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Abstract

Long-range interactions for linearly elastic media resulting in nonlinear dispersion
relations are modelled by an initial-value problem for an integro-differential equation
(IDE) that incorporates non-local effects. Interpreting this IDE as an evolutionary
equation of second order, well-posedness in L*°(IR) as well as jump relations are
proved. A numerical approximation based upon quadrature is suggested and car-
ried out for two examples, one involving jump discontinuities in the initial data
corresponding to a RIEMANN-like problem.
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1 Introduction
Motivated by the so-called peridynamic theory of solids (cf. SILLING [8]), we are
interested in the integro-differential equation (IDE)
oo
Otu(z,t) = / k(x,&u(&,t)dE + c(z)u(x, t) + b(z,t), (z,t) € Rx(0,T),
—00
(1.1)

where R denotes the unbounded spatial domain, (0,7") with 7" > 0 is the time inter-
val under consideration, c is a time-independent coefficient and b an inhomogeneity.
We look for solutions u = u(z,t) to equation (1.1) that fulfill the initial conditions

u(-,0) =ug, u(-,0) =y (1.2)

for prescribed initial data ug, vg. In the context of continuum mechanics, v denotes
the displacement field whereas 0;u describes the velocity.
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2 Emmrich & Weckner

The kernel k£ : R? — R might be unsymmetric. However, the integral operator
is often to be assumed of convolution type so that

k(z,6) = k(zx—¢) with k(z) =k(-2), zeR, (1.3)

and the coeflicient ¢ is assumed to be constant and given by

oo
c(x) = —/ k(z)dz. (1.4)
—0o0

The peridynamic theory is a non-local model of integral type, which —in contrast
to other such models— only involves the displacement field but not its gradient
or higher-order spatial derivatives as will be discussed in Section 2. This might
be an attractive feature, especially in settings that involve singularities. Formally,
the peridynamic theory seems to be a continuous version of molecular dynamics;
its linearisation resembles the equation of motion for a crystalline structure (cf.
CzvycHOLL [3]). However, this similarity is misleading as the peridynamic theory is
meant to apply at length scales between those of classical continuum mechanics and
molecular dynamics. A discussion of the relation between non-local theories and
atomistic models can be found, e. g., in CHEN et al. [2]. For a detailed description
of a variety of non-local theories in continuum mechanics, we refer to KuNIN [5]
and RoGuLA [7]. Non-local models can be also found in the description of other
natural phenomena. So LEE et al. [6] discuss an IDE of first-order in biomathematics
modelling the dynamics of interacting individuals that coexist on a spatial landscape.
One of the ideas behind is the description of density changes due to long-distance
interactions.

Recently, WECKNER & ABEYARATNE [10] analysed the effects of long-range
forces on the dynamics of an infinite homogeneous bar, corresponding to the IDE

podiu(z,t) = /OO C(z — x)[u(z,t) —u(z,t)]dz + h(z,t), (z,t) € R x (0,T),
(1.5)

where pg is the constant density and the kernel C, the so-called micromodulus func-
tion, is of convolution type (1.3) due to the homogeneity. Using FOURIER transfor-
mations, the authors have shown that the general solution of (1.5) subject to the
initial conditions (1.2) can be expressed in terms of a GREEN function. The motion
has been found to be dispersive as a result of the long-range forces. The micromodu-
lus C has been chosen such that the limit of short-range forces is in accordance with
the classical results known for a linearly elastic medium. In addition, the first-order
correction to classical local elasticity has been derived in order to characterise weak
non-locality. The most striking observations made are concerning RIEMANN’s prob-
lem with a discontinuous velocity in the beginning: Although the displacement field
is initially continuous, a jump discontinuity occurs for all times ¢ > 0 and remains
stationary with respect to the LAGRANGIAN coordinates. Moreover, the height of a
displacement jump oscillates around an average value for some materials while for
others, it increases monotonically, eventually fracturing the material.

In this paper we generalise the equation of motion (1.5) to (1.1) taking into
account inhomogeneities in both the inertial and the stiffness distribution resulting in
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the more general kernel k£ and coefficient ¢. We prove existence and uniqueness of the
mild solution to the initial-value problem for (1.1) in spaces of abstract functions with
values in L*°(R), the space of essentially bounded functions. As (1.5) is a special
case of (1.1), this also completes the proof of uniqueness given in [10]. Moreover, the
solution is explicitly given in terms of an infinite series of potencies of a stationary
BARBASHIN operator applied to the initial conditions and the external force field.
We also focus on regularity, an a priori estimate for the solution, and stability with
respect to the data and the kernel. It is, furthermore, shown that a jump in either
the initial conditions or the external force field generates a jump in the displacement
field that is stationary with respect to its LAGRANGIAN coordinates. As an example,
the RIEMANN problem is solved. Specialising the results to the homogeneous case,
our results agree with those given in [10].

As a closed analytical solution cannot be expected in general, an efficient nu-
merical method has to be developed. For the approximate solution in the case
of piecewise continuous data wug, vg, b, we suggest a method that is based upon
quadrature. For the numerical integration, we partition the domain of integration
R corresponding to the jumps in the data and apply quadrature formulae on each
of the integrals taken over intervals on which the data are continuous. The resulting
initial value problem for a linear system of second-order differential equations can
then be solved by standard methods. Examples are presented in order to illustrate
the numerical approximation proposed. The numerical integration is based upon
the GAUSS-HERMITE and composite trapezoidal quadrature.

The paper is organised as follows. In Section 2 we give a short introduction into
the peridynamic theory of solids. As a motivation, we present two advantages of the
non-local model in comparison to the classical, local model of continuum mechanics
and we show how these advantages can be exploited for a number of interesting
applications. In Section 3, under certain assumptions on the regularity of the kernel
k in (1.1), the mathematical analysis is presented. A numerical approximation is
suggested in Section 4. The method proposed is then illustrated in two examples
for which analytical solutions are at hand. This allows us to validate the numerical
results.

2 Modelling long-range forces in elasticity theory

In the peridynamic theory of a solid (cf. SILLING [8]), the force applied on the
particle at position x € R by the particle at X € R is characterised by a pairwise
force function £ = f(X,x,t). So the equation of motion for the particle at x reads as

po(x)0?u(x,t) = / f(x,x,t)dx + h(x,t), (x,t) e R x(0,T). (2.1)
R

Here, R C R3 is the region occupied by the body, x is the position of a material
point and pg(x) is the mass density at x, all in the reference configuration. The
motion is characterised by the displacement field u = u(x,t) and the material is
characterised by f. The value f(x,X,t) of the pairwise force function denotes the
force per unit reference volume applied on the particle at x at time ¢ by a unit
volume of material at X. The field h represents an external force density.
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In the following, we restrict our considerations to the one-dimensional case.
NEWTON’s third law requires the symmetry f(&,z,t) = —f(x,2,t). The constitu-
tive response of the material is characterised by a function F', which relates the force
between particles to the kinematics. Here, we assume that the relevant variables of
the constitutive function are the positions in both the present and the reference
configuration:

f(@,z,t) = F(y(z,t),y(x,t), &, x)
where
y(z,t) =z + u(z,t)
is the momentary position of particle x at time ¢ and u is the corresponding displace-
ment. This excludes, for example, materials capable to remember their deformation

history. From objectivity principles, the force between the two particles x and &
cannot depend on the choice of the origin. The constitutive relation is thus given by

F(y(z,t),y(z,t),&,x) = f(n(a%,x,t),af:,x), n(Z,z,t) == u(Z,t) — u(x,t).

A TAYLOR expansion with respect to the first argument of the function f leads to

f(@,x,t),2,2) = f(0,2,2) + 0, f(0,Z,2)n(Z,x,t) + O(n(i,x,t)2) .

Assuming small relative deformations 7, equation (2.1) reduces to (1.1) in the one-
dimensional case with R = R and

_f0&x) [ 0, f(0.6,2)
Ho) = BT eto)m - [ S
[ J0,¢) h(z,t)
=] @) o)

Assuming further a homogeneous material, equation (1.5) follows.

In what follows, we shall discuss two different applications in which the peridy-
namic theory seems to be of particular advantage compared to the classical theory
of continuum mechanics.

The absence of spatial gradients has been the main motivation for the introduc-
tion of the peridynamic theory by SILLING [8]. This feature promises computational
advantages, especially in settings that involve singularities such as problems aris-
ing in fracture mechanics. In the classical theory of elasticity, which is based upon
partial differential equations, a discontinuity has to be accounted for by dividing
the original domain into two subdomains and deriving additional jump conditions.
However, discontinuities can form spontaneously and grow along trajectories not
known in advance. So the classical method just described seems to be cumbersome
for this kind of problems. In the peridynamic theory, the deformation of a body is
described by an IDE that remains well-defined both in regular and singular regions
of a body. This advantage is currently exploited at a commercial aircraft producer
in order to calculate fatigue cracking and failure in composite materials using a code
that has been developed by SILLING.
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The second advantage arises in the modelling of material behaviour. The be-
haviour predicted by the peridynamic theory in the case of small wavelengths is
quite different from what is predicted by the conventional theory. Especially, the
peridynamic theory may imply nonlinear dispersion relations. In contrast, the con-
ventional theory of elasticity predicts linear dispersion curves corresponding to a
constant phase velocity. The (nonlinear) dispersion curves can, in principle, be de-
termined by experiments (cf. GRAFF [4]). The kernel of the IDE (1.1) can then
be constructed from the dispersion relation. The resulting mechanical model con-
tains more information about the material behaviour than it can be expressed in
conventional local models.

In the case of a homogeneous, infinite bar, described by the IDE (1.5), a disper-
sion analysis yields the angular frequency w as a function of the wavenumber &,

cwm=<éyv—fwwmm0”2=(/mu—wamngﬁlm)w, (22)

. P
w:fwvmmz/fcuma

where F denotes the FOURIER transformation with respect to space. Note that
C(—z) = C(z), and so w(—k) = w(k). The dispersion relation can be used to define
the GREEN function

g(z,t) =F! [%] (x,t) = % /_00 cos(kx) % dk . (2.3)

The solution to (1.5) is then found by convolution,

o0

u(z,t) :/_00 uo(x — )0y (Z,t) dz +/ vo(z — &)g(2,t) dz

—00

h(z — &,t — 1)

t o] -, . N .
+ / / ————=g(&,t)dz dt, (2.4)
0 J—o0 o

which holds in the distributional sense.

On the other hand, the dispersion relation (2.2) can be used to determine the
micromodulus function C' for a given or experimentally determined dispersion re-
lation w = w(k). As a first example, we assume that, within the relevant range
of wavelengths, the measured phase velocity v,(k) = w(k)/k is constant such that
vp(k) = cp, where ¢y denotes the velocity of sound. This corresponds to the classical
linear elasticity theory with a phase velocity that is independent of wavelength. The
equation of motion is then given by the wave equation

podiu(e,t) = Edzule,t) + h(z,t) (2.5)
with YOUNG’s modulus E = pocg, which is equivalent to (1.5) with

C(z) = F ' [y = pow(k)?] (2) = 7d(2) + ES"(2),
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where § = 6(z) denotes DIRAC’s d-distribution. In this case, the GREEN function
(2.3) is given by
1
g(z,t) = — (H(x + cot) — H(x — cot)),
200

where H = H(z) denotes HEAVISIDE’s jump function that is zero for negative and
one for positive arguments. The solution (2.4) of the IDE (1.5) then reduces to the
D’ ALEMBERT solution of the wave equation.

From an augmented model incorporating lateral contraction, the phase velocity

€0

o8 = A

results. Here, v is the POISSON number and r? = J/A is the second moment .J
devided by the cross section area A. The equation of motion here reads as

OPu(z,t) = EdPu(x,t) + (rv)? 020%u(z, t) . (2.6)

Taking into account the additional inertial effect, the improved theory results in a
dispersive system extending the range of admissible wavelengths compared to the
conventional theory of elasticity where v = 0. For a detailed discussion, we refer to
GRAFF [4, p. 121]. However, here we take the point of view that v, is given (e. g.
by the interpolation of experimental data) and the corresponding dynamical model
(2.6) is not known in advanvce. The equation (2.2) can then be used to find the
micromodulus function C' via w(k) = v, (k) k and the experimentally determined vj,.
It follows

rv

02 z
O(=) = F' [1 = polup(k)k)?] (2) = 70(=) + 2505 exp <_u) _

So the peridynamic equation of motion reads as

2 00 _
uiet) = 58 [ e (-E)uenac- (2 uwn. @D

—50 r

poct /°° exp <_M) az = (2)".
2r3u3 J_ o rv rv

Indeed, one can show that a smooth, bounded solution to the IDE (2.7) is also a
solution to the partial differential equation (2.6) and vice versa, so that both equa-
tions are equivalent in the class of sufficiently smooth functions (cf. also TrICOMI [9,
p. 162]).

These two examples suggest that the same peridynamic equation of motion (1.5)
can be used to describe the material behaviour at different length scales just by
using appropriate micromodulus functions C. It, therefore, seems to be promising
to model an even more complicated material behaviour by means of the peridynamic
theory.

since
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3 Mathematical analysis

As usual, we denote by C the space of continuous functions, by C; the space of
bounded continuous functions, by LP (1 < p < o) the space of LEBESGUE-measurable
functions u such that |u|P is LEBESGUE-integrable and by L the space of essen-
tially bounded LEBESGUE-measurable functions. The canonical norm in a normed
function space X is denoted by || - [|x. Moreover, let C"™(]0,7]; X) with m € N be
the space of m-times continuously differentiable abstract functions u : [0,7] — X
with norm

m
d™u(t)
||uHCm([0,T];X) - tgf(?ﬁi} ZO H dem HX ’
We also write C([0,T]; X) if m = 0. The function space L'(0,T;X) consists of
BOCHNER-integrable abstract functions w : [0,7] — X such that ¢ — |Ju(t)||x is

LEBESGUE-integrable and is equipped with the norm

T
mewmzéuwmw

Unfortunately, we cannot apply the HILBERT-SCHMIDT theory as the integral
operator might be of convolution type and the solutions to (1.1) we have in mind
are not integrable over the whole line (—o0, ).

For the kernel k, we shall assume

(H1) k € C(R x R) with kg := sup/ |k(z, &) d€ < oo;
zeR

(H2) for all z € R and £ > 0 there is a § > 0 such that for all y € R

[e.9]

o-yl <8 mmplies [ [h(r.€) — k(s )l d€ < <.

—00

Note that, for convolution operators, (H1) is fulfilled if & € C(R) N LY(R). We
then have ko = ||| L1(R)- Assumption (H2) does not follow from the continuity of &
as the domain is unbounded. However, it is fulfilled if k£ possesses a partial derivative
ky = ki (x,€) such that for all x € R

oo

sup [l €)1 d€ < o0,
z€R J -0

or if k£ has compact support on R x R (which cannot be the case for convolution

operators).

Example 3.1 For

sinz — zZcos z

) 3 if 2#0 .
k(z) - ) k(.%',g) - k(.%' - 5)7
ifz=0

Wl =
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the assumptions (H1) and (H2) are fulfilled. Moreover,

see also Example 4.2 in Section 4. |

Let ¢ € L*°(R). For functions u = u(x) € L>*(R), we define the (autonomous)
operator A via

(Au)(z) = /00 k(xz,&)u(€)dé + c(x)u(x), zeR. (3.1)

—00

Due to (H1), the operator A maps into L*°(RR) and is linear and bounded with
[Aullpeory < a flullpom), o :=ko+ |lellzem) -

We may write A as the sum of the integral and the multiplication operator, such
that

A=K+ C, where (Ku)(z) := /OO E(z,§u(§)de, (Cu)(z) = c(x)u(z), x € R.

— 00

So A is a stationary BARBASHIN operator (cf. APPELL et al. [1]).

Proposition 3.1 Under the assumptions (H1) and (H2), the integral operator K
maps v € L*°(R) to the bounded continuous function Ku € Cy(R).

Let ¢ be continuous. If uw € L*°(R) is continuous then Au is continuous, too. If
u € L>®(R) is a piecewise continuous function with a jump at & of height

[u(@)] = lim u(@) ~ lim u(a)

then Au is again piecewise continuous with a jump at & of height
[(Au)(2)] = e(2) [u(2)] -

Proof Let u € L>*(R) be arbitrary. We show that Ku is continuous on R. For
xz,y € R, we have

(Ku)(x) — (Ku)(y)] = \ | w0~ by (o) ae
< / (2, €) — k(y, ) dé lull e qmy -

—00

Because of (H1), it holds

/ Ik, €) — k(y, )] dé < 2ko
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so the integral converges for all z,y € R. The continuity of Ku follows from (H2).
Moreover, we find from (H1) that

[e.9]

|(Kw)(z)] S/ |k (2, &)1 dE [ull Loor) < ko llull Lo (m)

[e o]

for all z € R, so Ku is bounded.

If ¢ and w are continuous then cu is continuous, too. Hence Au = Ku + Cu is
continuous. If ¢ is continuous and u has a jump at Z then Kwu is continuous at  and
(Cu)(z) = e¢(x)u(z) has a jump at & of height ¢(Z) [u(z)]. Since Au = Ku + Clu,
the assertion follows. |

Denoting by u = u(t) and b = b(t) the abstract functions with values in L>*(R)
that correspond to u = u(x,t) and b = b(z,t), respectively, we may consider the
evolutionary equation

ii(t) = Au(t) + b(t), te(0,T), (3.2)

instead of (1.1), where i is the second derivative of u : [0,7] — L*°(R).
On the product space L*°(R) x L*°(R), equipped with the norm

H‘(“’”)TM = max { ||ul| oo (), V]| Lo (m) }

we can now define the operator

0o I
A:: ’ A<u> N ( ) ) ’
A0 v Au

where I denotes the identity in L>°(IR). The operator A : L°(R)? — L>®(R)? is
linear and bounded with

u

v

[+C)

With v := 4, equation (3.2) is equivalent to the first-order operator-differential

equation
%(zg;) - A(ig) " (b?t)) , te(0D). (33)

It immediately follows from standard arguments and DUHAMEL’s principle

g

' . G:=max{l,al}.

Proposition 3.2 Under the assumption (H1), the operator A : L®(R)? — L*®(R)?
generates the uniformly continuous semigroup {etA}tZO with

thAn t2n+1An
Z Z 2nt)’

A cosh(tv/A) VA~ sinh(tv/A)
\/Zsinh(t\/Z) cosh(t\/Z) § $2n+1 gAn+1 io: t2"A"

T@ntDl

(3.4)
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Let b€ L*(0,T; L>(R)). Then

(322) = (ﬁfﬁ) * /Ot et (b(os)>d87 te(0,7), (3.5)

is the unique mild solution to (3.3) with the initial values u(0) = ug € L*°(R) and
v(0) = v € L®(R). Ifb e C([0,T]; L>*(R)) then i € C([0,T]; L>°(R)).

—1 . . . .
Note that vA and VA s only a symbolic notation as A need not to be inver-

tible but cosh(tv/A), N sinh(tv/A), and v/ Asinh(tv/A) are well defined as series
of potencies of A as in (3.4).

Theorem 3.1 Let b € LY(0,T; L®(R)) and assume (H1). Then

u(t) = cosh(tVA) ug + VA sinh(tvVA) vo + VA | / " Sinh((t — $)V/A) b(s) ds
’ (3.6)
is the unique mild solution to (3.2) with the initial values u(0) = ug € L>*°(R) and
1(0) = vg € L*°(R) and lies in C([0,T]; L(R)). Moreover, the a priori estimate
[u(t)]| Lo (r) < cosh(tv/a) |luollpoe(m) + Va~ 'sinh(tv/a) [voll oo () +
v [ - ) e ds 67

holds fort € (0,T). Ifb € C™([0,T); L>*(R)) (m € N) thenu € C™*2([0,T]; L= (R)).
If b is constant in time, then

u(t) = cosh(tVA) ug + VA sinh(tvV/A) vy + A7} (cosh(t\/Z) - I> b. (3.8)

Proof Existence and uniqueness follow directly from Proposition 3.2. The esti-
mate (3.7) follows from the boundedness of A and properties of the BOCHNER in-
tegral. The representation (3.6) results from (3.4) and (3.5). The regularity is a
direct consequence of the differential equation (3.2) and the linearity of the time-
independent operator A. Carrying out the integration gives the representation for
stationary b with the symbolic notation

t2nAn 1

A~ (cosh(t\/_ >

IIM

|
In virtue of the linearity of the problem, the estimate (3.7) also proves stability
with respect to the data ug, vg, and b.

Theorem 3.2 Let b € L'(0,T; L°(R)) and let, for arbitrary ¢ > 0, k and k. be
kernels satisfying (H1) and c¢,c. € L>*(R) such that

sup/ k(. €) — ke, €)] A + [le — exl|peiry < <.

zeR J—
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For the unique mild solutions u,u. € C([0,T]; L>(R)) to equation (3.2) with k, c
and ke, c., respectively, and with the initial values u(0) = us(0) = ug € L*°(R) and
4(0) = 1.(0) = vg € L*(R), the estimate

Jut) = ue(®)l o < 2 VaTe ! [ sinb((t = )VaF ) fuls) ey ds - (39)

holds true for all t € (0,T).

Proof Let A. be the operator (3.1) corresponding to k. and c.. For the difference
We := U — Ug, it follows

We = Acwe + (A — Ag) u
with w:(0) = w.(0) = 0. Note that (A— A.)u € C([0,T]; L°(R)) since u €
C([0,T]; L>*(R)) and A — A is a linear bounded operator in L*>*(R). Due to The-

orem 3.1, now applied on the foregoing initial-value problem with the unknown w,
and the inhomogeneity (A — A.) u, and because of

[Acvllpoer) < | AV Lo () + AV — AV o) < @[]l Loo(r) + € [0l oo (m)

for all v € L*(R), we find

lwe(®) |z my < Vate /0 sinh((t — s)Va+e) [[(A = Ac) u(s)]| o (m) ds

and thus the assertion. |

Estimate (3.9), together with (3.7), justifies the idea of measuring the dispersion
relation and the experimental determination of the micromodulus function, which
then gives the kernel k& and the coefficient c.

Corollary 3.1 Letb € L'(0,T; L®(R)) and assume (H1) and (H2) with c € Cy(R).
If up, vy and b(t) (t € [0,T]) are bounded and continuous then the solution w from
Theorem 3.1, given by (3.6), is in C([0,T] x R). If, in addition, b € C(]0,T];Cp(R))
then w is the unique classical solution to the initial-value problem for (1.1). If ug,vg
or the stationary b is bounded and piecewise continuous with a jump at & then the
solution u is also piecewise continuous with respect to x and, for all times t € [0, T,
the jump remains at T with

[u(@,1)] = cosh(t/e(@)) [uo(@)] + v/e(@) * sinh(ty/e(@)) [vo(#)]
+e(@) ! (cosh(t\/c(fc)) —1) [b(2)] (3.10)

and no other jumps are generated. If ¢ =0 then

[u(2, 1] = [wo(@)] + ¢ [eo(@)] + 57 [o(@)]

Proof From Proposition 3.1, we know that A maps continuous functions into con-
tinuous functions. Potencies of A do so, too. The solution u € C([0,T]; L*°(R)) from
Theorem 3.1 is, therefore, continuous with respect to x if ug, vy and b(t) (¢t € [0,T7])
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are continuous. It follows the continuity on [0,7] x R. If b € C([0,T];Cp(R)) then
u € C2([0,T);Cy(R)) and u solves (1.1) in the classical sense. Moreover, (1.1) pos-
sesses at most one solution since any classical solution is also a mild solution but the
mild solution is unique. The jump relations immediately follow from Proposition 3.1
and the representation (3.8). [

c € R, uy(x) =

Example 3.2 Consider the RIEMANN-like problem with c(z) =
= 0, where H denotes

wH(—z) + u.H(x) (u;,u, € R given), vo(z) = 0, and b(z, t)
again the HEAVISIDE function. Then

u(z,t) = Z

n=0

t2n
(2n)!

(A™ug)(x)
with
cosh(ty/e) if e >0
[0, 0] = (ur —w) Y oy = (ur — ) - 1 ife=0 .
cos(ty/—c) ife<0

Note that a jump in the initial velocity vy produces a jump in the displacement
field u = u(x,t) for t > 0 even if the initial displacement ug is continuous. This is
shown in

Example 3.3 Consider the RIEMANN-like problem with ¢(z) = ¢ € R, ug(xz) = 0,
vo(x) = v H(—x) + v, H(z) (v;,v, € R given), and b(x,t) = 0. Then

i 752n+1
u(z,t) = —— (A" ) ()
= (2n +1)!
with
\/%3 sinh(ty/c) ifc>0
oo t2n+1cn )
[[u(o,t)]]:(vr—vl)zom:(vr—w)- t ife=0 .

M% sin(ty/—c) ife<0

4 Numerical approximation and examples

For the numerical solution of (1.1), we suggest the following method. We assume
that ug, vo, and b(-,t) (¢t € [0,T]) are bounded and piecewise continuous and that
for any fixed x the mapping ¢ — b(z,t) is continuous. Let

—00 <8 <S8y < - < 8§y <0
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be the abscissae where wug, vg or b(-, t) has a jump discontinuity. The integral operator
K may then be represented as

S1 00

(Ku)(z) = / (e, €)u(€) A€ + /S2k<x,£>u<5>d5+---+ / B, €)u(€) dé

—00 S1 Sm

—: (Kou)(x) + (Kyu)(@) + - + (Kyu)(@)

If m = 0 then K = Kj. For each integral operator K; (i =0,1,...,m), we consider
a sequence of quadrature formulae

(o) = 3ok (5,637 u (€37) = () o),

J=

where N; € N, the weights O'Z-(]]\-fi), and the quadrature points 5?;70 are given. Note

that 51(1]\7\}'3 and 555%1) might coincide. For convenience, we introduce another nota-
tion:

m i—1
Ni=Y (1) -1, 2= oM =0l with n=3 (N, +1)+j.

=0 v=0

We shall assume
(N)

T §x§N)§---§x(N).

N

The integral operator K is thus approximated by the composite quadrature

()~ 3 ok (12 u (o) = (KO0) @), ()
n=0

Regarding the IDE (1.1), remember that its solution u = u(z,t) possesses only
jumps at the abscissae si,..., S, which justifies the composite quadrature sug-
) = Ul(N)(t) approximating ¢ +—
u(xl(N), t) (1=0,1,...,N) that fulfill the initial-value problem

gested. We are now looking for functions UZ(N

LU _ 5 o0 (of,20) 0000) +¢ () 00 45 (5,1

2 n
dt =
l=0,1,...,N,te(0,7), (4.2
with
(N)
Mgy — o () 0O ) _
U, (0)—u0(acl ), P —vo<xl >, l=0,1,...,N. (4.3)
T
As this is a linear system, there is a unique solution U®) := (USN), ceey ](VN)) .

In order to demonstrate the numerical method presented we consider two exam-
ples for the solution to the initial-value problem for the IDE (1.5) of the homogeneous
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bar. For both examples, analytical solutions are at hand, which allows us to validate
our numerical results and also to discuss the limits of the method suggested. The
first example shows the response to continuous initial conditions while the second
example is concerned with discontinuous initial conditions: the velocity field involves
jump discontinuities and the initial displacement field is taken to be zero.

Example 4.1 (GAUSSIAN initial displacement) We consider (1.5) for the initial
conditions and micromodulus function

AE
up(z) = Ue™ @/ | yy(z) =0, Cx) = e o (@/0?

with YOUNG’s modulus F, a length-scale parameter £ > 0, and U € R, L > 0 given.
For ¢ — 0, equation (1.5) then becomes the wave equation of local elasticity theory

podiu(z,t) = BO*u(x,t) + h(z,t). (4.4)
So /¢ represents the degree of non-locality. In the following, let the right-hand side
h be zero. With the normalisation

u(z,t)
U )

E R
%, t:z% with ¢p:= o w(z,t) =

the equation of motion (1.5) can be rewritten in dimensionless form (1.1) with the
convolution kernel k& and the constant coefficient ¢ given by

k(2) = %3 C(z) = 4 (%)3 e CLIO (7)) = — /Z k(2)ds = — <%)2 .

The exact solution of this initial value problem is given by

I 2Lt
a(z,t) = ﬁ/o cos (2a) e cos (7 1- e—(af/L)2> da, (4.5)

cf. WECKNER & ABEYARATNE [10]. Expanding (4.5) in a TAYLOR series around
¢/L = 0, one obtains in the limit ¢/L — 0 the D’ ALEMBERT solution to (4.4)

e~ (@—1)? + e~ (@+1)?
2

In what follows, we omit the hat and deal only with the dimensionless quantities.

We apply the numerical method suggested with m = 0 as there is no disconti-
nuity in the data. The numerical integration is based upon the GAUSS-HERMITE
quadrature

(&,6) — U

N

/ e Ca(e)de ~ Y Ve,

— 00 =0

where 5(()N) < §§N) << §](VN) are the roots of the HERMITE polynomial

2 dN+1 2
Hy(€) = (—1)VTef deN+H (‘3_5 )
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and the weights 'yj(»N) >0(j=0,1,...,N) are given by

o N (V)
W= [ e e Mo 1V = Hﬁ (46)
£

The GAUSS-HERMITE quadrature is exact for polynomials & = ®(&) of highest
degree 2N + 1.
The approximate operator KV is now given by (4.1) with

2
o= oe ((6V)) V=g =00,

and we have to solve the initial-value problem (4.2), (4.3).

We choose N = 48 and ¢/L = 3/4. The location of the roots 53(-48) (j =
0,1,...,48) of the HERMITE polynomial Hyg is shown in Figure 1.

L ° Y

—10 -5 0 5 10

>

Fig. 1: Roots of the HERMITE polynomial H 49

The numerical time integration of (4.2) has been carried out with the software
MATHEMATICA 4.0 that uses the Livermore Solver LSODE. The results are compared
with the exact solution given by (4.5). (In order to evaluate (4.5), we again use
MATHEMATICA. For the following discussion, we assume that the spatial numerical
integration of (4.5) and the temporal numerical integration of (4.2) are exact within
the resolution of the line thickness. This can be verified by increasing the working
precision such that the numerical and graphical results presented do not change.)

The classical wave solution and the peridynamic solution is presented in Figure 2.

lm

Wl
YA l"’l W
' fl'lm: ” f)' M
,0 s
"""’,""’?’ rgots m :”

&%
&2
)
)
szl

///

':

7 'I '4
'I’ lrf":"
'l,,",,'a

'l, 'c
oosct 'll
S
”'IZ;':Z;',:;;/

Fig. 2: Exact peridynamic (left) and wave (right) solution for Example 4.1

Figure 3 shows the numerical solution.
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Fig. 3: Numerical peridynamic solution for Example 4.1

It turns out that the numerical results agree quite well with the analytical results
for all points x € [5848) R —9.1,51(;;8) ~ 9.1| if we limit the time of observation up
to t < 6. Increasing the number of integration points extends both the spatial and
temporal observation interval. The valid temporal observation period can be also
extended if we restrict our attention to points closer to the origin: the computed
displacement of the particle located at the origin 0 = 5518) is a good approximation
until ¢ ~ 14. For ¢t > 14, however, the results diverge for all points z. In particular,
the method presented fails when predicting long-time behaviour. |

Example 4.2 (Multiple jump discontinuities in the initial velocity field)
For s1 < s9 < --- < s, and vg,v1,...,v,, € R given, we consider the initial
displacement and velocity (see also Figure 4)

m
ug(x) =0, wvo(x) = Y+ Um + Z % sgn(z — s;) .
i=1

Here, sgn is the sign function. The FOURIER transforms are given by

e—zsik

Fluo](k) =0, Fluo)(k) = (vo + v )m8(k) =23 (s = viet)——,

where 7 denotes the imaginary unit and § is again DIRAC’s é-distribution. The
right-hand side is taken to be zero.
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’U()(.f)n
Um,
V2
o Uml
U3
51 S2 53 Sm—1 Sm -
v
Vo

Fig. 4: Initial velocity field involving multiple jump discontinuities

The micromodulus function we wish to investigate reads as

sin(7) — 7 cos(%) % 40

C(r) = 2B (7)° ! 7
7T€3 1 T

= if = =0.

3 =0

and corresponds to the simple dispersion relation

ke| if |kl < 1,

ey L
11 if |k¢] > 1.

Again, ¢ denotes a length-scale parameter, which characterises the non-locality, and

co = v/ E/p. The homogeneous solution for this material with ug = 0 and arbitrary
vg is given by

_sin(cot/?) 1 e sin(cotk)  sin(cot/¢)
u(z, t) = co/t vo() + o /_1/e e F ool (k) ( cok co/l > dk.

For the above initial velocity, we obtain

PPN Vg + Uy, »
t) =
(2,6 =2
= D — Dy 2
—i—sm(t)z1 : 22 (sgn(x—sz)—;sin(ﬁc—él)—;Sl(x—éz))
1=
1 N By — 0
+;;ZT”((aﬁ—§i+f)8i(aﬁ—§i+f)—(i—éi—f) Si(& — 8 — 1)),
where
. x . S; ~ cot . V; A u(x,t
x_Z7 312727 t:77 UZ:£7 (.’L',t): (6)7
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and Si(x) := fo Lsin £d¢ is the integral sine. In the following, we omit the hat
and cons1der only the dimensionless quantities.
Let us assume that m = 2 with s; = —1 and sy = 1. We then have

where KO(NO) is the approximation of the integral over (—o0, s1), K le) corresponds

to (s1,s2), and K§N2) corresponds to (s2,00).

For K(()NO) and K§N2), we again employ the GAUSS-HERMITE quadrature: Out-
side the corresponding interval, the integrand is extended by zero and the quadrature
points are centred at s; and sg, respectively. For a function f : (—oo,s1) — R, we
thus have

/ F(€)de ~ KN f = Z N0t oy ((55»2%“))2) f (51 +§§2NOH)),

) 5;2N0+1)

and a similar representation for KéNQ , with the roots of the HERMITE

polynomial Hop,+2 and ’y](-2N°+1)

given by (4.6). The integral over (s1, s2) is approx-
imated by the composite trapezoidal rule with equidistant quadrature points. For
simplicity, we take Ny = No and N1 = 2(Ny + 1). The system (4.2) then consists of
N +1=4(Ny+ 1)+ 1 equations.

Figure 5 shows the analytical and numerical solution v = wu(z,t) at the fixed
times t = 2, 3,4 with vg = vo =0, v1 = 0.5 and N + 1 = 101 quadrature points. For
the presentation of the numerical solution, we use piecewise cubic interpolation.

Another way to present the results is to look at a fixed particle at x = 0 as in

Figure 6.

u(z =0,t), N =40 u(z =0,t), N =100
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
2 4 6 8 lot 2 4 6 8 1ot
0.2 0.2

Fig. 6: Numerical (thin lines) compared to analytical (thick lines) results for Exam-
ple 4.2 at fixed spatial points

Whereas the left figure shows the numerical results for 41 quadrature points,
the right one shows the results for 101 quadrature points. As in Example 4.1,
one finds that the numerical results are reasonable only for a finite time interval.
The more integration points are taken, the longer this time interval becomes. The
convergence seems, however, to be rather slow in this example. In the context of
fracture mechanics this is of no concern since the long-time behaviour is neither
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u(z,t = 2)
0.8
06
ol 4
2
-10 -7.5 <5 -2.5 25 575 10°%
u(z,t = 3)
0.8
X
-10 -773="—-5 -2. . 10
-10 75 -5 -2.5 25 5 75107

Fig. 5: Numerical (dashed lines) compared to analytical (thin lines) results for
Example 4.2 at fixed times
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interesting nor could it be described by the same mathematical model (one would
expect nonlinearity, plasticity etc. to play an important role here).

The following table shows the CPU-time T py needed for the calculation (with

an Intel Pentium M 1.4 GHz and 512 MB RAM) with a fixed time interval [0, 10] in
dependence of the number N + 1 of quadrature points:

N+1[1] | Tery [s]
41 92

61 408

81 1244

101 2791
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