OQE - PROBLEM SET 9 - SOLUTIONS

Exercise 1. Let F : R? — R be defined by (z,y, 2) — F(z,y,2) = 2% — y? + 23.
(a) We want to determine the triples (6,3, z) for which F(6, 3, z) = 0. We impose

0=F(6,3,2) =369+ 2%=27+423

and therefore F(6,3,2) = 0 if and only if 2% = —27. Tt follows that the only element
(6,3, 2) of R? satisfying F(6,3,2) = 0 is (6,3, —3).

(b) We claim that F induces an implicit function in the indeterminate z. Indeed,
the function g : R — R, defined by z — 23, is a bijection and thus, for any choice
of (z,y) € R?, there exists a unique z € R such that z = g~ '(—z2 + y?). In other
words, for each (z,y) € R, there exists a unique z such that F(z,y, z) = 0, namely
z=g ' (—2® +y°).

(¢) We compute partial derivatives of z = z(z,y) at the point (6,3). We recall that

z=2(z,y) = (2% +y?)'/3

and thus we have

02(6.3) = (527 +4) 7 (-20)) (6,3)

2z
= (*W)W’)
12
R
4
e

and also

L 19?0 (2)) (6,3)

2
= (3(—x2 _gyz)z/?, ) (6,3)
6
3(—36 + 9)2/°
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Exercise 2. Let F : R* — R be defined, for each (z,y, z) € R3, by
F(z,y,2) = 2* + 22 cosy + sin 2.

We claim that F'(z,y,z) = 0 defines z as an implicit function of z,y in a neigh-

bourhood of x = y = z = 0. Indeed, the gradient of F' is equal to
VF = (42® 4+ 2 cosy, —2xsiny, cos 2)

and, since %—5(0, 0,0) = 1 # 0, Theorem 2.7.4 yields the existence of open neigh-
bourhoods U in R? and V in R, respectively of (0,0) and 0, and of a function
g : U — V of z and y such that, for all (z,y,2) € U x V, if F(x,y,z) = 0, then
z = g(x,y). From Theorem 2.7.4 we know in addition that

oF OF OF

Vg(0,0) = —5-(0.0,0)”* (%(0,0,0), a—y(0,0,0)) — (~2,0).

Exercise 3. Let F:R3 — R be defined by
(z,y,2) = F(z,y,2) = 23 + 3y* + 4a2* — 322y — 1.

We want to determine, for given (xg,yo) € R?, if the equation F(z,y,z) = 0
defines z as an implicit function of z,y in a neighbourhood of (z¢, yo). We look at
the equation 0 = F(xg, Yo, 2) = o3+ 3y2 +4x02% — 322y — 1, which can be rewritten
as

(4wg — 3yo)z? = 1 — a3 — 3y2.
As a consequence, a necessary condition for (z, yo, z0) to be a zero of F' is that

(4o — 3yo)(1 — a5 — 3y5) = 0.
We look at the following cases:

(a) (zo,y0) = (1,1);

(b) (w0,90) = (1,0);

(¢) (zo,y0) = (1/2,0).
(a) In this case (4o — 3yo)(1 — 3 —3y3) = —3 < 0, so there is no zp € R such that
F(x0,y0,20) = 0. In particular, z is not an implicit function of x and y.
(b) In this case, the unique element zy € R such that F(zg,yo,20) = 0 is zg = 0.
We claim that there is however no triple (U, V, g), with U an open neighbourhood
of (z0,%0) in R?, with V an open neighbourhood of 2y in R, and g : U — V a

function satisfying

(z,y,2) €U XV with F(z,y,2) =0= 2z = g(z,y).
Assume by contradiction that such a triple (U, V, g) exists. Then, for each (z,y) € U
and z € V satisfying F(z,y,z) = 0, one has

o 1—a% -3y
dr — 3y

22 = g(z,y)
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However, if (z,y) € U is such that % =% 0, the last equation gives rise to
21,22 € R\ {0}, with z; = —zg, such that 0 = F'(z,y, 21) = F(z,y, z2). Contradic-
tion.

(c) Set zg = +/7/4. Then we have

1 7
F(Io,yQ,ZO):g—‘rg—l:O.

In view of Theorem 2.7.4, we compute

VE(z,y,2) = (32% 4+ 42%,6y — 322,812 — 62y)
and therefore, since %—5(1/2, 0,1/7/4) = \/T # 0, there exist open neighbourhoods U
and V, respectively of (z,y0) and 29, in R? and R and a continuously differentiable

function g : U — V such that, if (z,y,z) € U x V is such that F(x,y,z) = 0, then
z = g(x,y). To compute Vg(1/2,0) we rely on Theorem 2.7.4 and compute

Vg(1/2,0)

OF L /OF OF
~5-(1/2,0,V7/4) 1(%(1/2,0, \ﬁ/4),a—y(1/2,0, f7/4)
:_ﬁ(E 21)

4’ 16
VT 217

Exercise 4. Let x,y,u,v € R and consider the system
utzeYy+v=e—1
x4 evtv? y=e !

We prove that the given system defines v and v in terms of x,y around the point
(1,1,—1,0). To do so, we define additional functions Fy, Fy : R* — R by means of

(x,y,u,v) = Fi(z,y,u,v) =u+zey +v—e+1

and also
(‘rayvu7v) — FQ(JJ,Z],U,, U) =+ eu+U2 - Y- 6_1'

We then write F' = (Fy, F5). As we want to apply Theorem 2.7.4, we compute

Yy Yy 1 1
DF(2,y,u,v) = [ e ]

1 =1 euwt?® 2peut’
and so, if we restrict to partial derivatives with respect to v and v, we get

oF 1 1
det =——(1,1,-1,0) =det | | 0
e

_
d(u,v) = 70

Thanks to Theorem 2.7.4 there exist U and V open neighbourhoods in R?, respec-
tively of (1,1) and (—1,0), and a function g : U — V with the property that

(z,y,u,v) € U xV with F(z,y,u,v) =0= (u,v) = g(z,y).
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Moreover, thanks to Theorem 2.7.4, we can also compute

dg oF

_ o -1
8(1‘,:[/) (171) - 8(’(1,,1}) (Lla 170)

I
\
| —|
(9]
| =
—
o =
1
|
—
| — |
_ o
[
—_
[ SR

Exercise 5. Let f: R? — R? be defined by (z,y) — f(x,y) = (z + %,y +e7%).
We claim that f is everywhere locally invertible. In view of Theorem 2.8.1, it
suffices to show that, for any choice of (z,y) € R? the determinant of the matrix

1 eY

—e 1

Df(x,y) = [

is different from 0. For each z,y € R, we compute det D f(x,y) = 1+ e~ e and so,
since the image of the exponential is contained in Rq, we have det D f(x,y) > 0.
This proves the claim. Let now U and V be open neighbourhoods in R?, respectively
of (1,—1) and f(1,—1) = (1 +e 1, —~1+e7!), and let g : V — U be such that
go fiy = idy. Thanks to Theorem 2.8.1, we can compute

Dg(1+e ', ~1+e Yy =Df(1,-1)7"

1 —e !
e ! 1 '

Exercise 6. Let f: R? — R? be defined by (z,y) — f(z,y) = (e® cosy, e®siny).

We claim that f is locally invertible everywhere, but it is not globally invertible.

1+e2

We start by showing that f is not globally invertible. A necessary requirement
for f to be invertible is that f is injective: this is not the case as, for example
f(1,0) = f(1,27). We now show that f is locally invertible everywhere. To do so,
for each (x,y) € R?, we compute

e*cosy —e siny

det D f(z,y) = det l ] = e?(cos® y +sin?y) = €2* > 0

e’siny e*cosy
and so, thanks to Theorem 2.8.1, the function f is locally invertible everywhere. In
particular, there exist open neighbourhoods U and V in R2, respectively of (0,0)
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and f(0,0) = (1,0), and g : V' — U be such that go fjy = idy. Fix such a triple
(U,V,g). Theorem 2.8.1 yields

Dg(1,0) = Df(0,0) " = Ll) ﬂ = Ll) ﬂ :



