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Abstract

The well-known GRONWALL lemma often serves as a major tool for the anal-
ysis of time-dependent problems via energy methods. However, there is the
need for a similar tool when considering temporal discretizations of evolution-
ary problems.

With the paper in hand, the author wishes to give an overview of some
discrete versions of the GRONWALL lemma and presents a unified approach.
In particular, new discrete versions of the lemma in its differential form and
their application, showing decay behaviour for discretized parabolic problems,
are studied.

These versions give effective tools for the stability and error analysis of the
temporal semi-discretization of parabolic problems covering non-homogeneous
problems as well as approximations with variable step sizes.

Keywords GRONWALL-type inequality, differential inequality, difference inequal-
ity, parabolic differential equation, temporal discretization, EULER method
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1 Introduction

Stability analysis and a priori estimates for the exact solution to parabolic problems
often lead to an initial value problem for an ordinary differential inequality that
reads as

d
Zlu@F +pllu@l* < 9@z, ¢>0, (1.1a)

[u(O)] = uol, (1.1b)

where u = u(t) : R — V C H is the function analysed and g = g(t) : R§ — V*,
ug € H are given. Here, the set of real numbers is denoted by R whereas its subset
of nonnegative numbers is denoted by Ry = R* U {0}. The set of positive integers
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will be denoted by N. The spaces (V,]| - ||), (H,|-|) are suitable BANACH spaces
with a continuous embedding (POINCARE-FRIEDRICHS inequality):

dJa>0VveV: |v<aly|. (1.2)

The function g represents a right hand side of the underlying parabolic problem,
measured in the dual norm || - ||, (V* denotes the dual space to V). However, in
some applications, |g(t)| appears rather than ||g(¢)|]. if g is somewhat “better”, say
g€ H.

Moreover, the parameter 1 > 0 comes from the ellipticity (strong positiveness) of
the underlying differential operator and reflects in some sense the problem’s compli-
cation: for a singular perturbed problem, ;1 < 1 is characteristic, whereas diffusion
dominates if p > 1.

For what we have in mind, the heat equation, describing the non-stationary
process of heat conduction in a domain €2, may serve as a simple example:

ut_vluvu:fa

where u = u(x,t) is the (scaled) temperature with a given initial temperature field
u(-,0) = up and vanishing temperature at the boundary, and f = f(xz,t) is the
quotient of heat production per time and mass unit and the specific heat. The
coefficient 4 = p(z,t) > 0 is the heat conductivity, a material constant that is
positive due to the second law of thermodynamics, divided by specific heat and
mass density.

Multiplying the equation by u, integrating over 2 with integration by parts, and
applying CAUCHY-SCHWARZ’, POINCARE-FRIEDRICHS’, and YOUNG’S inequality
leads, under suitable assumptions, to the differential inequality

d 2 - 2 o’ 2

—/udaz—l—u/(Vu) dxﬁT/fdx,

dt Jo Q /o
where fi := inf(, 4 p(x,t) > 0.

This inequality is of structure (1.1) with V' = H;(Q), H = L*(Q), and norms
chosen appropriately. Here, L?(Q2) denotes the usual LEBESGUE space and H}(Q)
the SOBOLEV space of functions in L?(2) whose generalized first derivatives also lie
in L?(Q).

By integration, we easily derive from (1.1) an a priori estimate at (almost) each
time level t € Ry,

u(@F +p [ )2 ds < ol + [ llg(s)]? ds. (1.3

This gives stability w. r. t. the maximum in time norm of u = u(t), considered as an
abstract function mapping into H, as well as the L% -norm of u = u(t), considered
as a function mapping into V.

However, we may use the continuous embedding V' < H in the course of the
analysis: With (1.1) and (1.2), we have

d o2 a2 d 2
i (R) = e (LR + K o)
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C12 d C12
< o (SOR + ullR) < o o],
By integration, we then arrive at the estimate desired
t
u® < e fugl? 4 [ A0 g (s)] 2 ds (1.4)

that holds for (almost) all ¢ € R and gives a somewhat improved estimate w. r. t.
the norm | - |. Simultaneously, the estimate shows exponential decay whenever the
right-hand side g is suitable. To be more precise, the upper bound of |u(t)| is
decreasing with time ¢ for suitable g, say ||g(t)||« is bounded for (almost) all ¢ in the
time interval under consideration.

The estimate above can be only achieved by using the differential form (1.1) of
the problem that provides more information than the integral inequality (1.3). We
shall refer to (1.4) as an application of the GRONWALL lemma in differential form
as it will be formulated in Proposition 2.2.

Let us now consider a discretization in time of the underlying parabolic problem
or even of inequality (1.1) itself by means of the implicit EULER scheme. We then
come up with an estimate of the form

n+1|2 _ |un|2

At

lu

+plluHE < g, n=0,1, . (1.5)

where u" ~ u(t,), n = 0,1, ..., t, = nAt, At > 0, and u°, ¢" ~ g(t,) are given.
The question arising immediately is: Are there any estimates similar to those of the
continuous problem?

Summation over n leads from (1.5) to

n n
P+ pAt Y|P < [P A g n=12, (1.6)
=1 j=1

that is similar to estimate (1.3) of the continuous case, and again gives stability,
now for the discrete solution.

However, using the embedding (1.2) as well as some discrete version of GRON-
WALL’s lemma, we are able to prove the estimate

n
"2 < (1 + %At)’" W02+ At S(1+ %At)f’l’” g2, n=1,2 ... (17)
7j=1

that is analogous to estimate (1.4) of the continuous case, and indeed shows decay
of the stability constants with increasing number of time steps.

Again, for this estimate, we have to use the original difference form (1.5) and,
therefore, we will refer to it as an application of the GRONWALL lemma in difference
form, that is a discrete version of the lemma in differential form. It will be stated
in Proposition 3.1 and in the more general Proposition 3.3.

We are faced with the same demand for discrete analogues when considering not
the discrete solution but the error e = u(t,) —u". For the discretization error e, an
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inequality of essentially the same structure as (1.5) can be derived from estimating
e" in terms of the consistency error.

Besides the applications above, we often need to apply the GRONWALL lemma
when studying nonlinear problems or parabolic problems for which the underlying
differential operator is not strongly positive but satisfies a (GARDING inequality.
Instead of the estimates (1.1) or (1.3), we then have modified estimates with an
additional term & |u(t)|? or & [J |u(s)|?ds, resp., on the right hand side, where x > 0
is a given constant. Again, there is the need for counterparts of such estimates in the
time discrete case. The lemmata, which have to be used here, are those in integral
or sum form and will be stated in Proposition 2.1 and 4.1.

In the next section, we recall the GRONWALL lemma in its original and nowadays
well-known integral as well as in its differential form and discuss the difference
between them. In particular, we emphasize on a sign assumption that is necessary
for the integral but not for the differential version. Although the latter one might
be not found running explicitly under the name GRONWALL lemma, some authors
use the idea behind, cf. e. g. TEMAM [10], THOMEE [12]. The integral version and
extensions of it have been studied in detail and in different context by many authors.
We refer e. g. to BRUNNER/VAN DER HOUWEN [1] and the references cited there.

In Section 3, we turn to discrete versions of the lemma in its differential form.
As to the knowledge of the author, those versions are not known from the literature.
We consider difference inequalities that can be derived from an original differential
inequality by means of the implicit or explicit EULER scheme or the more general
f-method. By this, the second order CRANK-NICOLSON scheme is covered, too.

In a further section, we deal with a discrete version of the lemma in its inte-
gral form. Indeed, the GRONWALL lemma in sum form is rather known from the
literature and many authors make use of it, cf. e. g. GIRAULT/RAVIART [5], BRUN-
NER/VAN DER HOUWEN [1].

The results of both, Section 3 and Section 4, apply to the case of variable step
sizes. However, as with the integral version, the sum form has a sign restriction which
does not appear with the difference form. Moreover, there may appear restrictions
on the step sizes we carefully take into account.

Finally, results will be applied to a linear parabolic problem in an abstract set-
ting. This covers linear partial differential operators with constant in time coeffi-
cients satisfying a GARDING inequality and problems with non-homogeneous right-
hand side. The numerical methods analysed are the backward EULER scheme with
variable time steps as well as the general #-method. Again, we will also focus on
step size restrictions appearing. The application to problems with time-dependent
coefficients is left out here and will be considered in forthcoming research.

Although the lemmata presented and their proofs might be simple, they give
effective tools in the analysis of numerical approximations to evolutionary problems.
It has been tried throughout the proofs of the propositions to employ a unified
approach that shows the similarities of the continuous and the discrete case.
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2 GRONWALL’s lemma in integral and differential
form

Let us first recall the GRONWALL lemma both in its integral, cf. e. g. WLOKA [13],
DAUTRAY/LIONS [2], as well as differential form.*

In the following for an interval S C R, let L'(S) and L*°(S) denote the usual
LEBESGUE spaces, and Wh'(S) the usual SOBOLEV space of all L'(S)-functions
whose generalized derivative lies in L'(S). Furthermore, C(S) denotes the space of
continuous functions. Finally, if T = oo, the interval is [0,7") instead of [0, 7).

Proposition 2.1 (GRONWALL lemma: integral form)
Let T € RY U {0}, a, b € L®(0,T) and A € L'(0,T), X(t) > 0 for almost all
t €[0,T]. Then,

alt) < b(t) + | ‘Ms)a(s)ds . e. in [0,T] (2.1)
implies for almost all t € [0, T]
alt) <0+ [ " AN \(5)b(s)ds (2.2)
where A(t) == [y \(7)dr. If b € WH(0,T), it follows

t
a() < X0 <b(0) + /[ e‘A(s)b’(s)ds> . (2.3)
0
Moreover, if b is a monotonically increasing, continuous function, it holds

a(t) < eXOp(t). (2.4)

Proof Since a, b € L*°(0,T) and A\ € L'(0,T), the integrals appearing are well-
defined.
Let

t
a(t) == e A0 / A(s)a(s)ds .

0

Then, for almost all ¢ € [0, 7], the estimate

& (t) = e MO N (D) <a(t) _ /0 tA(s)a(s)ds) < e MO (B)b(?)

holds due to (2.1) and A(t) > 0. With a(0) = 0 by definition, integration over ¢
leads to

t
a(t) < / e MO\ (5)b(s)ds .
0
Recalling assumption (2.1) as well as the definition of a, we then arrive at

o AD) (a(t) . b(t)) < ) /Ot )\(s)a(g)ds = &(t) < /Ot e_A(s))\(S)b(S)dS

!The lemma was first mentioned in GRONWALL [6] by T. Hakon Grénvall (1877 —1932) himself,
originally in integral form.




that gives us the wanted estimate (2.2).
As b is differentiable, inequality (2.3) follows immediately via integration by
parts:

¢ t
/e_A(s))\(s)b(s)ds _ [_e—A(S)b(S)]Z+/ e_A(S)b’(s)dS
0 0
t
— e MOy 4 b(0) + / e~ MY (5)ds .
0

Note here, that WH(0,¢) < C([0,]) for all ¢, 0 < t < T, cf. ZEIDLER [14].
Finally, let b be monotonically increasing and continuous. We then derive from
(2.2), in virtue of A(¢) > 0, the estimate

a(t) < b(t) <1+/0t eA(t)A(S))\(S)dS> = b(1) <1+eA(t) /Otd% (_e,A(s)) ds)
= b(t) (14D (—e 20 + 1)) = e Dp(t)
that proves (2.4). 4

Obviously, the assumption A(t) > 0 a. e. in [0, 7] is of essential importance and
cannot be omitted as the following counterexample shows.

Example 2.1 (Negative \) Let A(t) = A <0, b(t) = b+w(t), where b € R and
w=uw(t):[0,T] = Ry, supp w C (0,7), and a(t) = be*. We then have

b(t) + /Ot Ms)a(s)ds = b+ w(t) + \b /Ot s = b 4 w(t) = a(t) + w(t) > alt)

for all t € [0, T], and the assumption of Proposition 2.1 holds.
Furthermore, we have

o) + [ " AOAG) )\ ()b(s)ds

t
=b+w(t)+ )\b/ =9 ds 4+ ) =9y (s)ds
0

(0,t)Nsupp w

=a(t) +w(t) + A A=y (s)ds .
(0,t)Nsupp w

Let t € [0, T] be sufficiently large, such that supp w C (0,¢). Then, by construc-
tion, w(t) = 0, and, in virtue of A < 0, it follows immediately

t

a(t) > a(t) + A =9y (s)ds = b(t) +/ eMO=AE) X (5)b(s)ds .
(0,t)Nsupp w 0

Hence, the proposition is violated. #

We now turn to a GRONWALL-type lemma in which the inequality assumed is

not given in integral but in differential form. Hence, we have got more, not only
global but local information.



Proposition 2.2 (GRONWALL lemma: differential form)
Let T € RTU {0}, a € WH(0,T) and g, A € L'(0,T). Then,

a'(t) < g(t) + A(t)a(t) a. e. in [0,T] (2.5)

implies for almost all t € [0,T]
t
a(t) < eMq(0) +/ A=A g(5)ds (2.6)
0
where A(t) == [ A(s)ds.

Note, that integration of (2.5) gives, with b(t) := a(0) + [i g(s)ds, inequality
(2.1). If Proposition 2.1 is applicable, i. e. A(t) > 0, the resulting estimates (2.2)
and (2.3), resp., coincide with inequality (2.6). However, we are about to prove
Proposition 2.2 without any assumption on the sign of \.

Proof  Since a € WH(0,¢) < C([0,¢t]) for all ¢, 0 < ¢ < T, cf. ZEIDLER [14], and
g, A € L'(0,T), the terms appearing are well-defined.
Let

a(t) = e AOq(t). (2.7)

Then it follows from (2.5)

and integration gives
t
a(t) — a(0) = e AWa() — a(0) < / e A g (s)ds .
0
Thus, inequality (2.6) holds a. e. in [0, 7] #

The essential difference between the integral and differential version is the re-
quirement for the function A which has to be nonnegative in the integral but not
necessarily in the differential version.

With Proposition 2.2, we may show some decay behaviour for negative A (de-
pending on how g behaves). This is not possible in the context of Proposition 2.1.

3 GRONWALL’S lemma in difference form

The same difference as between Propositions 2.1 and 2.2 might be expected in the
discrete case. In this section, we will consider discrete versions of the GRONWALL
lemma in differential form, Proposition 2.2.
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3.1 EULER method with constant time steps

Let us consider a sequence of inequalities

Ap+1 — Qp,
“ngn+1+Aan+1, n=0,1,..., (3.1)

where {a,}, {9,} C R and ay, {g,} are given. We then ask for an explicit inequality
for a,,.

Inequality (3.1) might be interpreted as the backward EULER discretization of
(2.5) with A(¢) = A and is similar to (1.5) with A = —pu/a?.

Proposition 3.1 (Discrete GRONWALL lemma: backward difference form)
Let {a,}, {gn} C R and 1—=AAt > 0. Then, inequality (3.1) implies forn =1, 2, ...

§=0
Moreover, if {g,} is monotonically increasing, it holds

an < (1= XA " ag + % ((1 — ANAY) " — 1) In - (3.3)

Proof  Let @, := (1 — AAt)"a,,. We then achieve from (3.1) for 1 — AA¢ > 0

ner —Gn L 0 g _
T = (1A (1= AAans — a)

— (1-AAY" (W - )\anH)

Summation over n leads to

that gives us immediately estimate (3.2).
If {g,} is monotonically increasing, we may estimate g;11 < g, in the sum of the
r. h. s. of (3.2). Evaluation of the remaining partial sum gives

n—1 . 1
1 —MA)Y = — (1 — (1 = MAY)"
(10 = 5 (1= (1= A8,
and the assertion follows. #

Let A < 0. Then, the assumption 1 — AA¢ > 0 of Proposition 3.1 is trivially
fulfilled and, for suitable {g,}, decay of the upper bound for {a,} with increasing
n can be observed analogously to the continuous case. For positive A, we have to
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assume At to be sufficiently small in order to fulfil 1 — AA¢ > 0 and growth can be
observed.

Note, that for {go} C Ry, ap € Ry, with arbitrary v > —3; In(1 — AAZ), we
have from (3.2)

n—1
a, < e’ (ao + Aty e_"’tjgj+1> (3.4)
§=0
that shows exponential growth or decay as in the continuous case but with v > A

since e > 1 — AAt > e 72t It cannot be expected to improve this result to
v = A (except for A = 0). However, since

VAN 1
AAL/(1-AAD) S _
¢ Z 4 1—)MAt 1= )AL’

we may choose

Ay AN’ At o)
TTI IO T oaA T

We now proceed with the inequality

Apy1 — Qp

A7 <gy+Aa,, n=0,1,... (3.5)

with given ag, {g,}, that is similar to (3.1) and might be interpreted as the forward
EULER discretization of (2.5).

Proposition 3.2 (Discrete GRONWALL lemma: forward difference form)
Let {a,}, {gn} C R and 1+ XAt > 0. Then, inequality (3.5) implies forn =1, 2, ...

an < (14 AAH)" (ag + At Z (14 AA#)~U+D g]) (3.6)

7=0

Moreover, if {g,} is monotonically increasing, it holds

1
an £ (L4000 ag+ 5 ((L+AA8)" = 1) g, 1. (3.7)

Proof  Let a, := (1 + AAt) ™a,. Then it holds

gLn - gLn 1 —(n
S = (T AA) T (g — (14 AAay)

1+ AAE) D) (W - )\an>

< (14 MAH)~( g

Summation over n leads to




that gives estimate (3.6).

If {g,} is monotonically increasing, we may estimate g; < g¢,_; in the sum of
(3.6), and with

n—1

. 1
1T+ 0D = — (1 — (14 A ™
0+ g (- (+aan™)
the assertion follows. #

Let A < 0. Then, the assumption 1 + AA¢ > 0 is satisfied whenever At is
sufficiently small. For nonnegative ), the assumption is trivially fulfilled. The decay
(or growth) behaviour is essentially the same as in the foregoing proposition.

Note further, that, under the assumption 1 — AA¢ > 0, the backward discretiza-
tion (3.1) might be rewritten as

ani1 < W(AAL) (ay, + At gni1) (3.8)

where w(z) = 1/(1 — 2). Analogously, we may rewrite the forward discretization
(3.5) in the form
ani1 < w(AAL) a, + At gy, (3.9)

where w(z) = 1+ 2. Therefore, using the ansatz a,, := w(AAt) "a, in both the proof
of the backward as well as forward difference version of the GRONWALL lemma is
not surprising.

These amplification factors w are well-known in the context of one-step dis-
cretization methods. In comparison with the ansatz made for proving Proposition
2.2, we shall remark that the factors w(AAt) are indeed approximations of e*A!
and in this sense the approaches for proving Proposition 2.2 as well as its discrete
versions coincide.

3.2 Linear one-step methods with variable step sizes

In the following, we extend the foregoing results to situations in which A as well as
At may vary with each (time) level n. This is e. g. of essential importance with
respect to discretizations using non-equidistant partitions of the time interval as
adaptive methods do.

In addition, we generalize the approximation of e’ by w(AAt) and turn to the
well-known #-scheme, described by

:1+(1—0)Z

0 1].
T, el

wy(2)

By this, every linear one-step method is included, esp. the EULER forward (6 = 0)
and backward (# = 1) and the CRANK-NICOLSON (or trapezoidal) scheme (0 = 1/2).

For convenience, we set in the following H?Zl x; := 1 for any x; whatsoever.
Furthermore, let ¢,y = ¢, + 7,401 = Z?jll mon=201,...,t =0, 7 >0. We
consider the sequence of inequalities

Qp+1 — Ap
7_71 S In+1 + (1 - G)Anan + 9)\n+1an+1 , = 07 17 R (310)
n+
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which might be rewritten for 1 — 0\, 17,41 > 0 as

Tn+19n+1
Up+1 > +wn+1an7 TLZO, ]-7"'7

- 9)‘n+17—n+1

where
]_ + (1 — 0))\717—”4_1

1- 9)‘n+17—n+1

(3.11)

Wpi1 =

Proposition 3.3 (Discrete GRONWALL lemma: general difference form)
Let {an}7 {gn}7 {)\n} g R; {Tn} g R+ and

1 — 9)\n+17_n+1 > 0, 1 =+ (1 — 0))\n7—n+1 > 0, n —= O, 1, e . (312)

Then, inequality (3.10) implies forn =1, 2, ...

Ti+19j+1 -
a, < a wp + J wy . 3.13
T e e T | 19

Proof  Let
Qn ::anle_l, n=20,1,....

Because of (3.12), we derive from (3.10)

~ ~ n
(py1 — Ay 1 1 1
= [Tw (an+lwn+1 - an)

Tn+1 Tn+1

= (14 (1= 0)ATsr)” (H Wi ) (M — Ohpsrtng — (1 — H)Anan>

7—n—i—l

< 14+ (1 =0 Tng1) (le >9n+1-

Summation over n leads to (ay = ap)

= Tj+19j+1 ! 1
an < ag + w;,
" Z 1+ (1= 0)\7j41 l:Hl :

and the assertion follows. #
Let A, < 0 for all n =0, 1, .... Then, the assumption (3.12) holds if 7,41 is

sufficiently small,

1

n < T
TS =)

or # =1 (backward EULER). For A, >0, n =0, 1, ..., again sufficiently small step
sizes have to be required,

1

T’I'L < )
i 0)\n+1
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or § =0 (forward EULER).

Regarding the requirement of sufficiently small time steps, we shall give some
remarks related to the concept of A-stability, cf. STREHMEL/WEINER [9]. The 6-
method is said to be A-stable if |wy(2)| < 1 for all z € C with R(z) < 0. This is the
case for § > 1/2. Considering the simple test problem

u'(t) = Au(t), t>0,

u(0) = wug,
where u : R§ — C, A € C, R()\) < 0, the approximate solution {u"}, computed by
an A-stable method, fulfils [u""!| < |u™| for all n = 0, 1, ... and behaves asymptot-
ically as the exact solution u(t) = ugexp(At). If § < 1/2, this can be only achieved
for small step sizes: At < 2|R(N\)|/((1 — 20)|A|?) (with equidistant time steps).

However, in order to adapt also the monotonicity behaviour in the real case

(u: Ry — R, X € R, A < 0), the stricter inequality 0 < wp(AAt) < 1 has to be
assumed. This leads to restrictions even for A-stable methods: At < 1/((1—0)|Al).
A similar consideration for wy(AAZ) > 0 if A > 0 leads to At < 1/(6)).

4 GRONWALL’S lemma in sum form

In this section, we prove a discrete version of Proposition 2.1, the GRONWALL lemma
in integral form. For this, we consider the inequalities

i1 < bp1 + Y (1= 0)Nja; + 0Xjpaj41) 701, n=0,1,..., (4.1)
i=0

which can be interpreted as an approximation of (2.1) with
tn+1 n
/0 A(s)a(s)ds = > ((1 = 0)Nja; 4+ OXj11aj41) Tisr =: Spt
=0

and variable time steps 7,41 > 0, t;41 = t; + 7j41. Again, we assume 6 € [0, 1].

Proposition 4.1 (Discrete GRONWALL lemma: general sum form)

Let {a,}, {b.} C R, {\} C Ry, {ma} € R" and 1 — 0\, 1701 > 0 for all
n=0,1,.... Then, inequality (4.1) with the initial inequality ay < by implies for
n=20,1,...

n T n
tpy1 < bppr + ) % (L= 0)Ab; +0Njinibjn) [ win,  (42)
j=0 + 7 UA+1Tj4+1 I=j+1
where w1 is defined by (3.11). If A, = X\ = const and 1, = At = const, it holds

MG (14 (1 —0)NAL "
Upt+1 > bn+1 + 1 — O\A¢ ]220: ( 1 — O0\At > ((1 G)b] 9by+1) (4 3)

Moreover, if {b,} is monotonically increasing, it follows

1+ (1—0)AAt)"
< . .
fn < bn ( 1 — OAAL > (4.4)
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Proof  Let
n+1

~ -1
Ap+1 = Sn+1 H w;
I=1

Since 1 — OA\, 11741 > 0 and A, > 0, we have from (4.1) forn =1, 2, ...

-1
Upy1 — (H Wy ) (wn+13n+1 - Sn)

S

= Tn+1(1+(1_9)\ Tn+1 (le > (M

Tn+1

- 9)\n+18n+1 - (1 - H)An5n>
= Tp+1 (1 + (]. 9 nTn+1 (H Ldl ) ]_ — Q)An(an - Sn) + 9)\71,-}-1 (a,n+1 — Sn+1))

S Tn+1 (1 + (1 — 9 A Tn+1 (H wl ) ))\ b + 9)\n+1bn+1) .

=1
Summation leads to
a,n+1 < al + ZT]+1 1 + (]. - 9 s 7—]+1 (H Ldl ) ))\ b + 0)\]+1b]+1) .
j=1
Since ap S bo and aq S b1 + S1, it holds

ay S b1 + (1 — 9))\07’1&0 S b1 + (1 - 9))\0le0
1—-0\71 1—-0\n

and thus
(]_ — 9))\07’1 + 0)\17—1

- ]_—9)\17'1 0 ]_—0)\17'1

With a; = s1/wy, we then arrive at

by .

S1

5 < T1
@ = 1+ (1 - 9))\07’1

(1= 0)Aobo + OA1by) .

The assertion follows with

n+1

ni1 < Dnir + St = bngr + g1 [ wi
=1

and some changes in the indices.

For constant A, and 7, the resulting estimate (4.3) follows obviously from (4.2).
If, moreover, {b,, } is monotonically increasing, we use (1 —80)b; +6b;; < b,4; in the
sum of (4.3) and estimate the remaining sum that is a partial sum of a geometric
sequence. #

Again, in order to fulfil 1 — 6\, 7,,,1 > 0 for A, > 0, we have to choose the step sizes
T, sufficiently small.
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Comparing the foregoing proposition with its continuous counterpart, Proposi-
tion 2.1, as well as comparing their proofs, we find again direct accordance when
recalling that wy(z) is an approximation of e*.

Finally, the necessity of A, > 0 is obvious in the course of the proof and restricts
the applicability of discrete versions of the GRONWALL lemma in integral form in
opposite to those of the lemma in differential form.

For later applications, we will need slightly changed versions with b, .1 = d, 11 —
cni1, where {c,},{d,} C Ry and {d,} is monotonically increasing. The assump-
tions are as in the proposition above except that the initial inequality ag < by is not
given.

Without proof, we provide here the resulting estimates needed later. The proofs
follow exactly the same steps as above, taking into account that ¢,, d,, are nonneg-
ative and {d,} is monotonically increasing.

Let us first consider A\,, = A = const and 7,, = At = const as it is the case for
the f-scheme with an equidistant partition of the time interval. We then have

w’l’L

1= 0ar

forn=1,2,,... withw=(1+ (1 —0)AA?)/(1 — O\A?).

Now, we consider A\, = A = const, variable 7,,, and # = 1 as it is the case for
the backward EULER scheme with variable step sizes. The estimate sought for then
reads as

an + ¢, < T d, + (1 — )X\ Atay) (4.5)

n—1 n

an + ¢y S dn + A Z Tj+1dj+1 H (1 - )\Tl)il S (1 — )\Tmaw)n dn (46)
j=0 I=j+1
forn=1, 2,,... with 7,4, := max {7, }.

5 Application to linear parabolic problems

Let V' be a separable, reflexive BANACH space with norm || - || and H be a separable
HILBERT space with inner product (-, -) and induced norm |-|. The dual space of V' is
denoted by V* and equipped with the usual dual norm || f[[. := sup, e o3 (f, v) /],
where (-, -) denotes the dual product between V* and V' (that gives the value (f,v)
of a functional f € V* at the element v € V).2

Furthermore, V' is assumed to be dense and continuously embedded in H. Iden-
tifying H with its dual, we have, due to the reflexivity of V', that H is dense and
continuously embedded in V*. Thus V', H and V* form an evolutional or GELFAND
triple. The dual pairing (-, ) then is an extension of the inner product in H. Owing
to the continuous embeddings, there is a constant @ > 0 such that the POINCARE-
FRIEDRICHS inequalities

allv]] YveV, (5.1a)
alv] YveH (5.1b)

2Due to the reflexivity of V, (-,-) is also the dual pairing between V** and V* and in this sense
symmetric.

||

<
ol <
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hold.

For a BANACH space X with its dual X* and a time interval S C R, let
L?(S; X) be the set of BOCHNER measurable functions v : S — X equipped
with the norm [[ul[7o(g,x) = [s[lu(s)][kds < oo, let further W(S; X) = {u €
L*(S;X) « w' € L*(S;X*) = (L*(S;X))*} equipped with the norm [ull3ys.x) =
lullZ2(5.x) + 14/ [|72(5,x+) and C(S; X) be the set of continuous functions u : § — X
equipped with the norm [|ullc(s;x) = sup,eg [Ju(s)]x.?

For compact S, C(S;X) is a BANACH space. By interpolation, the continuous
embedding W(S; X) — C(S;Y) holds true for compact S whenever X — Y =
Y* — X* is an evolutional triple.

Finally, if (X, - ||x) is a BANACH space, then in X¢ d € N, we use the Eu-
CLIDEAN norm ||u|xa = /2%, ||ug|%, where u = (uy, ug, ..., ug) € X%

For more details on the foregoing abstract setting, in particular on the con-
cept of BOCHNER integral and the related function spaces, we refer to GAJEW-
SK1/GROGER/ZACHARIAS [4], and WLOKA [13].

Let a(-,-) : V x V — R be a continuous bilinear form satisfying a GARDING
inequality. Thus we have constants 3, 4 > 0 and x > 0 such that for all u, v € V

a(u,v)| < B llull{lo]l, (5.2a)
a(v,v) = ploll* =kl (5.2b)

The form af(-,-) is said to be strongly positive iff x = 0 can be chosen. Without
loss of generality, we may assume u < o’k if Kk > 0. Otherwise, a(-,-) would be
strongly positive with a constant 7 = p — ok > 0 due to (5.1).

With the bilinear form a(:,-), we associate the linear operator A : V. — V*
via (Au,v) = a(u,v) for all u, v € V. We should mention that A is the energetic
extension of the underlying differential operator.

Finally, we mention that V is indeed a HILBERT space with the inner product
[u,v] == (a(u,v) + a(v,u))/2 + k (u,v) and induced norm |u| = \/a(u,u) + K |ul?.
However, we will not make use of this structure in V.

We consider the weak formulation of the initial-boundary value problem for a
linear parabolic equation in the time interval [0, '] which can be written as

Problem (P) For given ug € H and f € L*(0,T;V*), find u € L*(0,T;V) s. t.

(W'(t),v) + a(u(t),v) = (f(t),v) VoeV, a. e in (0,7], (5.3a)
u(0) = wug. (5.3b)

Problem (P) has a unique solution u € W(0,7'; V'), cf. GAJEWSKI/ GROGER/ZA-
CHARIAS [4], WLOKA [13]. Since u € W(0,7;V) < C([0,T7]; H), the initial condi-
tion makes sense.

We now give two concrete examples for Problem (P).

3With «', the derivative in the distributional sense is meant. We shall also use the notation
u € C(S;X) to say that a function u is a. e. in S equal to a continuous function. We then deal
with the continuous representative, only.
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Example 5.1 (Singularly perturbed problem) Let  C R¢ be a bounded do-
main with locally LIPSCHITZ continuous boundary 92 € C%!. The space H is chosen
to be the L?(Q) with the usual inner product (-,-) and norm |- |, the space V to be
the Hy () with the inner product ((-,-)) = (V-,V-) and norm || - || = |V - |.

Forgiven 0 <e < 1,b: Q= R% ¢: Q2 - R, and f : O — R (all sufficiently
smooth), we consider the initial-boundary value problem

up(z,t) — eAu(z, t) + (b(x) - V)u(z, t) + c(z)u(z,t) = f(z,t) in Qx (0,77,
u(z,t) = 0 on 90 x (0,7],

u(z,0) = wug in Q,

where u : Q x [0,7] — R is wanted. Singularly perturbed problems of that kind
arise in many applications, covering convection- or reaction-diffusion problems in
fluid dynamics, heat conduction, or semiconductor device simulation. For more
details, we refer to Roos/STYNES/TOBISKA [§].

With

a(u,v) =e(u,v)) + ((b- V)u,v) + (cu,v),

Problem (P) then is a weak formulation for the foregoing initial-boundary value
problem. The constants can be chosen as p = ¢, k = ||V - b — ¢|[1~(o) or, if
vi=ess sup,eq(3V-b—c) <e/a’, p=e—vo and K =0, f = e+ a||b]| g () +
o?||¢]lz(). The constant o = diam Q comes from the POINCARE-FRIEDRICHS
inequality representing the continuous embedding H{ (Q2) < L?*(Q2). #

Example 5.2 (STOKES problem) Let Q@ C R¢ d € {2,3}, be a bounded do-
main with locally LIPSCHITZ continuous boundary 0 € C%!. We consider the
initial-boundary value problem describing the non-stationary, isothermal motion of
a viscous, incompressible, homogeneous NEWTONIAN fluid neglecting nonlinear phe-
nomena,

w(w, ) — é Au(a,t) + Vpla,t) = fla.t)  inQx(0,T],
V-u(z,t) = 0 in Qx (0,77,
u(z,t) = 0 on 00 x (0,T7],
u(z,0) = wy in Q,

where Re is the REYNOLDS number, u denotes the velocity and p the quotient of
pressure and constant mass density. The function f describes a specific force.
Let H and V' be defined as the following solenoidal spaces

H = {UELQ(Q)d: V.v=0 in H'(Q), 7u =0 in H_I/Q(ﬁQ)},
Vo= {veHy(Q)?*: V-v=0 in LQ)},

where 7, is the trace operator mapping from a subset of L2(Q)¢ on H~/2(9Q) with
Yt = (v - n)jaq for all smooth v. Here, n denotes the outer normal on 9€2. The
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inner products and norms are as in Example 5.1, except that we deal here with
vector-valued functions.

Let a be defined by a(u,v) = Re™ ((u,v)) for all u, v € V. Then with Problem
(P), a weak formulation for the foregoing initial-boundary value problem is given,
and the constants are 4 = Re™", kK =0, 8 = p. As in Example 5.1, « is the constant
from the POINCARE-FRIEDRICHS inequality.

For more details see e. g. TEMAM [10]. #

At this point, it is worth to mention, that no assumptions on the dimension of
V or H had to be made. Both spaces could be finite dimensional, too. This is
particularly of interest when first discretizing in space and then discretizing in time.
The spatial semi-discretization could be e. g. a conforming finite element method;
for more details, we refer to THOMEE [12], FuJITA/SUZUKI [3], and the references
cited there. Hence, with the analysis in hand, we cover both the line method as well
as the ROTHE method. However, in the finite dimensional case, the spaces of the
GELFAND triple V' — H < V* differ in particular in the use of different spatially
discrete norms.

In the following, we consider discretizations in time of Problem (P) by means of
linear one-step methods (6-method), covering the backward EULER method as well
as the CRANK-NICOLSON method. Based upon energy methods, we provide a priori
stability as well as error estimates assuming sufficiently smooth and compatible data.

To exemplify the approach, we firstly study the backward EULER method for
the linear parabolic problem with a strongly positive bilinear form based upon an
equidistant partition of the time interval [0, T'].

We then discuss the more general -method and take into consideration bilinear
forms satisfying a GARDING inequality. It turns out, that parts of the analysis can
be only carried out for so-called A-stable methods, i. e. § € [1/2,1].

Finally, we consider the backward EULER method with variable step sizes.

The more general case of a linear parabolic problem with time-dependent form
a(t; -, -), arising from time-dependent coefficients in the underlying differential oper-
ator, as well as an error analysis for non-smooth or incompatible data that takes ad-
vantage of parabolic smoothing properties are considered partly in HUANG / THOMEE
[7], THOMEE [12], and will be discussed in detail in a forthcoming paper.

5.1 Backward EULER method with constant step size

Let N € N be given and At = T/N, t, = nAt, n =0,1,2,..., N. Since f €
L?(0,T;V*), we can use the natural restriction

Frt = Ll
At g,

The method under consideration is then defined as

F(8) dt. (5.4)

Problem (Py;) For given u® € H and {f"}\_, C V*, find {u"}Y_ CV s. t. for
n=0,1,..., N—1landallveV
1

@ ) Fa(e) = (7). (5-5)
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Here, the initial value «° might be taken to be the exact value uy or an approx-
imation of it.

We assume a(-,-) to be strongly positive. Due to the main theorem for mono-
tone operators by BROWDER and MINTY, cf. GAJEWSKI/ GROGER/ZACHARIAS [4],
Problem (Pa;) has a unique solution if the bilinear form (-,-) + Ata(-,-) is strongly
positive on V. Because of the strong positiveness of a(-,-), this is obviously fulfilled
without any restriction on the time step size At.*

Proposition 5.1 (Stability estimates for Problem (Px;))
The discrete solution {u"} to Problem (Pa;) is stable in the following sense:

) N-1 ) ) N-1 ) 1
ji%laXN |uj|2_|_ E |UJ+1—UJ|2+HAt E ||’U/‘7+1||2 S 2 <|u0|2 + ﬁ ||f||%2(O,T;V*)> (56)
=0, ..., =0 =0

A\ ™"
s (120

-1 j—n .

JIANA tj+1
> (55 [Troka 60
form=0,1,..., N.

Here, max;—o, . |u/|> can be interpreted as the square of the (time) discrete
1°°(0, T; H)-norm, and At >N [[u?*|? as the square of the discrete (>(0,T;V)-
norm.

Indeed, (5.6) coincides with the usual stability estimate for the exact solution:
With v = u(t), we easily derive from Problem (P),

T 1
%spr®P+u/|W®Wﬁ§20%9+—Wﬁmme- (53)
te[0,T7 0 1

The analysis presented for proving (5.6) will be more or less known from the
literature, cf. e. g. GIRAULT/RAVIART [5]. However, there is the more refined es-
timate regarding the (°*°(0,T; H)-norm of the discrete solution, estimate (5.7), that
uses the continuous embedding and a discrete version of the GRONWALL lemma in
differential form.

This estimate again has a continuous counterpart, (cf. also Proposition 2.2):

2 1 t 2
ju(t)]” < e/ fuol® + / eI £ (5)|2ds, te0,T]a.e.  (5.9)

However, for singularly perturbed problems (i. e. for small p), a virtual improve-
ment only turns up in the long-term behaviour for large ¢.

Proof Let us choose v = u"™! in (5.5) in order to profit by the strong positiveness
of a(-,-). However, we then have to deal with the term (u™*™' — u™ u™*') that is of
the structure (a — b)a. We have (using implicitly the HILBERT space structure)

a2 ¥ o1 a2 ¥ 1

e 20T Ly 2y _@” 0 L
(a—ba=a"—ab 5 2+2(a 2ab+b) 5 2+2(a b)

4Since V is at first a BANACH space, the LAX-MILGRAM lemma does not apply directly.
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and analogously

% |Un+1|2 _ 1 |un|2 < % |un+1|2 _ % |un|2 4+ = un+1 _ un|2

5 | n+1 n n+1) )

= (u"" —u"u

From this, we conclude (using CAUCHY-SCHWARZ’ and YOUNG’s inequality)

1

E (|un+1|2 _ |un|2 + |un+1 _ un|2) tu ||un+1||2

1 %
= (L) S e < o P80+ 5l
After summing from 0 up to n — 1, we end up with the a priori estimate
t n—1

n—1
" * + 0 [T — P+ At Z [ *H[? < P + Z LA

Furthermore, we have with (5.4)

S ([ rena) < 5 5 [ [ o

tn
= [T @IEdt < 110 e (5.10)

IN

n—1 )
At YR
7=0

and the numerical solution is stable in the sense of (5.6). The factor 2 in the r. h. s.
of (5.6) comes from splitting the inequality and taking the maximum on the 1. h. s.
With the POINCARE-FRIEDRICHS inequality, we derive analogously

1

1
|un+1|2 - |un|2 + % |un+1|2 S - ||f"+1||f
At « 1

Applying the discrete GRONWALL lemma in backward difference form, Proposition
3.1, with A = —p/a? < 0, we come to (5.7). #

For the discretization error e := u(t,) — u", the following result can be proved.
Proposition 5.2 (Error estimates for Problem (Px;))

For the discretization error e™, the following estimates hold forn = 1,2,..., N
whenever the exact solution and the problem’s data are smooth:

n—1 ) ) n—1 ) At 2
e el = e T e < e = e (510

n MAt " — MAt b+t / "
< (14250 T ep + 2( O [ 1 - e

(5.12)
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As we will prove in the appendix, it holds for sufficiently smooth solutions and
compatible data the a priori estimate

52
1= " T2y < — . IAUo|2+—||fIIL20TV) - (5.13)

Proof  Firstly, we derive an error equation that gives a relation between the dis-
cretization error e¢™ and the consistency error p”, i. e. the error appearing when
putting the exact solution into the scheme.
ForallveVandn=20,1,..., N —1, we have
1

Az (e"tt —e™ v) +ale" v) = (p"T v). (5.14)

The consistency error p"*! is given by

48,00 = = (W) = 0T 0 - 00

for all v € V. With integration by parts, we find with (5.4)
1 tnt1 tn+1
= — t— t)ydt + — / '(t)dt
p Ar ), (-t (Ddi+ o (t)dt,

where the integrals shall be understood as BOCHNER integrals.
The error analysis now follows exactly the same steps as the stability analysis,

so that we end up with the a priori error estimate forn=0,1, ..., N
n—1 ) t n—1
"+ D e — €T + pAt Z le” 1> < [e”]* + Z 17 -
j=0 j=0

Furthermore, we have

2

e < |5 [ -0 - o
ti 2
< mw(ﬁ = I o).
1 tj+1 i1
S vl R A AR O]
A
= 5[0 - o)
and hence
) 41112 (At)Q tn ! n 2
At I < S5 [0 - vl
A 2
< % f —U”||L2(0,T;V*)-
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We end up with the a priori error estimate (5.11).
Again, we can apply Proposition 3.1 after estimating ||e/*!|| > |e/*!|/a. This

yields

(e = 1) + Ly et < = 2,

and hence (5.12). #

5.2 A-stable f-method

As in the previous section, we proceed with an equidistant partition of the time
interval. However, the use of variable time steps is (almost) straightforward. The
method under consideration is now defined as

Problem (P},) For given u’ € V and {f"})= C V*, find {u"}_, CV s. t. for
n=0,1,..., N—landallveV

Ait(unﬂ —u",v) +a(u" v) = ("0 ). (5.15)
Here, 0 € [0, 1] is a parameter, u" ™ := fu"*! + (1 — §)u", and f**? is an approxi-
mation of f at t, g = 0t, 1+ (1 —0)t,, e. g f" =0f(t,1) + (1 —0)f(t,) if f
is sufficiently smooth or, which we will use in the following, "% = A%: tt:“ f(t)dt.

Note, that u° — the approximation of uy — has to be an element of V except for
6 = 1 where u° € H is sufficient.

It is known that the method applied to an ordinary differential equation with a
smooth solution is convergent of first order, whereas second order is achieved for § =
1/2, only. Moreover, the method is A-stable for € [1/2,1] and strongly A-stable
if, in addition, # # 1/2. For more details, we refer e. g. to STREHMEL/ WEINER [9)].

The bilinear form a(-, -) fulfils a GARDING inequality. Again, due to the main the-
orem for monotone operators by BROWDER and MINTY, cf. GAJEWSKI/ GROGER/ZA-
CHARIAS [4], Problem (P§,) possesses a unique solution if ¢(-,-) := (-, ) + Ata(-, -)
is strongly positive. For all v € V', we have

c(v,v) = [v] +0Ata(v,v) > [v]* + OAL (pl|v||* — klv[?)
= (1 — KOAL)|v]* + pbAt||v]?.

If now kAt < 1,i.e. N > k0T, the form ¢(-,-) is strongly positive. In the opposite
case, if k@At > 1, we have with the POINCARE-FRIEDRICHS inequality

c(v,v) > (0®(1 — KOAL) + poAL) |||,

and c(-,-) is strongly positive if o + (1 — a?k)0At > 0. Since u < o’k if K > 0 by
assumption, we arrive at
o’k —

2, _
Poar<1, qe N> Bor (5.16)

« o?

The latter case is less restrictive than k@At < 1. Hence, Problem (P%,) has
a unique solution if (5.16) is fulfilled, i. e. if the time steps are sufficiently small.
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However, for the forward EULER method with # = 0 as well as for a positive af(, )
(k = 0 or u = k), there will be no restriction on the time step size.

We firstly come to stability estimates. There are many different ways to estimate
the discrete solution in some norm. Hence, the following analysis can only present
one possibility.

To derive the estimates desired, we choose v = u™*? in (5.15). We then have to
estimate the term (u"*t — u", u™* + (1 — §)u™) which is of the structure

(a—b)0a+(1—0b) = 0a®+(1—20)ab— (1— 0)

a?  b? 1 9
= §—§+(9—§)(a—b)
2 2
> @0 if9>1/2.
2 2

Obviously, there is no such estimate for § € [0,1/2): Assume, there were con-
stants 9, € > 0 such that

0a* + (1 — 20)ab — (1 — 0)b* > da* — eb”.

In order to be able to proceed with the analysis, we have to ensure § > ¢. On the
other hand, b = 0 and a = 0, resp., imply § > ¢ and —(1 — ) > . Thus, we have
6 > >¢e>1-—0and hence # > 1/2 which is in contradiction to our assumption.
If, however, the form a(-, -) is not strongly positive, then the GARDING inequality
with K > 0 effects in some sense a stabilization: The numerical solution need not
to cover all the qualitative behaviour of the exact solution to a strongly positive
problem. By this, the scheme can be stable even for § < 1/2 as we will show next.

Proposition 5.3 (Stability estimates for Problem (P%,))
The discrete solution {u™} to Problem (PY,) is stable in the following sense:

If0 €[1/2,1] and

20kAt < 1 (5.17)
then
n—1 ) )
un? + (20 — 1) + 260(1 — O)AL) > [u/ ! — ]’
j=0
n—1
+ (20 — 1)2At Y [l TP 4 (20 — 1)(1 — 0) At [|lu™]|?
j=0
n (1,02 012 w" 1 2
<w (Iu ® + p(20 = 1)(1 — 0)At ||u”]] )+ — [ 20,0+ (5-18)

1+2(1 —60)rAt p

forn=1,2,..., N, where w = (14 2(1 — §)rAt)/(1 — 20xAt).
If Kk #0 and

1 -2 1
Bl RN P 1
2:0(1—0) = = 29 (5.19)
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where 0 can be less than 1/2, then the weaker stability estimate

n—1 n—1
lu™|* + ((20 —1)+2k0(1 — 9)At> ST — I P pAL S (a2
=0 =0
n 1
< W"|ul)? d S T 5.20

holds forn =1, 2, ..., N with w as above.

If k=0 and
pd(1 — 0)At < o*(20 — 1) (5.21)
with 0 € (1/2,1] or k # 0 and
2 2
(2a2i Elu) 92(91)_ 5y S A< (2042:——u)9 (5.22)
then
At o

|U,n|2 S wn |U,0|2—|—

L7002 (5.23)

o ].2:% 1+ (1—=0)At(2k — p/a?)
formn=1,2,..., N, where w is given by

14+ (1= 0)At(25 — p/a?)
YT OAL(2k — pu/a?)

We firstly remark that step size restriction appearing are stronger than (5.16)
which gave solvability of the discrete problem.

Furthermore, for xk # 0, it is not necessary to have § > 1/2, but At has to be
appropriate: not to large and — if # < 1/2 — not to small.

The estimate (5.23) again is an improvement w. r. t. the (*°(0,7; H)-norm and
will be proved by using the discrete GRONWALL lemma in difference form. However,
in the strongly positive case, this improvement can be only obtained for strongly A-
stable schemes (6 € (1/2,1]). Then, it holds 0 < w < 1, and some decaying of the
stability constants can be observed. For s # 0, we have w > 1 since u < o’k by
assumption.

Proof From (5.15), we have with the GARDING and YOUNG inequality
At
|un+1|2 . |’LLn|2 + (29 . 1)|un+1 . un|2 + ,uAt ||un+6‘||2 — 2%kt |un+0| S =Y ||fn+0||3
]
With the identity
0u™ 4+ (1 — 0)u")? = Olu > + (1 — 0)|u"]* — 0(1 — O)|u" T — u"|?
and the inequality
2
12 > (0 flum ] = (1= 0) [Ju"]))
= [P = 20(1 = 0) [lu" | [Ju"]] + (1 — 0)* [|u"]]
> 0% w2 = 01— 0) (2 + lun]1?) + (1= 0)* [Jun]
= (20-1) (0" = (1 0)|Ju"]?) , (5.24)
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we obtain
[un 2 = + (20 = 1) + 260(1 — 0)At) [u" T — u"[?
+p(20 = DAL (0 [[u" ) = (1 =) [[u"]?)

At
< — [If"ON 2608 (0 [P 4 (1= 0) [u"[?) -

Summation yields forn =1, 2, ...

n—1
[u"? + (20 — 1) + 260(1 — 0)A) 3 [u? T — ul|?

=0

n—1
+ (20 = 1)°At 37 w1 P + p(20 — 1)(1 = 0)At ([lu"]]* - [|u]?)

j=0

02 Atnl +01)2 +12 j 12

<P+ == S0P 1242600 3 (0 4 (1 0) )
Jj=0 j=0

Applying the (slightly changed) discrete GRONWALL lemma in sum form, Proposi-
tion 4.1, with the resulting inequality (4.5), we end up with

n—1
2 4+ (20— 1) + 266(1 — B)AL) 3 [t — i
7=0

n—1
p(20 = 1)2At Y7 [ + (20 = 1) (1 — 0) A ||u”||?

=0
n w™ At n—1
w (|u0|2 + (20 — 1)(1 — 0)At ||u0||2) 1 20O 312
7=0

under the assumption (5.17).
Analogously to (5.10), we have

n—1
ALY R < 1o,
7=0

and estimate (5.18) follows.

If k # 0, the estimate (5.24) makes no sense, and we have instead of (5.18) the
(weaker) stability estimate (5.20) assuming (5.19).

We now come to the more refined estimate (5.23): With

042 ||un+9||2 > |un+0|2 _ 9|un+1|2 + (1 _ 9)|Un|2 . 9(1 _ 9)|un+1 —ut 2,

we find

At At o?

2a/£

1 20 —1 20’k —
= (Ju P = ur?) +< 01 200k 2 iy —9)) [t —
L+ E(O P+ =) )
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The assumptions of Proposition 3.3 are obviously fulfilled in the strongly positive
case (k = 0) for § = 1. Otherwise, the time step size At has to be small enough:

2

«
— itk=0
1-0

NSy 2)
Y k40
(202K — )0 ifr#

We repeat that by assumption p < ok if K # 0.
In addition, the coefficient of |u"*! — u"|? has to be nonnegative in order to
obtain stability. This is the case for

2 _
Atgm if k=0
(1 —0)
and
201 _
Ats @ (=20) if K£0.

~ (202K — p)0(1 — 0)

This shows that for strongly positive a(-,-), it is necessary to have § > 1/2 and a
sufficiently small step size. The case § = 1/2 is covered by (5.18).

Applying now the discrete GRONWALL lemma, we obtain (after some simple
inspections and omitting the term with |u"*! — u"|) estimate (5.23). #

Finally, we should remark that it is possible to avoid restrictions on the time
step size in the strongly positive case. For this, we have to estimate

) < g P+ > 174

where v € (0,2u) has to be chosen appropriately. We then have to replace p by
210 — v in the above analysis (where we used v = p). We would end up with a
restriction on y
5 a?(20 — 1)
VAT N1 —0)

However, this leads to worse stability constants.

(5.25)

Proposition 5.4 (Error estimates for Problem (PY,))
For the discretization error e™, the following estimates hold whenever the exact so-
lution and the problem’s data are smooth: If 0 € [1/2,1] and (5.17), then

n—1
e+ (20 — 1) + 260(1 — 0)AL) 3 e+ — &I
j=0

n—1
(20 — 120t 3l HP 4 p(20 — 1)(1 = 0)At [

=0
< W (| + (20— (1 - 0)A |]2)
w™ (At)?

l "2
- 200,13V 0.26
1T 2(1—0)sAt  3p 1" = w0,y (5.26)
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forn=1,2,..., N, where w = (14 2(1 — §)cAt)/(1 — 20xAt).
If K =0 and (5.21) with 0 € (1/2,1] or k # 0 and (5.22) then

ﬁt)2 n—1 wnfj ti
n2<n02+( Z / ") — o (t th
[e"" < w™ el 3 m 1+ (1= 0)At(2k — p/a?) Ty 1778y =" Ol

(5.27)
form=1,2 ..., N, where
14 (1= 0)At(2k — p/a?)
1 — A2k — p/a?)

w =

Moreover, if 6 = 1/2 second order accuracy is obtained: If kAt < 1, then

ng | FAL G n 02 W' (An)*
il _ Pz <
"1+ =35 ;0'6 F =T+ 1A Toog

1" = u" 220 20+ (5.28)
form=1,2,..., N, where w = (1 + kAt) /(1 — kAt). If in addition k # 0, then

|€n|2 S w”|e°|2+

(At)4 = an_] /t]J’»1 n mn 2
3 ) — " @) |2t (5.29
120p 5= 2+ At(26 — p/a?) Uy I77) @l (5.29)

form=1,2 ..., N, where

L 2+ At(2k — p/a?)
2 At(26 — pfa?)’

Again, we could also consider # < 1/2 if k # 0 and prove a result similarly to
(5.20) under the restriction (5.19). We omit this here.

Proof  We start with an error equation giving the relation between the discretiza-
tion error e” and the consistency error p"*, n =0, 1, ...,

1
Az (e" — e v) +a(e" v) = ("0 v) YeeV, (5.30)

with e"*? := ge" ! + (1 — f)e” and

tn —ult,
) = = (00t + 1= O () - Lt )
+ (0f (tnsr) + (1= 0) f(tn) — "0, 0) (5.31)
for all v € V. With integration by parts and using the restriction
1 tnt1
nto.— t)dt
= [
we find o
n+1
= / (t = (1= O)tnsr — 08) (f'(1) — u"(1))dt . (5.32)
tn
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in the sense of a BOCHNER integral.
The error analysis follows the same steps as the stability analysis. Similarly to
(5.18), we have under the restriction (5.17)

n—1
2 + ((29 —1) +2k6(1 — Q)At) S Jeitt — ed]?

=0

n—1
+p(20 — 1)°At Y [l P+ p(20 — 1)(1 — 0) At [[e”]?

J=0
" w" At & !
" (167 + (20 = )1 = A7) + gy o X eI
7=0

With (5.21) for k = 0 and (5.22) for k # 0, resp., we have similarly to estimate
(5.23) the error estimate (5.27).
For the consistency error, we have

/tj+1
t.

. 1 2
I < |t—(1—9)tj+1—9th||f’(t)—U”(t)||*dt>

1 Li+1
< G | = (= 0t — 01y) a / 17t — " (1)1 dt
At
3

~—~

(93+<1—>)/ 1F/(t) — " ()] .

Since ¢(0) := 6*+ (1 —6)3, 6 € [0, 1], has maximum value ¢(0) = ¢(1) = 1, we come
to

s < GE [T - v < GF

1" = u”||%2(0,T;V*) (5.33)

if the exact solution u and the right-hand side f are smooth enough.
However, if § = 1/2, we are able to improve the estimate in order to achieve
second order accuracy. Again, integration by parts gives

1 tn+1

P2 = o [T (g = (= ) (7 () — (1))l (5.34)
and thus
‘ 1 tjt+1 tit1
IR < g [ e =0 P [0 - )
(At

tj+1
~ 120 /t 1 (t) — " (t)||2dt .

Hence, it holds

At +1/2)12 < (_ / " W dt <=L "y|2 (535
if the exact solution u and the right-hand side f are smooth enough. o

27



For the right-hand sides of the foregoing estimates (5.33) and (5.35), we have
the following a priori estimates if the exact solution and the data uy and f are
sufficiently smooth, i. e. if the equivalent compatibility conditions are fulfilled, cf.
also TEMAM [11] or WLOKA [13]:

[ 17 = ws) s
B, 2 402K — 11
< m ™ [ |Aug|® + " 3 ||f||2L2(0,T;V) + Y " ||f||%2(0,T;V*) (5.36)

[157() = ) s

B, 38
g;e |APupl? + 8|1+ — ., (||f’||%z(o,T;v>+||f’—Af||%z<o,T;V))

2K

We shall give a proof in the appendix.

As we have introduced the incompressible STOKES problem as an example for
Problem (P), we shall remark here that higher compatibility conditions on the
data and thus higher regularity of the exact solution to the STOKES (and NAVIER-
STOKES) problem are unrealistic. Therefore, the analysis presented for the second
order CRANK-NICOLSON scheme is not applicable. Due to the divergence free con-
straint, higher regularity, as it is required for second order accuracy, leads to an
overdetermined NEUMANN problem that is hardly ever fulfilled, and in most cases
the conditions are uncheckable for given data, cf. TEMAM [11].

5.3 Backward EULER method with variable step sizes

We now consider the backward EULER scheme with a non-equidistant partition of
the time interval Let 0 =ty <t <...<ty=Tfor N e N\ {0} be given, and
Tn+1 = tn—i—l 0 ]_ N — 1.

The method under Con51deration reads as

Problem (P,) For given v’ € H and {f"}N_, C V*, find {u"}Y_, C V s. t. for
n=0,1,..., N—1landallveV

Lt ) a(nt ) = () (5.38)
7_n+1

For f € L*(0,T;V*), we use again restriction (5.4),

fn+1 — L /ttn+1 f(t)dt .

Tn+1
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We assume that a(-,-) fulfils a GARDING inequality.
Analogously to the previous case with § = 1, there is a unique solution to
Problem (P;) if
o’k —

«
where 7,4, = max,—;, n T7,. However, there will be again no restriction on the
time step size in the positive case (k = 0 or k = p/a?).

As we will see in the following, the estimates coincide with those of the previous
section setting At = 7,4, and # = 1. However, due to the variable step sizes, an
improvement of the stability and error constants can be achieved.

Proposition 5.5 (Stability estimates for Problem (P;))
The discrete solution {u™} to Problem (P;) is stable in the following sense:
If k=0 or

1
Tmaz < %7 (540)
then
n—1 ) ) n—1 )
W+ 0 [T = P Y e ([
i i=0
. 1
< (1= 200) ™ (4 + 27 (5.1
form=1,2,..., N.
If k=0 or
o2
mazr < y 5.42
7 202k — (542)
then
2 02T L& [l 2 s
P < P L= X [T @2 IT . (5.43)
=1 oo/t I=j+1

formn=1,2, ..., N, where
202k — -
Wy = (1 _Qafk = “az m”) . (5.44)

Note, that (5.40) and (5.42) are more restrictive than (5.39), which gave solvabil-
ity. Furthermore, we have 0 < w; < 1 in the strongly positive case whereas w; > 1
for k # 0. In addition, we have w; < wye, if £ # 0, where

202k — -
Winaz = (1 — (20x QQM)TmM>

Proof  Setting v = u™"! in (5.38), we obtain with GARDING’s inequality
1

27—n+1

(|un+1|2 N |un|2 + |U,n+1 N un|2) + 1 ||U,n+1||2 — |un+1|2
<P ] < = 2+ 2 e
- — 2u 2
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and after summation, it follows forn =1, 2, ...

n—1 n—1
[ e N AR el T N O [Tk
§=0 §=0
< [u®? + Z Ty (L7 + 26 Z Tir [/ 2
H Jj=0 j=0

If (5.40), we can apply the discrete GRONWALL lemma Proposition 4.1 (slightly
changed with resulting inequality (4.6)) and end up with the a priori stability esti-
mate forn =1, 2, ...

n—1 n—1 n—1
W4 Y P 3 [P < 0P 3
M
J=0 Jj=0 j=0

n—1 n J
- 1
+26 ) Tin ( II (1 —2x7) 1) (|U0|2 + . > T ||fl+1||3)
= =0

B 1 n—1 .
< (1= 2KTmaz) " (|U0|2 + ; Z Tj+1 ||f”“||3> .

=0

Similarly to (5.10), it holds

IERI RS i

J0]+1 J

IIf(t)||*dt>

Z — [ [T sl = [0 < e

and the assertion (5.41) follows.
Using the continuous embedding V' — H leads to
1 — 202 1
L (|un+1|2 N |un|2) + Mi;“ﬁ |un+1|2 < = ||fn+1||2-
Tn+1 «
In order to apply the discrete GRONWALL lemma Proposition 3.3 with 6 = 1, we
have to assume sufficiently small step sizes if k # 0, i. e. (5.42). We then arrive at

(5.43). i

Proposition 5.6 (Error estimates for Problem (P,))
For the discretization error e, the following estimates hold whenever the exact so-

lution and the problem’s data are smooth:
If k=0 or (5.40), then

n—1 n—1
e[+ D e = P 3 T [l
2

< (1= )" (|e°|2 Doy u"||%z<o,T;V*)> (5.45)
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form=1,2 ..., N.
If k=0 or (5.42), then

n 2 n—1 .. 1 n
e <1 [T+ 222 5 [P ) = w' @l ar T w (5.46)
=1 3p j=0"t I=j+1
forn=1,2,..., N, where w, is given by (5.44).
Again, we have 0 < w; < 1 in the strongly positive case and w; > 1 otherwise.

Also, we have w; < wpe, if £ # 0. Finally, we refer to the a priori estimate (5.36)
for the exact solution that will be proved in the appendix.

Proof  Starting with the error equation forn =0,1,... ,N —1
1
—— ("™ — e v) +alev) = (") YoeV, (5.47)
7—n—i—l
where

it = — [t () - w0

Tn—l—l tn
is the consistency error, we follow the steps of the stability analysis.
Then, we come with x = 0 and (5.40) otherwise to the estimate

n—1 n—1
"+ D[ =P Y Ty [l
7=0 7=0

3 1 n—1 )
< (1= 2KTmae) " | €% + Z Tj+1 1712 )
Using the continuous embedding V' < H leads with k = 0 and (5.42) otherwise to

n|2 02 T 1= 12 T
le"* < e [Twi+ = > maall ™ IT i
1=1 H j=o I=j+1

For the consistency error, we have

2
i 1 b+t ! "
o <o [ ) () — )
J J %
1 i1 ti+r "
< o [Ty [0 w2 d

2
Tj+1 7t

. t;
= I T ) — w2t

3 Uy
and thus
= 12 — T 2
/ "
YTl < N = d o e -
j=0 3
The assertions follow immediately. #
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Appendix A priori estimates for Problem (P)

In the following, we prove the estimates (5.13), (5.36), and (5.37). For this, we shall
assume higher regularity and hence (higher) compatibility of the data, cf. TEMAM
[11] and WLOKA [13] for more details.

However, there are smoothing a priori estimates and correlated smoothing er-
ror estimates even for rough data not satisfying compatibility and without assuming
higher regularity of the exact solution. Such estimates rely on the parabolic smooth-
ing property and use time weights. They will be discussed in detail in a forthcoming
paper, cf. also HuANG/THOMEE [7] and FuJiTA/SuzUkKI [3].

Note furthermore, that the following analysis holds even for non-symmetric a(-, -)
and A, resp.

Let ug € V, Aug € H, f € L*(0,T;V), and f' € L*(0,T;V*). Then, it holds
u, u', Au € L*(0,T;V)NC([0,T); H), and u", Au' € L*(0,T;V*).

Since V < japge V¥ and V' reflexive, it follows from (5.3a)

(u"(t),v) + a(u'(t),v) = (f'(t), v) (A.1)
for all v € V and almost all ¢t € [0,T]. Therefore, we have with the continuity of
a('v ) ,

Ja(w/(t),v)]|

1F() =" (@)l = sup < Bl ()]

vervioy o]l

Furthermore, GARDING’s inequality leads to

3 dt'Au( W = k| Au()]” + p [l (1))

< L o) = A0+ 00 00) + 5 )

(Ad/(1), Au(t)) — r (Au(t), Au(t)) + (Au'(2), u' (1)) + & (u'(t), u'(1))
= (Ad(1),u'(t) + Au(t)) + (0 (t), u'(t)) — £ (Au(t), Au(t))

(Ad' (1), £(1)) + (W' (1), (1)) — m (f(t) — (D), F(2) = u'(2))
a(u'(t), f(t) + 26 (' (1), F(1)) — K [ (D))"
Bllu'@)] ||f()||+2f~€IIU()II 1@l = & 1£ )

i i 4K?
7@+ ; ||f(t)||2 + 7 Il @O + " LF@Z = 1f ()]

(
(

IN

IN

Koy 2 52 2 A K 2
< ;mwn+;wmn+(;——)wom'
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We should mention that either k = 0 (strongly positive A) and then the last term
of the right-hand side vanishes or x # 0 with g < ok and it holds

3/<o 42 K 4r?

TR

With p p
72ntA — a2kt A 2_2 A 2

i (e AuR) = (LA - 26 u(o )

we finally obtain

d 2

_4gwmmma+w4wmes—ym(ﬁwwW+

402Kk —
dt 2

SIOE)

=

Integration over ¢ gives
t
Au(t)? + g [ e | (s)]ds
. 2 1t s 4o’k
< @fauf+ 2 [0 (|l + 6 ds,
w Jo o?
and with 1 < e25(=9) < 26t for ¢t > s > 0, it follows

Au(o) + [ 105 |Pds

. 2 40’k —
<& (1wl + 2 (1o + o ko)) - (42
The a priori estimate desired then reads as

J56) = ) s < 67 [ ()]s

40°K

2, — B
s 1172000 ) |+ (A3)

2
< ; 2" <|AU0|2 + ; <ﬁ2 ||f||%2(0,T;V)

which is (5.36).
If kK =0, we may prove in the same way estimate (5.13),

2 2
[ 176 = lEas < 2 (w4 2 ) (A4)

For the a priori estimate of || f” — u"'||2(0,r;v+), we assume in addition® Aug €
V, A*uy € H, f', Af € L*(0,T;V), and f", Af' € L*0,T;V*). By this, we
have in addition v, Au’ € L*(0,T;V)NC([0,T]; H) and u", Au" € L*(0,T;V*).
Furthermore, it holds (5.3a) and

(Au'(t),0) + (A%u(t),v) = (Af(t),v) (A.5a)
(W"(t),v) + (Ad'(t),v) = (f'(t),v) (A.5b)

®We use the notation A%v := A(Av) € V* for all v € V with Av e V.
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for all v € V* and almost all ¢ € [0, 7] as well as

(Au"(t),v) + (A% (1), v)
(u"(t),v) + (Au"(t), v)

for all v € V and almost all ¢ € [0, 7.
From (A.5d), we immediately obtain

1F7(8) = u" (Ol < Bllu" @)
With (A.5a) and (A.5b), we have

(" (t),v) = (f'(t),v) = (Af (), v) + (A%u(t), v) (A-5e)

for all v € V*. Moreover, GARDING’s inequality gives

§%|A2 u()] = w5 |A%u()]” + pJu" ()]

= §@|A2 u()? = k| At + a(u”(t), w" (1)) + & u" (1)

= (A% (1), A%u(t)) — & (A%u(t), Au(t) + (Au"(1), u" (1)) + £(u" (1), u" (1)) .
Setting v = A%u(t) in (A.5c), it follows with (A.5e)
(A%u/(t), A%u(t)) (AS'(8), A'u(t)) — (Au"(t), Ault > (A%u(t), Af'(t) — Au"(t))
(u"(1), Af'(t) — Au"(2)) = (f'(t) — Af(t), Af'(t) — Au"(2))

(¢
—(Ad" (), u" (1)) + (AS' (1), u" (1)) + (Au"(2), f'(t) — Af(2))
—(AS' (1), £(t) = Af(1)) -

With (A.5e), we have furthermore

(A%u(t), A%u(t))

Therefore, we have

§%|A2 u(t)]* = £ [A%u(t)]* + pJu" (1)

(Af'(), u"(8) + (Au"(2), f'(t) = AF () — (AS'(2), ['(t) — Af(2))
+2r (u"(2), f'(1) = AF(t)) — 5 (f'(8) = Af(), ['(t) — Af(2))

Bllu" OO+ Bl @O 1@ = Af @O+ B IS ON @) = AF @)
+2 [ @1 (8) = Af @Ol — £ f/() — AF @)
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IN

L@+ 2 101 + e+ 210 - aro I + S 1ol

5 I 2 Y " 2 652 l 2 K ! 2
+5 @) = AF@OIF + & " @1 + " 1£°t) = AF @I = — [1F() = AF @I

= Sweor+ 5 (e ) iror+ 5 (142 1o - asop

+a% (602K — ) || F/(£) — AF(8)]|2

Integration over t leads to

a4 g [ D (s) s
62“t|A2u0|2—|—/0 p2r(t=s) (5 <1+%> (Hf’(S)HQ—l-||f’(8)—Af(s)||2)
# 2 Gt ) 17(9) - AT s

and we end up with the a priori estimate

[ 157 = ) Pas < 5 [ ) s

8%, 34
< ; e |A2U |2 +B(1+— Py (||f,||2L2(0,T;V) + ||fl - Af||2L2(0,T;V))

2K ,
+ 2 Gt = 7 = AT o) (A5)

which is (5.37).
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