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The scalar nonlocal problem

@ We study scalar stationary nonlocal problems formulated as:
Given b, find u satisfying certain volume constraints such that

L(u)(x) = b(x),  x€Q,

where the linear nonlocal operator L is convolution type and
is given by

@ Here 6 = QU BQ where Q ¢ R?, a bounded domain with a
nonlocal boundary B%Q.

@ We focus our attention when C is radial, locally integrable,
compactly supported and C(r) > 0 on [0, 9).
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Hilbert Space setting

@ The linear operator
L:2(Q) — L%(Q)
is bounded and self-adjoint, i.e.
[Lulli2 < Cllul|,2

This is so because the operator is convolution type and C is
locally integrable. -
@ So given a closed subspace V of L2(Q), if we show that

_ 2
(Lu, U)L2(§) > )\HUHLZ@), forallue V
for some A > 0, then for any b € [%(Q) the equation Lu = b

will have a unique variational solution.
@ Indeed, the solution is the minimizer of

min _ E(u), E(u) = (Lu,u);2 — (b, u)2
ueVCL?(Q)
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Write the weak form:
Given b € L2 find u € V such that

a(u,v) = (b,v) Yv eV,

where the bilinear form

a(u,v) = —/Q{/Q C(x,x') [u(x") — u(x)] dx'} v(x) dx'dx.

Rewrite a(u, v)

//crx—x (<)~ ubo)] () ~ v(x)] o dx

e the bilinear form a(u, v) is symmetric.

e a(u,u) = (Lu,u)2
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e Will give 3 closed subspaces V of L? for which Poincaré’s
inequality (coercivity) holds.

e The choice of V depends on the boundary condition imposed
and
o will hol for selected L! kernels.

@ On the way, we (asymptotically) quantify some quantities in
terms of the “horizon”: the smallest/largest eigenvalue, and
so, an upper bound for the condition number as reported in
(Aksoylu & Parks).
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Spaces of Solutions: V

@ Pure Dirichlet boundary condition for surrounding nonlocal
boundary:

Vyi={ve L2(6) ;v =0 on BQ}.
for B2 that surround ; say
BQ = {x € RY\ Q: dist(x,00) < 1},

@ Pure Dirichlet boundary condition for attached nonlocal
boundary

V3 :={vel?Q):v=0onBQ}.

B2 is attached to Q. Say Q = [0, 7] and BQ = (—1,0).
@ A zero average condition:

Wy = {v e 3(Q): /Qv dx = 0}.
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The spaces Vp, Vy are closed subspaces of L?(Q)

Indeed,
e if u, € Vp such that u, — u € L?(Q), then u vanishes on
B, so u e Vp.

o If u, € Vi such that u, — u € L?(Q), then the averages of uj,
also converge to the average of u. Hence u € Vy.
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The bilinear form is bounded

Lemma

The bilinear form a(-,-) is bounded on L2(Q) with the estimate

a(u, V) < ZBHUHLQ(E)HVHLQ(EY

where B :=sup = [= C(|x — x'|)dx’.
xeN JQ

v

0 < B < 0o because we assumed that C is locally integrable and Q
is bounded.
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proof of boundedness

Apply Cauchy-Schwartz.

]‘ ! / / /
-1 / / C(Jx — X)(u(x) — u(x)) (v(x) — v(x)) dx'd

{// C(Ix = x'|)(u(x) = u(x'))* dx’ dX}1/2
X {/Q/Q C(|x — x)(v(x) — v(x'))? dx’ dx}l/z

Now use the fact that C is locally integrable:

o) = 2 [ [ et dxdx}li
{// dxdx}/

< 25|

Vll2 g

2@ z@)
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The following is taken from the work of J.D. Rossi and
collaborators.

Lemma

If BSQ is surrounding, then there exists A = A(ﬁ, 9, C) > 0 such
that

Allal, g < a( u)+/myu(x)y2 dx Vue 2(Q).

Corollary

There exists A = A(ﬁ, 9, C) > 0 such that

< a(u,u) Yue V.

Remark: The continuity assumption is not used.
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Proof of coercivity

e Divide Q into strips {S;};>0 of thickness §/2. Denote BQ by
S_1.

@ show that there are constants «; > 0 such that

aj/ lul?dx < 2a(u, u) + / |lul?dx
2 /s S
@ Obtain the result from a cascade of inequalities.

aj = min/ C(x —x|)dx' >0
XESj ijl
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Well posedness of the problem

Theorem

The variational problem: given b € I (6) find u € Vp such that
a(u,v) = (b, v) for all v € Vp has a unique solution which satisfies
the inequality

lull 2 < Al[b]l 2,

for some constant A = \(§) > 0.
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Nonhomogeneous Dirichlet problem

As a corollary of the above we have the following. Let g € L?(BQ)
and define the closed and convex subset

Vg:{ueLz(ﬁ):u:g in BQ}

Theorem

The variational problem: given b € L2 (6) find u € Vg such that
a(u,v) = (b,v) for all v € V3 has a unique solution. Moreover,
the solution satisfies the inequality: the inequality

lull 2 < A([bll2 + llgll2),
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Other volume constraints

@ It is not clear if the previous argument is useful in proving
coercivity on the subspaces V3 and V.

@ Luckly, we can obtain the coercivity of a(-,-) on V3 and Vy
for kernels in L! satisfying some moment conditions.

@ This is possible using the nonlocal Poincaré inequality as
proved by A.C. Ponce.

@ The inequality is a consequence of the nonlocal
characterization of WP functions by J. Bourgain, H. Brezis
and P. Mironescu.
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nonlocal characterization of Sobolev spaces

Lets consider the sequence of radial functions p, satisfying the
following conditions:

pn >0 ace. ian, / pn=1 V¥Vn>1,
Rd

n—o0

and lim / pn(h)dh =0, Vr>D0.
|h|>r

Theorem (Bourgain, Brezis and Mironescu)

If u e W2(Q)

o | ’ / _ 2
nll—>r20// x|2 pn(|X — x|)dx' dx = Ky ]Vu] dx.
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Nonlocal Poincaré for zero mean functions

Theorem (A.C. Ponce, for p = 2)

Given n > 0, there exists ny such that

C r u(x
Hu||L2 6) pC // | (|X/ X|2 | pn(|x/ —Xl)dxldx

for all u € Vi and all n > ng.

v

Here cpcr is the best 'local’ Poincaré constant, that depend only on
Q.

™ nonlocal problem



Nonlocal Poincaré for functions vanishing on a subset

The following is our extension of the nonlocal Poincaré’s inequality
for functions vanishing on a subset positive measure.

Theorem

Given n > 0, there exists ng such that

2
C r
ol gy < (2 4 0) [ [ L= 2 5 (x — axa

for all u € V3 and all n > ng.

v

Here cpcr is the best 'local’ Poincaré constant, that depend only on
Q, and the size of BAQ.
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Special choice of radial functions

Let 7 : (0,00) — [0,00) be such that y(r)r?=1 € L} ([0, ) and
720, supp(y) C [0,2),
and/ y(r)rdtt dr = 1.
0

Then, a simple calculation yields that the sequence ps(r) defined by

1 r
i) = 535

satisfies all the required conditions.

[wq is a dimensional constant and is the surface area of the unit
sphere in R9]
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Choice for kernel functions

For the radial function

then C(r) €
Moreover,

1
// lu(x) = u(x)" X/‘z ps(|x —x]) dx’dx:ma(u, u).

L% [0,00) and satisfies a moment condition.
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Corollary (Coercivity and well posedness)

For C as above the bilinear form a(-,-) is coercive on V3 and Vy.

In fact, there exists 6o = do(Q,7) > 0 and A = A(ﬁ, do) such that
for all0 < 6 < g and u € Vj or Viy:

6T [, = < a(u, u).

Theorem

| \

For C as above, the variational problem a(u,v) = (b, v) for all
v e V with V = Vy or V = Vj has a unique solution which
satisfies the inequality

[ull 2 < Albl| 2,

for some constant \ > 0.

\
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Spectral Equivalence:

For C as above, there exist 6 > 0, A = A(Q, 60) and X = (v, d)
such that for all 0 < 0 < 69 and u € V3, V3, or V, we have

d+2 12 BV CATIE:
A0 ulf 5, = alu, u) < A6ull7, =

)

Recall the boundedness a(u, v) < 28| ul|||v|| where

@)

B < sup/ C(]x —x|)dx’ :/ C(|¥|)dx" R = diam(Q).
wca/ B(x,R) B(0,R)

The last integral can be estimated as

/
/ C(|x'])dx’ :/ ’y(m)dx' = wdéd/ v(s)s9tds < hoq.
B(0,R) 0

B(OR) 0
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examples of C

® ¥(r) = x(0,1)(r) C(r) = X(0,6)(r) [used in (Aksoylu &
Parks)]

o ¥(r) = r*x(o,1) for a > —d, where d is space dimension.
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Condition number upper bound quantified

If V, C V is any finite dimensional subspace and Kj, is the stiffness
matrix of the operator corresponding to V}, then

o cond(Kjy) < C672

@ This doesn't say cond(Kj) is independent of h, rather has an
upper bounded that is independent of h.
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Thank you!
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