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Abstract. In this paper, we develop an efficient numerical method based on Gauß-Hermite
quadrature to calculate the one-dimensional dynamic response of a nonlocal, peridynamic
bar composed of (inhomogeneous) linear material. The principal physical characteristic of
the peridynamic theory is the presence of long-range forces leading to nonlinear dispersion
relations while the principal mathematical characteristic is the presence of a stationary Bar-
bashin operator in the integro-differential equation of motion. We calculate two examples
corresponding to continuous and discontinuous, Riemann-like initial conditions. As the an-
alytical solutions for these examples are known, they serve as validation problems for the
proposed numerical scheme.
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1. Introduction

In the classical local theory of elasticity, the equation of motion is a partial differential
equation (PDE). However, if nonlocal effects have to be considered, it can1 become an
integro-differential equation (IDE), see Silling [2], Kunin [3] and Rogula [4]. For an
infinite, homogeneous, linear microelastic bar, this ‘peridynamic’ equation of motion

1There are numerous approaches to model nonlocality which do not necessarily involve integro-
differential equations, see e.g. Chen et al. [1] for a comparison of different microcontinuum theories
and their relation to atomistic models.
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is given by

ρ0 ∂2
t u(x, t) =

∫ +∞

−∞
C(x̂ − x) [ u(x̂, t) − u(x, t) ] dx̂ + b(x, t) , (1.1)

(x, t) ∈ R × (0, T )

where ρ0 is the constant density, u(x, t) the displacement field for the material point
x at time t, C the stiffness distribution density or ‘micromodulus’ function and b the
external force density. If C is a suitable generalized function, (1.1) coincides with
the wave equation of local elasticity, see Section 3 for explicit examples. A dispersion
analysis of (1.1) gives the angular frequency ω as a function of the wavenumber k:

ω(k) =

(
∫ +∞

−∞
[ 1 − cos(k x̂) ]

C(x̂)

ρ0
dx̂

)1/2

. (1.2)

The phase velocity vp(k) := ω(k)/k can, in principle, be found experimentally, see e.g.
Graff [5]. It can then be used to determine the micromodulus function C according
to (1.2). Therefore the nonlocal model (1.1) provides an analytical description of the
dynamics of a system characterized by its nonlinear2 dispersion relation. Weckner
& Abeyaratne [6] derived analytical solutions by means of Fourier-transforms which
serve as validation problems for the numerical method presented in this paper. For
the more general IDE

∂2
τη(ζ, τ) =

∫ +∞

−∞
κ(ζ, ξ) η(ξ, τ) dξ + χ(ζ)η(ζ, τ) + ϕ(ζ, τ) (1.3)

the authors have shown the existence of a unique mild solution η subject to initial con-
ditions η0(ζ) := η(ζ, 0), ν0(ζ) := ∂τη(ζ, 0) in the function space of Bochner-integrable
abstract functions with values in L∞(R), the space of essentially bounded functions,
see Emmrich & Weckner [7]. The solution η can be interpreted as the normalized
displacement of an inhomogeneous bar. In general, all quantities denoted by Greek
letters are dimensionless (except ρ0, ω). In agreement with Weckner & Abeyaratne
[6], the jump conditions were derived: the Lagrangian location of a discontinuity is
shown to remain stationary, which is important for the numerical method presented.

2. Discretization

In order to discretize (1.3), we use the Gauß-Hermite quadrature which is exact for
any polynomial Φ(ξ) ∈ Pr(ξ) of degree r ≤ 2 n − 1:

∫ +∞

−∞
e−ξ2

Φ(ξ)dξ ≈
n

∑

k=1

σ
(n)
k Φ(ξ

(n)
k ) . (2.1)

Here, ξ
(n)
k , k = 1, . . . , n, are the roots of the Hermite polynomials

H(n)(ξ) :=
(−1)n

(2nn!
√

π)1/2
eξ2 dn

dξn
(e−ξ2

)

2The wave equation of classical elasticity theory corresponds to a linear dispersion relation.
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which we arrange such that ξ
(n)
k < ξ

(n)
k+1; the weights σ

(n)
k are defined by σ

(n)
k :=

∫ +∞
−∞ e−ξ2

L
(n)
k (ξ)dξ with the Lagrange polynomials L

(n)
k (ξ) :=

∏n
j=1,j 6=k

ξ−ξ
(n)
j

ξ
(n)
k

−ξ
(n)
j

. We

set Φ(ξ; ζ, τ) = eξ2

κ(ζ, ξ) η(ξ, τ) for the approximation of the improper integral in
(1.3). The method of collocation then leads to the following set of ordinary differential
equations (ODEs)

η̈
(n)
j (τ) =

n
∑

k=1

σ
(n)
k eξ

(n)
k

2

κ(ξ
(n)
j , ξ

(n)
k )η

(n)
k (τ) + χ(ξ

(n)
j )η

(n)
j (τ) + ϕ(ξ

(n)
j , τ) , (2.2)

where η
(n)
j (τ), j = 1, . . . , n, are approximations for η(ξ

(n)
j , τ). Introducing the no-

tation η
e

(τ) := (η
(n)
j (τ)), Γ

f

:= (Γj,k) = (−σ
(n)
k eξ

(n)
k

2

κ(ξ
(n)
j , ξ

(n)
k ) − χ(ξ

(n)
k ) δj,k),

ϕ
e

(τ) := (ϕ(ξ
(n)
j , τ)), where δj,k is the Kronecker symbol, one can rewrite the dis-

cretized equation of motion (2.2) as

η̈
e

(τ) + Γ
f

η
e

(τ) = ϕ
e

(τ) . (2.3)

Note that the stiffness-matrix Γ
f

is not symmetric. Fourier-transformation leads to

Π
f

(µ)η̄
e

(µ) = ϕ̄
e

(µ) with the dynamical stiffness-matrix Π
f

(µ) = Γ
f

− µ2 1
f

and the

identity matrix 1
f

.

The solution of the homogeneous problem, Γ
f

η̄
e

h(µ) = λ η̄
e

h(µ), is

η
e

h(τ) =

n
∑

j=1

(

αj η̂
e

j cos(µjτ) + βj η̂
e

j sin(µjτ)

)

(2.4)

with the semi-simple eigenvalues of the stiffness matrix λj = µ2
j and the corresponding

eigenvectors η̂
e

j . The 2n constants (αj , βj) are determined by the initial conditions

by solving the set of linear equations

η
e

(τ = 0) = (η0(ξ
(n)
j )) =

n
∑

j=1

αj η̂
e

j , η̇
e

(τ = 0) = (ν0(ξ
(n)
j )) =

n
∑

j=1

βjµj η̂
e

j . (2.5)

Therefore, one can solve the discretized equation of motion (2.2) in two ways: either
one uses a time step integration scheme (such as Runge-Kutta or Newmark) or one
uses an eigenvalue solver to obtain (2.4) and then solves the above set of linear equa-
tions (2.5). The advantage of the second strategy is that the semi-analytical solution
allows one to calculate the displacement η

e

(τ∗) for any time τ∗ without having to

calculate the solution for τ < τ∗ in advance. In both cases, we find an approximation
of the displacement field η(ζ, τ∗) at time τ∗ for the discrete, not equidistant points

ζ = ξ
(n)
j which can then be interpolated to obtain an approximation for an arbitrary

point ζ ∈ [ξ
(n)
1 , ξ

(n)
n ]. One has to pay special attention to the interpolation of the
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numerical results near displacement discontinuites. But since the stationary position
of all discontinuities is known in advance, this can easily be done.

3. Examples

In order to demonstrate the presented numerical method, we calculate two examples
for the homogeneous solution of (1.1) that have been already investigated in detail in
Weckner & Abeyaratne [6]. This allows us to validate our numerical results and also
discuss its limits.

3.1. Gaussian initial displacement. We consider the initial conditions u0(x) =

Ue−(x/L)2, v0(x) ≡ 0 and the micromodulus function C(x) = 4 E
ℓ3

√
π

e−(x/ℓ)2 with

Young’s modulus E and a length scale parameter ℓ. For ℓ → 0, (1.1) becomes the
wave equation of local elasticity theory:

ρ0 ∂2
t u(x, t) = E ∂2

xu(x, t) + b(x, t) . (3.1)

Therefore, ℓ can be seen as a degree of nonlocality. With the normalization ζ := x/L,

c0 :=
√

E/ρ0, τ := tc0/L, η := u(Lζ, Lτ/c0)/U , λ := ℓ/L, the equation of motion
(1.1) can be rewritten as (1.3) with κ(ζ, ξ) := L3C(L(ζ − ξ))/E, χ(ζ) := −4λ−2,
ϕ ≡ 0. The solution of this initial value problem is

η(ζ, τ ; λ) =
1
√

π

∫ ∞

0

cos(α ζ) e−α2/4 cos(τ

√

1 − e−α2λ2/4

λ2/4
) dα , (3.2)

see Weckner & Abeyaratne [6]. Expanding (3.2) in a Taylor series around λ = 0, one
obtains the well-known d’Alembert-solution:

lim
λ→0

u(ζ, τ ; λ) = U
e−(ζ−τ)2 + e−(ζ+τ)2

2
. (3.3)

We choose n = 49 for the quadrature method (2.1) and λ = 3/4 for the normalized

−10 −5 0 5 10

Figure 1. Roots of Hermite polynomials, n = 49

length scale parameter. The location of the roots ξ
(49)
k of the Hermite polynomials is

shown in Figure 1.

The numerical time integration of (2.2) was carried out with the software Math-
ematica that uses the Livermore Solver LSODE for solving ODEs. The results are
compared with the exact solution given by (3.2).3

3In order to evaluate (3.2), we again use Mathematica. For the following discussion we assume
that the (spatial) numerical integration of (3.2) and the (temporal) numerical integration of (2.2)
are exact within the resolution of the line thickness. This can be verified by increasing the working
precision which does not change the presented numerical and graphical results, respectively.
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Figure 2. Plots of the displacement ηk(τ) for fixed points: numerical
(black line) and analytical results (grey line) of Example 3.1

Figure 2 presents a plot of the displacement η
(n)
k (τ) as a function of time for the

fixed points ξ
(49)
25 , ξ

(49)
33 , ξ

(49)
41 , ξ

(49)
49 marked by circles in Figure 1. Figure 3 shows

the spatially interpolated displacement field η(ζ, τk) for the fixed times τk = k, k =
0, . . . , 11, using piecewise cubic polynomials. Since the system is symmetric with
respect to the axis ζ = 0, we only plot the half-plane ζ ≥ 0. Both figures show
that the numerical results agree well with the analytical results for all the points

ζ ∈ [ ξ
(49)
1 ≈ −9.1, ξ

(49)
49 ≈ 9.1 ] if we limit the time of observation to τ < 6. The

difference between the analytical and the (interpolated) numerical solution is shown
in Figure 4 whereas the spatial L2-norm of the error as a function in time is shown
in Figure 5.

Increasing the number of integration points extends both the spatial and temporal
observation interval. The valid temporal observation period can also be extended if
we restrict our attention to points closer to the origin: the displacement of the particle

located at the origin 0 = η
(49)
25 is correct until τ ≈ 14.

For τ > 14, the analytical solution and our numerical approximation do not agree
any more for any particle. This is caused by the reflection of elastic waves at the
numerically induced artificial boundary. The type of boundary conditions introduced
in this example is dictated by the quadrature method used. In future research, it
would be interesting to study the problem of wave reflection in Peridynamics in more
detail which to the knowledge of the authors has not been previously pursued. It might
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Figure 3. Snapshots of the spatially interpolated displacement field
η(ζ, τk) for fixed times τk = k, k = 0, . . . , 11: numerical (black line)
and analytical results (grey line) of Example 3.1

be possible to introduce absorbing, non-reflecting boundary conditions to further
improve the above results.

3.2. A Riemann-like problem. In this example, we look at a bar initially at rest
with a piecewise constant velocity field involving a jump at the origin: v0(x) =
v−h(−x) + v+h(x) where h(·) denotes the unit step function. The aim is to in-
vestigate how well the presented numerical method copes with discontinuous initial

conditions. The material considered is4 C(x) = E
πℓ3

2 sin(x/ℓ)−2(x/ℓ) cos(x/ℓ)
(x/ℓ)3 correspond-

ing to a continuous piecewise linear dispersion relation (1.2). According to Weckner &

4We again choose the stiffness distribution such that for ℓ → 0 the equation of motion (1.1)
becomes the wave equation (3.1).
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Figure 4. Error between the exact displacement field η(ζ, τ) and the
numerical one for Example 3.1 with ζ ∈ [ξ49

1 ≈ −9.1, ξ49
49 ≈ 9.1] and

τ < 15
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Figure 5. L2-norm of the error between the exact displacement field
η(ζ, τ) and the numerical one for Example 3.1 for τ < 15

Abeyaratne [6], the resulting displacement field is:

η(ζ, τ) =
V+ + V−

2
τ

+
V+ − V−

4π
[ (ζ + τ) Si(ζ + τ) − (ζ − τ) Si(ζ − τ) (3.4)

+ sin(τ) (π sgn(ζ) − 2 sin(ζ) − 2 Si(ζ)) ] ,
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with ζ := x/ℓ, c0 :=
√

E/ρ0, τ := c0t/ℓ, η(ζ, τ) := u(ζℓ,τℓ/c0)
ℓ , V± := v±/c0. Si(·) is

the integral sine function and sgn(·) is the sign function.
For the numerical simulation, we choose n = 49, V+ = −V− = 1. In Figure 6, the
analytical solution (3.2) is drawn as a grey line whereas the numerical solution is
drawn as a dashed, black line. As in the previous Example 3.1, the numerical results
agree well with the analytical results for a finite time and spatial interval.
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Figure 6. Snapshots of the spatially interpolated displacement field
η(ζ, τk) for fixed times τk = k, k = 0, . . . , 6: numerical (dashed, black
line) and analytical results (grey line) of Example 3.2
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4. Conclusions

As the two Examples 3.1 and 3.2 show, the numerical method presented can efficiently
be used to calculate approximate solutions of the IDE (1.1), even in the case of
discontinuous initial data. An agreement with the exact solution, however, can only be
expected in a finite spatial domain up to a finite time. This is due to the approximation
of the improper integral by a finite sum which can be interpreted as the introduction
of artificial boundaries.

Changing the (possibly inhomogeneous) material properties can easily be imple-
mented by redefining the functions κ(ζ, ξ) and ϕ(ζ) accordingly. Future work will
concentrate on extending the presented method to problems in two and three dimen-
sions and to the nonlinear case.
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