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Stochastic Differential Equations
[t6-SDE on R

dX(t) = )dt+Zb/ t))dW/(t), te0, 7]
X(0) = xo € RY
where
e a,b/:RYI R j=1,...,m: drift- and diffusion coefficients

o W= (W ...,W™): mdim. Brownian motion on (2, F,P)
Assumption: (SDE) has a unique strong solution

X = q>a7b7X0( W)

with 1t6 map
Py : C([0, T;R™) — C([0, T]; RY)
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Computational SDEs
X =0, (W)

Problems
(i) Approximate Itd map @, p 4,
strong / pathwise approximation
(i) Approximate law PX
weak approximation
(ii) Compute expectation Ef(X) for f : C([0, T|;RY) = R
quadrature

(iv) control problems, approximation of invariant measure, ...

Maruyama (1955) ... Milstein (1974) ... Kloeden, Platen (1992) ...

Classically: a, b globally Lipschitz, i.e. there exists L > 0 s.th.
(Lip) [a(x) = a(y)| +[b(x) = b(y)| < L-[x —y|, x,y € R
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Pathwise Error Criteria

Approximation

o~

7 = q>a7b7X0(W)
typically based on discretisation
O=te <t <...<t,=T

Pathwise error in the discretization points

~sup |X(t,‘,td)_7(t;,(,t.))|, w e Q

i=0,...,n
Global pathwise error
sup |X(t,w) — X(t,w)|, we
te[0,T]
Why?
e Numerical calculation of X is carried out path by path
Theory of random dynamical systems is of pathwise nature

Solution may be non-integrable
Natural for other driving noises, ...
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Known Results ( — 2007)
Milstein scheme for m = d = 1 (Talay, 1983):

sup [X(iT/n) — YM(

i=0,...,n

iT/n)| < CM.p71/2%e a5

for all € > 0 where CM a.s. finite and non-negative random
variable

(Proof uses Doss-Sussmann representation)
Milstein scheme (m = d = 1)

Nt = x5 + () + b ) AW + %b’b(xk)((Ak WY — A)
where

M
A=3, DW = Wysnyn — Wi, X=X (kT /n)
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Known Results ( — 2007)

Euler scheme for general SDE under weak assumptions
(Gydngy, 1998; Fleury, 2005):

sup |X(iT/n) —YE(iT/n)| < CE.p71/2e g

i=0,...,n
foralle >0
Euler scheme
Xpr1 = Xk + a(xk)A + b(xx) AW
where

n

—E
A=1" AW =Wuiryn— Wijn, xc=X (kT/n)

Convergence order 1/2 — ¢ "natural” for pathwise approximation?

A. Neuenkirch Pathwise Approximation of SDEs 6/25



The Main Lemma

Convergence order 1/2 — ¢ "natural” for pathwise approximation?

Answer: No!

Lemma
Let « >0, ¢, > 0 for p > 1 and (Z,)nen a sequence of RVs with

(EIZoJP)P < -

forallp>1,neN
Then for all € > 0 there exists a finite and non-negative random
variable 7. such that

|Z,| < me -7 almost surely

forall ne N
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The Main Lemma
Proof Fixe > 0and p > 1/e. Then

E|Zn‘p p(a—e) o~ —pe
A

for all § > 0 using the Chebyshev-Markov inequality

p
P(n“7%|Z,| > 9) <

Now, since p > 1/¢,

(e}

Z P(n“~¢|Z,| > §) < >
n=1
forall 6 >0
Borel-Cantelli Lemma:
lim n“7*Z,=0 almost surely
n—oo

Now set

Ne = sup n“"¢|Z,|
neN
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[to-Taylor Schemes
e Set of all multi-indices
M = {a:(jl,...,j,) €{0,1,2,...,m} ;/eN}u{v}
where
I(«): length of «

v: multi-index of length 0
n(a): number of zero entries of «

o Differential operators:

1 d m 2 d a
k kol ' K

pki pli L= pki
Z Oxk +2 z/: - Oxkox!’ Z Oxk

k,/=1 j=
forj=1,....m
Notation: ak, bXJ k-th components of a and b
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[to-Taylor Schemes

e [terated integrals and coefficient functions:
t T i i
lo(s, t) = / / dW(m) ... dW/' ()
S S
fo(x) = L. - I-1pi(x)

with o = (jl,...,j/)
Notation: dW?O(r) =dr, b° =a

Itd6- Taylor scheme of (mean-square) order v = 0.5,1.0,1.5,...

X (o) = Xo,
Xo(tia) = Xo(t) + > X)) - lalti, tiv)
acA\{v}
fori=0,...,n—1, where

A, ={aeM:I(a)+ n(a) <2y orl(a) =n(a) =~v+1/2}
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[to-Taylor Schemes

Theorem 1 (Jentzen, Kloeden and N, 2009)
If a,b/ € CP*FYRI;RY), j=1,...,m, thenforalle >0

sup |X(iT/n,w) — YZ(iT/n,w)\ <nd(w)-n"7FE

i=0,...,n

for almost all w € Q and all n € N

Remarks

e Pathwise convergence rates robust with respect to weak
assumptions

(i) No global Lipschitz assumptions required
(i) Solution may be non-integrable, E|X(t)| = oo for some t > 0
e Pathwise order of convergence of Milstein scheme: 1 —¢
e Random constant 12 unknown in general:
Estimator nY(w) = Fy(e, W(w),...)+...7
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Sketch of Proof

Step 1:  For bounded coefficients with bounded derivatives use
Burkholder-Davis-Gundy inequality

s 2 t p/2
E sup / X(r)dW(r)| < k,-E '/ | X(7)]? d
scfo,t] /o 0
and standard error analysis to show
E sup |X(iT/n)—X)(iT/n)|P < ch-n=P7
i=0,...,n

Now use Main Lemma
Step 2: General case by localisation procedure
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Sketch of Proof
Step 2:
(i) Choose open and bounded sets Dy C D, q € N, s.th.
.CDgCDgy1C...

and
quNDq - D

Define stopping times
(@) = inf{t > 0: X(t) ¢ Dy}
7D =inf{t > 0: X)(t) ¢ Dg}

(i) By Step 1
sup |X(iT/n,w)=X(iT/n, w)|1

i=0,...,n

—+
)>T,79>T} <l g(w)-n1TE

(Choose coefficients aq and by with compact support s.th.
ag=a,by = bon D)

A. Neuenkirch Pathwise Approximation of SDEs 13/25



Sketch of Proof

(i)-+(i)
7@ =inf{t > 0: X(t) ¢ Dy}
7\ =inf{t > 0: X,(t) ¢ Dy}

sup |X(iT/n,w) = X, (iT /n,w)|1

i=0,...,n

2 .pote
r@OsT D57y S Meg(w) -1

(i) Since
sup |X(t,w)| < o0
te[0,T]

it follows now

I{T(Q)(w)> T,T,Sq) (w)>T} =1

for n > no(w), ¢ > qo(w)
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Numerical Example |

Duffing-van der Pol oscillator with multiplicative noise on the
velocity:

y(t) = By (t) + y3(t) + Y2 ()y(t) + y(t) — oy(t) o W(t) =0

with 8,0 € R, 0 #0

Corresponding 1t6-SDE:

dXi(t) = Xo(t) dt
dXo(t) = (=Xu(t) + BXa(t) — X2(t) — X£()Xa(t)) dt + o Xo(t) dW(t)

with B:B+%a2
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Numerical Example |

B=-1,0=2X(0)=X(0)=1T =1
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pathwise maximum error vs. stepsize for two sample paths
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Numerical Example Il

dX(t) = —(1+ X(£))(1 — X?(t))dt + (1 — X3(t))dW(t), t € [0,1],
X(0) =0

0 1 2 3 08 4 0 1 2 3 e 4

empirical distribution of 173:3,; and 738y, (sample size: N = 10%)
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Extension: SDE on Domains

Assumption
P(X(t)e D forall t>0)=1

where D open subset of RY

Standard It6-Taylor schemes may leave D, thus choose auxiliary
functions g, ¥ € C5(D";RY) and set

a(x) = a(x) - 1p(x) + g(x) - 15¢(x), x € RY
M(x) = b(x) 1p(x) + W(x) 15:(x), xeR?

Modified It6-Taylor scheme: Standard It6-Taylor scheme of order ~

applied to SDE

dX(t) = )dt+Zb’ (t))dWi(t), t>0
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Extension: SDE on Domains

Modified 1t6-Taylor scheme: Standard It6-Taylor scheme of order
applied to SDE

dX(t) = )dt—i—Zb’ (t))dWi(t), t>0

Theorem 2 (Jentzen, Kloeden and N, 2009)

If a, b/ € CTY(D;RY), g, W € C"Y(DRY), j=1,...,m,
then

sup |X(iT/n) = X)(iT/n)| < Mg n T as
i=0,...,n =

Proof Use Theorem 1 and localisation procedure
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Example

Wright-Fisher-type diffusion:
dX(t) = (k1(1 — X(t)) — k2 X(t)) dt + /X(t)(1 — X(t)) dW(t)
If min{r1,K2} > 1/2 and Xy € (0, 1), then

P(X(t) € (0,1) forall t>0)=1

Choose new coefficients outside [0, 1], e.g.
auxiliary drift coefficient: a(x) = k1(1 — x) — kox, x ¢ [0,1]
auxiliary diffusion coefficient: b(x) =0, x ¢ [0,1]
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Numerical Example Il

k1 =05k =1X(0)=01T=1
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pathwise maximum error vs. stepsize for two sample paths
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Numerical Example Il (cont'd)

k1 =05k =1,X(0)=01,T =1
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empirical distribution of 173:3,; and n33; (sample size: N = 10%)
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Addendum: Rough Path Theory

Pathwise Theory (via rough differential equations) for
Stratonovich-SDEs

dYU):aU%ﬂMt+ijKYa»odWKO, tclo,T]

Y(0) = yp € R

Lyons (1994); Lyons (1998); Friz, Victoir (2010); ...

Pathwise existence and uniqueness (in rough paths sense) of
solution Y for smooth coefficients a, b
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Addendum: Rough Path Theory
dy(t) = a(Y(t))dt + Y7, b/(Y(t)) 0 dW/(t)
Pathwise existence and uniqueness for smooth a, b in particular
Y =V, 5, (W, W?)
where
e |td-Lyons map WV, , , locally Lipschitz in appropriate

Holder-type spaces
e W2 Lévy area associated to W, i.e.

t . i i
W2(i, ) ::/ WO -WiNodW?, i j=1,.... m0<s<t<T
S

Remarks
e For pathwise approximation of Itd-/Stratonovich-SDEs:
no "new" results
e Smoothness of It6-Lyons map crucial for numerics for SDEs
driven by fractional Brownian motion (Deya, N, Tindel, 2011)
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Summary

e [t56-Taylor scheme of mean-square order ~:
pathwise order of convergence v — ¢ for all € > 0

e No global Lipschitz conditions, no integrability assumptions

e Same pathwise convergence order also for modified It5-Taylor
schemes for SDEs on domains
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