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The RFCW model

Random Hamiltonian:

HN<O'>

N 2 N
N (1
S (X)) ~Le
1=1 1=1
h;, i € N are (bounded) i.i.d. random variables, o ¢ {—1,1}%.

Equilibrium properties: [see Amaro de Matos, Patrick, Zagrebnov (92), Kiilske (97)]

1 . _ 2_N6_/6HN(U)
Gibbs measure: ug (o) = 7w
Magnetization: my(o) = &S00 o4,

Induced measure: Qg x = ugxomy'. ontheset'y = {—1,-1+2/N,... +1}.
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Equilibrium properties

Using sharp large deviation estimates, one gets

21]%(7:7@) exp {—NBFx(z)} (14 o(1)

ZsNQpn(m) =

where Fy(z) = im? — —IN( ) and Iy(y) is the Legendre-Fenchel transform of

Un(t) = %Z In cosh (£ + Bh;)

1€\ \\ NN{M v\ﬂ n |

\ /'N" -0479 \ \/\\ /

Critical points: Solutions of m* = 3", Atanh(ﬁ(m* + hi)). /N/” A
\ -0.4811 \

Maxima if BE;, (1 — tanh*(3(z* + h))) > 1. WU . //

Moreover, at critical points, T e

ZsnQon(z") = exp { BN (=5 ()" + ¢ Sien Incosh (B(=" + o)) }
ONZONE T V(B (1 — tanh?(5(=" + 1))

(1+0(1))
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Glauber dynamics

We consider for definiteness discrete time Glauber dynamics with Metropolis
transition probabilities

pn(o,0') = —exp{—pB[Hn(0") — Hx(0)]+}

1
N
If o and o’ differ on a single coordinate, and zero else.

We will be interested in transition times from a local minimum, m*, to the set of
“deeper” local minima,

M={m: Fsny(m) < Fzn(m®)}.
Set S|M] = {0 € Sy :my(o) € M}.
We need to define probability measures on S[m*| by

158 (0)Ps [ Tsian < Tpme]
ZO’ES[M*] ,LL@)N(O'MEDU [TS[M] < TS[m*]]

Vm*,M<O) —
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Main theorem

Theorem 1. Let m* be a local minimum of £} y; let z* be the critical point
separating m* from M.

E, . Tsin
— exp {ﬁN ((Z*)z_;m*)z — ﬁ%N > i Incosh (B(2* + h;)) — Incosh (B(m* + hz))]) }

orN | BEy (1 — tanh® (B(z* + h))) — 1
Xﬁ Y1 \/1 — BEy, (1 — tanh? (B(m* + h))) (1Holl)),
where ~, is the unique negative solution of the equation
. [ 1 — tanh(B(z* + h))

8 (1 + tanh(B(z" + h)))] ™ —

Note that a naive approximation by a one-dimensional chain would give the
same result except the wrong constant

1

e GE), (1 — tanh? (B(2* + h))) !
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Previous work

The model was studied in
>F. den Hollander and P. dai Pra (JSP 1996) [large deviations, logarithmic
asymptotics]
>P. Mathieu and P. Picco (JSP, 1998) [binary distribution; up to polynomial er-

rors in N|
>A.B, M. Eckhoff, V. Gayrard, M. Klein (PTRF, 2001) [discrete distribution, up
to multiplicative constants]

Both MP and BEGK made heavy use of exact mapping to finite-dimensional
Markov chain!

The main goal of the present work was to show that potential theoretic methods
allow to get sharp estimates (i.e. precise pre-factors of exponential rates) in
spin systems at finite temperature when no symmetries are present. The RFCW
model is the simplest model of this kind.
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Elements of the proof: 1. Potential theory
Equilibrium potential for AN B = (), —L = P — 1 generator, solution of

(Lhp.a)o) =0, o&AUB,

with boundary conditions

1, foeB
hp.al0) = {o, if oc A
Equilibrium measure eg 4(0) = —(Lhp 4)(0).
Capacity: > .z u(0)ep.alo) =cap(B, A).
Dirichlet form ®x(f) = 537, yes, #(0)pn(a,a")[f (o) — f(o")]*.
Dirichlet principle: cap(B, A) = ®(hp a) = infrepy , Pn(h).
Probabilistic interpretation:

hpalo), fog AUB
epalo), Iifoe A.

P,|lm5 < 4] = {
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Elements of the proof: 1. Potential theory

Equilibrium potentials and equilibrium measures also determine the Green’s
function:

hp.a(o) =Y Gsnalo,0)ean(o))

o'eB
Mean hitting times:

> ulo)ean(0)Eota= Y  plo')haplo

oceb o'eSy

or

1
ZVB,A(U aTA—Cap(BA ZM Vhp.a(o).

oeB a'eSy

Thus we need

>precise control of capacities and some
>rough control of equilibrium potential.

Random Dynamical Systems, BielefeldDecember 1, 2007 9(18) lwl il als



Elements of Proof 2: Coarse graining
Iy, 0 € {1,... n}: partition of the support of the distribution of the random field.

Random partition of the set A = {1,..., N}
AkE{iEAZhZ'EIk}

Order parameters

1
mk<0'> — N g;
iEAk
Hy(o) = —NE(m(o)) + Z Z oihi
(=1 iE[g

Equilibrium distribution of the variables m/|o]

ppn(m(o) =x) = Qp n(x)
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Elements of Proof 2: Coarse graining

Coarse grained Dirichlet form:

Do)=Y Qnll@)ry(@ @) [g(@) - g(@)]

x,x' el y

with !
ry(z, @) = @ > wswlwl(o) p(o, o).

Qp.n|w

om(o)=x o'm(o)=x
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Elements of proof: Approximate harmonic functions

The key step in the proof of both upper and lower bounds is to find a function
that is almost harmonic in a small neighborhood of the relevant saddle point.
This will be given by

h(o) = g(m(0)) = f((v, (2" — m(0))))

for suitable vectorv e R"and f : R — R,

~ (n) a
o[ [ i,
T —00

This yields a straightforward upper bound for capacities which will turn out to be
the correct answer, as n T oo!

Random Dynamical Systems, BielefeldDecember 1, 2007 12(18) lwl il als



Elements of proof: Lower bounds through flows

Lower bounds use a variational principle from Berman and Konsowa [1990]:

Let f : £ — R, be a non-negative unit flow from A — B, i.e. a function on edges
such that

DZ@EA Zb fla,b) =1
>forany a, >, f(b,a) =>_, f(a,b) (Kirchhoff’s law).

Set ¢/(a,b) = z]; <“€g{b), and let the initial distribution for a € A be

f
F(a)=>, fla,b).

This defines a Markov chain on paths X : A — B, with law P/ .
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Elements of proof: Lower bounds through flows

Theorem 2. For any non-negative unit flow, f, one has that, for X =
(ao,al,...,am),

cap(A, B) > E/ fAae 0s11)
p( ) = By ; pae)p(ag, api)

Note: the variational principle is sharp, as equality is reached for the harmonic

flow
1

fla.b) = cap(A, B)

pla)pla,b) [h*(b) — h(a)l,
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Elements of proof: Construction of flow

Again, care has to be taken in the construction of the flow only near the saddle
point.

Two scale construction:

>Construct mesoscopic flow on variables m from approximate harmonic func-
tion used in upper bound. This gives good lower bound in the mesoscopic
Dirichlet form.

>Construct microscopic flow for each mesoscopic path.

>Use the magnetic field is almost constant and averaging that conductance
of most mesoscopic paths give the same values as in mesoscopic Dirichlet
function.

This yields upper lower bound that differs from upper bound only by factor 1 +

O(1/n)).
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Result for capacity

If A={o:mpy(0c)=my}, B={o: my(c) =msy}, and z* is the essential saddle
point connecting them, then

n/2
cap(A4, B) = Qs n(z gljj\l[‘ (Hf)( ) nl - (14 O(e))

This can be re-written as:

Theorem 3.
Zsncap(A, B)
B4 exp { AN (=3 () + gy Sie Incosh (B(z" + b)) ) | (1+ ofe)
2rN /BB (1 — tank(8(=* + 1)) — |

Random Dynamical Systems, BielefeldDecember 1, 2007 16(18) lwl il als



Elements of proof: control of harmonic function

Final step in control of mean hitting times:
Compute

> s x(0)hap(o) ~ Qanllp+mi,mi — p))

This requires to show that: hy p(o) ~ 1, if o / my z o
near A, and ho~ 1 )&/
hap(o) < exp{-N(Fyn(z") = Fgn(mn(o)) —96)} ho~ O

If F@N(mN(O'> S Fij(mD.

Can be done using super-harmonic barrier function.
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Conclusions

Nice features:

>We have obtained sharp estimates on exit times in a model without symmetry
when entropy is relevant.

>Avoided use of renewal estimates for harmonic functions.

Future challenges:
>Control of small eigenvalues!
>Beyond mean field models: Kac model should be next candidate.
>Full scale Glauber or Kawasaki dynamics for lattice Ising!

Work on all this is in progress with Alessandra Bianchi, Frank den Hollander,
Dima loffe, and Cristian Spitoni
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