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A heptagonaltiling of theplaneis proposed.Usingfive basicformsa patternwhich presentsself-similarity is obtained.This
patternexhibitsrotationalsymmetry,andno translationalinvariance.

In 1974Penrosefoundapairof“darts” and“kites” vertedto base2 gives the inflation rule for golden
that tile the plane in a quasiperiodicway (penta- mean,silver mean,leadmean,etc.,hasbeenfound
gonalquasiperiodictiling) andgavethe correspond- [31~.

ing inflation rule [1]: if we takesuch a tiling and Sometimesnaturepresentsoccurrenceof hepta-
bisecteachdart symmetricallywith a straight line gonal symmetriesas canbe seenin figs. 1 a and lb.
segment,theresultinghalf-dartsandkitescanbecol- In this Letter we reporta heptagonalquasiperiodic
lectedtogetherto makedartsandkites on a slightly tiling which is associatedto the third-order Fibo-
largerscale.Twohalf-dartsandonekite makea large nacci sequence.
dart; two half-dartsandtwo kites makea largekite. A third-orderFibonaccisequenceis definedby [4]
His schemeusesas side ratio the goldenmeanand ~ 2 S S
angleswhich aremultiplesof i~/5.A radialdirection = S~_1+ n—2 — n—3 3)
on the Penrosetiling is associatedto a secondorder or
Fibonaccisequencedefinedby ~ —~ 2S S 4

= S~_~+ Sn_~~ The sequencedefinedby eq.(3) canbe generatedby

A-+AB andB—IA, (1) the inflation transformationsA-+C, B—CB and
C—~CBA.The correspondingtransformationmatrix

whereS~is the numberof termsof the nth genera- is
tion. A growth sequenceafter six stepswould be
ABAABABAABAAB. fO 0 l\

Thesequenceof intervalsA andB is characterized T= ( 0 1 1 J (5)

by the substitutionlaw r1= ~ wherethetransfor- \ 1 1 1 /
mationmatrix M is given by [21

andits secularequationis

M=(~ ~) (2) x
3—2x2—x+l=0, (6)

2 . ~ In ref. [3) thementionedpowerrecurrencerelationto gener-

and its secularequationis x — x — 1 = 0 which gives atea latticeof spinsandto studythemagneticsusceptibility

thegoldenmeant. Recently,a powerrecurrencere- asa functionof wavevectorandtemperaturefor gold mean,
lationwhich generatesnumbersin base10 thatcon- silvermeanandleadmeanis used.
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Fig. 1. (a) Seaweed:family Hidrodictyaceae,generaPediastrum.(b) Seaanimal: classAscidiacea,categoryStolidobranchiatra,genera
Boiryllus.

Fig. 2. Fundamentalshapesof ourtiling (A= 1.000,B 1.802,C~2.247 and~=7t/7).
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with the positivesolutions1/a and/3, where pair 2—2 andthe adjacentpair 3—3. For dart3c the

a’-’ 1 802 ~‘-‘2 247 (7\ adjacentpair 1—1 maybeexchangedby the adjacent— P_ ‘ / pair 2—2 andfor dart 3d the non-adjacentpair 2—2

Given a regularheptagonof side 1 we let aand/ibe may beexchangedby theadjacentpair 3—3. Besides
thedistinct lengthsof thediagonals.(a= 2 cosq’ and thedartsandkitesof fig. 3 we will usepartsof them,
/3=2cos2~,+cos2q, where~ = E/7). By usingcyclo- e.g.,the two adjacentforms 2—2 of fig. 3d.
tomicpolynomials[5] wecaneasilyshowthataand Next we displayfour generationsof the inflation
/1 are rootsof eq. (6). transformationgiven by eq. (3). They will be used

In fig. 2 weshow five shapeswhich are basicfor in figs. 4 and5. Beginningwith CB, we get
theconstructionsthatwill appearin thispaper.They 1Stgeneration:
are threeisoscelestrianglesand two scalenetrian- CB
gles.Herewe makethefollowing correspondencefor
fig. 2: a—~B,/J-4C, 1 —~A.Angles are multiples of ~. 2ndgeneration:
Thesefive shapescanbecombinedto form “darts” CBACB
and“kites” aswe show in fig. 3. They will be useful
for theconstructionofthe heptagonalquasi-periodic 3rd generation:
tiling. Thoseare somepossiblecombinationsof the CBACBCCBACB
five shapesconsidered.Thenumbersindicatedin fig.

3 are the sameas in fig. 2. If we exchangesomein- 4thgeneration:
ternalpiecesof the dartsor kites a new dart or kite CBACBCCBACBCBACBACBCCBACB.
is obtained.In kite 3a we mayexchangetheadjacent

The central fourteensidesregularpolygonof fig. 4

B B B B hasradiusCB(C+B) andusessevenkites as in fig.

3a. Thisfigure is surroundedby other sevenequal

fourteensidesregularpolygonswhosecentersarelo-

~:B ~OB catedat thedistanceCBACBCfrom theorigin 0. The

(a) )b)

(C) (dl

Fig. 3. “Kites” and“darts”obtainedby a convenientcombina. P
tion of theshapesof fig. 2. Fig. 4. The ruleto inflatetheinfinite pattern.
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Q teensidesregularpolygon,andso on. Thus,the pat-
tern of fig. 4 presentsself-similarityand the scaling

factor is 5.049.We notice that it hasrotationalsym-
metry but it is not translationallyinvariant. If we
considerthe heptagonaldirectionPQin fig. 5, dart
3cpointsoff theorigin anddart3d to theorigin. Kites
3b point to the origin if they are alongPU andoff
the origin whenthey are alongOP. Kite 3a besides

~ forming a fourteen sidesregularpolygon of radius
GB appearsto be pointingoff the origin andto lie

~ along OP. We must note that the radial directions
~ separatedby ~ do not correspond(in the inflation
~ transformationsuchradial directionscorrespondto

walks in oppositedirectionsstartingat the central

fourteensidesregular polygon). So, we haveonly
~ seven-foldsymmetry.

The studyof the structuregiven by fig. 4 by light

diffraction is in progress.
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