From PET to SPLIT

Yuri Kifer



PET: Polynomial Ergodic Theorem (Bergelson)
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T IS U preserving and weakly mixing

f,- bounded measurable functions

g, polynomials, integer valued on the integers
and (j11(n)—qi(n) = o0asn — o



SPLIT: sum product limit theorem

WANT TO PROVE that

Is asymptotically normal: strong mixing conditions are needed
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Application to multiple recurrence



setup:

bounded stationary
processes
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%= mixing coefficient
afn) = sup sup |\P(AnB)—P(A)P(B)|,n = 0.
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* Assumption:
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Functions q:

. ¢q,(n),...,q,(n) nonnegative integer
valued on integers functions, satisfying

q,(n)=rn+ p for integerr > 0,p = 0

q,(n+l)zq,(n)+n", yE€(0,1),Vnzn, >1

qj+1([7/ll_y ]) = g, (r2)r”



Is asymptotically normal with zero mean and thé&h&riance
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when variance Is zero?

oO=0<

either Xj (O) =0 almost surely for some J

or Xj(0)=aj foral 7 =2  and

Xi(rm+p)—ap =U"MX —U™X  a.s.
U unitary on, X random variable from

L(Q,0{X, }P)



Functional CLT

e For u€[0,1] set
[uN] {

Wy (u) = N"V2 % (T Xilg;(n) -

73:“ ]:1

Then In distribution
W, = oW

W — Brownian motion
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Applications

Our results are applicable, for instance, to the case when X;(n) =
fi(€,) for bounded measurable f;’s and a Markov chain &, in a space
M satisfying the Doeblin condition taken with its invariant measure
which yields, in particular, that for any measurable sets A; € M with
iw(A;) >0,i=1,...0if N(n) is the number of events N_,{ k) € Ai}
for k running between 1 and n then n=/2(N(n) —Hle (t(A;)) 1s asymp-
totically normal. Our SPLITs seem to be new even when X;(n), n =
0,1,2,... are independent identically distributed (1.i.d.) random vari-
ables though n this case the proof i1s much easier and the result holds
true in more general circumstances. Another important class of pro-
cesses satisfying our conditions comes from dynamical systems where
Xi(n) = fi(T"z) with T being a topologically mixing subshift of finite
type or a C? expanding endomorphism or an Axiom A (in particular,
Anosov) diffeomorphisms considered in a neighborhood of an attractor
taken with a Gibbs invariant measure.



Basic (splitting) inequalities

Y and Z are F_op-and Fran.oc-
measurable, respectively, then

E(YZ)—FEYEZ| <
et Y(j),j=0,1,...be bounded random variables
2 B(n) = sup E|Y () = E(Y ()1 Fjn i
then for 0 < 121‘];(’4 L < 111 < npy < '/)1+-> < ... < Ny
|E 12 Y (1) EH "(n; EH;“ 1+1 Y (1 )}
< (mpB(k) + 4a(k ))HZ” ymax (1, [[Y (7))
where k= {(nge1 —mng)/3]




variance:

e Set

. AR €
) = 11,00 Xjlqi(n) = [L=y a4

¢ - T , \ AR
=2 i1 a1 aj—1(X;(q(n)) — a;) X j41(gi41(n)) - - - Xe(gqe(n)).

Then V
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relying on estimates of ~ E'(R(k1)R(k2))



Some estimates

we have
E(R(k)R(k2)) = Yjoyai -+~ a3 EQjj(kn, ko)
+ Z”»ﬂ:ﬁjziﬁ'jl ay -4, —101 """ Uj,—1 (‘E(‘JJ’U’Q (11’1. ]12) -+ E(.lej,z(]\"z. 11‘1 ))

and
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Qoo by k) = (X (0, (ko)) = ) X 41 (g1 (ki) -+ - Xe(ge (k)

=1
Using splitting inequalities we get that |EQ);,, (k1. k2)|
issmallif /i = J, or |k —k,| is arge and
EQji (k. k) = E(X;(q; (k) — ;) "ETI X2, (gj44(K))]
is small and the limit of the previous slide follows.




more delicate Gaussian estimates

e | et N>n>m?> [_.\'1-“-“] > ng . Then
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Block technique

e Set 7(N) = [N'=5], 6(N)=[N" ], m(N) = [z
and

FhN)={n:0N)+(E=1)B(N)+7(N)) <n < EON)+7(N))}
and
IL(N) = n: (k=1)0N)+7(N))+1<n<O8N)+(k=1){(N)+7(N))}.
Define for k=1,2,...m(N):

Yi. = Z R{n) and Z; = Z R(n)

nelg(N) nelk(N)

where R{n) = H_"",zl Xil(gi(n)) — H‘;zl oy



characteristic functions

¢ Set
O (t) = Eexp (
and

it N
\/fT Z‘n=0 R( L ))

ot i
W (t) = E exp (]—T Z Y.,

V4 li.'.'iff.'n( N )

then

B (1) = Uy ()] < Cle[(N7=F70 4 N=/2)
Set it
Oy (1) = Eexp ( Th) E<m(N).
Then (main estimate):
Ty - [ on ()] < K()N=EN,

1<k<m(N)




Main estimate: idea of the proof
1t step:

Proof. Set 3;‘ =Y. +7(N) Hizl aj,

Uy (t) = E(\p( ’_ S Vi) and 0y () = Eexp | 7).
1<k<m(N)
Then, clearly,

(43) [N - on ()] = [x () - N @)

L<k<m(N) ey



2nd step:

By the reminder formula for the Taylor expansion
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With the same = > 0 as above set
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(45) n( \"') = n-(N\ ) = [\T§+.:‘]
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n(N) "
(k) (it)" &
]N (f) — \-12]’},3
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Then by (4.4),
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3-d step:

(4.7) |\1’_.\f(T)— H (” (t) < J(t,N)+d(t,N)
1<k<m(N)
where | |
=1 JI ®o- J[ Efo
1<k<m(N) 1<k<m(N)
and
(4.8) t.N)=2m(N)( '" |z‘|”( N) N —en(N)

(14 C VN "“""*'”)”"-"\ ) < Oz, t)N—5VA

for some C'(z,t) > 0 independent of N.
It remains to estimate J(t,N') which is the main point of the proof.



4t step:

» Writing powers of sums as sums of products
the estimate of J(r,N) comes down to the
estimate of

.. -\ m (N | -n‘n SVIRS
Hiy ooty & N) = |ETT2y  TLeron H, X (gi(n))

N L
! 'EH el (N) H.I;_l X -T” (gi(n))].

Next, we Change the order of products in the
two expectations above so that the product 1.
appear immediately after the expectation and
apply the “splitting” inequality ¢ times to the
latter product for both expectations.



we obtain
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Next,

» For each fixed J we apply the “splitting estimate”
to the product ]_[Zfl ‘after the expectation and in

view of the size of gaps Z, between the
* blocks ¥, we obtain

m(N) rot) m(N) 7 ‘»’:}‘ SPRTARY
|E HI.-;l 'l Hnem(;\’_) ‘Xj " gi(n) == E Hnerk(_;\’_) ‘Xj " (gi(n))]
< 'm(;\-" ’}Dm( Nin(N) (HI- ( *.’\;")”(j\," ) )'( [[‘.’\;’1—!‘::]1:1,:3] ) + 4oy [ [[‘.’\71—!‘:]:{,: 3] ] )

Collecting the above estimates the main estimate
follows.



Conclusion of proof:

* using
6 =1 =iz 4 | < ol and e~ — 1 42| < 4

2

« and Gaussian type estimates above we

. (R a2 t2r(N)
* obtain [y (1) —exp (= S5 =)
< 20" ,\'%_"—|T| (£13(ps(N)) + da(ps(N)))
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Concluding remark:

« the proof does not work when, for instance,

[=2,q,(n)=n,q,(n)=2n
still, if X(0),X(1),X(2),... arei.i.d.then

NTV2NT (X ()X (20) — (EX(0))?)
0<n<N

Is asymptotically normal!

This can be proved applying the standard clt for triangular
seriesto W, =N""" Sy (£)

O<lodd<N
where
S (0) = E (X (20O X270 - EX?(0))

jil<2/ (<N



