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Local elasticity Nonlocal elasticity

The effect of long-range forces on the dynamics of a bar
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Static analytical solutions in 1D
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L

Example I: Initial value problem

Normalization

Solution

l= 1 l= 1/2 l= 1/8

For d << L the 
solutions converge. 

Plots

The effect of long-range forces on the dynamics of a bar
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Initial Conditions

A jump in the velocity field leads to a displacement discontinuity!

Example II: The Riemann-Problem

The effect of long-range forces on the dynamics of a bar
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Jump Conditions

General Balance (3D)

Momentum Balance

Field Equation

Jump Conditions

Momentum Balance (1D) Continuity (1D)

The effect of long-range forces on the dynamics of a bar
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Time-history of displacement jump

Rewrite Equation of Motion

with average stiffness

leads to

with solution

The effect of long-range forces on the dynamics of a bar
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Determination of nonlocal constitutive equations from 
phonon dispersion relations

Recap: 1D peridynamic equation of motion

with solution

Idea: invert dispersion relation to solve for
nonlocal constitutive equation / micromodulus function C(x)
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Determination of nonlocal constitutive equations from 
phonon dispersion relations

Determine constitutive model for the linear interpolation of a finite 
set of measured / calculated dispersion data ω(ki) = ωi

Longitudinal (red) and transverse (blue) 
micromodulus functions for Si
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3D analytical solution using FOURIER transforms

Equation of motion in (x,t) space

Equation of motion in FOURIER space (k,t)Joseph Fourier
(1768-1830)
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3D solution using FOURIER transforms

Equation of motion in LAPLACE space (k,s)

Applying the inverse transformation gives

with the GREEN’s tensor g

Pierre-Simon Laplace
1749 –1827
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Specializing to the static case with                       we find the solution

Sanity check: local elasticity solution (LOVE 1927)

How does this term look like
in non-local elasticity / peridynamics?

Augustus Edward 
Hough Love
1863 -1940

3D solution using FOURIER transforms
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Numerical integration for nonlocal case gives

• The non-local solution converges to the local solution for all x > 0.

• At x = 0 peridynamics predicts finite displacements.

Nonlocal peridynamics regularizes local continuum mechanics and thus 
avoids the numerical divergencies that occur at point loads, or a crack tip!

3D solution using FOURIER transforms


