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Abstract

Existence and uniqueness of solutions to initial value problems for a class of abstract
differential-algebraic equations (DAEs) is shown. The class of equations cover, in partic-
ular, the spatially semi-discretized Stokes and Oseen problem describing the motion of
an incompressible or nearly incompressible Newtonian fluid. Moreover, we derive explicit
solution formulas.
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1 Introduction

In this paper we study the solvability of operator equations of the form

M 0]d|wv A B v f
v laln Lo 210 o
on a time interval [0, 7] with linear operators M, A, B, C, D defined on appropriate Hilbert
spaces and with appropriate right-hand side functions f, g. Here, the time derivative is usually

understood in the distributional sense.
We are interested in solutions to initial value problems with initial condition

v(0) } [ Vg ]
= 1.2
[ p(0) Po (1:2)
where, if the solution does not exist in the classical sense at ¢ = 0 then the initial condition
is viewed in a generalized sense, see [15, 19].
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Since the coefficient matrix of the time derivative is singular, (1.1) is called operator
differential-algebraic equation (DAE) or abstract DAE [26].

Operator DAEs of the form (1.1) (with M = I, B = D,C = 0) arise in the functional
analytic formulation of the initial value problem for the Stokes as well as for the linearized
Navier-Stokes or Oseen equations [3, 24, 25] in which v and p, denoting velocity and pressure,
respectively, then are abstract functions mapping the time interval into appropriate spatial
function spaces.

The linearized Navier-Stokes equations, describing the motion of an incompressible or
nearly incompressible Newtonian fluid, have the form

0w — VAV + (Voo - V)V + (v V)voo + Vp = f in Qx(0,7)
Viv=0 inQx(0,7T). (1.3)

They arise from a linearization of the Navier-Stokes equations

ov—vAv+ (v-V)vo+Vp=f in Q x (0,7)
Viv=0 inQx(0,7)

around a prescribed vector field v. In what follows, we restrict to the case that vy is
independent of time. Note that if v is also independent of space then the term (v - V)vo
does not appear, and the equations are then called Oseen equations (see [23]). The equations
have to be supplemented by suitable initial and boundary conditions.

Operator DAEs of the form (1.1) also arise when the Oseen system is semi-discretized in
space via the method of lines [1, 21] using e.g. a finite element discretization in space [16, 21]
and a fixed point iteration to resolve the nonlinearity. Due to the convection term, in general,
in the fixed point iteration the resulting coefficient matrix A is nonsymmetric. Furthermore,
if the corresponding finite element spaces do not fulfill the discrete Babuska-Brezzi condition
[3, 10, 21, 22], a stabilization is needed which then leads to an additional term in (1.3). Also
quasi-compressible fluid flow [18] can be described by an additional term in (1.3).

Differential-algebraic (operator) equations are currently the standard modeling concept
in many applications such as circuit simulation, multibody dynamics, and chemical process
engineering, see [1, 2, 8, 11, 12, 13, 15, 20] and the references therein. They have a particular
advantage for the treatment of multi-physics models arising from modern automatic modeling
tools such as [7, 17] and as we have described, they arise in computational fluid dynamics in
the special form of the linear operator DAE (1.1).

In this paper we carry out the analysis for the finite dimensional case. In particular, we
study existence and uniqueness of (1.1). We review the classical theory for linear DAEs and
apply this theory to the specially structured system given by (1.1). Moreover, we present
explicit solution formulas.

2 A review of differential-algebraic equations

In this section, as a basis for the operator case, we recall some well-known results on the
solvability of the initial value problem for a system of DAEs. Moreover, we provide an
explicit representation of the solution, which is a generalization of Duhamel’s principle, and
discuss the relation between the consistency (compatibility) of the data and the index of the
DAE. We follow [15] in style and notation.



For initial value problems associated with linear ordinary differential equations
i+ Av=f, x(0) =2,

with A € R™" and f € C([0,T];R™) (where C([0,T];R™) denotes the space of continuous
functions from [0,7] to R™) one has the well-known solution formula (Duhamel’s principle)

[6]

z(t) = e 20 + /t e =9DA 1 (s) ds (2.1)
0

obtained by variation of constants. The extension of this formula to initial value problems
for DAEs of the form
Et+ Ax = f, (2.2)

with £, A € R™" sufficiently smooth right-hand side f, and initial conditions
z(0) = 2° ¢ R" (2.3)

is also well-known, see e.g. [4, 15].
To describe this, we need the following results.

Theorem 1 (Weierstrafl canonical form) [9/. Let £, A € R™" and suppose that the pair
(€, A) isregular, i.e., det(AE +.A) does not vanish identically for all A € C. Then, there exist
nonsingular matrices P, Q) € R™" such that

rea.ra@=(| 5 v ][0 7)) (2.4

where J is a matriz in real Jordan canonical form, N is a nilpotent matriz also in Jordan
canonical form and I denotes an identity matriz of appropriate size. Moreover, it is allowed
that one or the other block is not present.

If in Theorem 1 the index of nilpotency of N is v, then we say that the pair (£,.4) has
(differentiation) indexr v and denote this by v = ind(€,.A). For a matrix £ € R™" we set
ind & = ind(&,I). We have ind £ = 0 if and only if £ is nonsingular.

The explicit solution formulas require the Drazin inverse of a matriz.

Definition 2 Let £ € R™" have ind€ = v. A matriz X € R™" satisfying

(a) EX = XE,
(b) XEX = X, (2.5)
(c) XEvHL = ¢gv

1s called a Drazin inverse of £.
We recall some well-known facts about the Drazin inverse, see [5].
Theorem 3 Let £, A € R™".

1. € has one and only one Drazin inverse EP.

2. If £ is nonsingular then EP = £71.



3. If EA = AE then
(a) EAP = APE,
(b) EPA = AEP, (2.6)
(c) EPAP = APEP.

To present the explicit solution representations, we first assume that in (2.2) the coefficient
matrices £ and A commute, i.e., that

EA=AE. (2.7)
Then we have the following solution formula, see [4, 15].

Theorem 4 Let £, A € R™™ form a reqular pair satisfying (2.7). Furthermore, let f €
Cv([0,T); R™) with v = ind(&,.A). Then every solution x € C1([0,T];R™) of (2.2) has the
form

t
x(t) = e €7 AgDgg 4 / e_(t_s)gDASDf(s) ds

0
(2.8)

v—1
(I—-€P&)> (—EAPY AP fO (1)
=0

for some q € R™.

Evaluating the solution formula at ¢ = 0 one immediately gets consistency conditions for
initial values.

Corollary 5 Let the assumptions of Theorem 4 hold. The initial value problem consisting of
(2.2) and (2.3) has a solution x € C*([0,T);R™) if and only if there exists a vector ¢ € R"
with

v—1
2 = EPEq+ (I - EPE)) (AP AP £ 0). (2.9)
i=0
If this is the case, then for every such q the solution is unique.

Remark 6 Corollary 5 gives consistency conditions for classical continuously differentiable
solutions. By going over to weaker smoothness requirements for the solutions, also these
consistency conditions may be partially weakened, see [15, 19].

The commutativity requirement (2.7) is not really a restriction, since if (£,.A) is regular
and A € R is chosen such that A€ 4+ A is nonsingular, then

E=QE+ AT, A=(0OE+ATA (2.10)

commute. Since the factor (A€ 4+ .A)~! represent a simple scaling of (2.2) from the left by a
nonsingular matrix, results analogous to Theorem 4 and Corollary 5 hold for the general case
by setting

E—QAE+ATE, A (NE+ATA [ AE+ATS (2.11)

n (2.8) and (2.9). It should also be noted that none of the solution formulas depends on the
choice of the value A, see [15].



3 Well-posedness and explicit solution for DAEs of type (1.1)

In this section we specialize the results of the previous section to the specially structured
finite dimensional version of the operator DAE (1.1). The associated matrix pair is then

-2 3] & 2])

We assume that the pair arises from a reasonable discretization that leads to a regular pair
with the mass matrix M and the matrix A being invertible. The latter condition, which
will be satisfied in practice, is not really necessary for the analysis, but if this is not the
case, then the presentation becomes rather technical. Since A is nonsingular it follows that
ind(€) = ind(&, A) as well.

Typically, the matrix C' in (3.1) is singular or even 0 depending on the discretization.
If C' were invertible then we would immediately have that ind(£,.A) = 1, see e.g. [15]. We
also assume that B and D have full column rank. For the latter condition it is usually
necessary to remove the freedom in the pressure by an extra condition or a factorization
of the underlying function space [10, 14]. For C singular, let P, and P» be matrices, such
that their columns span the nullspace of C' and C7, respectively. It is another reasonable
assumption that P2T DT BP; is square and nonsingular, [27]. Under this assumption we have
that ind(€,.A) = 2, see e.g. [15]. This holds for example in the particular case that D = B has
full column rank and C' = 0, that we will study below. We thus restrict our considerations to
the case ind(£) = ind (€, A) € {1,2}.

To apply the explicit solution formula to (1.1), we first need to pick a value A such that
AE + A is invertible. Under the given assumptions, it is sufficient to pick ) € R such that
AM + A is nonsingular, which means that A is not an eigenvalue of the (discretized Laplace)
operator A.

Introducing the Schur complement S := C 4+ DT (AM + A)~'B, we obtain

a -1
s | EFn O | AM+A B M 0
=i o] =[5 2] [V 0 @
and X .
i A1 0 L M +A B a A B
A_{Agl I]'_[ -DT c} {—DT C}’ (3:3)

with the following formula for the block inverse

A -1
3 1 _[AM+A B
G ayi o[ M BT
T AM 4+ A" =AM+ A)"'BSTIDT(AM 4+ A)"!  —(AM + A)"'BS~!
- STIDT(AM + A)~! S-1 ’
and thus

En = AM+A)"'M—AM+A)"'BST'DTOM + A)~'M
= [I—(AM+A)'BST'DT)(AM + A)~' M,

By = STIDTOAM + A)~'M,

A= M+ A7 (A4 BSTIDTT - (AM + A) 71 4]),

Ay = —S7IDT[I—(AM + A)1A].



Note that since both £, A are block lower triangular and commute, also the blocks Fq1 and A1q
commute. Note further that the state vector [T, p?]T remains unchanged by this operation,
while the inhomogeneity transforms to

1] = v 1]-[ 5 2T

EnyM~t VW f
= |aam u ] 9

with Vi = —(AM + A)~'BS~! and V5 = S~ 1.

We will now determine the Drazin inverse

3 X1 X2
EP =X = ,
[ Xo1 Xoo ]

of £ and assume that it is partitioned analogous to E.
Since we have assumed that M is invertible, we automatically have that rank &€ = rank £ =
rank M. By (2.5)(a), we have that

[ Eq
Eo

:|X12 =0,

which thus implies X;2 = 0. From (2.5)(b) we then obtain immediately that X33 = 0 and
thus X171 F11 X711 = X11. We now make use of (2.5)(c) and use the fact that for j > 1 we have

Enw 0] | Ei o0
E21 0 o ’

Ex BT 0
Therefore, since v = ind € > 1 (£ and thus £ is singular) we have the following equations for
Xn and X21.

—~
Q

FE11 X1 = X1 b,

X11 = X1 B X,

Xu By = By,

X1 BVt = En BV

FE2 X11 = Xo1 B,

Xo1F11 X711 = Xo1. (3.5)

—_~ N~~~
QL o
—_— — Y o T

=

From (3.5) (e)—(f), we have immediately that Xo; = FEo1 X7 and thus it is sufficient to
determine Xp1. For this we need information on the index of Fy;, which is given by the
following lemma.

Lemma 7 Consider the pair (3.1) and the transformed pair (€, A) of (3.2)-(3.3).
Then either R o
1nd(5) = ind(é‘, .A) = ind(EH, An)

or
1nd(<‘:’) = 1nd(<‘f,fl) = ind(Ell,All) + 1.



Proof. Since A and hence also Aq; is invertible, we have that ind & = ind(é’ , fl) and ind F1; =

il’ld(Ell, All)- USiIlg that
Ao Enn 0 Ann 0
ea=([w ol 7))

and that the Weierstrass canonical form (see Theorem 1) of the regular pair (Eq1, A11) is

(IR

with a nilpotent matrix N of nilpotency index ind F11, by simple algebraic manipulations we

obtain that
Fi1 0O A 0O
Ey1r O ’ A21 I

is equivalent to

I 0 O J 0 0
0O N O0]|,]0 I O
0 FE32 O 0 0 I
Since , '
N o] Ni 0
FE3 0 - E32Nj71 0|’
the nilpotency index of
N 0
Fs O

and hence the index of the pair (Eq1, A11) can increase at most by 1. D

Since for a reasonable discretization ind(£) = ind(&,.A) € {1,2}, we can assume that
ind(E11) < 2 and typically it will be 1 or 2.
We obtain the following explicit formulas for £ in terms of EL.

Lemma 8 Consider the pair (3.1) with ind(€,A) < 2 and the transformed pair (£, A) of
(3.2-3.3).
Then we have the following formulas:

: 5D En 01° ER 0
('L) &7 = = D2 >
Esyr O Ex(Ef)* 0

-1 1
. Ay 0 A 0
.. D _ 11 _ 11
@) A7= [ A I] B [ —Ap A T }
EH A 0 ]
Eoy(ER)2A; 0 |7

. sps | BREEL 0
(iv) E 5—[E21E1Dl E

(i)  EPA= {

A _ D
(v) I—stz[I EriPu O}

—EnER 1
. sip [ EnAg 0
(vi) EAY = [ EnAl 0 (3.6)



Proof. (i) Let o = ind(F11), then by Lemma 7 we have that a =vora=v—-1. f a = v
then by (3.5) (a)—(c) it follows that X;; = F and then Xo; = Fo1 X7 = Fa1(ER)2.

If @ = v — 1 then choosing X1; = EL and X2 = Fa1(FEE)? the relations (3.5) (a)-(b)
hold automatically and from X1, E{;™ = E, then (3.5) (c) follows by multiplying with Ey;
from the right.

Equations (3.5) (d)—(f) read as

Ex (ER)*EYf = En By
EnEf] = Ex(E)’En
Exn(BR)*EnEf = Ex(BR)%
Since 1 <v = ind(é’ ) <2, and since EX] and Ej; commute, these equations are satisfied.

The assertion then follows by the uniqueness of the Drazin inverse. The other parts follow
trivially. O

Note that whenever v = ind(&,.A) < 2 it follows from (3.5) (d) that
EnE{EY, = EnEY; Y, (3.7)

i.e., in the range of E»1, the matrix Fq1 behaves like it is of index v — 1.
An immediate consequence is the following result on the well-posedness and explicit rep-
resentation of the solution.

Theorem 9 Consider the differential-algebraic equation corresponding to (3.1) with an in-
vertible mass matriz M, an invertible matriz A and sufficiently smooth inhomogeneities f, g

as in (3.4). Let v =ind(&,A) € {1,2}.
v(0)

p(0)

solution to the initial value problem (1.1)-(1.2) given by
|: 'U(t) :| _ |: eXp(—tEﬁAH)E]V :|
EglEﬂ eXp(*tElDlAH)(A]J
o [ exp(—(t — 5)ER A1) ER f(s) ] N
D D D7
o | EaEryyexp(—(t — s)ErAn)Ep f(s)
+ [ (I~ BREn) A (1) ] (3.8)
(—EnER AL — A AT f(t) +§(t)
—1 o . _ A
1y { (I = BRED)(En AR A0 ]
=1 (_E21E1Dl(E11A1_1 ) AL+ En Ay (B Ay )l_lAl_l ) fo (t)

Then for any consistent initial condition ] = [ o } , there exists a unique classical

Po

v

+

(2

where q is a constant vector. An initial condition is consistent if the linear system

I ~ Vo
By ER e Do

v—1

B I—EHEB 0 Z(_l)i EllAl_ll 0 i Al_ll 0
~FEyn Bl T | En A 0 —Ag ALl T

has a solution.



Proof. According to (2.9) let
HE

T

Applying Theorem 4, we obtain the following explicit solution of (1.1):
o(t) | EﬁAn 0 ]) [ 6]
[p(t) ] —eXp( [ Ey (ER)?Ann 0 r
! ERA 0 EE 077 f(s)
=9 et o)) materr 0] (50 ] 7
i /oexp( ( >[E21(E11) A 0 Ex(ER)? 0 || g(s) | ©
([T o] _[EREL 0 ”i [ Eu 0 A
0 I EnEf 0 ]) & By 0| —AnA7 I
[ o] 1]
—A21A1_1 ]9
- ool 2

" /ot o (_<t °) [ Ezl?]glﬁllAll 8 D [ Emijgln)(j}( ) } o

N

] (3.10)

N [ (I- EﬁEn)A F(t) }
(—BEn ER A — An AT F(8) + 4(t)
vl —1yi g1 £(@
4 { (I — EREN)(EnA) AL [ )(t) - ] _
121 E21E11(E11A11 )' Al_ll + E21A1_11(E11A1_11)1_1A1_11) f(z) (t)

Since with Z = —ElDlAH, Y = EglElDl, we have

wo(t[58]) = SHCL5 ) -SEl5 0]

=0 =0

- [Yewen o)

we can simplify the exponential functions and since we have from the commutativity of £ and
A that also ElDl, Fq1, and A1 commute, the result follows. The consistency condition follows

by inserting t =0. O

We will present more details about these consistency conditions in the special cases below.

4 Some special cases

In the explicit solution formula we may consider several simplifying cases.
If By is invertible, which by Lemma 7 can only happen if v = 1, then I — ER Ey; = 0,



and we obtain
[ v(t) } [ exp( tEH A11) }
p(t) E21E11 exp(— tEn An)q

! exp(—(t — 8) Er An ) B £ (s) ]
+/0 { BByt exp(—(t — ) B An) Byt f(s) | @

+ [ 0 ] (4.1)
(—EnER A — At AT f() +a(t) | '
In this case from the first equation we obtain ¢ = v° and thus the consistency condition
0_ -1,0 —1 41 —1y 7 .
p = E21E11 v+ (_E21E11 A11 - A21A11 )f(O) + g(O),

thus for a given v” then p° is fixed in an easy way, but we could also fix p° and then both
equations together give a consistency condition for Y.

If we have (as will typically be the case) that v = 2 and ind(E1;) = 1, then by (2.5)(c) we
have that Ef) E?; = F11 and hence the formulas simplify to

/t [ exp(—(t — s)EQ All)Enf( ) } ds
0 E21E11 eXP( (t— 5)E11A11)E11f(5)

_l’_

I E11E11)A11 f( )

" [ E21E11A11 An A F(t) + 4(t) ] (4.2)

0
(—En EREnATE + EnA7R) £(2) ] '

This again gives an algebraic relationship between v° and p° and again by choosing v° we
obtain

g="— (I - EfEn)AL f(0)
and this then fixes p° uniquely. We could also again fix p® and then both equations together

give a consistency condition for vY.
Looking in detail at the last term and using (3.4), which implies that

f=EuM~f+Wyg,

we see by (2.5)(c) that the factor of f in (4.2) vanishes, while the factor of ¢ may not be zero
if F11 is not invertible.

If, however, there is no inhomogeneity g then it follows that whenever Fjp; is of index 1,
then the last term vanishes, thus despite the fact that v = 2, no derivative of f occurs, i.e.,
the system behaves somewhat like a system with v = 1.

Note that the same argument holds also for systems of this form with v > 2 and ind(E1;) =
v — 1, because also then the coefficient of the highest derivative f*~b is zero.

Let us now consider the even more special case that M = I, A is invertible, B = D has
full column rank and C' = 0 and that we choose A = 0. In this case the Schur complement
is given by S = BTA7!B, and we have E1; = A~ — A7'BS™I1BTA-! Ey = S71BTA™,

10



A1 = 1, As; = 0. Then it is well known that v = 2, and we obtain for ind F1; = 1 the

solution
t exp tEH)

n /t [ exp(—(t — s)Eﬁ)ElDl(Enf(s) — A_lBS_lg(s)) } ds
0 Emﬂkﬁmp((t—s)Eﬁ>Eﬁ(Euf@)—fTJBS*%ﬂ@)

N [ —(I — EBE;1)AIBS 1g(t) ]
Eo1(I — EREN)f(t)+ (I + ExxERATIB)S 14(t))

0
i [ Ey (I — EffE1) AT BS™g(t) } ’ (4.3)

where we have used again that (ED)?Ey; = EL, ERE}, = E?,, as well as Ey2yERE? =
FEo1 E11. In this case it is very easy to determine consistent initial conditions. Rather than
going through the solution formula, the second equation of (1.1) immediately gives the con-
sistency condition

0= BT’ 4 ¢(0). (4.4)

This is exactly the consistency condition that will also appear in the infinite dimensional
case, while directly in the system no consistency condition for p°® arises. However, a differ-
entiation with respect to ¢ of the second equation of (1.1) and insertion of the first equation
gives

BT Bp(t) = =BT Av(t) + BT f(t) + §(t), (4.5)

which corresponds to the Poisson problem for the pressure that is typically used to solve for
the pressure or to do pressure correction.
Evaluating (4.5) at t = 0 we get the consistency system for the initial values

3]

Note that the invertibility of BT B allows to solve for p? in terms of V.
The initial condition is indeed consistent (see Theorem 9) if we can find a vector ¢ such
that (4.3) is satisfied at ¢ = 0. By taking

G=v"+ (I - ELE;1)A1BS 14(0), (4.7)

the first equation of (4.3) at ¢ = 0 is automatically satisfied. Inserting (4.7) into the second
equation of (4.3) at ¢ = 0 and employing (4.4) as well as (4.5) at ¢t = 0, a straightforward
calculation shows that also this second equation is fulfilled.

This, finally, proves that (4.6) is a sufficient as well as necessary condition for the solv-
ability, in the classical sense, of the initial value problem under consideration.

As already noted, in general we do not know the index of 11, however, if the discretization
is such that M, A, C' are symmetric and D = B, then we have the following Lemma.

Lemma 10 Consider the coefficient matrices in (1.1) and_the transformed coefficients in
(3.2) and (3.3). If A,C, M are symmetric, if D = B, and if \ is chosen so that W = AXM + A
is positive (or negative) definite, then ind(E71) < 1.

11



Proof. Under the given assumptions we have that
En=W'-w'Bs'BTw!

If W is positive definite then let Z = W~Y2W~1/2 where W~1/2 denotes the positive definite
square root of W~!. Then it follows that

By = W—1/2Z—1/2[Z _ Z1/2W_I/QBS_lBTW_l/ZZl/Q]Zl/QWUQ,

i.e. Fq; is similar to a symmetric matrix, which has index less than or equal to 1 and hence
ind(E11) < 1. If W is negative definite then the same proof follows by replacing W by —W.
0

We can directly apply Lemma 10 if A is definite and if we choose A = 0. Then we obtain
the simplified formulas

An = I, An =0,
By = I-A'BS'BTA M, (4.8)
Eyn = S'BTAT'M.
Let us assume that A is positive definite, the same result follows if A is negative definite
by replacing A with —A.

Let A= LLE be the Cholesky decomposition (we could also take the positive square root
L=A"Y?)let B=L"'B and let

Ry | _ 13
KR
be a QR decomposition, with @ orthogonal and Ry upper triangular. By the assumption that
B has full column rank it follows that Ry is invertible. We then have

By = L77Q (I— { ](%)1 ] (C+RIR) [ RT 0 ]> QTL'M
- Zy 0 _
= L TQ[ 0 I]QTL M, (4.9)

with Z3 = I — R1(C + RTR;)™'R¥. (In the special case that C = 0, we then have Z; = 0).
In the same way it follows that

Eyy=R1'[I-2Z 0]Q"L'M. (4.10)

Checking the conditions for EL], we immediately have that
D
BR = M7Q [ ol ] Q"L
- Z0ZP 0
EnEf = L77Q [ e ] QLY

EnEf = R'[(I-2Z1)ZP 0]Q"L",

12



and we can insert this in (4.2) and obtain with ¢ = v° that
[ v(t) ] _ [ exp(—tEf])q ]
p(t) By By exp(—tE{})q

+/t[ exp(—(t — s)ED)EL (EnM~1f(s) — A"'BS™1g(s)) ds } s
o | Ba1Efj exp(=(t = s)ER)ER (EniM ™' f(s) — A7'BS"g(s))

n [ (I — EfEn)(Ea M~ f(t) — A7PBS™1g(t)) ]
By (I — EQE)M 1 f(t)+ (S + Ext Ef A7 BS1)g(t)
0
* [ Eoq (I — EﬁEll) A_lBS_lg(t) ] ’ (4.11)

A further special case arises when C' = 0. In this case the formulas become even more
simple, since then we have

By o= L7Q| 0 U lQTL
0 I
B = M—lLQ[g HQTLT,

I 0

Ea = Rl_l[o 0

} QTL'M,

and from this we see immediately that EQlElDl = 0 and hence

[ o(t) } _ [ exp(—tEﬁw]

p(t) 0
. / [ exp(~(t — 5)BR)ER (En M~ f(s) = A~ BSg(s)) ] .
0
0
i (I - EREn)(EuM~'f(t) — A7 BS™1g(t)) (4.12)
Exy M~ f(t) + S71g(t) + Eo1 A~BS~14(t) '
In particular we have an explicit formula for the pressure as
p(t) = STIBTA f(t) + S g(t) + STIBTATIMATIBS T g (1). (4.13)

As a summary of the findings, we see that derivatives of the inhomogeneity f do not occur,
whenever we have ind(€, .4) < 2 but an inhomogeneity g will have to be at least differentiable.

5 Conclusion

We have presented the analysis as well as explicit solution formulas for differential-algebraic
equations arising from the semi-discretization of linearized Navier-Stokes and Oseen equations.
The infinite dimensional case will be studied in the forthcoming Part II.
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