assertion (4.58).
Next we exhaust Z by a growing sequence of compact subsets

1
Z, = {CEZ:dist(C,aZ) > 2 || gn}, 20 C Zpn C...CZ.
n

The corresponding projectors Ps ,((), ¢ € Z,, satisfy
PSJ'C(C) = PSJL(C) v k Z n, C S Zn

by the uniqueness of stable projectors. For a fixed ( € Z we take the first n =
n(¢) € N such that ¢ € Z,, and define Py(¢) = Ps,,(¢). In this way P, : Z — R™™
is a C*—smooth projector-valued mapping satisfying (4.55), (4.57) for all ¢ € Z.
Finally, our result applies to any compact curve Z; in Z. Since Z is connected and
the rank of a projector is a continuous function, condition (4.56) is proved.

|

4.4. Stable and unstable manifolds of equilibria. Let us first recall some
notions for dynamical systems of the form

(4.65) 0= f(v), where feCFQ,R™), k>1,QCR™ open.

In the following let ®,(vg), t € J(vg) denote the maximally extended solution of
(4.65) satisfying v(0) = vy € 2.

Definition 4.6. (Notions of invariance)

(i) A set M C Q is called
— positive invariant, if vy € M implies [0, 00) C J(vg) and P;(vy) €
M for allt >0,
— negative invariant, if vy € M implies (—o0,0] C J(vg) and D4(vy) €
M for allt <0,
— invariant, if it is positive and negative invariant.
(ii) Let M C § be compact and invariant, and let V 2O M be a neighborhood
of M. Then the stable set of M with respect to V' is

WY (M) ={vy €V :[0,00) C J(vg), ®(vo) €V V>0,
tlim dist(®¢(vg), M) = 0}
—00
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and the unstable set of M with respect to V' is given by
WY (M) ={vg € M : (—00,0] C J(vg), ®s(vo) € M ¥Vt <0,
tEI_nOO dist(P4(vg), M) = 0}.
For V' = Q) we obtain the global stable resp. unstable manifold
Wo(M) = WE(M), W,(M) = W2(M).
Note than in general
WY (M) E WL (M) NV,

A typical example where these sets differ, is given by a saddle M = {v, } for which
a homoclinic orbit {v(t)}:er of (4.65) exists (cf. Section 2.4 for examples). Then
WY (M) NV also contains an initial piece {v(t) : ¢t < T_}.

In the following we consider a parameterized system

(4.66) b= f(,0), feCFHR™ x RP,R™), k>1

and denote its t-flow by (-, ().
Let Z C R? be a domain such that for all ( € Z the following properties hold

(4.67) f(0,¢) =0,

(4.68) o(Dyf(0,0)) NiR = 0.

For simplicity we do not only assume the steady state but also the stable and
unstable subspaces of M (() := D, f(0,() to be independent of ( € Z, i.e. we have
R™ = X, & X, such that for all ( € Z

(4.69) M(()Xs € Xs, Re A< 0 forall Aea(M(()x,)

(4.70) M(¢)X, C X,, Re A>0 forall A€ a(M()x,)-

Let P; resp. P, = I,, — P be the corresponding projectors onto Xy resp. X,.
Later we show how this situation can be achieved in the proof of Theorem 4.1.

Theorem 4.7. (Parameterized stable manifold theorem) Let the assumptions
above hold and let Zy C Z be open and bounded with Zy C Z. Then there ex-
st zero neighborhoods V, C X, V, C X, V C R™ with V&V, CV and a
function h, € C*(V, x Zy, V) such that the following holds.

(i) For every vs € Vi, ¢ € Zy the boundary value problem
(4.71) v'=f(v,¢) on [0,00),

(4.72) Pw(0) =v,, v(t) €V forall t>0,

has a unique solution v = v(-,v,,¢) € C*1([0,00), V).
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(ii) For the function h, : Vi, ¢ € Zy — X, defined by
(4.73) v(0,vs, () = vs + hy(vs, (),  vs € Vi, ¢ € Zp,
the following assertions hold

{vs + hu(vs, Q) 1 vs € Vi} =W (0,0) N (Ve B V) =

4.74
( ) {vo € Vi@V, : Oy(vg, () €V V>0, ®y(vg,() >0 as t— oo}.

(iii) There exist constants K,n > 0 such that for all vy € Vs and ¢ € Z,

(4.75) lo(t,vs, Q)] < K e, t >0,
(4.76) D,h,(0,¢) =0,
(4.77) |D2h,(vs,C)| < K (in case k > 2).

Before proving the theorem let us interpret the result. Equation (4.74) shows that
the local stable manifold is the graph of the function h, : X, — X, which inherits
its smoothness from the vector field f. Because of (4.76) the manifold is tangent
to X, at 0, i.e. Ty W2(0,() = X, see Definition 3.21.

Note also that instead of a single chart we have a single parametrizing map vy —
Vs + hy(vs, (), which is a submersion and hence the inverse of a chart. The local
stable manifold is therefore a submanifold of R™ (see e. g. |5, Ch.VIIIL,9] for the
general theory). However, the global stable manifold (0, () is not necessarily a
submanifold of R™ and the general manifold concept (see Definition 3.5) is needed.
A common procedure is to write

(4.78) W,(0,¢) = U @(W(0,0))

and to define the chart in a neighborhood U of some ®_1(vg), T" > 0, by applying
the local chart in WY (0, () to ®7(U).

We mention that (4.74) characterizes only the intersection of the local stable
manifold with the product neighborhood V; & V,,. It is possible to arrange that
V =V, @ V,. However, this requires a rather careful geometric construction and
is not needed for our application.

Finally, let us formulate the analogous result for the local unstable manifold which
holds unter the assumptions of Theorem 4.7. This result can be obtained by
reversing time in (4.71) and then applying the stable manifold theorem.

There exists h, € C*(V,, x Zy,V,) with the following properties:

(i) for every v, € V,, ¢ € Zy the boundary value problem

"= f(v,¢) on (—o00,0]

(Y
(4.79) Pw(0) = v, v(t) €V forall t<0

has a unique solution v(-, v, ¢) € C**1((—o0,0], V).
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(ii’) For all v, € V,,, ¢ € Z,,
(4.80) v(0, vy, ¢) = vy + hs(vy, (),

{'Uu + hs(vua g) S0y € Vu} = WX(QC) N (V; S5 Vu) =

WS e VB Ve @00, Q) €V VI 0, Tim @y(00,0) = 0},

(iii") There exist constants K, > 0 such that for all v, € V,, and ¢ € Z,

(4.82) lv(t, v, Q)| < K €™, t <0,
(4.83) D,hs(0,¢) =0,
(4.84) |D?h(v,, ¢)| < K (in case k > 2).

Proof of Theorem 4.7. We apply the parameterized Lipschitz inverse mapping The-
orem 8.3 with the following settings:

X =Cy([0,00),R™),  [[vllx = [[v]loo + V']l

Y =Cy([0,00), R™) x X, (1, vs)ly = [I7lloo + [J0sll;

AN=Zyx Vs, A= ((0)),

LAy =(v" = Dy f(0, v, Paw(0)),
F(v,A) =(Dy f(0, v — f(v,¢), —v)).

Let us first show that the assumptions (i)-(iii) of Theorem 8.3 are satisfied for
suitable constants 4, ¢, p.
Assumption (i): Let A = A(¢) = Df(0,¢) for ¢ € Z. In the following we

will suppress the dependence on ¢ € Z whenever appropriate. A solution v €
CL([0,00), R™) of the initial value problem

(4.85) v+ Av =1 € Cp([0,00),R™), Pw(0) =vs € X,

is given by the formula
(4.86) v(t) = exp(tA)vs —|—/ G(t,s)r(s)ds, t>0
0

with the Green’s function

~Jexp((t —s)A)P;, 0<s<t,
(4.87) Gt ) = {exp((t —s5)A)(Ps—1), 0<t<s.

By Proposition 4.5 there exist constants K, a > 0 such that for all 7 > 0,( € Z,
(4.88) lexp(TA)Ps|| + |lexp(—TA)(Ps — I)|| < Kexp(—ar).

Because of these estimates the integral in (4.86) exists and the following estimate

holds
ol <k (exp-anlfo + [~ expl-alt = s)lluds
0
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2
<K (wxa(-allel + 21rl)

It is not difficult to verify that (4.86) actually solves (4.85). Then from the differ-
ential equation we find

[V @O < [[Alloo,zo[[0@I] + Ir (Nl 1 Alloo,20 = sup | A(O)]]-
{eZo

We have shown that v € X holds and satisfies the estimate
2
lollx < €lirlloo + llvsll),  €=1+ K1+ [|Alloc,z,)Max(, 1).

It remains to be shown, that v is the unique bounded solution of (4.85). Since the
problem is linear it is enough to show that any solution w € X of the homogeneous
problem (4.85) is trivial. For this purpose, first note that

w(t) = exp(tA)w(0) = exp(tA)(I — Ps)w(0).
Since the projectors commute with A we obtain from (4.88)
I(Z = P)w(O)l| =[[(1 = Po)*w(0)[| = (I = Po)exp(—tA)w(t)]|
=llexp(—tA) (I — P)w(t)]| < Kexp(—at)||lw]|c.

Since w is bounded this shows (I — P)w(0) = 0 if we let ¢ — oco. Therefore,
w(t) = exp(tA)(I — P;)w(0) = 0 holds for all ¢ > 0. O

5. Stability of travelling waves in parabolic systems

In this chapter we study the stability of relative equilibria with respect to per-
turbations of initial data. This will not be done in the abstract framework of
Section 3.5. Rather we will work with an Abelian Lie group which simplifies the
analysis considerably. We will partly follow the approach in [18, Ch.4] where our
main application is to travelling waves in parabolic systems as in Section 2.3. The
equivariance of the evolution equation implies that the linearized operator of the
comoving frame equation (3.3) has eigenvalues on the imaginary axis. The dimen-
sion of the corresponding invariant subspace is at least the dimension of the Lie
group. In the Abelian case there is only the zero eigenvalue.

A key assumption of the nonlinear stability theorem requires the linearization to
have no further eigenvalues on the imaginary axis and all other parts of the spec-
trum (essential or point spectrum) to be in the left half plane and strictly bounded
away from the imaginary axis.
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The subsequent sections will therefore be devoted to the spectral theory of second
order differential operators on the whole real line.

5.1. Stability with asymptotic phase. As in Section 2.3 we consider a para-
bolic system

(5.1) up = Atz + f(u), c€R, >0

with A € R™™ positive definite and f : R™ — R™ sufficiently smooth. Moreover,
assume that there exists a travelling wave solution

(5.2) u(z,t) = v(x —ct), reR, t €R,

where v, € CZ(R,R™) and

(5.3) lim 0,(§) = vy, f(ve)=0.
E—+o0

Then v, is an equilibrium of the comoving frame equation (3.3) from Section 3.1,
(5.4) vy = Avge + cve + f(v), E€R, £ >0,
(55) 'U(', O) = Ug.

Definition 5.1. The travelling wave (v,, ¢,) is called

— orbitially stable w.r.t. a norm || ||y in a Banach space Y iff the fol-
lowing condition holds: for all € > 0 there exists § > 0 such that every
solution v(-,t) of (5.4), (5.5) with uy — v, €Y, |Jug — vi||ly <0 satisfies

(5.6) inf [Jo(-,t) —v(- —=Y)|ly <e Vt>0,
vER

— asymptotically stable with asymptotic phase, if it is orbitally stable
and for any ug with ||ug — vi|ly < 9 there exists v = vy(ug) € R such that

(5.7) [|(v(-,t) — ve(- —y(wo))|ly = 0 as t — oo.

Note that we did not specify Y yet.
Suitable function spaces will be Y = H}(R,R™) or Y = CL ., (R,R™). Moreover,
we defined stability in terms of the transformed equation (5.4). For the original
equation with

v(&,t) = u(€ + i, t),

condition (5.6) translates into
e > inf ||(0(+ ety ) — (- — Il = Inf [l 1) — 0 — )]y,
vER vER
and
Hu<'7t) - U*(' — it — ’}/<U0))||y —0 as t — oo.

Before starting the general theory, let us make some heuristic arguments that pave
the way for the theory.
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1. Asymptotic behaviour of v, By Lemma 2.6 the function w, = (z,*) is

*

an orbit connecting w_ = (”0‘ ) to wy = (Ug ) for the system

(5.8) w' = G(w) = (_C*A—l w2w_2 A-! f(w1)> '

We have the Jacobians
(5.9)

D6 = (s Dy —erir) PO = (Laa Dy —elhr):

Our first lemma guarantees hyperbolicity of DG (w4 ) uniformly in some
parameters.

Lemma 5.2. Suppose the matrices A, B € R™"™ satisfy
(5.10) 2" Ar >0>2"Bxr Yo eR™, z#0.
Then there exists € > 0 such that the matrixz family
(5.11)
M= ,° Im AP =7 I+ (1= 1A, 7 € [—&,1+¢]
) —A<T)_1B _CA(T)—l ) m ) )

satisfies the assumptions of Proposition 4.5 with { = (1,¢), Z = (—e,1+
g) x R. The corresponding projectors Ps(¢) and P,(¢) = I — P4(¢) both
have rank m.

Proof. Take € > 0 such that for all 7 € [—2¢,1 + 2¢]

(5.12) 2T A(T)r = 7272+ (1 — 7)a" Az > 0 for all z # 0.
Let A € C be an eigenvalue of M(7,¢) with eigenvector (z) € C*™ then
we find form (5.11)

(5.13) y=Ax, (\A(T) + cAlL, + B)z = 0.

Note that (5) # 0 implies  # 0 in this case. Equation (5.13) is the

characteristic equation of the differential operator
Lv=A(T)v" + ' + Bu.
Suppose that (5.13) holds for some A = iw, w € R and
x = x1 + 1 Ty, then multiply by 27 and take the real part
0= —w? (2l A(T)zy + 21 A(T)2s) + 2T By + 21 Ba,.
However, the right-hand side is negative due to (5.10) and (5.12). This
proves condition (4.54) of Proposition 4.5. In order to determine the

common rank of Ps((), P,(¢), it suffices to choose the special parameter
set 7 =1, ¢ =0. Then (5.13) reads

(5.14) Mg = —Buz.
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Due to (5.10) the eigenvalues p; € C of =B, j = 1,...,m (repeated
according to multiplicity) satisfy Re p; > 0. Hence the quadratic eigen-
value problem (5.14) has eigenvalues \; . = =4,/i;, where (/- is the
principle branch of the complex square root. These eigenvalues satisfy
Re \j—- <0< Re A4, j=1,...,m, so that both projectors Ps, P, have
rank m. 0J

Lemma 5.2 applies to DG (w4 ) from (5.9) if
(5.15) e"Df(vs) 1 <0 Va #0.

Remark 5.3. In the gradient case (4.41) this condition holds if the Hes-
sians D?*F(vy) = Df(vy) are negative definite, i.e. v are local minima
as in Theorem 4.3.

From (5.15) we infer that wy are saddles of (5.8). Then the Theorem
4.7 on stable and unstable manifolds shows that for suitable constants
Cn>0

w.(§) —wi| < C e, £>0,

(5.16) lw, (&) —w_| < C e, € <0.

For the original wave v, this implies
(5.17) 0(6) —vz| + LIS Ce ™ £ eRy.

Moreover, we obtain for £ € Ry

()

= |G(w.(£), ¢x) — Gws, ;] < Clw,(€) —wy| < C e el

wi (§)] = = |G (w,(£), c)|

Hence, also the second derivative v!(§) decays exponentially. If v, €
C*(R,R™) one can proceed in this way and conclude

(5.18) WO <C e for E€Ry, j=1,...,k

In particular, the derivatives v9 lie in the Sobolev spaces WE=IP(R R™), p €
Nforj=1,... k.

2. The linearized operator
The linearization of (5.4) at v = v, is

(5.19) vy = Lv = Avge + c,ve + D f(v,)v.
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We expect this equation to govern the dynamics of (5.4), (5.5) close to
v,. For example, let

Uy = Vs + vo, V(+,t) = vy +w(-, 1)
for vy, w(-,t) small. Then we find
Uy =W = Alsge + i Vsg + f(00) + A wee + ¢, we + f(ve +w) — f(vy)
=L w4 flu.+w)— flv) = Df(v)w
=L w+ R(w,v,),

and we expect the remainder R(w,v,) to be small if w is small. Differen-
tiating the equation

(5.20) 0= Av,ge + cupe + f(ve(§)), €€R
with respect to £ we obtain
(5.21) 0= A(Vsg)ee + (Vug)e + Df(0:(€)) Vs = LUy,

Hence v, ¢ is in the kernel of £ in any reasonable function space, compare
the exponential decay (5.17), (5.18).

Another way to derive (5.21) is to note that v, (§) = v, (§ —7), £ € R
solves (5.20) for all v € R and then differentiate with respect to v at
v = 0.

The eigenvalue zero of L is the reason why we cannot expect asmptotic
stability in the classical Lyapunov sense but only asymptotic stability
with asymptotic phase.

Our final example shows that the kernel of the linearized operator may have di-
mension > 1 if the Lie group of equivariance has dimension > 1.

Example 5.4. Consider the comoving frame equation (2.87) for the cubic NLS,
(see Example 2.26, (2.80), (2.83))

(5.22) Up =0 Upy + 1 |ulu,

given by the ansatz u(z,t) = e~ v(z — c,t,t) as follows

(5.23) Uy =1 Vg + GV + 1 0,0 + 1 o).

Equation (5.23) has a two—parameter family of equilibria

(5.24) v(€) = c3 V2 explicy€) sech(csé), ¢, = 2¢, 0, = —c3 — 2.
Since the right-hand side of (5.23) is equivariant with respect to the action
(5.25) [a(v1,72)0)(2) = e Moz — 72),  €R
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the whole family

(526) U*</717 /72) = a(717 72)0*7 v S R2
yields equilibria of (5.23).
Let us write (5.23) as a real system with the settings

1 0
(vl) - J(Ul) te, (vl) +0*J(v1) 1 (_UQ |v|) = Lov + R(v).
v/, ve/ . va ), Vs v |Vl

5.2. Spectral theory for second order operators. The previous considera-
tions suggest to study the spectrum of second order operators

(5.27) Lu = Aug, + B(x)u, + C(x)u, v € R, u: R — R™,
where

(5.28) AeR™ oT(A+ ATz > ag |2|*> Vo € R™ for some ag > 0,

. —1
v = v + v, |v\2:vf+v§,J:(0 )

(5.29) B,C € Cy(R,R™™),

(5.30) B(z) — By, C(x) - C1 as = — +00.

Note B = ¢ 1, C(x) = Df(v.(z)), Cyx = Df(vy) in the traveling wave case.
Consider
L:DL)CcX—X
for the cases
D(L) = H*(R,R™), X = L*(R,R™),

D(L) =C? (R, R™), X =C° (R, R™).

unif unif

Definition 5.5. Let X be a Banach space and
L:DL)CcX =X
be a linear operator.

(i) L is called closed, if
(D(L) > up, »ueX, Lu, =1 (n— 00)) implies
u€eDL), Lu=r.
(ii) Let L:D C X — X be closed.
The resolvent set is defined by
p(L)={s€C:sl —L:D(L)— X is bijective and there exists K >0

with ||(s = £)™" hllx < K [h]]x}.
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Further we define:

spectrum: o(L) =C\ p(L),

point spectrum: 0,(L) = {s € o(L) : sI — L is Fredholm of index 0 and s is an
eigenvalue of finite algebraic multiplicity},

eigenvalues: s € o(L) with N(sI — L) # {0},

algebraic multiplicity: alg(s) = sup dim N((sI — L)),
keN

essential spectrum: o (L) =0 (L) \ 0,(L).

Example 5.6. X = C[0,1], || ||lx = || llos Lu = au, a € C[0,1] with a strictly
monotone increasing. Then we have

p(L) =C\ [a(0),a(1)], 0,(L) =0, oess(L) = [a(0),a(1)].

Suppose there exists u € X, s € [a(0),a(1)] with au = Lu = su. This yields
u(z) = 0 for z € [0,1]\ {Z} where a(z) = s. Since u is continuous we obtain u = 0.
Hence there is no point spectrum.

If £ is closed, then D(L) becomes a Banach space with respect to the graph norm
(5.31) ullpiey = lullx + [l Lullx, v e D(L),
and L : (D(L), || ||pwy) = (X, ] ||x) is bounded.

Lemma 5.7. Let (5.28), (5.29) be satisfied. Then
L=A0+ Bd, +C:D(L) = H*(R,R™) — L*(R,R™)

15 closed.
Moreover, there exist g, Cy,Cy > 0 such that for all

s€Qy={seC:ls| >Cy, |arg(s)| <7m/2+ e},
the equation (sl — L)u=h+ g,, u€ H?, he L* g€ H' implies

1
2 2 2
s|ul|® =+ |uzl|* < Cr(llgll” + —

[ [l * + Is] [ual* + [uaal * < CLIRI + 1| 1g]1* + [1g2]1%).

111%),
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Proof. Let us first show that (5.32) implies closedness of £. Suppose Lu,, = h,, — h
in L?, u, — uin L% Pick sy € Qy and observe
(5.33) (soI — L)un = soty, — hy — sou — h in L?.
Then by (5.32)
|50|2 | — um||2 + [s0| [|tnqz — um7a:||2 + [|tn,ze — um,xﬂc||2
< Cillso(n = tm) = (hn — hu)|*.
Hence u,, is a Cauchy sequence in H? and for some u € H?
||tun — ||z — 0.

Since u,, — w in £* we obtain u = u € H?, ||u, — u||gz — 0.
Therefore, from (5.33)

sou —h = lim (sol — L)u, = sou — Lu and Lu = h.

n—o0

a-priori estimate
Let (sI—L)u=h+g,inR, u € H? he€ L? ge H'. Multiply by v and integrate

(u, su) — (u, Augy) = (u, Buy) + (u, Cu) + (u, h) + (u, g).
Use integration by parts (note that Cg° is dense in H* k > 0) and obtain
(5.34) s|[ul)? + (ug, Auy) = (u, Bug) + (u, Cu) + (u, h) — (ug, g).
In the following we frequently use Young’s inequality
1
(5.35) ab§%a2+—b2 VabeR, a>0.
Q@
Take abolute values in (5.34) and find
[s] Hull* < [ Allse Tuall* + [1Bllso [lul] lusl| + [IC]lsc ||ull®
(5.36) el 110]] -+ [l gl
1
< Kollual|* + Kallul[* + [[ul 12l + 5 [lgll*

Take the real part in (5.34),
Re s [[ull* + aollus|* < ||Blloo Jull [Jual| + IC1lol [l + lull 1] + [[uall [lg]]

«
e e

1
1 — ||BI[% [lul®
Qo

Qp 1
+11C oo [1ull” + [l 117+ = Tual*+ — [lgll*
Qo

We obtain
Qp 1
(5.37) Re s [|ul]® + 5 o[> < Ko [|ul]? + [Jul| ||B]] + o gl I
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Case 1: Re s > [Im 5|, Re s > 0, |s| > 2 V2 K.
Since 0 < Re s < |s| < /2 Re s, equation (5.37) implies

5] 2, Qo 2 ‘ ‘ 2 2
— Ul + = Jug||” < +—
El 2, o 2 2 \/_ 2

Case 2: [Im s| > Re s > 0.
Use (5.37) in (5.36) and note Re s > 0,

2[|All
|| [Jul|* < =
Qo

5.38 1
539 K [l + llull 18]+ 5 gl

< Ks(lull* + [Jull [IR1] + llg]*)-

Take |s| > 2 K3, then K3 < % and

5]
s el < 57 Il + Ksllg]* +

[[]?

E 2 2
R < K

(5.39) ).

Insert this into (5.37), take |s| > 4K,

5]

0
< Muall® < Ko [Jul* + Z

5]

|s] 2, 2, |1 2
§— U hll*+ —|lg
S P+ P + =l
p]]*, | 1 1
< 2Ky (|9l + =) 4+ = |ul]? +
|| ||
e
< Ks(=—+1lglP).

5]
Combining this with (5.39) yields (5.32).

Case 3: Re s <0, |Re s| <e|lm s|.
Take the imaginary part in (5.34) to find by (5.37)
[ s] [ ful[* < [[Allso Hfuall* + K llul|* + [[ul] [[A]] + 5

2
< [[Allo —

sl
t17%

Is|
7 |l 2

2+ Y2

5] 1A%,

(5.32)).

1
(K Jul® + [[ull [[PI] + — [lg]*)
(&%)

5] IIhII2

1 1
[lul + — 12" + — llgl”
Qy

— gl
0

Hgl|2

- ([Re 4 IIUI|2+K2|IUI|2+I|U|I ||h||+— l1g11%).
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For ¢ O% ||A]|oe < 3 we end up with

s [ful[* < Ko([ful* + [[ul] [2]] + [g]]*)-

Since
ls] < (1 +52)1/2|Im s,
we obtain
(5.40) [s| [Jul|” < Ke(1+ ) (| |ul® + [[ul] [|R] +[|g]])-

Now we proceed as in case 2 after (5.38).
Finally, (5.32) and (s — £L)u = h + g, imply by (5.32)

oo [* = || = A (=su + Bug + Cu+ h+ g,)|?
< Kx(|s® [[ull® + [Jue|[* + [16]1* + [12]1%)
< Ks(Is| [lgl1* + 1811 + 211" + g2 ]1)-

Combining this with the first part of (5.32) shows the second part of (5.32). [

Remark 5.8. FEquation (5.32) implies that there exists K > 0 such that
lullzn < K(|lgl” +[IR[]*) ¥ s € Qo

In particular, there are no eigenvalues in €y. We will later show that sI—L, s €
is indeed Fredholm of index 0. Then (5.32) implies Qo C p(L).

5.3. Fredholm properties and essential spectrum.
5.4. Linear evolution equations with second order operators.

5.5. The nonlinear stability theorem. sce [8, Ch.4.2|, [14, Ch.5.4], [18], [26]
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6. Numerical analysis of travelling waves
7. Travelling waves in Hamiltonian PDEs

8. Appendix

In this appendix we summarize various results from functional analysis and its
applications which are used throughout the text.

8.1. Linear functional analysis. We assume that the reader is familiar with
standard concepts from linear functional analysis as in [3], [29], for example. Here
we collect some extra results that are useful when transforming matrices resp.
operators into block diagonal form.

Lemma 8.1 (The Sylvester equation). Let X, Xy be Banach spaces and Ay €
L[X1, Xq], As € L] Xs, Xs]. Then the Sylvester equation

(81) A1P - PA2 = R € L[XQ,Xl]

has a unique solution P € L[Xo, X1] for every R € L[Xy, Xi] if the spectra of Ay
and Ny are disjoint.

Proof. Since the spectra o(A1) and o(As) are compact and disjoint we find a simple
closed contour I' C C which has o(A;) in its interior but has o(A2) in its exterior.
Then we claim that

1
(8.2) P=— [ (2 — A 'R(zI — Ay)Hdz
271 r
solves (8.1). Equation (8.2) is also known as Rosenblum’s formula, cf [28]. In
fact, insert P from (8.2) into (8.1) and use the resolvent identities A;(z] —A;) ™! =
—I+2(2I —Aj)™', 5 =1,2 to find
1 1
AP —PAy=— | —R(zI — Ay) " 'dz+ — [ (2] — Ay) 'Rdz
21 Jr 21 Jp
By Cauchy’s theorem the first integral vanishes since (21 — Ay) ™! is holomorphic in
the interior of I'; and the second integral gives R since the complete spectrum of A4
lies in the interior of I'. As for uniqueness, suppose that P € L[ X5, X;] solves the
homogeneous Sylvester equation (8.1). Then we obtain (z/—A;)P—P(zI—As) =0
for all z € C and hence

Pzl — Ay) = (21 — A)7'P VzeT.
By integration we find

1 1
P=— [(2I —\N)'Pdz=— | P(zI — Ay)"'dz=0.

21 Jr 21 Jp
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Under the assumptions of Lemma 8.1 the so called Sylvester operator

S {L[XQ,Xl] — L[X,, X1],

8.3
( ) P — A1P — PA2

is a linear homeomorphism. The boundedness of S~! follows from the inverse
operator theorem but may also be read off directly from Rosenblum’s formula
(8.2). The inverse of its norm

(8.4) ||3_1||Z[1L[X2,X1},L[X2,X1H = sep(Ar, Az)

is also called the separation of A; and A, see [12, Chap.7|. Take, for example,
a perturbed pair M; € L[X;, X;| satisfying ||M; — Ai|| + ||M2 — As|| < e. Then
the perturbed operator S.P = M; P — P M, satisfies ||S — S.|| < e. By the Banach
Lemma &, is invertible provided e < sep(Ay, As) and the inverse satisfies

The quadratic extension of the Sylvester equation is the Riccati equation.

Lemma 8.2 (Riccati equation).
8.2. Semigroup theory. [20], [23], [14]

8.3. Sobolev spaces. |[1]

8.4. Calculus in Banach spaces. The following result is a parameterized ver-
sion of a Lipschitz inverse mapping theorem

Theorem 8.3 (Parameterized Lipschitz inverse mapping theorem). Let X,Y, Z be
Banach spaces, let Bs(0) ={z € X : ||z|| <d},0 >0 be a ball in X and let A C Z
be open. Further, let operators
LeCHA LIX,Y]), FeCHBs0)xAY), k>0
and constants £ > 0,p > 0 be given with the following properties:
(i) The maps L(\) € LI X, Y], € A are homeomorphisms and

(8.5) ILOA) iy <€ VA e A
(ii) For all 1,29 € Bs(0) and A € A
(8.6) [F (21, A) = F (2, M| < pllay — 22l
(iii) The constants satisfy pt < 1 and
(8.7) IEO,N]| < (0 —p)d VAEA.
Then the equation
(8.8) LNz + F(x,\) =0

has a unique solution x = x(\) € Bs(0) for each A\ € A and the solution func-
tion satisfies x(-) € C*(A, Bs(0)). Moreover, the following inequality holds for all
x1,29 € Bs(0) and X\ € A

14

8.9)  llor = 22l < T IL(A 21 + Fl21, A) = (L(A)22 + Flaz, A))]l-
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Proof. Let us rewrite (8.8) as a fixed point equation

(8.10) v =—L\)'F(x,\) = T(x,\).
From (8.5) and (8.6) we have for all x1, x5 € Bs(0), A € A
(8.11) [T (21, A) = T (g, || < EF (1, A) = Faz, M| < Lpllay — 2]

Using this and (8.7) shows that for all = € Bs(0),
1T (e, I <ITO, M+ 1T (2, A) = T(0, M|
<U[F(0, )] + Lol =]
< = p)d + €pd = 4.

Hence T'(-, \) maps Bs(0) into itself and is a contraction with constant ¢ = ¢p < 1.
Thus (8.10) has a unique solution xz(\) € Bs(0) for all A € A. Moreover, from
(8.5),(8.6), we obtain the following estimate for all zq, x5 € Bs(0), A € A

s — 2| <llay = Ter, A) = (@2 — T(aa, V)| + [T, A) = T, V|
<ULy + Fle1,3) = (LN + Flas, V)| + plllay — 2]

which implies (8.9). Setting x; = 0,29 = () in (8.9) yields

l
(8.12) lzMI = _fpllF(O,)\)Ha Ae .
In case k = 0 we also obtain continuity of x(-) at A\g € A from (8.9)
o) = o)l ST ONoha) + Fa(ha) V)
- ! 7120 = LO0)0) + Fla(ha), A) = F(a(30). M)l

By the continuity of L and F', the right-hand side converges to zero as A — \g. In
case k > 1 the C*-smoothness of x(-) follows as in the implicit function theorem
for Frechét differentiable functions. For completeness we indicate the first step.
Assuming z(+) to be differentiable in A, we find from differentiating the equation

0=L(N)z(\) + F(z(N), ), €A
formally

0 =(DL(A)h)x(X) + LN)Dx(A)h + D F(x(N), \)Dz(N)h
+D\F(x(\),\)h forhe Z.

Hence we expect the derivative dy := Dx()\g) at A = )¢ to satisfy the equation
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With (8.5),(8.6) one shows that the operator L(A\g) + D.F(x(\o), \o) € L[X,Y]
on the left of (8.13) is a linear homeomorphism, and then defines dy € L[Z, X] via
(8.13). With this definition one continues to show

(Ao + h) — z(Xo) — doh = o([[L]), h € Z,

which proves that Dz()\) exists and coincides with dy. Higher derivatives are then
obtained by further differentiation of (8.13). O

8.5. Analysis on manifolds.

8.6. The Gronwall Lemma.
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FIGURE 2.8.
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FIGURE 2.9. Pulse in the Korteweg-de Vries (KdV) equation: ¢ =1
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