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SUPRACONVERGENCE AND SUPERCLOSENESS
OF A DISCRETISATION FOR ELLIPTIC THIRD-KIND
BOUNDARY-VALUE PROBLEMS
ON POLYGONAL DOMAINS

E. EMMRICH!

Abstract — The third-kind boundary-value problem for a second-order elliptic equa-
tion on a polygonal domain with variable coefficients, mixed derivatives, and first-order
terms is approximated by a linear finite element method with first-order accurate
quadrature. The corresponding bilinear form does not need to be strongly positive.
The discretisation is equivalent to a finite difference scheme.

Although the discretisation is in general only first-order consistent, supraconvergence,
i.e., convergence of higher order, is shown to take place even on nonuniform grids. Local
error estimates of optimal order min(s,3/2) (with a logarithmic factor if s = 3/2) in
the H'(Q)-norm are proved for s € (1/2,2] if the exact solution is in the Sobolev —
Slobodetskij space H*#(2). If neither oblique boundary sections nor mixed derivatives
occur, then the optimal order s is achieved. The supraconvergence result is equivalent
to the supercloseness of the gradient.
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1. Introduction
We consider the discretisation of the differential equation
Au = —(auy), — (bug), — (buy), — (cuy), + du, +eu, + fu=g in QCR? (1.1)
with variable coefficients subject to the Robin boundary conditions
Bu := augn, + bugn, + buyn, + cuyn, +ou =19 on I':= 00, (1.2)

where  is a simple polygonal domain and (7,,7,) denotes the outer normal on I'. The
coefficients and the right-hand sides are assumed to be sufficiently smooth. Moreover, A is
assumed to be uniformly elliptic and the corresponding homogeneous problem with g =1 =0
is supposed to possess the trivial solution © = 0, only. It is, however, not necessary to assume
strong positiveness of the corresponding bilinear form.

The discretisation is obtained from linear finite elements on a triangulation Ty of €,
which relies upon a nonuniform rectangular grid Qg, in combination with an appropriate
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first-order quadrature. This fully discrete finite element method is equivalent to a finite
difference method on Q.

Although the scheme is in general only first-order consistent, we prove higher-order con-
vergence. Let uy denote the finite difference solution, Py — the piecewise linear interpola-
tion with respect to Ty (note that Pyuy then is the corresponding finite element solution),
Ry — the pointwise restriction on Qp, and || - ||;2 — the usual H'(Q)-norm. For a quasi-
uniform sequence of grids Qy with a maximum meshsize H,,.. tending to zero, we derive a

local error estimate from which the global estimate || Py Ryu— Prug||12 = O(Hma ™) for

s € (1/2,2], s # 3/2, and | PuRyu— Prugl|12 = (f)(Hf;l/aQX log H L ) for s = 3/2, respectively,
follows if w € H'**(Q). For s € {1,2}, the estimate even holds without the assumption of
quasi-uniformity. If € is a union of rectangles then for s = 3/2, the logarithmic factor does
not appear. If, moreover, there are no mixed derivatives, then even the optimal order s can
be shown. As a consequence, a global estimate of order O(H;,.) is obtained for s € [1,2]
even for an arbitrary sequence of nonuniform grids if there are no oblique boundary sections
and no mixed derivatives. Again by interpolation, a global estimate of order O(Hr(r}aff)/ 2)
follows for an arbitrary sequence of nonuniform grids in case {2 is a union of rectangles. By
assuming u € H'(Q) N W2°(Q), local error estimates can be proved that lead to global
estimates of order O(Hmm®*?) without the logarithmic factor even if oblique boundary
sections and mixed derivatives occur. Note that the supraconvergence results also show the
supercloseness property for the gradient in the context of finite elements.

The super- and supraconvergence of finite elements and finite difference solutions, re-
spectively, have been considered by many authors; we refer, in particular, to the pioneering
work [44] as well as to [7,22,28,31,50,53] and the references cited therein.

Besides elliptic problems, also other types of equations have been considered; without
being exhaustive, we refer to [5,40,48] for parabolic equations, to [4,23,51] for second-order
hyperbolic equations, to [43] for first-order hyperbolic equations, to [14] for the Korteweg-de
Vries equation, and to [39] for other semi- and quasilinear time-dependent problems. Re-
cently, also the supraconvergence of finite volume discretisations for linear advection prob-
lems has been studied (see [45]).

Finite difference approximations of linear second-order elliptic equations with Dirichlet
boundary conditions have been analysed, mostly by means of function space interpolation
techniques and by measuring the error in a discrete Sobolev norm, in [6,21,24-26,34,41,49]
(and other papers by the same authors), see also [54] for a finite element discretisation on a
nonuniform rectangular partition. In order to obtain higher-order convergence on nonuniform
grids, often a correction is added to the standard finite difference scheme on a uniform grid.
This is different from the results of [3,11-13] and of this paper where no correction is needed.

The supercloseness property, which follows from the supraconvergence results, plays an
important role in postprocessing, recovery techniques for the gradient, and a posteriori error
estimates (see [1,2,8,9,16-19,29,30,35,36,38,52] and the references cited therein). In all these
papers, either a uniform grid or a smooth transformation of a uniform grid (cf., e.g., [35]) has
to be assumed in order to obtain optimal second-order convergence for the gradient in the
L*(Q)-norm if u € H3(2). Moreover, the coefficients are often supposed to be constant, the
domain is often the unit square or with a smooth boundary, and the quadrature used in [35]
is of second order, which differs from the first-order quadrature studied in this paper. Except
for [17,36], only Dirichlet boundary conditions are considered. The order of convergence in
[17] is 3/2 for Neumann boundary conditions if (except near the smooth boundary) a uniform
grid is used. Also in the tables in [36], one can find order 3/2 but for bilinear elements. In
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the recent paper [1], again mixed derivatives and Neumann boundary conditions are allowed;
the maximum order of convergence proven there is O(h?log'/? h=!) if the exact solution is in
W3°°(Q) and if the triangulation is quasi-uniform and most of the adjacent triangles fulfill
the so-called O(h?)-parallelogram property. Recently, the supercloseness property has been
studied in [37,47] for the finite element discretisation of the Poisson and convection-diffusion
equation with Dirichlet boundary conditions relying on quadrilateral nonconforming elements
even on nonuniform grids.

In [27], a particular finite difference discretisation of (1.1), (1.2) with mixed derivatives
but without lower-order terms was considered on an equidistant partition of the unit square
and global estimates for the error measured in the discrete H'-norm of order O(h?log®? h=1)
are obtained if the exact solution is in H3(Q). Preceding results can be found in [33, 46],
where the finite difference method on a uniform grid in [33] for (1.1), (1.2) without lower-order
terms and in [46] for the Poisson equation with third-kind boundary conditions, respectively,
has been studied on the unit square. The error measured in the discrete H'-norm is shown to
be of order O(h™(=3/2)) (s € (1/2,2], s # 3/2) and O(h*?logh™!) (s = 3/2) if u € H'™5(Q).

Our paper is to some extent a continuation of [3,11-13]: In [12], the authors deal with
the differential operator (1.1) on a simple polygonal domain subject to Dirichlet boundary
conditions instead of (1.2) and show a local error estimate for || Py Ryu— Pruglr 2 of second
order on arbitrary nonuniform grids if « € G*(Q) and if there are no oblique boundary
parts in the case b # 0. In this latter case, the convergence order reduces to O(H%/;fx) it I
contains oblique parts. In [13], again (1.1) (but with first-order terms in divergence form)
is considered on a simple polygonal domain subject to Dirichlet boundary conditions and
local error estimates are proved showing first- and second-order convergence if u € H?()
and u € H3(f), respectively, and if there are no oblique boundary parts or if b = 0. In
the case that I' possesses oblique parts and b # 0, again order 3/2 can be retained if
u € H3(Q) N E€2(Q) and, by interpolation, order O(H4ak">"%) with arbitrary € > 0 can be
shown for u € H'™(Q) (s € (1,2]).

For the third-kind boundary-value problem (1.1), (1.2) on a domain §2 that is the union of
rectangles but without mixed or first-order derivatives (b = d = e = 0), local error estimates
showing supraconvergence of order s for s € (1/2,2] if u € H'™*(Q) are proved in [11].
Preliminary results for the one-dimensional case were obtained in [3]. The aim of this paper
is to generalise the results of [11] by admitting also mixed and first-order derivatives in the
differential operator A as well as a polygonal domain.

An essential step here and in the analysis in [11-13] is the fact that the discretisation can
be regarded as a fully discrete finite element method with quadrature but also as a finite
difference method.

2. Discretisation and error estimates
The variational problem corresponding to (1.1), (1.2) reads as
find w € H'(Q) such that A(u,v) = (g,v) + (¢,v)r for all ve H'(Q) (2.1)
with the sesquilinear form
A(v,w) 1= (avg, wy) + (bvg, wy) + (buy, w,) + (cvy, wy)+

+(dvg, w) + (evy, w) + (fv,w) + (av,w)r, v,w e H' (). (2.2)
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We employ the usual notation for Lebesgue-, Sobolev-, Sobolev — Slobodetskij spaces
and spaces of continuously differentiable functions. In particular, we denote by (+,-) and (-, -)r
the inner product on L*(Q2) and L*(T'), respectively, and by | - ||,,.p and | - |, , p the usual
norm and seminorm on W"P(D), respectively, for a domain D (where we omit the subscript
D if D = Q and set H"(D) = W"*(D)). For properties of the aforementioned function
spaces and embedding theorems, we refer in particular to [42] (cf. also [32, pp. 385ff.]). As
the boundary I' is only Lipschitz, the norm of Sobolev — Slobodetskij spaces on I' shall
be defined through summing up over disjoint straight boundary sections, which is different
from the usual definition. In particular, the continuous embedding H"(Q2) < H"Y/2(T") then
holds true for all » > 1/2.

For the discretisation, let h = {h;};cz and k = {k¢}scz be two sequences of positive real
numbers and consider the two-dimensional grid Ry := R}, x RY where

po={r;eR iz i=x;+h;, j€Z}, Ry ={weR:y1:=y+k, (€L}
for xg,yo € R given. We define
QHI:QQRH, FHI:FHRH, QHZQHRH:QHUPH

Moreover, let x;41/2 := x; +h;/2 = xj 41 — h;/2 := 2(j41)-1/2 With an analogous notation for
the y-direction.

Throughout this paper, we impose the following assumptions:

(H1) The coefficients in A and B as well as ¢ are sufficiently smooth such that all are
at least uniformly continuous and g € L?*(Q).

(H2) The differential operator A is uniformly elliptic in 2 and the corresponding homo-
geneous variational problem (2.1) is uniquely solvable.

(H3) The vertices of Q are in I'y. The triangulation Ty is a set of open triangles
in which the vertices are the grid points of Q. The intersection of I' with a rectangle
O := (zj,2j+1) X (Y, Yeg1) s either empty or a diagonal of [J.

(H4) The set A describes the sequence {Qp } gea of grids with Hyay :=max{h;, ke:j, L €Z}
tending to zero.

Note that (H2) implies the unique solvability of (2.1) (cf. [42, Thm. 4.11]). Moreover,
we should remark that polygonal domains with an acute angle, whose both sides are non-
paraxial, do not satisfy (H3).

We say that {Qy} e is quasi-uniform if all possible quotients of mesh sizes of Qy are
bounded independently of H. Throughout this paper, we assume H,., is sufficiently small.
By Wy, we denote the space of grid functions on Q. For convenience, we tacitly assume
that a function vy € Wy is extended on Ry by zero. We often write vp instead of vy (P).
For P = (x;,y) € Qu, let

Op == (Tj-1/2, Tjr1/2) X We—1/2:Yer172) N L, Tpi= (2172, Tj11/2) X (Ye—1/2, Yes172) N T

Then

(v, W) g = Z Oplvpwp  and  (0m, X#)rm = Z ITplopXp (2.3)

PeQy Pel'y

defines an inner product on Wy and on the space of grid functions on 'y, respectively.

With the triangulation Ty, we associate the piecewise linear interpolation Py : Wy — C(Q).
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Besides, we use the pointwise restriction Ry : €(Q) — Wy on the grid Qg (or on I'y; for
functions defined on T').
Let Ay :=ay + by +cy +dy + eg + fu + ag be the sesquilinear form defined by

ag ’UH,UJH Z an/ PH’UH PH’LUH) dV

NETy

dH(vH,wH) = Z dPHwH / PHUH
A

ANETyY

fu(u,wy) == (Ru fou,wu)u, og(ve, wy) = (Rpovy, wy)r.m,

and with forms cy and ey defined analogously to ay and dy, respectively. Here, the subscript
A\, x denotes the value at the midpoint of the side of A € Ty parallel to the z-axis. The
definition of the form by, which corresponds to mixed derivatives, is more intrigued and is
based upon two special triangulations ‘J’g) and ‘J'g)

Let AY) denote an open triangle having an angle 7/2 at (z;,y,) € Ry and two adjacent
3t J
grid points as further vertices. We then define ‘J'g) = ‘J'I(;)l U ‘J'g)z (v = 1,2), where for
v=1,2
‘J’g,)l = {Aﬁ) C Q: (zj,y0) € Ry with j + ¢ + v being even} ,

(II(LII/)2 = {AEJZ (Q\ U ) (xj,y¢) € Ry with j + ¢ + v being odd}
AETIT)

With ‘J'g), we associate the piecewise linear interpolation PIEIV ) (v = 1,2). Note that the
triangulation Jg is in general a mixture of triangles from both ‘J’g) and ‘J'g), and that
‘J'g)z = o (v =1,2) if Q is the union of rectangles. Moreover, let T¢' C Ty be the set of
triémgles having one side on an oblique part of I'.

Let (za,yn) € Qu be the vertex of A € Ty that corresponds to the angle 7/2 and
(Zn,yn), (A, 75a) € Qu be the other two vertices. We then define

1

b (g, wy) = 5 (bﬁa})(vH,wH) + bﬁ? (UHawH)> ;

where for v =1, 2

o (vmr, wa) ==Y / (bA,E(Pg)UH)w(PI({V)WH)y + bA,g(Pg)UH)y(PI(f)@H)m) dv

~eT) A
and
b b(SL’A,yA) if Ae 71(;7)1, b b(SL’A,yA) if Ae 71(;7)1 ,
NE = ~ . v NG = ~ . v
bEa,yn) it ATy, T | blea,ga) i AeTY),

The fully discrete Galerkin approximation now reads as

find uyg € Wy such that AH(UH,UH) = (gH,UH)H + (QﬂH,UH)F,H for all vy € Wy (24)
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with the right-hand side gy and the boundary value ¢y defined via

1 _
o= D/ gdv (PeTy), dp=10(P) (PeTy). (2.5)

It can be shown that scheme (2.4) is equivalent to the finite difference approximation
Agug = =6 (a0 Pug) — 6, (b,ur) — 6, (boyuzr) — 052 (6 ug) +

+ Rydd,ug + Rye 5yuH + Ryfuy =gy in Qg,

supplemented by an appropriate approximation of the boundary condition (cf. also [11]). In
particular, we have

AH(UHa wH) = (AHUH> wH)H

for all vy, wy € Wy with wy = 0 on I'y. Here, we make use of the divided differences

1/2 L Yi1/20 J—1/2,¢ 1/2 Uit J:t ._
(5§/ )Uj’g = y 5( / )Uj+1/2,£ =, (5m’Uj7g =
Lj+1/2 = Xj-1/2 Tjt1 — Lj Tj+1 — Tj-1

Vjt1,6 — Vj—14¢

and the corresponding divided differences in the y-direction. We also apply these difference
operators on functions defined on € taking the points subscripted as arguments. In the case
of mixed derivatives, the difference operator Ay formally acts, near the oblique parts of T,
on grid points outside Q. The corresponding quantities are obtained in an antisymmetric
way.

The proof of the following inverse stability property follows similar lines as that of [12,
Thm. 2] and relies upon the discrete inf-sup condition for A(-,-) (cf. [15, Thm. 8.2.8]).

Proposition 2.1. For Qg (H € A) with Hy. being sufficiently small and vy € Wy,
the following estimate holds true:

Ag(vg,w
| Prvgllie < C  sup A (v, wr)|

_ 2.6
0AwyEWg ||PHwH||1,2 ( )

By C', we denote a generic positive constant that is independent of significant quantities
such as the grid size. As || Py - ||1.2 defines a norm on Wy, Proposition 2.1 shows the inverse
stability of the difference operator Ay : (Wy, || Py - [[12) = (Wh, || Pr - ||1,2)*. It also proves,
for Hp.x being small enough, the unique solvability of the discrete problem even if the
bilinear form is not strongly positive.

For the error of the numerical solution compared with the piecewise linear interpolant of
the exact solution, we then find

| PrRau— Pyugli2 < C - sup 7 (wn)|
0Awy EWn | Prw]|1,2

with the truncation error
T (wy) = Ap(Ruu,wy) — Ay (ug, wy) = Ag(Ryu, wy) — (9u, Wi ) g — (Y, wa)rag - (2.7)

We can now state our main results that will be proved in the subsequent sections.
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Theorem 2.1. For s € (1/2,1], let u E_HHS(Q), a,b,c,d,e, f € WH2/U=5)(Q), o €
WLYQA=s(T), o € H*(T) and assume that {Qp}uea is quasi-uniform if s # 1. For Hpax
being sufficiently small, the discretisation error satisfies the estimate

1/2
||PHRHu—PHuH||1,2<O( S (diam Op) ull2, 0+ 3 1T ||u||s2pp+||¢||s2pp))

PeQy Pel'y

< CHpo(lulliesz + 9]l s2r).-

Remark 2.1. Theorem 2.1 remains true if the approximation ¢y = Ry is replaced by
an averaged approximation with ¢p = [Tp[™! [l ¢do (P € T'g).

If A € Ty has an edge on I', we denote it by I'p with P being its midpoint. For what
follows, let T'y/o be the set of all these midpoints and let I'}Y /o C I'1/2 be the set of all
midpoints corresponding to an oblique edge on I'. The triangle corresponding to P € I'{’, 7
will be denoted by Ap € ‘J"I’}’l. Moreover, we set oo := 1 in the case of oblique boundary
sections and o,y := 0 otherwise, as well as o0, := 1 if b # 0 and o}, := 0 otherwise.

Theorem 2.2. For s € (1,2], let u € EIHS(Q), a,bc,d,e, f € W»2/C=)(Q)), a €
W2@=\(T), ¢ € H*(T), and assume that {Qy }ren is quasi-uniform if s # 2. For Hpax
being sufficiently small, the discretisation error satisfies the estimate

| PrRpu — Prug|lie < C( Z (diam Op)* Julff 1 5.0, + Z Cellull3 2,0, +

— Ty
PeQpy P6F1/2

1/2
+ 3 (et |mm<2s’3>||u||%/2+s,2,pp+|rp|2s<||u||s,2,pp+||¢||s2rp>)) <
PGFl/g

Hn(3/2) if s#3/2,
S CHp ol sz + Cllul[145,2 32 .
max|1 gHmax‘ Zf 823/2

If Q) is the union of rectangles (i.e., Fgl% = o), the local estimate above yields convergence

of order O(Hﬁln;?((s’g/ 2)). If neither oblique boundary parts nor mized derivatives appear, then
the local estimate above implies order O(HE . ).

max

Remark 2.2. As one can infer from the proofs, the term Zpep% ITp*||lull3, 4, in the
1 1<

local estimate in Theorem 2.2 can be replaced by

3 (|rp|3||u||§,mp+ 3 |rp|min<2&3>||u||%/2+572,s)

Pel“”f?/’2 SCAp

where 3 ¢ % is a finite sum over some characteristic line segments in Ap. Ifue H**(Q)N
W2 (Q), then ZPeFf% |Fp|2||u||§72’AP can also be replaced by ZPeFf% (|Fp|3||u||§727AP +
ITp|*||u]]3 o 4,)- In both cases, a global estimate of order O(HmR3/2) without a logarith-
mic factor follows.

Interpolating the convergence results for s = 1 and s = 2 immediately proves
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Corollary 2.1. Let s € [1,2] and assume that u € H'**(Q), a,b,c,d, e, f € W?°(Q),
a € W2(T), and v» € H*(T'). Moreover, let 2 be the union of rectangles. For Hy.y being
sufficiently small, the discretisation error satisfies the estimate

U2 if b+£0
Py Ryu — Pyu < C(||ulligsn + |20 ’
| Pu Ry |12 (Jlulli4s2 + 19 &F){ " b0,

Although the preceding corollary provides convergence results for s € [1,2] even without
assuming quasi-uniformity, neither local error estimates nor estimates for s € (1/2,1) can
be derived in this way.

Remark 2.3. In the case of no mixed derivatives or no oblique boundary sections, the
truncation error 7y (wp) is of optimal order O(H;,,) if wy vanishes on I', for s = 2 even
without assuming quasi-uniformity. If, however, mixed derivatives and oblique boundary
sections occur, then for s > 3/2 only suboptimal estimates can be derived; for s = 2
and wyg = 0 on I', the suboptimal estimate remains valid again without assuming quasi-
uniformity. This is in accordance with the results known from [13] for the Dirichlet problem
with mixed derivatives in a domain with oblique boundary sections where an error estimate
of order O(HZ% ) with & > 0 has been shown if u € H3(1).

Remark 2.4. As is shown in [11, Remark 5.3, 5.4], the averaged restriction of the right-
hand side g in (2.5) can be replaced by the pointwise restriction on Qp if g € H*(Q) for
s € (1,2] retaining the order of convergence. If, however, g is not smooth enough, then
working with the pointwise restriction may destroy the higher order.

3. Notation

In this section, we collect all the notation that will be used in the course of proving the main
results. Always, definitions analogous to those for the z-direction apply for the y-direction
and vice versa. We firstly define some sets of points:

Oy o= {(jp1/0,90) €Q: G, €LY, QY = {(j1/2, Yer1j2) € Q1 j, L € L},
12 =N, Flj/2 = Qf% NT, Typ:=T7,U Fﬁ’/z U Ffj’z.
Let P = (xj41/2,Ye) € fo/2. Then we set
Op := (25, 551) X (Ye—1/2,Yes172) N, hp:=h;,  Sp:={xj11/2} X (Ye—1/2, Yes1/2) N Q

as well as P! := (zj,y0), P":= (xj31,Y), and vpn := (v(P") + v(P'))/2 for the function v.
For P = (%}, Ye11/2) € Q?f/z lying not on I" or a side of a triangle /A € T we set

Pl = (zji12,041), PPi=(zimimuir), PPi=(zjmiou), Pi= (@412, %),

Pli= (ij—l/z,yz+1/2)> P’ = (93]'+1/2>yé+1/2), P = (933'—1/2 + hP/2ay€+1/2)a
with hp = Tjy1/2 — Tj-12 = (hj_l + h])/2 and

Spi=A{xj12} X Wes1/2:Yes1)s  Sp = {xj—1/2} X (Yer1/2, Yes1),

Sp = A{xj-12} X (Wesver1s2),  Sp = {zjh12} X (Yes Yesry2)-
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The same definitions apply for P € I'Y /o OF & point P € QY /o that lies on a side of a triangle
JANS ‘J"}}’l but with z;,,/, and x;_;/5 being repklced by x;, hp being replaced by h; and h;_;
if (241, Yer1/2) and (251, Yer1/2) lies outside €2, respectively (see also Figure).

| [+1
| |
2 1 1
| Sp Sp y P
7 | y
N1 '
| | p SE W
3 4
: S3, S% : / P
FII
| 0 ) ! ! ) si gl
1 50 Q\ S0
s N . | ¢
| 5 5q 1 1_1 pl pv pli
j—1 ¥ J+1
Notation for P,Q € Q%’/Q (left) and triangle A € T9P!

For P = (zj11/2, Yet1/2) € le%, we define
Op == (zj,2j41) X (Yo, Yey1) N, hp:=hj, kp =k, Sp:= {$j+1/2} X (Yo, Yer1) N8,

Sp i=Amit1y0} X (Yo, Yerry2) N, SE = {xj110} X (Yer1/2, Yer1) N,
and
Pl = (xj+lay€+1)a P2 = (%’»?MH), P3 = (xjayé)a P4 = (l'j-i-l,yé),

P = (xj+l/27yf)7 Pt = ($j+1/2,yz+1)7 pPh= ($j7y5+1/2)7 P = ($j+17yé+1/2)-

For P € Q7% \T, the rectangle (Jp can be split into four congruent rectangles Dg) having P®

1/2
(i=1,...,4) as one vertex. For the function v, we again define vpn := (v(P") + v(P'))/2.

For P = (xj7y€+1/2) € le//2> let PI = (xjayf-i-l)) PH = (xjayé)a and

Up:={z;} X W, ves1), Th:={x;} X Wer1/2:ye1), Tk = {x;} < (Yo, Yos1)2)-

A triangle A € T can be characterised by the point P = (2112, Ye+1/2) € Fgl% lying on
its oblique side, and we often write Ap instead of Op. We set hp := h;, kp := k;. Moreover,
let P1, P P! bhe the vertices of this triangle such that P! always corresponds to the angle
7/2, the line between P! and P is parallel to the y-axis, and the line between P and
P g parallel to the z-axis. By PV and PV, we denote the midpoint of the side parallel
to the y- and z-axis, respectively. We have I'p = 'L, UT'Z with ', being the line segment
between P and P! (i € {I,1I}). The line segment between P!V and P! is denoted by S%,
the one between PV and P by S, and the one between P and P!V by S (see Figure).
Furthermore, the triangle Ap can be split into a triangle AL with vertices PI, P, PV, a
triangle A% with vertices P” PV, P, and a rectangle O with vertices P™, PV P PV.
Note that [AL| = |AL| = (O] /2 = | Ap| /4.

Finally, for a point P whatsoever, we denote by xp and yp its coordinates.
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4. Low-order convergence: proof of Theorem 2.1

The truncation error (2.7) can be decomposed in terms corresponding to the parts of the
differential operator. For all wy € Wy, we find from (2.3)—(2.5) the definitions of A,
Ap(-,-), and the Green formula

TH(U)H) = AH(RHU,U)H) - Z /Audep - (QﬂH,’UJH)F’H =
PEﬁHDP

=1y (war) + 7 (w) + 737 (wir) + 737 (wi) + 737 (win) + 73 (wn) + e (wn), (4)

where

T}}l)(wH) =ay(Ryu,wy) Z hp/auxdycS;l/z)mp, (4.2)
PO,
P

i (wi) = dg(Rpu,w) — > / du,dV Wp (4.3)
PEEHDP

PZ |DP|( (F)(P) = 15 / fudV (4.4)

€Qp
T (wh) Z / —au)do — |T'p|(¢p — au)(P ))wp, (4.5)
Pel'y

and TI({b), TI({C), TI(;) are given analogously.

The following result is already known from [11] for a domain that is the union of rectan-
gles. The proof in the present case of €2 having oblique boundary sections follows the same
lines as that of [11, Lemmata 4.2, 4.3, 4.4] and is omitted here.

Lemma 4.1. Lets € (1/2,1], u € H'**(Q), a € WH2/0=9(Q) and assume that {Qpg } gea
s quasi-uniform if s # 1. Then for all wy € Wy

1/2
|7_I(;)(wH)| <C( Z diamDP)QSHUH%ﬂQ,DP) | Prwril12 -

Peqt

For the mixed derivatives, we observe the following.

Lemma 4.2. Lets € (1/2,1], u € H'*5(Q), b € WL2/(=9)(Q) and assume that {Qy } e
s quasi-uniform if s # 1. Then for all wy € Wy

1/2
|7_1($)(wH)| < C( Z (diamDP)QSHUH%Jrs,z,DP) | Prwe|1.2-

ry
peQyy,

Proof. In what follows, we decompose Tl(f) into the part r}}””) corresponding to —(buy),

plus the part TI({b’yx) corresponding to —(bu,), focussing only on the latter as the former
can be handled similarly. Analogously, we decompose by(Ryu,wy) = by (Ruyu,wy) +
by (Ryu, wy). With integration and summation by parts, we find

7'1(; yx)(wH) = b4 (Ryu, wy) Z hp/buydyég/z)wp = b4 (Ryu, wy)—

PEQT, g,
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Z hp(/buydyég(ﬁlmﬁp +/buydy5fﬂl/2)ﬁp+) Z sgn (P /buydy (wpn —wpm)

Ty Y Yy
PeQ /2\F1/2 SI; S; P€F1/2 SIIDI

(4.6)
The definition of by leads to

1
bzl’f(RHu,wH) = Z Z |Dp|<b( )(5(1/2 U pr (5(1/2 Wp+ + b(P2)5 1/2) Up l5 (1/2) W p+—+

PeQ®Y \I?Y

1/2\1/2

HH(P*)3 D upd e + (PO D up-o T )+

1
—l—— E sgn nx(P)k‘p (b(PI) + b(PIH))(SZ(/l/2)UpIV (@pn - @pm) . (4.7)
Pel“”f/y2

We firstly concentrate on the contributions corresponding to le% \ T Jo- We find

) yp+kp/2 h
(5351/2)UPI e E / uy (xP - 7P7y)dy7 P S Qslcz/lg’
yp—kp/2

and an analogous identity holds with P" instead of P'. Transformation on a reference square
[, employing the continuous embedding H S(D) — Ll(S) with an arbitrary vertical line
segment S C [, and rescaling gives

185 P upt| < C18p ™2 |luy 52,0, (4.8)

and the same estimate with P" instead of P'. Since b € W% (1=9)(Q) — €(Q), the gener-
alised Bramble-Hilbert lemma (cf. [10]) and the usual scaling and rescaling now yields for
se (1/2,1], P € 91/2, i €{1,2,3,4}, and Q € {P", P!}

Tp]2[6(PY) = b(P)| 185 P uq| < C|8p| ™" max(hp, kp) bl12/a-9 luylls20p <

< Cmax(hp, kp)®|luy|ls.2,00-

Here, we have employed |Jp|~1=*/2max(hp, kp) < Cmax(hp, kp)® which requires quasi-
uniformity for s € (1/2,1) but not for s = 1. The preceding estimate together with the
Cauchy-Schwarz inequality and

Y Bl (18 we- 2 + 160D wp+ *) < O Prwnli (4.9)

zy
PeQyY,

shows that replacing b(P*) by b(P) in (4.7) leads to an error that is bounded as desired.
Since 65D upt + 68 upr — 4(u(P*) — u(P))/kp vanishes for v = 1,z,y and since u €
H*5(Q) — C(Q), we find again with the generalised Bramble-Hilbert lemma for s < 1

4
|Dp|1/2|b( )| 0 1/2)u 49, (1/2) 4y por — k_( uw(PT) —u(P))| < Cmax(hp, kp)®|u|11s20p -

P

The same estimate applies with w(P) — u(P~) instead of u(P*) — u(P).
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If s =1, we observe that for P = (2412, Yet1/2) € le%

Yeot1 Yet1
4 1 4
5351/2)UP1+53(,1/2)UPT—E(U(PJF)—U(P)):k—z/(Uy(afj>y)+uy(55j+1>y)dy—k—e /Uy($j+1/2,y)dy
Ye Yev1/2

vanishes for u, = 1. The Bramble — Hilbert lemma furnishes the estimate wanted without
assuming quasi-uniformity which remains true with u(P) — u(P~) instead of u(P*) — u(P).

With |Op| = hpkp and after applying the triangle inequality, the following contribution
is left from (4.6) and (4.7) with the following contribution:

S ((b(P)(u(P*) _u(P)) — / buydy> 50D, 4 (b(P)(u(P) —u(P))—

Ple%\Fl/2

SP
— / buydy) 5;1/2>mp) > hp< / ) — D), dyd VP wps 4 / (b(P) —b)uy,dy 5;1/2>mp).
sy Peayl,  gh sy

Similar to the arguments used before, we have

h}a/z k;l /2

o) - b)uydy\ < C max(hp, k) Bl ity 2o

s

and the same bound applies for the term corresponding to S;. For s = 1, the estimate holds
again without assuming quasi-uniformity. Together with the Cauchy — Schwarz inequality,
the asserted bound follows.

It remains to estimate the contributions to (4.6) and (4.7) arising from I'?Y Jo> L€,

= 3 sganu(P ( (b(P") + b(P™)) 60/ Dy pn — / buydy> (@Wpn — Wpm).  (4.10)

Pery a
1/2 s

Firstly, we see that k péél/ Dy pv—2 g Uydy vanishes for u = 1, z, y and is linear and bounded
P
for u € H'™5(Q). The generalised Bramble-Hilbert lemma, together with

}U}PII — UJPIII} < Ch;/2k;1/2|PHQUH|1,2,AP )

b e WL2/(1=9)(Q) — €(0), and the Cauchy-Schwarz inequality, thus shows that kpdl”’? upn
in (4.10) can be replaced by 2 [, s u,dy as the error can be bounded appropriately. Here,
quasi-uniformity has not to be assumed if s = 1.

Secondly, we observe that (b(P')+ b(P™)) fsg uydy —2 fsg bu,dy vanishes for b = 1 and
is linear and bounded for b € Wt (1=9(Q), u, € H*(Q) — L'(Q). The Bramble-Hilbert
lemma again yields the optimal estimate that is valid for s = 1 even without assuming
quasi-uniformity. O

We now come to the first-order terms.
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Lemma 4.3. Let s € (1/2,1], u € H™(Q), d € WH¥1=9(Q), and assume that
{Qp}ren is quasi-uniform if s # 1. Then for all wy € Wy

1/2
|7_I(;l)(wH)| < C( Z (diamDP)%HUH%JrsQ,Dp) | Prwr[12 -

PGQH
Proof. A simple calculation shows that

dy(Rpu,wy) = Y hp|Spld(P)68 ) up (Pywy)(P), (4.11)

Peqy

where (PHEH)(P) = (@Lg +wj+1’g)/2 for P = (LL’j_,_l/g,yg). Note that hp|Sp| 7A ‘Dp‘ if
P e ng/Q lies on an edge of a triangle A € T For P € fo/z, we set

D/PZIDP\ U Z, S/P:SP\ U Z,

bl bl
AETY) NeTY

which allows to consider the contributions from triangles A € T separately. The definition
of [0 also applies for points P € Q. We then have with (4.3) that

Tg)(wH):FleFg—l—ngLG,

where

Fim Y 00(P) (60 up 5 1@/ wdV ) (P (P),

PeQt

Fy=>" /(d(P)—d)ude(PHwH , Fy=> /dude Pywg)(P)=) /dudeﬁp,

PeQT/QD,P PGQT/QD, Py,

G=)_ <|Ap|d(PV)5;1/2>upv(PHmH)(PV)— / du, dV W pr — / duydV W pr — / dudeﬁpm).
Peryy, AL At o
Since 6%/ up — || fD' u,dV (P € Qf ) vanishes for u = 1,2,y and since H'**(Q) —

C(Q), H”s(Q) — Wh 1(Q), we find for s € (1/2,1) with the generalised Bramble-Hilbert
lemma

1/2
|F1|<c( 3 \Dsa\—lh#max(hp,\s;a\>2<2+s>\u\%+s,2,up) 1 Pawonlo.

Peqy

Here, we have used the fact that d € W'2/1=9(Q) < €(Q) and

> 1T [(Prwn)(P) < C||Prwnl[5,. (4.12)
Peqt,
Because of the quasi-uniformity of {Qy}xea, we have |0p|"thp? max(hp,|Sp))* < C', and

the estimate wanted follows. If s = 1, we observe that for P € Ql /9

1 1
6/, /ude‘ =
A AR

Up

[Op |20

/ (a2, yp) — (2, 9))AV| < S| [ty lloa,

/
P
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and hence the estimate asserted follows without assuming quasi-uniformity.
Since [ (d(P)—d)u,dV vanishes for d = 1, we find with the Bramble — Hilbert lemma
P

1/2
\F2|<c< S O, max(he, [Sp)’ HUmHszD'> | Puwnllos.

PeQy

which gives the estimate wanted, again without assuming quasi-uniformity if s = 1.
Regarding F3, we firstly observe that

1
Fy =3 > ( / du,dV — / dude) hpd Wy

PeQ? .
1z O, 0%

where (0%, and O denotes the part of (I to the right and left of the vertical line through
P ey /2 respectively. So, we come up with

1/2
> by /|dux| dv > |Op|[a ) P|2)

PEQT/2 PEQT/2

|F3] < Z hp/|dux|dV|51/2w |<0<

PEQT/2

which gives, because of d € €(Q) and | - [lo20, < || - ||s.2.0p, With (4.9)

1/2
Rl<C( ¥ Blultg,) 1P

PEQT/2

With respect to the term G, we remember that (Pywy)(PY) = (Wpr + Wpm)/2 and
(Ap| = A|AL] = 4| A = 20 for P e Iy We thus find G = 3 persy (Gra + Gra)
with

Gpy = (\Agd(PV)&g/?)upv — / dude)@pﬁL

sl
<|AH|d(PV) S Dupy — / dude)@pU + <|D§£I\ d(PV)6 Dy py — / dude)@pm,
AII Dg]

A
Gra = 2l

( )5(1/2)UPV (U)pII —’UJPI)

With the same arguments as used in the first part of this proof, we find an optimal estimate
for Gp;. Since Pywy € H'(Q) — HY?*(T) with

|PH'wH|1/2,2,Fp = |’LUPI — UJPH| for P e Fl/g, (413)
it can be shown (with an argument analogous to (4.8)) that
|GP2| C’|AP|1/2 ||ux||s2Ap|PHwH|1/22Fp

The assertion finally follows from the application of the Cauchy-Schwarz inequality. U

The following result is already known from [11, Lemma 4.5] for a domain that is the
union of rectangles. In the case of oblique boundary parts, the proof follows the same lines
and shall be omitted.
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Lemma 4.4. Let s € (1/2,1], v € H*(Q), f € Wh?0=9(Q), and assume that
{Qp e is quasi-uniform if s # 1. Then for all wy € Wy

1/2
i )l < (3 (@am De iz, ) [Pl
PeQy
For the boundary terms, we finally have the following result.
Lemma 4.5. Let s € (1/2,1], u € H'**(Q), a € WHY=)(D), o € H*(T), and assume
that {Qp Y ea is quasi-uniform if s # 1. Then for all wy € Wy

1/2
o) < (3 10 (s, + 1WlEas,))  IPawnloar

Pel'y
We omit the proof here as it follows the same arguments as [11, Lemmata 4.6, 4.7].

Proof of Theorem 2.1. Theorem 2.1 immediately follows from the lemmata in this section
together with Proposition 2.1 upon noting that for the terms with ¢ and e analogous results
as for a and d, respectively, are at hand. Remember here that || - ||s 2 is the Euclidean sum
of the corresponding norm taken over all straight boundary sections of I'. O

5. High-order convergence: proof of Theorem 2.2

Since 7 g from (4.5) only admits a first-order estimate, we have to rely upon another de-
composition of the truncation error. The main idea is to correct 7z so that it becomes of
higher order and then to allocate this correction to the the truncation error related to the
main part of the differential operator.

A simple calculation shows that for all wy € Wy and an appropriate function ¢

P (/%—— Crlo(P >)wpzpepm (/qﬁd | 2P\( (PU+¢(P”)))W+

3 ([ oo Erloer - / oo + 7L opm) ) PTG

PEFl/g Fg

In the following, let for wy € Wy and an appropriate function gb

S%,H(¢7wH) = </¢d PI /(bd el PH)> wpr — - Wpi (52)
P€F1/2 ri
With
o) = 30 ([ = awde = (@ - aw®h) + o = auypm)) T
PeTy /o

7 (wy) = 1) (W) + SE y (auy, wr),

and analogous definitions for %I(f) (see also (5.11) below) and 7' ), we find from (1.2) and
(5.1)

i (wi) = 737 (wir) + 73 (o) + 77 (i) + 737 (wnr) + 737 (wm) 73] (wir) + e (wn)

in place of (4.1). Since 7p g consists of one-dimensional trapezoidal rules, we find
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Lemma 5.1. Let s € (1,2], u € H**(Q), a € W»YC=)(T), o € H*(T). Then for all
wyg € WH

1/2
oo (wi)] < (Z T ||u||52pp+||¢||s2pp)) | Prwllvs .

PEFl/g
The proof, which is omitted here, relies upon the estimate

Tp| (wpi|* + [wpn[*) < O Prwnlliar, < C|Prwnlli, (5-3)

and follows the same arguments as the proof of [11, Lemma 5.8]. Further, the continuous
embedding H'™(Q) — H*(I'p) is employed. Note that the assumption ¢y € H*(T) is
essential and does not follow from the regularity of the solution and coefficients together
with (1.2).
In what follows, we often make use of an estimate of the L?-norm on a boundary strip.
Lemma 5.2. Forv e H'(Q) (0 <t < 1), the following estimate holds true:

1/ jymin(t,1/2) if t #£1/2
2 ; = ’
(}j ||v||o,wp) < c(Hua) [0]20 with c<h>—0{ B2 logh| ift=1/2.

x
Pel“l/y2

Proof. Since the polygonal domain (2 possesses only a fixed number of oblique boundary
sections, it suffices to consider one of them. So, let IV C I' be one of the oblique boundary
sections. Then all triangles A € T%! having an oblique edge on I lie within a trapezoidal
domain "mex C Q with dist(x, [") < Hypay for z € "Hmax We can construct a new domain
Q" of class €' such that I" C 99" and Q"fmex C Q” (obviously, 7 is not contained in ).
Since Q/fmax i contained within a strip Q"-Hmax C Q) of width Hp,. along 09", I’in’s result
20, Thm. 4.4 and Rem. 12.4] for domains of class €' gives

Y olSan, S0l 0 < OG5 g < c(Hma)? [0]1F 2,00 < C c(Hma)? 0] 2.0

x
PeFl/anF’

In the last step, we have employed the fact that since € is of class C°*!, we can extend v to
a function on R? such that [|v||;2r2 < C ||v]lr20 (cf. [42, Thm. A.4]). O

For t € [0,1/2), the estimate above also follows from the continuous embedding of
H'(Q) into the Lebesgue space L2(2) with the weight function p := dist(-, T')~% (cf. [42,
Lemma 3.32]).

From [11, Sect. 5], we already have an optimal estimate of order O(H} ) for 7*[(; ) but only

on a domain that is the union of rectangles. Unfortunately, in the case of oblique boundary
parts, we can only prove a suboptimal estimate. Remember in the following that Fi% =

if oblique boundary parts do not occur.

Lemma 5.3. Let s € (1,2], u € H'**(Q), a € W>2/C=9)(Q), and assume that {Qp} e
s quasi-uniform if s # 2. Then for all wy € Wy

1/2
|%§;’<wH>\<c( S (diamOp) g2, + 3 (05 \28|umr|s2AP+\FP|2||ux||i2,AP)) <

Yy xyY
PeQy peryy,

. . b Hne3/2) if s#3/2,
X w < U||14s w
Pz < Clulssoz | Pinlhay s T

If s the union of rectangles (i.e., I'[j, = @) the local estimate above yields order O(Hy,).
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Proof. From (4.2), we find

= Y he(ISpla(P)at / attydy )50 (5.4)

peQt Sp

The generalised Bramble — Hilbert lemma yields for P = (2j41/2,4¢) € ), (which is in
general not the midpoint of Sp)

Tj+1

1
(hp|Sp)? 168 Pup — uy(P)| = (hp|Sp|)'/? . / (uz(,Ye) — Ua(Tjgry2, ye))dz| <
]
< C max(hp, |Sp|)®|tus|s 200 » (5.5)

where quasi-uniformity is not needed if s = 2. Note that the result remains true if one
replaces Op by its lower or upper half. Hence, we can replace 65> up in (5.4) by u.(P)
committing an error of the correct order. With

h; (59(51/2)mj+1/2,3+1 - 59(51/2)mj+1/2,f) =k (5@(,1/2)mj+1,z+1/2 - 5@(,1/2)mj,z+1/2) (5.6)

and summation by parts, we find

3 hp(|sp|(aux)(P) . /aumdy) 00D Gp = Fy + Fy + Fy + Fy + Fy |

PeQy

1/2 SP
where
k 5(1/2) 5( [2)
e 5 () + ) - [ady) R T
PEQyY\TTY, g
, 5125
= > Z ( aux)(P’)—/auxdy) - 2wp,
Peqy ), = $
Z sgn.1.(P) (%D(a“w)(Pl) - /auxdy - ]%P(aux)(Pm) + /auxdy)w’
Peryy, §1 sm
k
Z sgnnx(P) (%(aux)(Pv) - /auxdy) (@pn —@pm),
Peryy, si
k k o
F5 = Z nx(P) (;(aux)(PI) - /auxdy — ?P(aux)(PH) + /auxdy)w
pery , I ci

Since Q1/2 and Q1/2\F1/2 describe the union of rectangles, we can apply [11, Lemmata 5.3, 5.4]
in order to optimally estimate Fy and F, (if s = 2 without quasi-uniformity). Altogether,
we find

1/2
179 (wy))| <C( > (diam Op)* [lug |12, DP) |Prwir|1e + | Fs + Fi + Fs + SE g (aug, wir)|.

y
Pte/2
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Since n,(P) = sgun.(P)kp/|U'p| (P € I'}},), we have

1
F3 + F4 + F5 + SﬁH(aux,wH) = 5 Z sgnnx(P)(Gp,l + GRQ)
Peryy,
with
Gp: = kp 1y, kP I kp ury ke IV
p1i= Z(aum)(P )+Z(aux)(P )— aumdy—Z(aux)(P )—Z(aum)(P )+ [ augdy |+
st s
+2 —(auy)(P)+ —(au,)(P") — [au,dy |(Wpn —Wpm ) +| = [au,do — —(au,)(P")—
4 4 ITp| 4
sk Il
—k—P(aux)(P) _ ke augdo + k—P(aux)(PH) + k—P(aux)(P) (Wpr — Wpn),
4 ITp| 4 4
FH

P

Gp72 = k;TP ((aux)(PI) — (aux)(PIH)) (@pl —@pm)—l—%) ((aux)(PV) — (aux) (P)) (@pn —@pm)—l—

2 (o )(P) — () (P)) (s — ).

Obviously, Gp; consists of one-dimensional trapezoidal rules. Arguing similarly as in [11,
Lemma 5.3], we find (with diam Ap = |I'p| for P € I'[},) the optimal estimate
Gral < k0" PIUe | wallo2np (1Pawnliony + [Pawnliypar,) - (5.7)

Note that quasi-uniformity is not needed if s = 2. The estimate of the one-dimensional trape-
zoidal rules in the y-direction leads indeed to a factor (kp/hp)/? that cannot be absorbed
if it appears in connection with wWpr — Wpmr since

|lwpr — wpm | < |wpr — wpn| + |wpn — wpm| <

< O(|Pywihyjoory + il kp | Prwrlion,) (5.8)
is the best possible estimate (remember here (4.13)). But since P € I'7,, the quotient kp/hp
is just a constant slope of the corresponding oblique boundary section of I'.

Regarding G ps, one can show that

12 ((au,)(PY) = (au,)(P)) + (aug)(P') — (aug)(P™)| < ClAp| ™20 pl*||uglls2.0p-
Here, for 1 < s < 2, we use u, € H*(Q) — €C(Q) and a Taylor expansion of a €
W22/2=9)(Q) — €Y(Q). Upon noting ||at,|22.4, < Cllal2.colltiz]l22.4,, the estimate again
holds without assuming quasi-uniformity if s=2. So, we can replace 2((au,)(P") — (au,)(P))
by —((aug)(P!) — (au,)(P™)) at the expense of an error having the correct order.

It thus remains to estimate

/ J—

o 1= o ((a)(P) — () (P™)) (s — ) (5.9)
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The Bramble — Hilbert lemma and (4.13) only allow to prove the suboptimal estimate
|G| < Ck1/2 o \Lp| | tall1,2,0 | PrWEH]1 /2,205 - (5.10)

Here, we used the fact that a € W2¥2=9)(Q) — CY(Q) and u, € H*(Q) — H'(Q) implies
lauz|i 2.0, < Cllallicolltz]l12,4,- Note that estimate (5.10) again does not require quasi-
uniformity if s = 2 since kp/hp is the slope of the corresponding oblique boundary section
of T.
The global estimate asserted can be derived from the preceding estimates and Lemma 5.2. [J
For the truncation error due to mixed derivatives, we have the following result.

Lemma 5.4. Let s € (1,2], u € H**(Q), b € W2¥=)(Q), and assume that {Qp}gea
is quasi-uniform if s # 2. Then for all wy € Wy

~(b . s min(2s
APl < C( Y (diamOp)*|lullfy s, + > Tp™™ @3l o, +

PeQy pery ,ury ,

1/2
+ Y (ITelllullfssnnp + Tellul3sn, +Tpf HUH§/2+3,2,FP)) [ Prw |12 <

PeF‘fﬁ’2 _
< Ol Pl { T A,
w14 w .
S 1+s,2{|L HWH ||1,2 gl/azx|1gHmax| ZfSZ?)/Q.
If Q is the union of rectangles (i.e., ”1% = o), then the local estimate above yields order
O(Hma™%?).

Proof. As in the proof of Lemma 4.2, we concentrate on the contributions due to —(bu, ),
that are denoted by a superscript yx. We have for all wy € Wy

%g’yx)(wH) = 7_[({ N wp) + St (buy, wr) (5.11)

where 70 (wy) is given by (4.6) and (4.7). Let F = 70 (wy) — Gy with Gy given by
(4.10). We then find from (4.6) and (4.7)

Cp| 4
F=Y)" TP b(Pl)5?51/2)1“37«+b(P2)5§1/2)uPz—l—b(P3)5?Sl/2)upz+b(P4)5§1/2)uPr—k— buy,dy | x

P
PEszQ\Fl/Q Sp

50D 4+ 5D O 4
y —g UJP + Z ‘ 4P| (b(Pl)éél/z)uPr + b(P2)53(/1/2)uPl _ E / buydy_
PGQT/yz\Flm 5;

52
2

O R 4P (5.12)

4 5 s
—b(P?’)(SZ(/l/z)upz _ b(P4)5?§1/2)uPr 4+ — / buydy)
kp
Sp
For the sum F} in (5.12), we firstly conclude from the Bramble — Hilbert lemma and (4.8)
O [Y2b(PY) + b(P*) = 26(P")] 60D | < 10~ max(hp, k)2 la e Ity .0

since b € W22/2=9)(Q) — €(Q) and u, € H*(Q). The application of the Cauchy — Schwarz
inequality and (4.9) thus shows that the error that appears when replacing b(P') + b(P*)
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by 2b(P") and, analogously, b(P?) + b(P3) by 2b(P') in F; can be bounded as desired. Here,
quasi-uniformity of {QH}HGA is only needed if s # 2. For P = (zj11/2,Yit1/2) € Qf?/’z, the
quantity

Yeo+1
1
(b(sz(ll/Q)UH)Prl — bP'rl (5?51/2)UH)PTZ = % / (b(l’j_H, yg+1/2)uy(1’j+1, y)+
Ye
1
‘+b($j,y@+ha)uy($j,y)" §(b($j+1,y@+u2)4—b(fj,y@+ba))(uy($j+1,y)‘+'Uy($j,y)i>dy

vanishes for b = 1 and arbitrary u, as well as for arbitrary b and u, = 1, and is bounded for
b e W22/C=9(Q) — Q) u, € H*(Q) — H(Q). The bilinear lemma yields
< Cmax(hp, kp)?[b|1.00ty|12.0p

Op[2 | (0052 r) = bprt (3P

pri )P'rl
1/2
< Cmax(hp, kp)?[bl1,00 (H“ym”i—m,up + Huysz—l,z,Dp) : (5.13)

We further have with (4.8)

0| /2[bpr — b(P)| )(551/%,,) < C|Op|"* 92 max(hp, kp)?|blasj@-sltylls2, (5.14)

pri

and with arguments similar to those already used before

[EE )(5;1/2>UH) . 5;1/2>upj < Cmax(hy, kp)*|uy |20, (5.15)

pri

So, we are left with

1 R )

1/2 T P T P

3 \Dp|(b(P)5§/ Jup — g/buydy) .
Sp

2
PeQT\IT),

In the next step, we employ the identity
(1/2) 1 1 1
b(P)6, " up—-— [ buydy=(b(P) — — [bdy|u,(P)+ — [(b(P) — b)(uy — u,(P))dy.
4 kp kp kp
Sp

(5.16)
Since the first member of the right-hand side of (5.16) vanishes for b = 1, z,y, we find

b(P) — é / bdy

Sp

Op[*? [uy(P)| < C|8p |~ 2 max(hp, kp)?|blos/e—s w520

which leads to the estimate desired. The second member of the right-hand side of (5.16)
can be bounded as in (5.13). This, finally, shows that F} can be bounded appropriately.
Moreover, we do not need to assume quasi-uniformity in the case s = 2.

We now come to Fj in (5.12). Due to an estimate similar to (5.13), we can firstly replace

b(P1YOM D upr + (P23 Dupr — b(P*)6M D upr — b( P15

?(J upr
by 2(bpiz — bpss) (35 P ug) ., with the mean values bpiz := (b(P') + b(P?))/2 and bps: =
(b(P3) 4+ b(P*))/2 leading only to an error of the order we need. Reasoning as in (5.14), we
secondly replace bpiz by b(PT) and bpss by b(P~). Applying then (5.15) and

Op 260 P up — uy (P)| < Cmax(hy, kp)*luyls20,
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we are left with

Fy:= Z |D2—H <(b(P+) — b(P7))uy(P) — é/buydy + %/buyd

PEQIY\ITY, ! o

5% pe — 685
4 2

to be estimated. With the aid of identity (5.6), the quantity Fj can be rewritten as

k? . 9 2 i
Fy = EZ-f(—«MPW—MP%ﬁ@GW+«wP%—MP%ﬁ@uw—%—§j¢4>/z%@0+
Peqy ), Phia o
k Wpr — T
3 P (F O )P~ [+ [ )
pery , £ rn
kp T I Wpr — Wpr
+ Z sgn 1, (P) T(b(P ) —b(P ))uy(P) — [ buydy + | bu,dy — =
PEFT?/!Z SIID SIIDH
= Fé/ + G2 + G3. (517)

Here, G5 is needed to correct the contributions at the boundary I'Y that arise when the sum
F3, which is taken over all P € Q‘f%, is rearranged to a sum over all P € (Y Jo- Similarly, Gs

appears in the rearrangement of the sum if P € QY /o lies on a side of a triangle A € TP
With the Cauchy — Schwarz inequality and a relation analogous to (4.9), we find

1/2
|F;\<c( 3 k%h;wFpP) | Prrwn i (5.18)

Pesflf/2

where for P = (2, yi41/2) € Q?f/z

Fr = =((P") = {PY)u(P') + (P) = (P (P) = - S (1) [ gy =

kp “
P =1 Slig
Yeo+1 Yo4+1
= [ e (P = 0y (P)) = [ byfasoaae )y, (P) — (P) -
Ye Ye
9 4

—(b(PY) = b(P?) + b(P?) — b(P"))uy (P) — -— > (~1)’ / buydy. =: Ey + By + Es + E,.

i=1

kp
st

Let 1 < s < 2. Since b € W22/2=9(Q) — €YQ), we find for E; and E, with the
generalised Bramble — Hilbert lemma

_ 1/2
|Ex| + | Eo| < C|Op| ™ 2kp max(hp, kp)l|bylloso (ltge 22120, + lugyllii20,) " -

For Ej, we apply the Bramble — Hilbert lemma with respect to b € W2 2=9)(Q) as well as

the embedding u, € H*(Q2) — C(2) and come up with

|E5| < C|0p|~ %2 max(hp, kp)?|bla.o/2—s) ||ty || s.2,00 -



156 E. Emmrich

Regarding £, we observe that

4 : 4
2 : — — — 2 .

Bi= e 0 [ (0-0P) 0P E by Po gy 0P) S 1) [

=1 si, i=1 S,
2~ 2 i,

_Eby(P)Z(_l)Z/(y—yF)uydy_be(P)Z(—l)ZTP/Uydy =: By + FEsgp+ Ey3+ Eyy,
i=1 Sfp =1 S};

where P is the center of Op and hb := h} := hp, h% = h3 = —hp. Without going into

much detail, all the four sums can be bounded appropriately.
Let s = 2 such that b € W>>(Q) and u € H*(Q2). For P = (2}, Yes1/2) € Q?f/z, we find

Tjt+1/2 Yet+1/2
Fp=— o / (buy)ody — (b(x, yo)uy (T, yes1/2)) ,—
Tj_1/2 Ye
Ye+1
_E / (buy>mdy + (b(l‘, yf—l-l)uy(x? y@+1/2))m) dx.
Yot+1/2

Upon noting the embeddings u, € H*(Q) — C(Q) and u,, € H'(Q) — L'(S) for any line
segment S C 2, the integrand of the outer integral is well-defined for almost all z. After
carrying out the differentiation with respect to x, we wish to replace b(x,y,) as well as
b(x, yes1) by b(x, Yeir1/2) and by(x,y,) as well as by (2, yoy1) by ba(2, yes1/2). This leads to an
error of order (hpkp)/? since in particular
Tj+1/2
(b($>ye+1/2) - b(l“’ ye))uyx(!)f,yeﬂ/z)dif <
Tj—1/2
k Tjt+1/2
P
< 5 l1bylloec / [tye (2, yeray2) | de < C(hpkp)'?[[byllo,0olltyel 12,0,
Tj-1/2
Similar estimates apply to the other terms appearing in the replacing. We are thus left with
Tjt1/2 Yer1/2 Ye+1

Pl - / (% / (buy)xdy—(buy)x(x,ygﬂ/g)—% / (buy)xdy+(buy)x(:c,yg+1/2))dx.

Tj—1/2 Yo+1/2

The integrand of the outer integral is the sum of one-dimensional rectangular rules applied
to (buy),. With the Cauchy-Schwarz inequality, we have

Tj+1/2 Yer1/2 Tjt1/2 5 Ye+1/2
P (buy)xdy—(buy)x(ff,y@rl/z) dx| = / — / (y—yg)(buy)xydyd:c <
kP k’p

Tj_1/2 Ye Tj—1/2 Ye

< C(hpkp) || (buy)ayllozo, < Clhpkp) 2 [1bllzcolluy 12200,
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the estimate for the other part in F5 being analogous. This leads to |Fp| < C(hpkp)'/? x
16]|2,00 ||ty ]2,2,0, that gives together with (5.18) the estimate desired (without requiring quasi-
uniformity).

After all, it remains to estimate the contributions from or near the boundary, i.e.,

G = Gl + G2 + Gg + SﬁH(buy,wH) s
where (71 is given by (4.10), G, G3 by (5.17), and Sf g(buy, wy) by (5.2). We find

:1 > " sgnna(P)kp (b(P) (uy (P) = uy(P")) = b(P") (uy(P) = u,(P"))) (Wpr — Wpn )+

Pel“@{/2
k
+— > sgnn.(P) (( QP (b(P") = b(P"))u,(P)— / bu,,dy + / buydy) (Wpr — Wpm )+
PEFT% St sLi
k
+2 (Zp(b(Pl) +6(P™)) 6 Pupn — / buydy) (Wpn — Wpm )+
SE

+<|§—P‘ /buyda B %D(buy)(]ﬂ) kP buyda T kQ (buy)(PH)) (WPI — @pn)) =GY+ G
P

L
For GY, the generalised Bramble — Hilbert lemma only yields the suboptimal estimate
|uy(P) = uy(P))] < CTp| 72T p| ™™ 2D Juy [y joo0p, i € {T, 1T},

Here, we used the fact that u, € H*(Q) — H*Y/?(T'p) is uniformly continuous on {2 and
luyliory, < Clluylls—1/221p for 3/2 < s < 2. With b € W?¥C=9(Q) — €(Q) and (4.13), it
follows

GVl <C Y Tp™ 3y |1 orp | Prwn |2 ors

y
P€F1/2

and the Cauchy — Schwarz inequality proves the asserted bound that holds for s = 2 without
quasi-uniformity.
Regarding G*Y, we can write

1
G = = Z sgn 0, (P)(Gp1 + Gpz),

PeF‘fﬁ’2
where
_(kp o kp v kp ke s
Gri=(22 )P+ 20, (P — [ty = 2 b, (P~ 22 o) (P [ by
st sm
_ kp kp v _ _ kp
X (Wpt —Wpur) +2 Z(buy)(P)+Z(buy)(P )= [ buydy ) (Wpn —wWpm) + 7] bu,do—
SK PFI
/{: k k kp k
B2 g (P1) = B2 by (P) = 22 [budr + 2 ) (P) + 22 b ) (P)) (s — ),
4 4 |rp\ 4 4
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Gpo = ]if (2(b(p~’) _ b(PH))uy(P) _ (buy)(PI) + (buy)(PIII)) (@pf B Epm)—l—

-0—% ((b(PI) + b(PIH))(Sg(/l/2)UPIV _ (buy)(P) _ (buy)(PV)) (@pﬂ _ @pm)—l—

2 (b, )(P) — (buy)(P1) ) (g1 — ).

As in (5.7), Gp1 can be optimally estimated (without quasi-uniformity if s = 2). Since
b e W22/C=9(Q) — Q) and u, € H*(Q) — H*Y3(Tp) — C(Tp), we have

kp [b(P") = b(P")| [uy (P)| < Ckp [Up] (b1 0 lluylls—1/2.2.r -

In Gpy, reasoning as in the first part of this proof, we can replace (b(PT) + b(P™))/2 by

b(PY) and afterwards 58 upn by u,(P") (see also (5.5)) as this leads to an error that
can be bounded optimally. If ) and R € A, are two points lying on a straight line in Ap,
then the Bramble — Hilbert lemma furnishes (similarly as in (5.9), (5.10))

kr |(bu,)(@) — (bu,)(R)] < CITe| 112,

This, together with (5.8) and (4.13), shows that

1/2
|Gral SC(Tplllullop,ap + [Tpl?lluylls1/2000) (| Pawal por, + | Pawallton,) ™ (5.19)

if {Qy}uen is quasi-uniform for s € (1,2) (which is not needed for s = 2). The assertion
now follows with Lemma 5.2. O
Let us now consider T(f ; the terms with first-order derivatives will be studied afterwards.

Lemma 5.5. Let s € (1,2], u € H3(Q), f € W»2/C=9(Q), and assume that {Qp} e
is quasi-uniform if s # 2. Then for all wy € Wy

|7'[(f)(wH)|<C< Z (diam Op)? ||U||52DpjL

PeQ”%\Fl/2

1/2
+ Z |FP|28||U||52AP+|FP|3||U||%72,AP)) | Prwrllie < C Hyollulls 2l Prwml|| 2

Ty
peryy,

Proof. Starting from (4.4), a straightforward calculation shows that for wy € Wy

4
Py = > SO0 (P?) D(z / FudV Yapo + 3 S 100 Fr,

— xy
PeaT T, i1 pers,

where

Fp = (F)(P") = = [ fudV)wpr + ((fu)(PT) = [ fuaV)wpn-+
| P| o] p|

7
AL N

v2((rap) = 2 [ fudv )l = Fpwh o+ Fiwh + i,

DIII
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For bounding the sum over all P € Q7 \ I'/%,, we follow the lines of the proofs of [11
Lemmata 5.6, 5.7] giving the estimate desired. Regarding Fp, we observe that

Fp = (3FI£—|—3FI£I—|—FI£H)EPJH —|—3FI’£ (@p[ —wpm) +3FI£I (EPH —@pm) —2FI’LEPI —2Fl’gﬁpﬂ .

Upon noting that 3F% + 3FE + FEY vanishes for fu = 1,z,y, the generalised Bramble —
Hilbert lemma together with a first-order Taylor expansion of f enables us to verify the
estimate

|82 |3FL 4+ 3FF + FIT| < C (ITp (| flloo[tls,z.np0 + TR fl1 o]t 12,00+

AT E L P fllazse-slullizan) < CITp sz

This, together with |Ap|'/? |wpm| < C||Pywgllo2,.a,, yields the estimate desired that holds

without assuming quasi-uniformity if s = 2.
Since f € W22/2=9)(Q) — €Y(Q), we find as usual

|[Fpl < CAp[20p| ulhonp, i€ {1,100, 1T}

Because of

h1/2 —1/2 /2, 1/2

‘UJPI - wPIH‘ + kp ‘wPH - wPUI‘ C|Prwgli2.np
it follows (without assuming quasi-uniformity)

|Ap||Fp| |wpi —wpm| < CTpP|lullon,|Puwnliza,, i€ {111},
which leads to the optimal estimate. Because of (5.3), we also find

A pl|Ep| fwpil < CICeP? ulh 2ap | Puwnllozrs . i€ {111}

This leads to the local estimate asserted. The global estimate follows with Lemma 5.2. [
For the terms with first-order derivatives, we obtain the following result.

Lemma 5.6. Let s € (1,2], u € H'*5(Q), d € W»?/2=9)(Q), and assume that {Qp} gea
is quasi-uniform if s # 2. Then for all wy € Wy

d
|T}q’<wH>|<c( > (diamOp) > Jug 200, + Y (TP lltal?an, + TpPlusl?sn, +

PEQT persy,

1/2
+|FP|3||U:c||S_1/2,2,rP)) | Prwill1z < C Hmn 3 Jug || o2 | Puw|1,2-

If Q is the union of rectangles (i.e., I'[j, = @) the local estimate above yields order O(Hy,y).
Proof. We have

71 (wir) = dur(Rirw, wir) — (Rer(duy), wi) i + (Rir(dug), wi)n — / du, dV .

PEQHDP

Since d € W?%2=9)(Q) and u, € H*(Q), the second difference can be handled exactly as

Tj(f ) in Lemma 5.5. For the remaining terms, we find with (4.11) and some calculations

dH(RHu,wH) (RH(dum) U)H H — Z hp‘Sp| ( ( ) 1/2 up (PHEH)(P) — (dumPHwH)prl)—i—

PeQs
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+i Z |AP‘((dum)(P1) Wpr — (dum)(PH) EPII) = F+G.

LY
peryy,

With the techniques already known, F' can be bounded as asserted. It remains to estimate
the contribution GG that appears due to the oblique boundary parts. For P € 1“91%, we have

(du,) (P Wpr — (dug)(P")Wpn = ((dug)(P") — (dug)(P™)) Wer+

+(dum)(PH) (wpl — @pn) =: GPJ + Gp,g.

Since d € W2/2=9)(Q) — €}(Q) and u, € H*(Q) — H*"Y/?(I'p), we find from the genera-
lised Bramble — Hilbert lemma together with (5.3)

|Ap||Gpi| < C|AP| |FP|_1+min(1’s_1/2)|dux|min(1,s—1/2),2,rp||PH7~UH||0,2,FP <

< OITp[™ @YD d||y a1 2200 | Prwllo2.rp-

Here, we made use of the fact that for 1 < s < 3/2

|dug]s—1/2,20p < C(||d’|0,oo‘ux|s—1/2,2,1"p + ‘FP|3/2_S|d‘1,oo||u||0,2,rp) < C|ld|1 00l tte || s=1/2,2,05

and for 3/2 < s <2

|dug|10rp < Clld||1colltiell12r, < Clld]100l[talls—1/22,p-

_For Gpy, we can only prove a suboptimal estimate. With u, € H*(Q) — H*12(T'p) —
C(I'p) and (4.13), it follows

|Ap[|Gpal < C AP TP 2| dllocolltalls—1/2.20 0 | Prwn]1 220, <

< C|FP‘3/2||ust—l/2,2,Fp‘PHwH|1/2,2,Fp-

The foregoing estimates are again valid for s = 2 without assuming quasi-uniformity. The
assertion follows from the application of the Cauchy — Schwarz inequality. 0J

Proof of Theorem 2.2. The assertion of Theorem 2.2 is an immediate consequence of
the lemmata in this section together with Proposition 2.1, since for the terms with the
coefficients ¢ and e analogous results hold as for a and d, respectively. Moreover, we have

||u||s,2,1“p < C||u||1/2+8,27FP as well as Zperm ||u||%/2+s,2,1“p < ||U||%+s,2- O
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