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Abstract. The third-kind boundary-value problem for an elliptic equa-
tion of second order with variable coefficients and mixed as well as first-
order terms on a domain that is the union of rectangles is approximated
by a linear finite element method with first-order accurate quadrature.
The scheme is equivalent to a standard finite difference method.
Although the discretisation is in general only first-order consistent, supra-
convergence, i.e. convergence of higher order, is shown to take place even
on non-uniform grids. Local error estimates of optimal order min(s, 3/2)
in the I (£2)-norm can be derived for s € [1, 2] if the exact solution is in
the Sobolev-Slobodetskij space H***(£2). If no mixed derivatives occur
then optimal order s can be achieved. The supraconvergence also implies
the supercloseness of the gradient.
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1 Introduction

We consider the discretisation of the differential equation
Au = —(aug) s — (bug )y — (buy) s — (cuy)y +dug +euy + fu=g in 2 CR? (1)
with variable coefficients subject to Robin boundary conditions
Bu := augng + bugny + buyn, + cuyny +au =1y on I =012, (2)

where the domain 2 is the union of rectangles and (7,7,) denotes the outer
normal on I'. The coefficients in A and B as well as 1 are assumed to be suffi-
ciently smooth such that all are at least uniformly continuous and g € L?(£2).
Moreover, A is assumed to be uniformly elliptic and the corresponding homoge-
neous problem is supposed to be uniquely solvable. The corresponding bilinear
form needs not to be strongly positive.



The discretisation is obtained from linear finite elements on a triangulation
Ti of 2, which relies upon a non-uniform rectangular grid 27, in combination
with an appropriate quadrature that is of first order.

Although the scheme is in general only first-order consistent, higher-order
convergence can be proven: Let uy denote the discrete solution on g, Py
the piecewise linear interpolation with respect to 7y (note that Pyuy is the
finite element solution), Ry the pointwise restriction on g, and || - |12 the
usual H'(£2)-norm. For a quasi-uniform sequence of grids 2y with a maximum
mesh-size Hpax tending to zero, we derive a local error estimate from which
the global error estimate || Py Ryu — Prug|1o = O(HmES32) for s € [1,2] if
u € HT5(82) follows. In the case of no mixed derivatives, optimal order O(H},,,.)
can be proven. For s € {1, 2}, the estimates even hold without the assumption of
quasi-uniformity. As a consequence, a global estimate of order O(H. ,(;.;;1)/ 2) in the
case of mixed derivatives and of order O(H ,,) if no mixed derivatives occur
is obtained for s € [1,2] even for an arbitrary sequence of non-uniform grids.
Note that these supraconvergence results also show the supercloseness property
for the gradient in the context of finite elements. Convergence results of order
O(H} ) for s € (1/2,1) can also be obtained but are not included here.

Super- and supraconvergence of finite element and finite difference solutions
have been considered by many authors; we refer to [1,2,7-12] and the references
cited therein. In particular, we continue the work presented in [4-6]. For the
third-kind boundary-value problem (1), (2) on a domain {2 that is the union
of rectangles but without mixed or first-order derivatives (b = d = e = 0),
local error estimates showing supraconvergence of order s for s € (1/2,2] if u €
H'3(£2) are proved in [4]. The aim of this paper is to present a generalisation of
the results of [4] that allows mixed and first-order derivatives in the differential
operator A. An essential step in the analysis is the equivalence of the fully
discrete finite element method with quadrature to a finite difference method.

2 Discretisation

The corresponding variational problem reads as
find u € H'(£2) such that A(u,v) = (g,v) + (¥, v)r for all v € H*(§2)
with the sesquilinear form

A, w) = (avz, wy) + (b, wy) + (bvya wy) + (vav wy)
+ (dvg, w) + (evy, w) + (fo,w) + (aw,w)r, v,w € HY(2).

Here and in the following, we employ the usual notation for Lebesgue-,
Sobolev-, Sobolev-Slobodetskij spaces and spaces of continuously differentiable
functions. In particular, we denote by (-, -) and (-, -)r the inner product on L?(£2)
and L?(I'), respectively, and by || - ||;p,p the usual norm on W"P(D) for a do-
main D (where we omit the subscript D if D = §2). As the boundary I' is only



Lipschitz, the norm of Sobolev-Slobodetskij spaces on I" shall be defined through
summing up over disjoint straight boundary sections.

For the discretisation, let b = {h;},. 7z and k = {ke} . 77 be two sequences
of positive real numbers and consider the two-dimensional grid Ry := IR}, x IR},
where

IRi::{$j€]Rixj+1 Z:l'j—f'hj,jez}

for 2y € IR given; IRY, is defined analogously. Moreover, let Tjp1/2 = Tj +h;/2=
Tjp1 — hj/2 := x(j41)-1/2 with an analogous notation in the y-direction. We
define

g :=02NRy, I'y:=INRy, EHZZEQRHZQHUFH

and consider a sequence {2y} e of grids with Hay = max{h;, k¢ : j, L € Z}
tending to zero. We say that {2y} ge is quasi-uniform if all possible quotients
of mesh sizes of 2y are bounded independently of H. The vertices of {2 are
assumed to be in I'y. The triangulation 7y is supposed to be a set of open
triangles in which the vertices are the grid points of 2. Throughout this paper,
we assume Hp, .y being sufficiently small.

By Wy, we denote the space of grid functions on 2. For convenience, we
tacitly assume that a function vy € Wy is extended on IRy by zero. We often
write vp instead of vy (P). For P = (x;,y¢) € 2p, let

Op = (Tj_1/2,Tj1/2) X (Ye—1/2,Yer1/2) N 12,
I'p = (zj_1/2,%j4172) X (Ye—1/2:Yesr172) NI

Then

(e, wH)H = Z |Oplvpwp and (dm,XH)rH = Z |I'plépPXp
Pefy Pely

defines an inner product on Wy and on the space of grid functions on [y,
respectively.

Let Ay := ag + by + cy +dyg + ey + fug + ag be the sesquilinear form
defined by

ag (g, wr) = Z aA,z/ (Pavn)z (Prwh)dV
NETH =

dH(vH,wH) = Z (dPHwH)A@/ (PHUH)de,
NETH A

fa(a,wg) = (Ry foa,we)m, on(m, wh):= (Rgovg, Wh)rH,

and with forms cy and ey defined analogously to ay and dp, respectively.
Here, the subscript A, x denotes the value at the midpoint of the side of A € Ty
parallel to the x-axis. The definition of the form by is based upon two special

triangulations Tf(ll) and ’2}5(2).



Let A;fg) denote an open triangle having an angle /2 at (z;,y,) € Ry and
two adjacent grid points as further vertices. We then define

TI({V) = {A;j) C 2:(x;,y¢) € Ry with j 4+ £+ v being odd} , v=12,
and associate the piecewise linear interpolation Pg’ ). Then

1
bH(’UH,’wH) = 5 (bg)(vH,wH) +bg)(vg,wg)) s

where for v = 1,2

by (vrrywi) = Y [ ba (P vr)a (P @)y + (P vm) (P T). ) dV
seT A

with ba being the value of b at the vertex of A € ’Z}gy) that corresponds with
the angle /2.
The fully discrete Galerkin approximation now reads as

find ug € Wy such that
Ag(up,ve) = (9, ve)m + (Yu,ve)rm for all vy € Wy (3)

with right-hand side gy and boundary value 1y given by
9= 061 [ gdV (PETw), dpimw(P) (PELw). ()
P
It can be shown that (3) is equivalent to the finite difference approximation
Agug = —51/2 (a5gl/2>uH) — 8, (b0yur) — 8, (bSyurr) — 5012 (055}/2>UH)

+ Rpyddé,ug + Rye 5yuH + RHqu =gy in 2y,

supplemented by an appropriate approximation of the boundary condition (see
also [4]). In particular, we have

Ap(vg,wn) = (Agve,wn)n
for all vy, wyg € Wy with wg = 0 on I'y. Here, we use the divided differences

v — Vi v —v;
1/2 . Jj+1/2,0 j—1/2,L 1/2 . j+1,0 5,€
6; / )’Uj)g = (Sg / )’Uj+1/27g =,

)
Ljr1/2 — Lj—1/2 Tj+1 — Ty
Vj+1,6 — Vj—1.

0zVj0 1=
Tj+1 = Tj-1

and corresponding differences in the y-direction.
The following stability result can be proven similarly as [5, Thm. 2].



Proposition 1. For 2y (H € A) and vy € Wy, the following estimate holds
true:

A
||PH’UHH1)2§C sup | H(UHawH)|
otwyewy ||PEWH| 1,2

By C, we denote a generic constant that is independent of significant quan-
tities such as the grid size. Proposition 1 implies the unique solvability of the
discrete problem.

3 Supraconvergence of the Discretisation

For P = (xj,y¢) € I'j;, the set of grid points lying on IV which is the part of
I" that is parallel to the y-axis, we define I'p := {x;} X (Yo—1/2,Ye41/2) N 1.
Moreover, we use the convention that, depending on the location of the domain
12, n, and 1, always take the value 4+1 or —1 on the sections of the boundary I
even at the vertices of the domain.

The main result reads as

Theorem 1. Let u € H?($2), a,b,c,d,e, f € WE>®(2), a € Wh(I'), ¢ €
HYI) if s = 1 and let w € H(2), a,b,c,d,e, f € W2/C=9)(2), a €
W2 @=s)(r), o € H(I') if s € (1,2]. Moreover, assume that {2 }mea is
quasi-uniform if s € {1,2}. The discretisation error then satisfies the estimate

|PuRiu — Pugllie <C( Y (diam Op)*|[ullf 00,

PeEQy
. 1/2
ST (TS g |Fp|25||¢|§,2,pp))
Pel'y
< CHD) ([ufl iy + [l jprsnr + Wlbar)  (5)

in the case of mived derivatives. If b =0 then

| PuRuu— Prupli2 < C Z (diam Op)**||ull?, g 0.0,
PGEH

1/2
- ST P (ul2 g + ||w|§m))

Pel'y
< CHpox (lullise + ullser + 1¥lls2r) - (6)

Sketch of Proof In what follows, we sketch the main steps in the proof of
Theorem 1 focussing only on the main part of the differential operator as the
lower-order terms can be dealt with somewhat simpler.

For the discretisation error, we find from Proposition 1

|PeRru — Pruglli2 <C  sup rer(wm)]
0£wpewy |Prwm |12



with the truncation error

Ta(wi) = Ag(Rau,wy) — Ag(um, wy)
_ _(a) (b) (c) (d) (e) (H
Ty (wi) + 7y (i) + 7y (wa) + T (wE) + T (We) + T (Wh)

where
P (wy) = ap(Rgu,wg) + /(aum)dewp— > IIp|(ausn.)(P) wp
PEQyOp Pel'n

and the other parts of 7y corresponding to by, ..., fg are defined analogously.

We commence with the case s = 1. The estimate of 7'( )(w ) relies upon the
decomposition

i (wir) = 7\ (wir) + 747 (wr) with
TI(;)2(’LUH) Z (/ augn.do — |Fp|(auz77x)(P)) Wp .
Pely Ip

Analogous decompositions are at hand for (®) (wg) and ¢ )( ). The terms

TH
TI({)I(’LUH) and 7'( ) 1(wr) satisfy the estimate desired as is shown in [4, Sect. 4].

Also 7'277)1 (wm), the truncation error related to mixed derivatives, can be esti-
mated as desired as is shown in the following.

The proof starts with an integration and summation by parts, rewriting
Tg?l (wg) in terms of contributions on rectangles O; /204172 = (25, %j41) X
(ye, yer1) N §2, and an application of the Bramble-Hilbert lemma.

We find (see also [4, Lemmata 4.7, 4.8])

a b
i (wir) + Ty (wir) + iy (wir)|

) (/pr ~ au)ds  Tpl(6 ~ au)(P) o

Pel'y

1/2
c( ) |rp|2(||u||%,2,pp+||w|%2,pp)) | Prrws] vz

Pel'y

which finally proves the result for s = 1. Note that [|ul[1,2,r, < [|ul|3/2,2,rp-
We come to the case s € (1,2]. For P € F1/2, the set of points (z;,ye41/2)

lying on parts of I" parallel to the y-axis, let P~ := (z;,y¢), PT = (zj,ye41),
and

Ip = {a;} x (Yo, ye1) , Tp = A{x;} < We,yer12) s T = {a;} X (Yos1/2, yes1) -
The estimates are based upon the decomposition

Tgl)(wH) = 7'}(;)3(’(0]{) —|—7’§Izl(wH) with



a a 1 |FP|
ritatwn) = ifh(wm) =5 D |Ip ( /F | ausnpdo — = (augn,) (P)

Yy
pery,, P

I’
—/ aumnmd0+|—2p|(aumnm)(P)>5§1/2)1_Up
Iy

and analogous decompositions for Tl(f) (wg) and Tg) (wg).

The terms T;;l)g (wp) and TI(;’)g(wH) satisfy local estimates of order s (see [4,

Sect. 5]) and it remains to consider Tl(f )3(w r ). With integration and summation

by parts, T}(r;)3 (wp) can again be rewritten in terms of contributions on rectangles

Oj11/2,041/2- What follows, is a rather intrigued decomposition and multiple

application of the (generalised) Bramble-Hilbert (see [3]) and bilinear lemma.
After all, the boundary contribution

_ Z %%(P) (b(P+)(uy(P+) —uy(P)) —l—b(P_)(uy(P) —uy(P_))) x

Y
pery,

< 30 7)

(plus an analogous contribution from parts of I" parallel to the z-axis) has to
be estimated. Unfortunately, with the aid of the generalised Bramble-Hilbert
lemma, we can only derive an estimate of maximum order 3/2 in terms of
|ul1/2+5,2,r- Here, we also employ the continuous embedding H'(£2) — H'/2(I")
and an identification of |[Pgwp|i /2,2, r in terms of differences of values of w at
the boundary I

Some straightforward calculations finally show that

a b c
T\ wir) + 7 (wir) + Ty (wir) =

5 ([ auo - @ = a0 + - anip) ) LT
PEry, N,

> ([ auo B2 (@ = ane + @ - anpy) ) LT
Pel‘ly/2 I'p

We are thus left with trapezoidal rules that lead to the estimate of order s
(see also [4, Lemma 5.8] and note that ||ulls,2,r, < Cllull/245,2,rp). Here, it is
important to have the assumption ¢» € H*(I"). ]

By interpolation using the estimates (5), (6) of Theorem 1 for s = 1 and s = 2,
which is then valid without the assumption of quasi-uniformity, the following

corollary is derived.

Corollary 1. Let s € [1,2] and assume that u € H'* (), a,b,c,d,e, f €
W2(0), a« € W2(I'), and v € H*(I'). The discretisation error then sat-
isfies the estimate

| P Rigu — Pyuplliz < CHUE 2 ([ullits2 + lullij2rs2,r + 1] s2,r)



in the case of mizved derivatives. If b= 0 then

|PuReu— Prupllie < CHY. (llulligs2 + ulls2.r + [9lls2.0) -

As is shown in [4, Remark 5.3, 5.4], the averaged restriction of the right-hand

side g in (4) can be replaced by the pointwise restriction on 2y if g € H*(£2)
for s € (1,2] retaining the order of convergence. If, however, g is not smooth
enough then the pointwise restriction may destroy the higher order.

References

1.

2.

10.

11.

12.

D. Bojovi¢ and B.S. Jovanovié, Fractional order convergence rate estimates of finite
difference method on nonuniform meshes, CMAM 1 (3) (2001) 213-221.

J.H. Brandts, Superconvergence phenomena in finite element methods (Proefschrift,
Universiteit Utrecht, 1995).

T. Dupont and R. Scott, Polynomial approximation of functions in Sobolev spaces,
Math. Comp. 34 (150) (1980) 441-463.

E. Emmrich and R.D. Grigorieff, Supraconvergence of a finite difference scheme
for elliptic third kind boundary value problems in fractional order Sobolev spaces,
CMAM 6 (2) (2006) 154-177.

. J.A. Ferreira and R.D. Grigorieff, On the supraconvergence of elliptic finite differ-

ence schemes, Appl. Numer. Math. 28 (2-4) (1998) 275-292.

J.A. Ferreira and R.D. Grigorieff, Supraconvergence and supercloseness of a scheme
for elliptic equations on non-uniform grids, Numer. Funct. Anal. Optimiz. 27 (5-6)
(2006) 539-564.

B.S. Jovanovié¢, Finite difference schemes for partial differential equations with
weak solutions and irregular coefficients, CMAM 4 (1) (2004) 48-65.

B.S. Jovanovi¢, The finite difference method for boundary-value problems with weak
solutions (Posebna Izdanja, 16, Matematicki Institut u Beogradu, 1993).

. M. Kftizek and P. Neittaanméki, Bibliography on superconvergence, in: M. Kiizek,

P. Neittaanméki, and R. Stenberg, eds., Finite element methods (Marcel Dekker,
New York, 1998) 315-348.

L.B. Wahlbin, Superconvergence in Galerkin finite element methods, Lect. Notes
in Math. 1605 (Springer, Berlin, 1995).

Q. Zhu, A survey of superconvergence techniques in finite element methods, in: M.
Kiizek, P. Neittaanméki, and R. Stenberg, eds., Finite element methods (Marcel
Dekker, New York, 1998) 287-302.

A. Zlotnik, On superonvergence of a gradient for finite element methods for an
elliptic equation with the nonsmooth right-hand side, CMAM 2 (3) (2002) 295—
321.



