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STABILITY AND ERROR OF THE VARIABLE TWO-STEP
BDF FOR SEMILINEAR PARABOLIC PROBLEMS

ETIENNE EMMRICH

ABSTRACT. The temporal discretisation of a moderate semilinear parabolic
problem in an abstract setting by the two-step backward differentiation
formula with variable step sizes is analysed. Stability as well as optimal
smooth data error estimates are derived if the ratios of adjacent step sizes
are bounded from above by 1.91.
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1. Introduction

Whereas multistep methods with variable step sizes are widely used in numeri-
cal computations, their analysis is still not complete. Because of the non-uniform
grid, non-constant coefficients appear in the resulting scheme. Theoretical tools
developed for difference equations with constant coefficients are therefore not
applicable. Among the abundance of methods, the backward differentiation for-
mulae (BDF) seem to be of particular interest. Especially the two-step BDF,
which is strongly A-stable for constant time steps and of second order, plays an
important role in the integration of non-stationary problems.

Stability and convergence of the variable two-step BDF has been studied by
Grigorieff in a series of papers [8, 9, 10]. In particular, zero-stability has been
shown for step size ratios less than 1 + /2 ~ 2.414. For ratios bounded from
above by (1 4+ v/3)/2 ~ 1.366, Ag-stability as well as optimal error estimates
in the case of a linear parabolic problem in a Hilbert space setting with a self-
adjoint, strongly positive operator have been proven. Becker [1] could improve
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the bound up to (2 + +/13)/3 ~ 1.868. However, the stability and error con-
stant may then depend on the sequence of step size ratios. The problem under
consideration in [1] is again a linear parabolic one with a second order elliptic
differential operator that might be time-dependent. A(f)-stability type results
with 8 < 7/3 have been provided in Grigorieff [9]. From these results, smooth
as well as non-smooth data error estimates of optimal order could be derived
for a linear homogeneous evolution equation in a Banach space setting with
an operator that is the infinitesimal generator of a holomorphic semigroup. A
smooth data error estimate in a similar situation, but with quite more restric-
tive assumptions on the partition of the time interval, has been obtained in
Le Roux [11]. Stability estimates for rational multistep methods on uniform and
quasi-uniform time grids approximating again a holomorphic semigroup can be
also found in Palencia/Garcia-Archilla [17]. So far, the time discretisation of
nonlinear problems by means of the two-step BDF with variable time steps has
not been considered, except the zero-stability result by Grigorieff [8] that also
applies to Lipschitz-continuous nonlinear perturbations.

Other time discretisation schemes, single- as well as multistep methods with
constant and sometimes with variable time steps, have been studied for linear
problems by many authors. For an overview, we refer to Thomée [20], Fu-
jita/Suzuki [6], and the references cited therein. Single-step methods applied to
semilinear problems have been considered for instance in Crouzeix/Thomée [2],
Slodicka [18, 19], Lubich/Ostermann [13, 14], Ostermann/Thalhammer [16], and
Gonzélez et al. [7]. In Estep/Larsson [5], the discontinuous Galerkin method has
been used for the time discretisation of semilinear problems. The two-step BDF
with constant step sizes applied to a nonlinear problem has been considered in
Zlamal [22]. Recently, we have analysed its application to the incompressible
Navier-Stokes problem (cf. [3, 4]).

In this paper, we are concerned with the time discretisation of the abstract
semilinear parabolic problem

u’+Au+g(U):f, U(O)ZUOa

where A : V — V* is defined via (Au,v) = a(u,v) by a continuous, strongly
positive bilinear form a(-,-) : V' x V — R on a real Hilbert space V' with its dual
V*, and g : V — V* is some moderate nonlinearity specified below. Relying on
Hilbert space methods, we shall derive stability and optimal smooth data error
estimates for the second order variable two-step BDF in natural norms. For this,
let the time interval [0, T] for given N € N be partitioned via

O=to<tr1 < - <ty=T, T =ty —tn-1, n :=Tn/Tn-1.

Throughout this paper, we assume that 7, < R with 1 < R < 1+ v/2. For
suitably given values u°, u! and approximations f™ ~ f(t,), we consider the
nonlinear time-discrete problem

Dou™ + Au™ + g(u™) = f", n=2,...,N,
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to compute approximations u™ ~ u(t,) with the backward divided difference

n_ ,n—1
Dou™ =1+ "'n Diu" — I'n Dyu"t, Dy = Y Y
1+7r, 1+7r, Tn
Note that
1 /[1+2 2
Dou™ = — t 2 u — (1 +rp)u™t + "n_ -2 ,
T \ 1417, 147,

and for an equidistant partition with 7,, = 7, we have the well-known formula

1/3 1
Dou==(Zu" =2 n—1 -, n—2 .
21U - <2 U U + 5 U
If r,, = 0 then, formally, D> degenerates to Dy, which corresponds to an occa-
sional Euler-step in the computation.
_ Our stability and error estimates can be obtained for step size ratios less than
R ~ 1.910, where R is a root of

$(R) = (R+1)* —9R(R—1)* (R+ 1)*. (1.1)

This also improves slightly Becker’s bound. As in Becker [1], the appearing

stability and error constant may depend, besides the usual exponential depen-

dence on the time T and problem parameters, on the sequence of step size ratios

through exp(cI'y) with some ¢ > 0 independent on problem parameters and
N-2

Py =Y [ree —mylo, lal- = (la] —a)/2.

Jj=2

Note that I'y = 0 if {r,} is monotonically increasing. Regarding the upper
bound on the ratio of adjacent step sizes, we remark that the method of proof
relies, more or less, upon considering each time step separately. We believe that
the restriction on the step size ratios is only sufficient. A necessary condition
for stability and error estimates to hold should rely upon a suitable combination
of all ratios rather than on each ratio separately, as is observed in Grigorieff [8]
with respect to the zero-stability.

As usual, we have to require some regularity of the exact solution for proving
smooth data error estimates. In any case, such regularity leads to higher com-
patibility conditions on the data (cf. Temam [15]). Even for linear problems,
such conditions can be hard to fulfil depending on the concrete space V', as is for
instance the case for the Stokes problem because of the incompressibility condi-
tion that is contained in V. However, the only non-smooth data error estimate
for a general grid we know of is due to Grigorieff [9] in the linear homogeneous
case. Becker [1] has also derived non-smooth data error estimates for a special
grid. It remains open to find a path to take advantage of the parabolic smoothing
property in the non-homogeneous and semilinear case.

We do not consider a fully discrete problem as the results are independent of
a possible spatial approximation.
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The paper is organised as follows: In Section 2, we give a precise description
of the problem and its discretisation. In Section 3, we derive stability and error
estimates for the linear case. The nonlinear case is studied in Section 4. A
discrete Gronwall lemma is provided in Appendix A. Solvability of the original
and time-discrete problem is proved in Apendix B.

2. The semilinear problem and its time discretisation

Let V C H C V* be a Gelfand triple, where (V,]| - ||) is a real Hilbert space
that is dense and continuously embedded in the Hilbert space (H, (-,-),|-|). The
dual V* of V' is equipped with the usual norm || f[|. := sup,ey\ 101(f, v)/|v]l,
where (-,-) denotes the dual pairing. In particular, there is some « > 0 such
that

w<aloll VeV, Ifl.<alfl VfeH. (2.1)
Due to the properties of a(,-), there are constants 8 > p > 0 with
lau,0)] < Bllull lloll,  a(v,v) > plo]? (2.2)
for all u, v € V. For the skew-symmetric part of a(-, ), we assume
la(u,v) — a(v,u)] < 7 |ul [v] (2.3)

for all u, v € V with some v > 0. If a(-,-) is symmetric then v = 0. The
foregoing properties of the underlying spaces and bilinear form will be assumed
tacitly.

Let By := {v € V: |v] < M} for given M > 0 and let g : V — V* be a
(possibly nonlinear) function that satisfies the following structural assumptions
we will recall explicitly when needed:

(H1) There exist some s1 € (0,1] and a constant Ly > 0 such that for all
ueV,
lg(u)lls < Ly (1 + JuD)™ ful' =
(H2) There exists some sa € (0,1] such that for every M > 0 there is a
constant Ly = Lo(M) > 0 and for all u,v € By,

lg(u) = g()ll« < Lafu = v** Jlu—v]'~*2.

(H3) The function g is weakly sequentially continuous from V into V*, i.e.,
Um — w in V implies g(um) — g(u) in V* as m — oo.

We remark that (H1) includes (with s; = 1) the case ||g(u)||« < const. Note
that the constant Lo in the Lipschitz-like condition (H2) may increase with the
radius M. Furthermore, if the embedding V' < H is compact then (H2) implies
strong continuity of g : V' — V* and hence (H3). Instead of (H1), (H2), and
(H3), we may, alternatively, assume g(V') C H and the following;:
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—

(H1) There exists a constant El > 0 such that for allu eV,
lg(u)| < Ly (1+ [Jul]).

(H2) For every M > 0 there is a constant Ly = Ly(M) > 0 such that for all
u,v € By,
lg(u) = g(v)] < La [Ju—v].

(H3) In addition to (H3), there holds: u, — u in L*(0,T;V) and wy, — u in
L2(0,T; H) implies g(um,) — g(u) in L*(0,T; H) as m — oo.

Note again that L, may depend on the radius M.
For a Banach space X and a time interval S C R, let LP(S;X) (p € [1,0])
be the usual spaces of Bochner integrable functions. The discrete counterparts
for functions defined on a time grid are denoted by (0, T; X). Note that u €
L2(0,T;V), v € L*(0,T;V*) implies u € C([0,T]; H) in the sense that u is
almost everywhere in S equal to an abstract function that is continuous on
[0,T] with respect to the strong convergence in H. With v/, the derivative in
the distributional sense is meant.

The problem we are concerned with then reads as

Problem (P) For given ug € H and f € L*(0,T;V*), find u € L?(0,T;V)
with v’ € L*(0,T;V*) such that for all v € V and almost everywhere in (0,T)

(u(t),v) + a(u(t),v) + (g(u(t)),v) = (f(t),v) (2.4)

= Uug-

=

holds with w(0

~~

Note that (u'(t),v) = 4(u(t),v) holds for all u € L*(0,T;V) with v’ €

L?(0,T;V*) and all v € V in the distributional sense on (0,7).
For what we have in mind, we give the following

Standard example (Dirichlet problem for a second order PDE).

Let V = H}(Q) and H = L?(2) be the usual Sobolev and Lebesgue space,
respectively, for some bounded domain Q C R? (d € N) with sufficiently smooth
boundary. The bilinear form a(-,-) is defined by

d d
ou Ov ou
a(u,v) := /Q E aija_aci%j + ;:1 b; oz, v+ cuv | do,

1,j=1

where a;j, b;, ¢ are sufficiently smooth functions in € Q with (a;;) being
symmetric and uniformly positive definite and with

d
ess sup (c(x) - %Z 8lg:ijc)> >0. (2.5)

zeQ
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The nonlinearity might be given by a Lipschitz-continuous real function g = g(s)
with at most linear growth,

() <c(l+1s]), seR,

for some constant ¢, although more complicated nonlinearities are allowed. In

—_—

virtue of the Poincaré-Friedrichs inequality, the structural assumptions (HI)

—_~—

and (H2) are fulfilled. Because of the compact embedding of V into H and the
Lipschitz continuity, g becomes a strongly continuous mapping from V into H

—

and is continuous from L?(0,T; H) into L?(0,T; H). Thus (H3) is fulfilled. O

We shall remark that a bilinear form that only satisfies a Garding inequality
can be also treated by collecting the disturbing linear terms into g, and so
condition (2.5) is not important. Let us finally note that V and H can be finite
dimensional as is the case when first discretising in space and afterwards in
time. For the spatial approximation, a conforming finite element method might
be used. For more details, we refer to Thomée [20] and the references cited
therein.

With respect to the solvability of Problem (P), we have

Theorem 1. Problem (P) admits a unique solution u € L> (0, T; V) ﬂC([O, T];
H) with v’ € L?(0,T;V*) if (H1), (H2), and (H3) or, alternatively, (ﬁf), (ﬁg),

and (H3) hold true.

A proof will be given in Appendix B. The time discretisation of Problem (P)
reads as

Problem (P.). For given u°, ut € H and {f"} € 1?(0,T;V*), find u™ € V
(n=2,3,..., N ) such that for allv eV |

(Dou™, v) +a(u”,v) + (g(u"),v) = (f*,v) . (2.6)

We may suppose u” = 1o and compute u! by the implicit Euler method, although
our results do not require a particular method for the first step. With respect
to the solvability of Problem (P;), we have

Theorem 2. Assume (H1), (H2) or, alternatively, (H1), (ﬁg), and (H3). Prob-
lem (P;) admits a unique solution if Tmax = ErllaXNTn 1s sufficiently small.

In the linear case, there is no restriction on 7Tyax. A proof is provided in
Appendix B.
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3. Stability and error in the linear case

In the following, let ¢ > 0 be a generic constant that does not depend on prob-
lem parameters (except R) whereas C' > 0 may depend on T, R, the sequence of
step size ratios as well as on constants that appear in the assumptions on a(-,-)

n n
and g(-). Note the conventions ) z;:=0and [] z; :=1if m > n.

j=m j=m

Theorem 3. If R < R, the solution to Problem (P;) with g(u) = 0 is stable in
1°°(0,T; H) and 1?(0,T; V). The following estimate holds forn =2,3,...,N:

A1 |- (3.1)

" ? + Zn )2 < C | [ + [l + 72 Ju|* + Z

= 1+r

Proof. The proof follows mainly the ideas of Becker [1]. We test (2.6) with

uf =" + 61, Diu” = (1 + 0)u™ — du"*

for some § > 0 specified later and multiply by 27, /(1 4+ 7). The proof then
consists of three steps:

i) estimation of 27, (Dou", uy) /(1 +1y,),

ii) estimation of 27,a(u™, u})/(1 + ry) and 27, (f™, uy)/(1 + ry), and

iii) final derivation of the assertion.

ad i). We firstly observe by simple calculations and Young’s inequality that

27,

D n n
1+7r, ( 2U aué)
Tn n2 +2r” n|2
= D 1+20) ———= D
T olu™® + (1 + )(Jrrn) |7 D™
i D ”_1‘2 2(1+9) i (T Diu", 7,—1D u"_1>
Tn—1D1u — S Tr—
( +7" ) n—1Y1 (1+ ) nt/1 n—1Y1
™
> Do |u"|2+A5(rn ) |[TnD1u” | — Bs(rn) |Tn—1D1u" 1‘ ,
1+7r,
where
14+2r, —124+6 (24 4r, — 12 2
A&(Tn) = = - ( = n)’ Bé(rn) = (2+6) T

(1+m)2 (1 +7n)?
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Summation gives

i T; . ; ~ T; .
) J (D j7 ])> J D 7|2 A - nD n|2
;Hm 20, uj _;Hm 2l + A () D"

n—1
+ Y (As(rj) = Bs(rjs1)) IyDiw’ [P = Bs(ra) mDyu' . (32)
j=2

Since 1 +— As(r) is decreasing whereas r +— Bj(r) is increasing, we find

1+ 2R —3R?+25(1+ 2R — R?)

As(rj) — Bs(rj+1) > As(R) — Bs(R) = 11 R)?

For As(rj) — Bs(rj41) > 0 to hold, ¢ is taken as

11+2R-3R*  3(R-1)(R+3)
2 142R-R>  2R-1-V2)(R—1+2)’

taking into account that 1 < R < 1+ V2. We then have for 1 < R < R that

1 o RE(R—3-2V3)(R—3+2V3)
_<A3(R)_B5(R)_2(1+R)2(R—1—\/5)(R—1+\/§)<2

2
For the first term of the right-hand side of (3.2), we have

"o 14+2r; : i :
D 712 J 712 _ 1,712 7j—2|2
> - Dal| §j<—(1+m2|u| o g

6=0(R) = —

Jj=2 j=2
_ 1+2T’ﬂ | n|27 T721— | n— 1|2
(1+7n)? (1 +7rp-1)?
1+ 2r; A o
14— J
+Z<1+7“J T W) ]
L+2r3 12 0)2
—_— — 3.3
e e el (33)
Furthermore, there holds for some 7 between r; and 742
1+ 2r, T2 Tiv r
(1 +75)? (L+7j2)? (L+rje)? (L+15)?
d r\? 8
= ((1+T,) ) (rj+2 = 15) 2 =52 [rje2 = 15]- (3.4)
|r=F

This lower bound follows since the nonnegative function r — % (7"2 J(1+ 7")2)
takes its maximum value 8/27 at r = 1/2. Using monotonicity arguments, we
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finally obtain from (3.2), (3.3), and (3.4)

N S 1+2R R? 1
9 j (D j )> |2 W2 4 S — b2
;Hrj 2 ) 2 e T e g

n—2
8 .
Jul]? + 2 |ut — —7 Z Tive —ri]-[w!|* |, (3.5)
=2

which makes sense since 1+ 2R > R2as 1 < R < 1+ /2.
ad ii). We may prove the identity

n ,n 1 I n ,n 52 n—1 _, n—1
2a(u,ug)—l—_'_éa<u5,u5)+(1+5)a(u,u)—1+5a(u ) )
S n , n—1 n—1 ,n
S (a(us,u ) — alu ,ug)). (3.6)

With (2.3), (2.2), and Young’s inequality, we find

Iy n , n—1 n—1 n n—1 1 5272 n—12
o a(ug,u""") — a(u 76)‘<5’7HU [ Ju |<—a(u67u6)+ﬂ|u I”

So it follows from (3.6) that

2a(u™,u%) > ;A a(u@ u") +(1+6) a(u™, u™) — o < a(u”_l u"_l)
TN T (144 N ’ 146 ’
52 2
— " (3.7)
2u(1 +6)
Furthermore, we have with (2.2) and Young’s inequality
(1 +6) 2 1
20" ug) < 20" lufll < ™1+ ~a(uf, uf); (3.8)
s B 2(1+4) 09
the term a(% ) ué)/(2(1 + 4)) will be absorbed within (3.7).
With (3.5), (3.7), and (3.8), we now obtain
L+2R o R? n-12 . L n n—12 Tn(1+5) no,n
(1+R)2|u| (1+R)2|u B U 1+7, a(u”, u")
n—1 1)
, . (17 o
+ Z 7j 146 — g i} rit1(1+rj) a(u?, uf)
j=21+rj 149 1+Tj+1

(52 T2 8 .
< ot — 02+ 2 ( ) S [ _ } 312
< 2t =+ P 7§:m+2 ]
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822 n I n

v T jo12 . 2(1+9) Tj 7112
~ U + <. 3.9
i S S TP e

+
=2

ad iii). Since rj11(1+7;)/(1+7;41) < R, we need that 1+ > R6?/(1+6),

€., .,
R<<1Jf5> _ (R+ 1 . (3.10)
o YR-1)2(R+13)

in order to prove the stability result. Unfortunately, relation (3.10), which is
equivalent to ¢(R) > 0 (see (1.1)), is only satisfied for R < R. With

a(R);L<1+SR & ) V(R) >0,

1+R 1+6) 2(1+R)3}(1+2R— R?)

using 1 < R < R, and in virtue of (3.9), we come up with

2 n—1
1+2R n|2 1 n n—1|2 1+5 n|2 712
mhﬂ +§|U —u"| +1+—R#Tn|\u | +NU(R);TJHU |
R? 12
< — | K 3.11
BRCE TR &1
where
n—2 ~ n—1
Kn:=c Z [7’]'+2 *7’]} ! [? + — ZT]’H |u??
i= - =
1 < T; .
012 1)2 2+ J 712
+ Wl + w7 + B [l +u]z::21+7“j 1711
Let m* = m*(m) be such that [u™ | = | max |u'| for m = 2,3,...,N. If

m* > 2, it follows from (3.11) with n = m™ and because of K,,» < K,, the
estimate

1+2R . R? . R? .
(1 +R)2 |u7/n 2 S (1 +R)2 |u7n 1|2 +Km* S (1 +R)2 |u'ﬁl |2 +K’nl

that leads for R <14 v/2 to

o _(1+R)

T 1+2R-R2"
This last estimate holds also true if m* = 1. With n = m in (3.11) and |u™ | <
|u™" |, we thus have (changing m, n again) for n =2,3,..., N

™

2 n—1
1+2R 2 1 1,2 1+46 2 j |2
— s P+ o =T e [0 P+ e (R)Y 7 [

2 J
1+ R) > 1+ R p
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R? 1+ 2R
< | — Kn=——K,
—(1+2RR2 ) " 14+2R-R?
Taking into account that 1 < R < R ~ 1.91 yields
n—1

[P u =P [P 4 p o (R) Y7 P < e Ky (312)
j=2

It follows from Lemma 1 in Appendix A that

" |* 4 fu" =" e TP+ (R ZTJIIWII

n

1 .
<chy | W0 + |ut]? + Bral|ut|)? + = 2], 3.13
< [u”|” + [u” |7 + Breflu|| N;1+] [ (3.13)
where
ey, s ey 2ty
An:(l—i— )H(1+C|:7"j+2—7"ji| +7J)<exp(cf + )
peo) s - n 1
(3.14)
n—2
with '), = Z |:7’]'+2 — 7’]} (n=2,...,N). This proves the assertion. O
j=2 B

We shall remark that Becker’s proof (cf. [1]) relies upon the identity
2a(u",uy) = ba ( — " " — u"_l) + (24 8) au, u™) —da(u" "t um"h)
) (a(u”, u" ) —a(u"t, u”))
instead of (3.6), which finally leads to the condition 246 > R4 instead of (3.10).

This condition is fulfilled if R < (2 +/13)/2 ~ 1.868 < R ~ 1.910.

Remark 1. With the natural restriction

R :( )RJ — RI7'f, RIS
if R 2R R [

J

we obtain for f7 = R% f by standard arguments that

n

tn
]2<c/ H2dt, n=2,...,N.
]Zl+ " (hadl ; 1f @I

Note that Rju’ = Dyu(t;) and Ryu’ = Dau(t;) for sufficiently smooth u.
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The constant C' in (3.1) is quantified through (3.13) and (3.14).

Theorem 4. Let f* = Ry f and f' —u”, f' —u" € L*(0,T;V*). If R< R
then the error e™ = u(t,) —u™ (n=2,3,...,N) to Problem (P;) with g(u) =0
satisfies

n
"2+ 3 7 )2 < C <|e°|2 + et + 7 el

Jj=2

+> <sgn<rj> ( / ) - @) dt 4 T / ) - a2 dt)

j=2 ti— ti—

+(1 —Sgn(m))Tf/ 10 —U”(t)lfdt> ) : (3.15)

tji—1

Proof. We commence with the corresponding error equation
(Dge™, v) + ale™,v) = (p",v) YveV
that follows from (2.4) and (2.6) with the consistency error

p" = Dau(t,) — “I(tn) + f(tn) =Ry f = Ig(f” - “I”) ) (3.16)
where
tn
D = m (% /tnl(tn 1) (04 20— tar) 7 Ju(t)

r tn—1
+—= / (t —tn_o)?w(t)dt | .
Tn—1 Jt,_s

If r, = 0 (occasional Euler step), then Dy and Ry degenerate to Dy and Ry
respectively, and we come up with

§" = Duulty) — o (ta) + f(t) — REf =T} (' = u"). (3.17)

where
1 tn
[Tw:= —/ (t —tp—1)w(t)dt.
Tn Jtn 1

The assertion follows from Theorem 3 because of

t; tji—1
Ts . J J
el <erf [ u@Rdiert [ el de
Tj ti—1 tj—2
d
o T ) tj
2 2 2
= iz <er? [ ) ar
j—1
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Remark 2. As one can see from estimate (3.15), it suffices to start with any
first order scheme, and even during the computation, an occasional change to
the implicit Euler scheme (r,, = 0) of at most a fixed number of times does not
affect the second order convergence. Those changes might be useful as they give
some stabilisation. Estimate (3.15) also reflects the lower order of the implicit
Euler method.

A more precise estimate is again given by (3.13) and (3.14), replacing u™ by
e™ and f™ by p™. This shows the dependence of the error constant on problem
parameters. The use of the natural restriction is only for simplicity. Other-
wise, there appears the additional error term Y=, 7| 7 — R} f||2. The regularity
assumptions f' — u”, f" —u" € L?(0,T;V*) are fulfilled if e. g. A%ug € H
and Af, f' € L?>(0,T;V) or if f, f', f" € L*(0,T;V*) and ug, f(0) — Aug € V,
f'(0) + Af(0) + A%y € H.

4. Stability and error in the nonlinear case

Theorem 5. Under the assumption (H1) (or, alternatively, (ﬁf))_, the solution
to Problem (P.) is stable in 1°°(0,T; H) and [*>(0,T;V) if R < R and Tmax is
sufficiently small. The following estimate holds forn =2,3,...,N:

u™? + il )2 < O [ |ul)? + [ub)? + 7= Jut]]? + N2 +t,
ju”| ;gll I WP + fu' [P+ 7 [ Zl+]|\f|\
(4.1)
Proof. We reconsider the proof of Theorem 3. For the term (g(u"), uY), which

describes the nonlinearity, we obtain from (H1) for arbitrary e € (0, 1) with the
Cauchy-Schwarz and Young inequality

2 (g(u"), uf)l < 2[lg(u™) s luf || < 2Ly (1 + [u )™ fu[' = ug ]

<y (1+|u"|2)+5a(u",u”)+; a(uf,u?),

21+3)
where
2% 21— s+ 52\
H51 51 L if sy £ 1,
1—s e2u?
C = (4.2)
4(1+90)L3
@ ifs;=1.
Ep
Changing the coefficients in the right-hand side of (3.8) appropriately such that
146 1-¢
25 ) < D P L o),

(1-¢e)u 2(1+ )
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the terms with a(u}, u¥) can be absorbed in view of (3.7). The additional term
ea(u™,u™) (which does not appear if s; = 1) requires, however, to modify the
crucial condition (3.10) that came from (3.9). Here, we need that 146 — ¢ >
R62/(1+6). For any R < R, this can be fulfilled by taking ¢ sufficiently small.
The remaining term C} (1 + |u”|2) leads to a change of the right-hand sides in
(3.11) and the following estimates: We take

n—2 n—1 2
| N
Kn=c| 3 [riva =) IWIQ+Z<CNJ-+—J“> [0 2 + O T "
— - — 7
J J
n

1
+Cuta+ [P+ P B P+ = D

=2

7j
1+7’j

A1)

which makes the application of Corollary 1 in Apendix A and thus sufficiently
small 7., necessary. It follows (3.13) with the additional term cA,,C1t,, on the
right-hand side and, instead of (3.14), with
r, tn + 72ty
Ay <—exp|c + Cutn 77t/ 1 .
1-— CCleaX 1-— CCleax

—

Suppose now that g satisfies (H1). We then have for arbitrary € > 0

2 {g(u™),uf)| < 2lg(u)| juz] < 2Ly (1+ ") |uf] < ea(,u™) + 1+ Cafuzl?,
where Cy = L2(1 +4/(ep)), and we do not need to change (3.8). Since

|u:§1|2 < 2 max (1,32) (|u”|2 + u™ — u"_1|2) < c(|u”|2 + |u™ — u"_1|2)
for 1 < R < R, we may take

n—2
K,=c Z |:Tj+2 - 7“]} (|uj|2 + u? — uj_1|2>
j=2 -
n—1 " 27_. . ] ) ~
+ 3 (Cory + L) (72 4 fu? — w12 o G (™2 o Ju” = w1 )
: 1
j=2
n

1
+tn + WO + [ut ]+ Bre lut]® + =
" /sz:;l+7”j

7

A1 |

and in virtue of (3.12), we can apply Corollary 1 in Appendix A if Tiax is
sufficiently small. We then find (3.13) with the additional term cA,t, on the

right-hand side and with A,, as above changing C; to Cj. O

The dependence of the stability constant on problem parameters can be seen
from the proof.
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Theorem 6. Let f* =RLf, {u™} €1°(0,T;H), ue C([0,T];H), f' —u", and
" —u" € L*(0,T;V*). Assume (H2) ( or, alternatively, (H2) ). If R < R and
Tmax 1S sufficiently small, then the error e™ to Problem (P;) satisfies (3.15).

Proof. We again commence with the error equation that reads now as
(Dae™, v) + ale™, v) + <g(u(tn)) . g(u”),v> =(p"v) WweV.  (43)

The consistency error p" to the associated linear problem is given by (3.16)
or (3.17). Since {u™} € I*°(0,T; H) and u € C([0,T]; H), there is some M >
0, depending on problem data, such that u(t,),u™ € By (n = 2,3,...,N).
Because of (H2), we have for arbitrary e € (0, 1),

2 |(g(ultn)) - g(u™).€})

< 2La(M) fem | flen (|75 el

<
2(1+6)
with some Cy > 0 depending on s, Lo(M), and ep. Alternatively, we have with

—

(H2) and some Cy > 0 depending on Ly(M) and ey that
2 |{g(ultn)) - g(u™).€})

We now follow the arguments in the proof of Theorem 5 and Theorem 4. (I

n

< Cyle"? +eale™ e") + a(ej,ef),

< 2Ly(M) [le"|| [e2] < ea(e™, ™) + C [e2]?.

The error constant is essentially of the same structure as the stability constant
(changing the subscript 1 to 2). The assumptions u € C([0,T]; H) and {u"} €
1°(0,T; H) follow from Theorem 1 and Theorem 5 respectively if in particular

—~—

(H1) (or (H1)) holds true. These assumptions are only needed to ensure the
existence of some M > 0 independent of {7,} such that u™, u(t,) € By (n =

2,...,N), which enables to apply (H2) (or (H2)). The regularity assumptions
can be only fulfilled under additional conditions on g.

Appendix A: A discrete Gronwall lemma

Lemma 1. Let an, by, cn, A > 0 with {c,} being monotonically increasing.
Then

n—1
an+by < > Naj+cn, n=23,... (A1)
j=2

implies forn =2,3,...

n—1 n—1
an +bn <cn [TA+X) <chexp| X Aj].
j=2 j=2
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Proof. With
5 m—1 m—1
A '= Wm—1 Z )\ja]- ,  Wpm—1 = H (]. —+ )\j)il ,
j=2 j=2
form =2,3,..., we have

m—1
Gm+1 — Gm = AmWm <am - > )\jaj> < CrmAmWn, -
i=2

Summation gives (because of ao = 0)

n—1 n—1
an < Z CmAmwm < ¢y, Z AW, -
m=2 m=2

We thus have from (A.1)
1 1 n—1
an + by < apw, 1 +cn < cpw, ( Z AmWm +wn—1) >
m=2
and the assertion follows with the identity
n—1
S Amwm Fwpo1=1.

m=2

O

Corollary 1. Let, in addition to the assumptions of Lemma 1,0 < X\ < 1. Then
n—1

an +b, < Y Njaj+Aan+c,, n=23,... (A.2)
=2

implies forn =2,3,...

c n—1 s c 1 n—1
by < —- 1 )< — Aj
a"+"_1)\j1;[2(+1>\)_1>\eXp pAJZZ;J

Proof. Tt immediately follows from (A.2) that

Cn

-\’

n—1
b Y
ap + by < ap + 7)\§j§=217)\aj+1

and we may apply Lemma 1 with A, := A,/(1 = A) and ¢, := ¢, /(1 = X). O
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Appendix B: Solvability of the continuous and discrete problem

Before we are going to prove the solvability of both Problem (P) and (P;),
we provide the reader with some auxiliary results. We start with a well-known
consequence of the famous fixed-point theorem by Brouwer.

Lemma 2. Let h : R™ — R™ be continuous on Ky := {& € R™ : ||z|| < M}
for some M > 0, where || - || denotes an arbitrary norm on R™. If h(x)-x >0
for all @ € R™ with ||x|| = M, then there is some & € Ky such that h(&) = 0.

For a proof, see for instance Zeidler [21, Prop. 2.8].

Proposition 1. For 7 >0, let B, : V — V* be defined as

1
B.(v):==-v+Av+gv), veV. (B.1)
T
Assume (H1), (H2) (or, alternatively, (ﬁf), (ﬁg)), and (H3). If T is sufficiently
small then By is bijective.

Proof. We firstly observe that B, indeed maps V into V* due to the properties
of A and g. Let b € V* be arbitrary. We show by construction that B, (u) =b
admits a unique solution u € V. The existence of a solution will be proved by
means of a Galerkin approximation: Since V is separable, there is a Galerkin

basis {¢;} C V such that U Vin =V and lim dist(v,V,,) =0 for all v € V
m—00

meN
with V,,, := span{és, ..., ¢ }. For given m € N, we consider the continuous and

bijective mapping

m
R m P
U = (Um,15- -5 Umom) € R™ & vy, 1= E Um,j®j € Vin
=1

and introduce on R™ the norm ||v.,|| := ||vm||- The corresponding system of
Galerkin equations

(BT(U’TI’L)7¢]>:<b)¢J>7 j:17"'ama

is solvable if and only if there is a zero w,, € R™ of the function h : R”™ — R™
with h = (hq,...hy) and

hj(vm) == (Br(vm) —b,0;), j=1,...,m.

Because of (H2) (or (H2)) and (2.1), the function h is continuous on each KCps:
In virtue of V < H, it follows from v,, € Ky that v, € Baar, and (H2) (or

—

(H2)) is applicable. We have furthermore

h(vim) - vm = (Br(vm) — b,vm) = % |Um|2 + a(Vm, vm) + (9(vm), vm) — (b, vm)
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> % [vm | 4 1 [omll* + (g (vm), vm) = [b]l][ vl - (B.2)
With (H1) and Young’s inequality, we find
[(g(0m), vm)| < [lg(vm)l]«][vm]
< Li(1 A+ [om])* om[*7*0 < C (1 + Jum|?) + % [ (B.3)

where C' depends on Lq, s1, and u, and thus
1 2 | M 2
h(vm) - vm 2 | = = C | [um]” + 5 [omll” = [1blls[lvm]l = C

Taking 7 < 1/C and M > (HbH* ++/|b]1Z2 + 2;LC) /1, we have h(vy,) - vy > 0

for all v, € R™ with ||v,,|| = M. With (H1) , we find alternatively
[{g(vm), vm)| < |g(vm)| [vm]
< Lit+ flonl)om] < Clonl + S llonl? + 5
where C' depends on Ly and p. Taking M > (HbH* + «/HbH%—i—/ﬂ) /p and
7 < 1/C, we have again h(v,,) - v,,, > 0 for all v,,, € R™ with ||Jv,,|| = M.
Lemma 2 now ensures the solvability of the system of Galerkin equations.
Moreover, the sequence of Galerkin solutions {uy, } is bounded in V since ||un, || =
||| < M with M being independent of m. Since V is a reflexive Banach space,
there is a subsequence {u,’} and some v € V such that u,,, — w in V. We have
to prove that u solves B, (u) = b. From the weak convergence, it follows that

1 1
— Um/, — U ) A m’s A )
(Tu v)ﬂ<7uv> (A, v) — (Au,v)

for all v € V. Because of (H3), also

(B.4)

<g(um’)7 U> - <g(u)a U)

holds true for all v € V. The assertion follows with the usual density argument.
It remains to prove the uniqueness: Let u1, us € V' be two solutions. We find

0 = <BT(u1) — B (u2),u1 — uz>
1
> —fun =’ + pflun = ual® + {glur) = glua), ur —ua).
Taking M := o max(||u1]|, ||uz]|), we have with (H2) and Young’s inequality

[(g(u) = gluz) us —uz)| < lg(un) = glua) s = s

< Lofuy — upl*|lug — ug*~*2

< Clur— ol + 5 Jur — wall?,
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—

where C' depends on Ly = La(M), sa, and p. With (H2), we obtain analogously
[(g(w1) = gluz), 1 —u2)| < lgun) = gluwa) s — e

< Loluy —usf [Jus — ug]

< Clu—usf + 5 flur — ual?,

where C' depends on Eg = ZQ(M ) and p. It follows u; = ug in V for sufficiently
small 7 < 1/C. O

Remark 3. As one infers from (B.2), Proposition 1 remains true, and indeed

—_—

without a time step restriction, if instead of (H1) or (H1) the function g is
positive on V such that for all v € V

(9(v),v) > 0.

We are now prepared to present the postponed proofs of Theorem 1 and 2.

Proof of Theorem 1. We firstly observe that A maps the space L2(0,T;V) into

its dual L?(0,T;V*). Because of (H1) or (H1), also g maps L?(0,7;V) into
L2(0,T;V*). Let u € L?(0,7;V) be a solution to Problem (P). It then follows
uw = f— Au—g(u) € L?(0,T;V*) and thus u € C([0,T]; H). In the following,
we construct a solution and prove afterwards its uniqueness.

For given N € N, let 7 = T/N and ¢, = n7 (n = 0,...,N). We compute
approximations {u"} by means of the implicit Euler method with constant step
size, starting with v® = vy € H:

u” — L 1 tn
erAu"Jrg(u"):f”::;/ f@dt, n=1,...,N. (B.5)
tn—l

For sufficiently small 7 > 0, Proposition 1 implies existence and uniqueness of a
solution {u™} to (B.5). Testing by u", we find because of

1
(un o unfl’un) _ §(|un|2 o |un71|2 + |un o un71|2)
with (2.2) that
[ = Ju" TP = TR 2 P < 27 (e - 27 (g (u), u")

Estimates similar to (B.3) and (B.4) together with Young’s inequality yield after
summation

n n
I e S (G e w7
j=1 j=1

27 & . 2 .
< '+ <53 IFE +OT + Cr Y P
j=1 j=1
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With
N ] T
SO < / 17 ()] dt (B.6)
j=1

Corollary 1 in Appendix A leads for sufficiently small 7 to

n n T
P4 D f? — P Ty )P <O <|u0|2 + [ Irolza T) - (B7)
j=1 j=1 0
Therefore, we have that {u™} is stable in [2(0,7; V) and [°°(0, T'; H). In addition,
we obtain from (B.5) with (H1) or (H1) and with (2.1)

1 _
= [l =L <1+ Bl + gl < 1l +C lu™ + C

Because of (B.6) and (B.7), it follows after summation
L X

T
;leuﬂuﬂmgc(wu/ |f<t>|3dt+T>, (.5)

which shows that {(u™ — u"~1)/7} is in [2(0,T;V*). We now define for t €
(tn—1,tn] (n=1,...,N)

n __ ,unfl

Ur(t) i=u™, Vi(t) = — (t—tn_1) +u"t

with U-(0) := u', V;(0) = ug. Let {7} be a null sequence. Due to the stability
of the discrete solution to (B.5), {U,} and {V,} are bounded in L?(0,7;V) and
L*(0,T; H). However for the boundedness of {V,} in L?(0,T;V), we need that
ugp € V. We can now extract a subsequence {7’} such that {U,.} and {V,+}
are weakly convergent in L%(0,7;V) and weakly* convergent in L>°(0,T; H).
Moreover, the sequence of derivatives {V/} is bounded in L2(0,T;V*) because
of (B.8). We, therefore, have due to the theorem by Lions and Aubin (see for
instance Lions [12, Thm. 5.1 in Ch. 1.5.2]) the strong convergence of {V;/} in
L?(0,T; H) and thus in any LP(0,T; H) with p € [1,00). Since

N

T
| o - viora = 30w -,

Jj=1

we then have from (B.7) that also {U,/} converges strongly in L?(0,T; H) to-
wards the same limit. We denote the limit by u and have, finally, to prove that
u is a solution to the original problem. For this, we rewrite the scheme (B.5) as

VI(t) + AU (1) + g(U (1)) = Fr (1)

for almost all ¢ € (0,7T) with F.(t) = f* for t € (t,_1,ts) (n =1,...,N). For
simplicity, we write 7 instead of 7/. Testing by v € V, multiplying by a test
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function ¢ = ¢(t) € C1([0,T]) with ¢(T') = 0, and integration leads to
T

- [ s [ a(to.)swa s [ (s s
= [ 00001 + (10,00000).

Due to the strong convergence of {V;} in L?(0,T; H) and the weak convergence
of {U;} in L?(0,T;V), we have that

/o (Vr(t)w)(b'(t)dt —>/O (u(t),v)qy(t)dt,
r T
/0 a(UT(t),v)¢(t)dt H/o a(u(t),v)qb(t)dt,

Since Uy, u € L*>(0,T; H), there is some M > 0 such that U, (t), u(t) € By for
almost all ¢t € (0,7). With (H2) and Hoélder’s inequality, it then follows because
of the strong convergence in L2(0, T; H) and the boundedness in L2(0,7; V) that

/0 (U (1)) — glult)). v)é (b)) dt
< La max 1600l o] / (1)U (1) — u(t)|['~*=dt

§L2t161[13>;]|¢(t)l|\vll / U (1) — u(t)| dt / U+ (t) — u(t)]| dt — 0.

Unfortunately, (H2) is not enough to conclude the desired convergence. However,

we have alternatively (H3) at hand. With standard arguments, we may prove
F, — fin L?(0,T;V*), and so it follows that u is a weak solution to (2.4).
Regarding the restriction to initial conditions uy € V, we note that if only
up € H, then we only have the boundedness of {V,} in L%(e,T;V) for any
e > 7. It follows strong convergence of {V;} in L?(e,T; H). Since {V;} remains
bounded in L>(0,T; H), it also follows strong convergence in L?(0,T; H).

It remains to prove the uniqueness. Let ui, us be two solutions. Then w :=
up —uz € L2(0,T; V) NC([0,T); H) with w’ € L*(0,T;V*), and

(! (£),0) + a(w(t), v) = ~(glur(t)) = glus(t)), v)
holds for all v € V' and almost everywhere in (0,7"). Taking v = w(t), we find
with (H2) and Young’s inequality
1d

5 77O + i@ < llgwi#) = gluz(®))llw®)]

52 —S82 C /’[/
< Ly [w®)* Jw@)[*7 < Z [w@) + 5 llw®)]*,
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where C' depends on Ly = Lo(M), s2, and p with

M := max ( max |uq(t)], max |u2(t)|) .
te[0,T] te[0,T]

Alternatively, we obtain from (H2)

% %Iw(lﬁ)l2 +ullw@®)]? < lg(ur(t) — gluz(t)] Jw(t)]
< Lo )] )] < 5 fw(0)? + 5 o)
where C' depends on Ly = EQ(M) and p. In both cases, we come up with
@ (e (t)?) + e )| <0,
which proves, after integration, the uniqueness since w(0) = 0. Il

Proof of Theorem 2. Let u"~2,u"~1 € V* and f* € V* be given. We rewrite
the n-th step (n = 2,..., N) of the BDF in the form B, (u") = b, where B; is
given by (B.1) with

Tn(14+14) r2

1
= ) b= " - 1 n n-1_ _'"m _n-2 .
4 1+2r, ! +Tn <( ) u 1+7°nu )

From Proposition 1, we conclude existence and uniqueness of v € V C V* if
Tn, is sufficiently small. This proves the unique solvability of Problem (P;) for
given ¥, ut € H C V*, {f"} C V* if Tax is sufficiently small. O
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