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Deterministic case

Consider the ordinary differential equation in R?

dx
azf(x)

e f is regular and satisfies the dissipativity condition such as
<Z',f(l')> < K — L‘xl - $2|2,
on R? for some K > 0 and L > 0,

= there exists a global attractor Ag.



Kloeden & Lorenz (SINUM 1986):

e then a one-step numerical scheme with constant step size A > 0 has an
attractor A; and the Hausdorff seperation satisfies

d(Ap, Ag) =0 as h—0+

i.e., upper semi continuous convergence of the numerical attractors



More structure, more information

If f satisfies a one-sided dissipative Lipschitz condition
(x =y, f(x) = f(y)) < —Llar — a2,
for all z, y € R? for some L > 0

— there is a unique asymptotically stable steady state & with f(z) # 0,
i.e., the global attractor is Ay = {Z}, and

e for most one-step numerical schemes the numerical attractor is also A; =

{z}.



Stochastic case
What is the effect of background or environmental noise?

Consider the Ito stochastic differential equation with additive noise

dX, = f(X;)dt+adW,

where W,, is a two-sided scalar Wiener process and a € R? is a constant
vector.

This has no equilibrium solution but if f satisfies a one-sided dissipative Lip-
schitz condition, then

= 3 unique stochastic stationary solution X;, which is pathwise

globally asymptotically stable.



Recall:

e The solutions of Ito stochastic differential equations are pathwise

continuous, but not differentiable.

e Ito SDEs are really stochastic integral equations with stochastic

integrals defined in the mean-square or Lo sense.

How do we apply the Lipschitz properties to obtain pathwise estimates?



A technical detour : Consider the Ito SDE

where f satisfies the one-sided Lipschitz condition.

i.e., the stochastic integral equation

t t
Xt = Xto + / f(XS) ds + / th
to to

The difference of any two solutions satisfies pathwise

t
X=X ==X+ [ [FOX) - X ds
to

/

-

continuous paths



Fundamental theorem of calculus = X} — X7 pathwise differentiable.

% (X, — X7] = f(X})— f(X7)  pathwise

e Apply the one-sided Lipschitz condition

2

d
21X = XF =200 - XP ) - F(XD) < 2L |X) - X7

= ‘th - Xf‘Q < |Xt10 - XZ)‘Q e 2Lt=t0) as t — oo

i.e. all solutions converge pathwise together — but to what?



Special case: Ito SDE with linear drift f(z) = —x

dXt = _Xt dt + (6% th

explicit solution

t
Xt = Xtoei(tito) + Oéet/ 68 dWS

to

The forward limit as ¢t — oo does not exist — moving target!

But the pullback limit as tg — —oo with ¢ fixed does exist:

t
lim X, =0, := oze_t/ e® dW, (pathwise)

top——00 o

The Ornstein-Uhlenbeck stochastic stationary process O, is a solution

of the linear SDE and all other solutions converge pathwise to it in the

forward sense

| X; — O] — 0 as t— 00 (pathwise)



Random dynamical systems

Let (2, F,P) be a probability space and (X, dx) a metric space.

A random dynamical system (6, ¢) on 2 x X consists of

e a metric dynamical system € on 2, which models the noise,

e a cocycle mapping ¢ : RT x Q x X — X, which represents the dynamics
on the state space X and satisfies

1).  ¢(0,w,z0) =0 (initial condition)
2). P(s+t,w, ) = P(s, Ow, d(t,w, x0)) (cocycle property)
3). (t,xo) — o(t,w,xp) is continuous (continuity)
4).  wr ¢(t,w,xp) is F-measurable (measurability)

forall s,t >0, 29 € X and w € Q.



Random attractors

A random attractor is a family of nonempty measurable compact subsets of
X

A={Aw):weN}

which is
e ¢-invariant ¢(t,w, A(w)) = A(fw) for all ¢ > 0,

e pathwise pullback attracting in the sense that

disty (¢ (t,0_w, D(0_w)), A(w)) — 0 for ¢ — +oo

for all suitable families D = {D(w) : w € Q} of nonempty measurable bounded
subsets of X.



Theorem (Crauel, Flandoli, Schmalfuf} etc)

Let (0,¢) be an RDS on Q x X such that ¢(t,w, ) : X — X is a compact
operator for each fixredt > 0 and w € €.

If there exists a pullback absorbing family B = {B(w) : w € Q} of nonempty
closed and bounded measurable subsets of X, i.e. there exists a T5,, = 0 such
that

o (t,0_w,D(0_w)) C B(w) forall t>Tp

for all D = {D(w) : w € Q} in a given attracting universe.

Then the RDS Qx X has a random_attractor A with component subsets given
by

Alw) = ﬂ U ¢ (t,0_w,B(0_w)) for each w € €.

s>0t>s



General case again

Substract the integral version of the linear SDE for O, from the integral

version of the nonlinear SDE

to obtain

t
X; — Oy = Xy, — Oy +/ [f(Xs)+ O] ds

to

=V, := X, — O, is pathwise differentiable and satisfies the pathwise ODE

d _ _
EVt = f(Vi+0,) + O, (pathwise)



e Apply the one-sided Lipschitz condition pathwise to

% X, — 0] = [f(X) - f(O)] + [£(0) + 0] (pathwise)

to obtain the pathwise estimate

2 t _ _
Vil < Vi [” e 2070 - et [ e (| £(O,)* + |Os?) ds
L

to

e Take pathwise pullback convergence as ty — —oo to obtain

_ _ 9 t _ _
|Xt — Ot| S Rt =1 + EG_Lt/ GLS (lf(05)|2 + |Os|2) dS

—00

for t > T depending on suitable bounded sets of initial values.



e i.e., there exists a family of compact pullback absorbing balls centered

on O, with random radius R;.

e Dynamical systems limit set ideas
= there exists a compact setvalued stochastic process A; inside

these absorbing balls which pathwise pullback attracts the solutions.

e BUT the solutions converge together pathwise in forwards sense, so

the sets A; are in fact all singleton sets

= I stochastic stationary solution X.



General Principles

e All regular Ito SDE in R? can be transformed into pathwise ODE
[Imkeller & Schmalfuf (2001), Imkeller & Lederer (2001,2002)]
e and generate random dynamical systems

= pathwise theory and numerics for Ito SDE

e Pullback convergence enables us to construct moving targets.




e Stochastic stationary solutions are a simple singleton set version of more
general random attractors

= theory of random dynamical systems

e.g., Ludwig Arnold (Bremen)

e parallel theory of deterministic skew product flows

e.g., almost periodic ODE : George Sell (Minneapolis)

= A theory of nonautonomous dynamical systems

e.g., pullback attractors



Effects of discretization

Numerical Ornstein-Uhlenbeck process
For the linear SDE with additive noise,

dXt = —Xt dt + o th,
the drift-implicit Euler-Maruyama scheme with constant step size h > 0 is
Xn+1 :Xn—th_H—f-OéAWn, n:no,n0+1,...,

which simplifies algebraically to

X = ——
ARSI 1+h

Here the AW,, = W41y — Wi, are mutually independent and N (0, h) dis-
tributed



It follows that

n—1

1 o’ 1
X, =— X, - AW;
L+ hyo ™ " T4 h ].Z (L+h)nmtms =
=ng
and the pathwise pullback limit, i.e. with n fixed and ny — —o0, gives the
discrete time numerical Ornstein-Uhlenbeck process

n—1
Aty . v
OV =17 j;oo (= AW;,  nez. (1)

which is an entire solution of the numerical scheme and a discrete time
stochastic stationary process.

One can show that it converges pathwise to the continuous time Ornstein-
Uhlenbeck process in the sense that

C/)\(()h) — Oy as h—0.



Discretization of an nonlinear stochastic system

Consider the nonlinear SDE in Rwith additive noise,

dXt = f(Xt) dt + (6% th,
where the drift coefficient f is continuously differentiable and satisfies the

one-sided dissipative Lipschitz condition with constant L.

The drift-implicit Euler-Maruyama scheme with constant step size h > 0
applied to this SDE is

XnJrl =X, + hf(XnJrl) + aAWn:

which is, in general, an implicit algebraic equation and must be solved nu-
merically for X,, .1 for each n.



The difference of any two solutions
KXot = Xppr = (X = X0) + 7 (f(Xorr) = F(X010))
does not contain a driving noise term. Then

‘XnJrl - X’;L-‘r].‘z = <Xn+1 - X;H-l: Xn — X7/z>
+h <Xn+1 - X;L+1a f(Xng1) — f(Xrlz+1)>
< Kt = X | 1X0 = X0| = hL [ Xy — X,

2

Y

|Xn - X7I1| )

1
= | X1 — Xy | < T Ih

1

i.e. all numerical solutions converge pathwise to each other forward in time.



Change variables to U,, .= X,, — (%Lh), where O is the numerical Ornstein-
Uhlenbeck process, to obtain the numerical scheme

U1 =U, +hf (Un-H + 57(1@1) + hagzh)-
Taking the inner product of both sides with U, ;; we obtain

|U”+1|2 = (Uns1,Un) + R <Un+1: / (Un+1 + 6&21>> +h <Un+1, 5§L’U>

IN

Unial [0al + 5 (Ui, f (Vs + 081 ) ) + 1Tl | O

Rearranging, using the one-sided Lipschitz condition and simplifying gives

Unial < Ul = LA |Unial + | (O )] + 1| O]



1 h
= U,.1| < U, B
Unial < 377, Ul + 77, Ba

where

B,(h) = |1 (O1)

- ’65{”

Y

1 h o = 1 )
Up| < ————1|U, B,
ML (1+Lh)"*”0’ °|+1+L’%Z (L+h)nmt=y
=ng

Taking the pullback limit as ng — —oo with n fixed, it follows that U, is
pathwise pullback absorbed into the ball By[0, R,] in R? centered on the
origin with squared radius

n—1

] h 1 \
R =14 —— S — e
nim 1+th:Z T

—0o0

Note that R, is random, but finite.



From the theory of random dynamical systems we conclude that the discrete
time random dynamical system generated by drift-implicit Euler-Maruyama
scheme has a random attractor with component sets in the corresponding
balls B,[0, R,].

Since all of the trajectories converge together pathwise forward in time, the
random attractor consists of a single stochastic stationary process which we

shall denote by Ui,

Transforming back to the original variable, we have shown that the drift-
implicit Euler-Maruyama scheme applied to the nonlinear SDE has a stochas-
tic stationary solution

W0 L OW ez,

n

taking values in the random balls Bd[@(lh), R,], which attracts all other solu-
tions pathwise in both the forward and pullback senses.
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We consider the existence and uniqueness of strong solutions of 1t stochas-
tic differential equations of the form

dXt = a(t,Xt,E(Xt),EﬂXtP)) dt

+b(t, X, B(X,), E(| X, %)) dW,



A strong solution of a scalar It6 stochastic differential equation

dXt = a(t, Xt) dt + b(t, Xt) th, (2)

on a given time interval [0, 7] is a function X : [0,7] x 2 — R with (t,w) —
X(t,w) =: X;(w) such that
(1.) X is jointly Leb' x A-measurable with

T
/ E(|X;|?) dt < oo,
0

(2.) X;:Q — Ris Ar-measurable with E(]X;|?) < oo for every t € [0, 7],
(3.) X satisfies for t € [0, T]the Ito6 stochastic integral equation

t t
X = Xo —i—/ a(s, Xs) ds +/ b(s, Xs) dWs,
0 0

(4.) the solution X is unique in the sense that

0<t<T

]P( sup |Xt—Yt]>O) =0

for every solution Y; of the above integral equation with Yy = Xj.



Theorem 1 Suppose that
(i) a, b:[0,T] x R — R are jointly Leb*-measurable,
(i1) there exists a constant A > 0 such that for allt € [0,T] and x, y € R,
la(t, z) — a(t,y)| + [b(t, 2) = b(t,y)| < A fr —yl,
(11i)  there exists a constant v < oo such that for all't € [0,T] and z € R,
la(t, z)| + [b(t, 2)| < 7 (14 [x]),

(iv) Xo:Q — R is Ag-measurable with E (| Xy|?) < oo.



Then the stochastic differential equation (2) has a pathwise unique strong
solution (Xi)o<i<r with initial value Xo, which satisfies

sup E (|X;]*) < o0.

0<t<T

If, in addition, E(]Xo|*") < oo for some integer n > 1, then there exist
constants C1, Cy and C3, depending only on v, A,n and T, such that

E (‘Xt|2n) < (E (‘XO‘Zn) + Cgt) 601 t’
|n

E(1X,— Xo*) < Cs(E(|Xo*") +1) x sl .t —s

for every s, t € [0,T].



Definition 2 Lip(R) denotes the set of Lipschitz continuous functions
R — R and for each f € Lip(R), set

Ol = sup @)

z€eR 1—|—|JZ|

Remark 3 | - ||y : Lip(R) — R is a norm on Lip(R) with

1fllg < [fO)| + Lip f,

sup [f(2)] < [l (1+7)

|lz| <r

for every f € Lip(R) and radius r > 0.



Lemma 4 Suppose that ai, by : [0,7] x R — R and ay, by : [0,7] x R —
R satisfy the assumptions of Theorem 1 with common parameters A, v > 0.
Let (X} )o<i<7 and (X?)o<i<1 denote the strong solutions of

dXF = ap(t, XF)dt + bp(t, XF)dW,,
for k =1 and 2, respectively, with uniformly bounded second moments. Then,

B(X} - X3P) <
(3-E(1x5 — X3) +81 (L+E(X3]) x

[ ot = maGs, )y + s ) = ot ) )

w2 A2eT +1+C1+Ca) T



Nonlocal stochastic differential equations

Define
Eqs = {(t,X) | te R X:Q—>Ris
A+ — measurable with ¢+ := max{¢t,0}
and E(|X]*) < o0 },
and

1(t, X) |, = [t| + E(|X|?) for every (t,X) € E4.

Remark 5 Note that | - |g, is not a norm on E 4 because the triangle in-
equality does not hold in general due to the mean square.

It could be made into a norm by taking the square root of the expectation
term, but that is not necessary and would complicate estimates later.



Consider what we call a nonlocal stochastic ordinary differential equation

dXy(w) = Rt Xi()] (Xi(w))dt (3)
+E [t X ()] (Xi(w)dWe(w).
We represent the coefficient functions here in the form
F = (F, F) : E4 — Lip(R) x Lip(R)

rather than
F:R"x L*(Q,AP) xR — R xR,

since this allows us to state the regularity assumptions in a more transparent
way, which is also more convenient to use in estimates.



Theorem 6  Suppose that F' = (Fy, Fy) : E4 — Lip(R) x Lip(R) satisfies:
(1) supqyyen, HIFR YTl + LipF[t Y]()} < oo,

(i) F is locally Lipschitz w.r.t. the random variables and continuous in
the following sense: For each R > 0, there exist a constant Lgr > 0 and a
modulus of continuity wr(-) such that

|Fit YiI0) - Fl IO,

< Lg - E(|Y1 = Yal?) + wr(lty — L)
for all (tg,Yy) € Eq with |(te, Vi), < R fork =1 and 2.

Then for any T € (0,00) and any Ag-measurable random variable Xo with
bounded second moment, there exists a unique strong solution (Xi)o<i<t1 of
the nonlocal SDE (3) with the initial value Xj.

If, in addition, Xy has bounded fourth moment, then (X;)o<¢ <1 is sample-
path continuous.



Idea of Proof.

We use interpolated Euler-like approximations on equi-distant partitions of
[0, T, which turn out to be a uniform Cauchy sequence in the mean-square
norm. The completeness of L?(Q, A, P) then provides a m.s. continuous
candidate X : [0, 7] — L?*(, A, P) for the sought solution.

For X"(0) = X, and for each k = 1, ..., 2", define X" : (t}, t},,] —
L*(92, A,P) inductively as the pathwise unique strong solution of the local
SDE

AXPW) = B[, X50O)) (X7 @))dt
R X5 ()] (X7 @) AW (w)

as guaranteed by Theorem 1.



Mean-square evolution processes.

e The solutions of nonlocal SDEs can be formulated as mean-square evolu-
tion processes.

Let (€2, A,P) be a probability space and let (A;)er be a filtration.

Define X := L? (Q,A; Rd) and X; := Lo ((Q,At,]P’),]Rd) for each t € R and

R% :={(t,s) e R* : t > 5}



Definition 7 A mean-square evolution process ¢ on an underlying space R?
with a probability set-up (2, A, {A; her, P) is a family of mappings

¢(tat07 ) : %to - :{ta (ta tO) € RQZ)

which satisfies
1) initial value property:  ¢(to,to, Xo) = Xo for every Xo € X, and any
to € R;

2) two-parameter semigroup property: for each Xy € X;, and all (t2,t1),
(tl,to) € Ré

d(ta, to, Xo) = ¢ (ta, tr, ¢(t1,t0, Xo)) ;
3) continuity property:

(t,to, Xo) — @(t,to, Xo) is continuous in the space R22 x X.



Definition 8 A family B = {B,},.r of nonempty subsets of X with B, C X,
for each T € R s said to be ¢-invariant if

o (t,to, By,) = By for all (t,ty) € Ré and every t € R

and ¢-positively invariant if

o (t,ty, B,) C By for all (t,ty) € RS and every t € R

For simplicity, we will say that B is a family of subsets of {X;};cr and
that B is uniformly bounded if there is an R := Rp < oo such that E||X;]||?
< R for all points X; € B, for every t € R

Definition 9 A ¢-invariant family A = {A;},cp of nonempty compact
subsets of {X; her is called a forward attractor if it forward attracts all fam-
ilies B = {By},cr of uniformly bounded subsets of {Xi}ier, i.e.,

dist (¢(t,t0, By,), At) = 0 ast — oo (ty fived) (4)

and a pullback attractor if it pullback attracts all families B = {By},.p of
uniformly bounded subsets of {X;}ier, i.e.,

dist (¢(t,t0, By, ), Ar) = 0 asty — —oo  (t fized). (5)



Theorem 10 Suppose that a mean-square evolution ¢ on RY has a ¢-positively
invariant pullback absorbing family B = {B},.x of nonempty uniformly
bounded subsets of {X,}ier and that the mappings ¢ (t,to,-) : Xy — X4 are
asymptotically compact.

Then ¢ has a unique global pullback attractor A = {A;},.p with compo-
nent sets determined by

Ay = ﬂ ¢ (t,to, By,) for eacht € R (6)

to<t

If B is not ¢-positively invariant, then

A = ﬂ U o (t,to, By,) for eacht € R

s§>0tp<t—s



Big technical problem

How do we characterise compact subsets of a space of mean-square ran-
dom variables

L2 ((Qa At7 ]P))a Rd) ?



Advertisement

P.E. Kloeden and M. Rasmussen,
Nonautonomous Dynamical Systems.

Amer. Math. Soc., Providence, 2011,



