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Blatt 5

Aufgabe 17: (Spielzeugbeispiel fiir Shannon-Entropie)
Berechnen Sie von Hand die Shannonentropie H (w) der folgenden vier Worte w = wiws - - - wig,
wobei die w; aus dem Alphabet {0, 1,2,3} sind.

3020321113203210 1013110301131310 2323323223233232, 0132313330133213.

Aufgabe 18: (Topologische Entropie) (1+1+2 Punkte)
Berechnen Sie die topologische Entropie der folgenden unendlichen Worte w = wqwiws - - -.
Es ist immer w; € {0,1}, das Alphabet hat also immer zwei Buchstaben.

(a) w=011101110111011101110- - - (also w; = 0 dann, wenn ¢ = 0 mod 4, sonst w; = 1).
(b) w = 0w 0w30ws0w;0 - - -, wobei w; zufillig 0 oder 1 ist fiir i ungerade (und w; = 0 fir
alle geraden 7).

(c*) w = wowrws - -+ mit w; € {0, 1}, wobei w; = 1, falls i eine Zweierpotenz ist, und w; = 0,
falls i keine Zweierpotenz ist.

(b) ist eine “fast alle”-Aussage: fast alle diese Worte haben dieselbe Entropie h(w). Das Wort
00000 - - - z.B. ist eine Ausnahme: es hat auch die geforderte Eigenschaft, hat aber Entropie
0. Fast alle Worte mit der jeweiligen Eigenschaft enthalten aber alle erlaubten Teilworte der
Lénge m, und haben eine positive Entropie. Diese soll berechnet werden.

(c) ist ziemlich knifflig. Es gibt auch schon Punkte, wenn Sie eine nicht-triviale obere oder
untere Schranke finden, oder ihre Anwort richtig ist, aber nur plausibel hergeleitet anstatt
perfekt bewiesen. Eine vollstédndige Losung bringt zwei Zusatzpunkte.

Aufgabe 19: (Pseudo-Zufall vorhersagen)

Sie belauschen die folgende Sequenz von Pseudozufallszahlen: 13,223, 793, 483, 213, 623,593, . . ..
Sie wissen, dass diese durch einen Linearen Kongruenzgenerator z; = sx;—1 +¢ mod m er-
zeugt wurde. Finden Sie passende Werte fiir s, und m, und geben Sie einen guten Tipp fiir
die nichste Pseudozufallszahl ab.

Sie kénnen sich gerne selbst etwas ausdenken (raten ist OK!), aber hier steht auch eine
Anleitung:

https://www.math.uni-bielefeld.de/~frettloe/teach/krypto/lc-prng.png

Aufgabe 20 (Reales Beispiel fiir Shannon-Entropie)

Eine der beiden Listen auf der folgenden Seite ist ein deutscher Text (mit der gewohnten Ko-
dierung a=0, b=1, ... , z=25), der andere ist zufillig erzeugt (strenggenommen pseudozufillig
mit der random-Funktion von python bzw. sagemath). Berechnen Sie die Shannonentropie
von beiden. Welches ist der deutsche Text? (Zusatzfrage ohne Punkte: wer schrieb ihn)?


https://www.math.uni-bielefeld.de/~frettloe/teach/krypto/lc-prng.png

13, 20, 13, 17, 4, 8, 18, 19, 3, 20, 0, 11, 18, 14, 25, 20, 12, 4, 17, 18, 19, 4, 13, 12, 0, 11, 8, 13, 3, 4, 8, 13, 4, 12, 11, 4, 1,
4,13,13,0, 2,7, 16, 20, 0, 11, 8, 19, 24, 11, 0, 13, 3, 1, 8, 18, 19, 3, 20, 18, 2, 7, 14, 13, 0, 20, 5, 6, 4, 17, 4, 6, 19, 9, 0
0, 20, 18, 6, 20, 19, 4, 12, 6, 17, 20, 13, 3, 3, 4, 13, 13,1, 0, 11, 3, 1, 4, 19, 17, 8, 19, 19, 18, 19, 3, 20, 3, 0, 18, 11, 0, 13,
3,3,0,18, 18, 14, 22,8, 2, 7, 19, 8, 6, 8, 18, 19, 3, 0, 18, 18, 12, 8, 19, 18, 4, 8, 13, 4, 17, 6, 17, 20, 4, 13, 3, 20, 13, 6, 4,
8, 13,4, 13, 4,20, 4,25, 4,8, 19, 17,4, 2,7, 13,20, 13, 6, 1, 4, 6, 0, 13, 13, 3, 8, 4, 16, 20, 0, 11, 8, 19, 24, 19, 8, 12, 4
3,0,3,20, 3,8 27,8, 13,16, 20, 0, 11, 8, 19, 24, 11, 0, 13, 3, 13, 14, 2, 7, 13, 8, 2, 7, 19, 0, 20, 18, 10, 4, 13, 13, 18
19,7,0,1,4,13,22,8,17, 3,8, 17, 7, 8,4, 17, 4,8, 13, 15,0, 0, 17, 4, 8, 13, 11, 4, 8, 19, 4, 13, 3, 4, 8, 13, 5, 14, 17, 12,
0, 19, 8, 14, 13, 4, 13, 25, 20, 18, 0, 12, 12, 4, 13, 6, 4, 18, 19, 4, 11, 11, 19, 25, 22, 4, 8,9, 0, 7, 17, 4, 21, 14, 17, 3, 4
17, 6, 17, 20, 4, 13, 3, 20, 13, 6, 21, 14, 13, 16, 20, 0, 11, 8, 19, 24, 11, 0, 13, 3, 25, 22, 4, 8, 9, 0, 7, 17, 4, 21, 14, 17, 16,
20,0, 11, 8, 19, 24, 19, 8, 12, 4, 0, 11, 18, 14, 6, 0, 1, 4, 18, 4, 8, 13, 4, 14, 4, 10, 14, 13, 14, 12, 8, 18, 2, 7, 4, 10, 17, 8,
18, 4, 18, 14, 11, 2, 7, 4, 13, 0, 20, 18, 12, 0, 18, 18, 4, 18, 3, 0, 18, 18, 3, 8, 4, 12, 4, 13, 18, 2, 7, 4, 13, 18, 8, 4, 0, 11,
18,9,0,7, 17, 7, 20, 13, 3, 4, 17, 19, 10, 17, 8, 18,4, 1, 4, 25, 4, 8, 2, 7, 13,4, 19, 4, 13, 4, 18, 22, 0, 17, 1, 4, 17, 4, 8
19, 18,3, 8,4, 3,17, 8,19, 19, 4, 9, 0, 7, 17, 7, 20, 13, 3, 4, 17, 19, 10, 17, 8, 18, 4, 8, 13, 13, 4, 17, 7, 0, 11, 1, 4, 8, 13,
4,17,3, 4,10, 0, 3, 4, 21, 14, 13, 3, 4, 17, 15, 0, 13, 8, 10, 3, 4, 17, 12, 0, 4, 17, 10, 19, 4, 12, 8, 19, 6, 4, 17, 8, 18, 18, 4
13,1,0,19, 3,8, 4, 17, 4, 6, 8, 4, 17, 20, 13, 6, 3, 8, 4, 20, 13, 19, 4, 17, 13, 4, 7, 12, 4, 13, 18, 1, 4, 17, 0, 19, 4, 17, 21,
14,13, 1, 8, 6, 1, 20, 18, 8, 13, 4, 18, 18, 2, 14, 13, 18, 20, 11, 19, 8, 13, 6, 20, 12, 7, 8, 11, 5, 4, 20, 13, 3, 3, 8, 4, 18, 4
4,13, 19, 18,2, 7,8, 4,3,4,13,3,0, 18, 11, 0, 13, 3, 1, 17, 0, 20, 2, 7, 4, 21, 14, 17, 0, 11, 11, 4, 12, 4, 8, 13, 4, 13, 13
4,20, 4,13,13,0, 12, 4, 13, 3, 4, 17, 0, 11, 19, 4, 22, 0, 17, 0, 1, 6, 4, 13, 20, 19, 25, 19, 20, 13, 3, 8, 13, 18, 15, 8, 17, 8,
4,17, 19, 4, 11, 0, 20, 19, 20, 12, 5, 17, 0, 6, 4, 13, 13, 20, 17, 13, 14, 2, 7, 4, 22, 8, 6, 6, 4, 18, 19, 17, 8, 6, 4, 13, 0, 19
8,14, 13,0, 11, 8, 18, 19, 4, 13, 12, 8, 19, 6, 4, 17, 8, 13, 6, 4, 17, 10, 0, 20, 5, 10, 17, 0, 5, 19

11, 5, 14, 22, 1, 23, 7, 17, 0, 21, 12, 9, 1, 20, 16, 6, 21, 21, 23, 8, 22, 5, 19, 23, 19, 24, 21, 7, 13, 11, 14, 11, 19, 12, 4, 21,
16, 18, 5, 5, 12, 21, 1, 23, 14, 10, 13, 11, 19, 5, 25, 2, 24, 8, 17, 6, 22, 18, 10, 7, 0, 24, 3, 0, 0, 10, 16, 3, 19, 24, 19, 11, 5,
24, 19, 14, 7, 5, 10, 25, 5, 20, 0, 12, 16, 21, 8, 16, 17, 11, 8, 7, 3, 22, 18, 6, 19, 0, 3, 11, 12, 3, 23, 6, 19, 23, 12, 5, 5, 6, 9
24,13, 21, 6, 3, 19, 21, 12, 1, 25, 13, 14, 25, 25, 25, 11, 11, 18, 25, 20, 3, 11, 12, 7, 11, 10, 1, 13, 11, 25, 1, 25, 20, 19, 17,
4,14, 24, 24, 20, 25, 17, 7, 9, 24, 12, 16, 21, 14, 3, 7, 2, 17, 13, 6, 17, 24, 13, 24, 15, 5, 4, 2, 20, 16, 5, 3, 18, 2, 1, 0, 21,
10, 12, 20, 4, 17, 4, 17, 7, 18, 22, 13, 19, 0, 13, 25, 9, 17, 10, 23, 0, 11, 2, 23, 17, 19, 23, 10, 20, 2, 5, 24, 12, 0, 2, 4, 22,
19, 19, 3,5, 17, 9, 16, 17, 11, 2, 16, 11, 17, 23, 4, 8, 7, 7, 20, 19, 10, 24, 6, 15, 13, 0, 5, 8, 8, 11, 10, 0, 22, 24, 22, 23, 9,
24, 18, 18, 21, 24, 3, 19, 22, 22, 23, 14, 11, 15, 0, 1, 6, 3, 5, 23, 13, 1, 12, 2, 2, 16, 6, 19, 16, 1, 25, 7, 2, 1, 3, 14, 10, 7, 5,
0,7,4,23, 1,24, 6,20, 19, 5, 13, 22, 9, 20, 6, 2, 4, 21, 14, 10, 6, 1, 18, 19, 4, 25, 20, 0, 6, 15, 1, 24, 20, 23, 25, 20, 1, 7,
17,13, 19, 1, 25, 25, 7, 14, 22, 22, 13, 25, 19, 2, 19, 21, 4, 24, 21, 17, 4, 20, 12, 17, 21, 21, 3, 4, 13, 4, 19, 3, 0, 19, 5, 16,
25, 25, 11, 10, 0, 16, 19, 23, 0, 3, 18, 19, 8, 6, 12, 7, 3, 24, 20, 6, 2, 16, 21, 17, 22, 8, 14, 19, 8, 6, 3, 18, 2, 25, 0, 7, 4, 13
19, 23, 9, 11, 22, 23, 13, 18, 20, 4, 1, 8, 20, 14, 17, 17, 2, 8, 11, 14, 17, 5, 14, 4, 4, 4, 10, 18, 20, 10, 19, 3, 0, 8, 6, 18, 9
20, 17, 12, 22, 22, 4,5, 17, 12, 2,23, 11, 8,9, 9, 14, 11, 17, 25, 3, 19, 18, 21, 24, 18, 17, 8, 19, 6, 12, 19, 3, 19, 21, 24, 7,
2,22, 13,17, 18, 6, 17, 17, 2, 8, 21, 2, 22, 21, 2, 23, 10, 8, 8, 21, 15, 13, 17, 15, 14, 0, 2, 17, 4, 8, 6, 20, 12, 20, 25, 19, 7,
13, 25, 10, 18, 9, 18, 21, 16, 18, 12, 13, 16, 21, 17, 10, 13, 17, 12, 4, 6, 16, 9, 25, 19, 13, 0, 19, 22, 13, 19, 17, 8, 7, 5, 17,
23, 4, 12, 20, 3, 6, 10, 2, 17, 5, 23, 12, 22, 5, 12, 23, 18, 10, 6, 18, 19, 12, 7, 21, 6, 25, 13, 18, 8, 6, 6, 25, 16, 3, 25, 0, 25,
17,16, 4, 25, 23,24, 9, 7,6, 7, 6,9, 7, 21, 23, 2, 21, 23, 21, 6, 22, 6, 15, 7, 23, 17, 12, 19, 8, 8, 16, 3, 16, 5, 1, 17, 11, 0
22, 25, 8, 15, 24, 2, 8, 8, 25, 10, 8, 12, 25, 20, 23, 19, 13, 10, 12, 20, 11, 15, 15, 13, 1, 6, 4, 4, 10, 7, 18, 21, 7, 25, 19, 9
15, 15, 12, 9, 10, 7, 13, 20, 25, 8, 10, 15, 4, 1, 1, 11, 9, 25, 16, 10, 7, 17, 21, 18, 2, 22, 6, 11, 13, 20, 20, 22, 25, 2, 14, 17,
1,4,3,12, 24,8, 0,8, 10, 18, 3, 8, 19, 19, 16, 17, 9, 22, 6, 17, 9, 15, 6, 6, 17, 11, 13, 5, 19, 21, 23, 18, 2, 15, 9, 18, 14
12,5,2, 1,7, 4, 8, 14, 11, 3, 16, 19, 10, 5, 12, 13, 0, 8, 6, 6, 24, 18, 6, 18
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