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Random Hysteresis Loops Introduction

Random Hysteresis Loops

Dynamical hysteresis appears when a time dependent magnetic field ℎ is applied to a
ferromagnet whose temperature is kept fixed below the critical value

Berglund & Gentz, 2002 [ Langevin equation 𝑑𝑚 = 𝑓(𝑚,ℎ)𝑑𝑡 + 𝜎𝑑𝑤(𝑡) ]
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ℎ(𝑡) = −𝐴 cos(𝜔𝑡)

large 𝜔 [B. & G.]

small 𝐴 → no transition

large 𝐴 → hysteresis
cycle of area 𝒜0 +𝒪(𝜔2/3)

small 𝜔 [B. & G.]
hysteresis cycle of area
𝒜0 −𝒪(𝜎4/3)

[mean field Ising model with Glauber dynamics]

critical 𝜔 and critical 𝐴 → random hysteresis cycles
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Random Hysteresis Loops The Model

The Mean Field Ising Model

Let Λ be a bounded region of Z𝑑, we denote by 𝜎 an Ising spin configuration in Λ,

𝜎 = {𝜎(𝑖), 𝑖 ∈ Λ}, 𝜎 : Λ → {−1,+1}

and by 𝒳 = {−1,+1}𝑁 the phase space.

Let 𝑁 = |Λ|, the magnetization density of the configuration 𝜎 is

𝑚𝑁 = 𝑚𝑁 (𝜎) :=
1

𝑁

∑︁
𝑖∈Λ

𝜎(𝑖)

𝑚𝑁 takes values in ℳ𝑁 := 1
𝑁

{︁
−𝑁,−𝑁 + 2, ..., 𝑁 − 2, 𝑁

}︁
.

Let ℎ be the external magnetic field, the mean field hamiltonian is

𝐻ℎ,𝑁 (𝜎) := 𝑁
(︁
− 𝑚𝑁 (𝜎)2

2
− ℎ𝑚𝑁 (𝜎)

)︁
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Random Hysteresis Loops The Model

Let 𝛽 > 0 be the inverse temperature, at the equilibrium the system is described by the
mean field Gibbs measure

𝐺𝛽,ℎ,𝑁 (𝜎) :=
𝑒−𝛽𝐻ℎ,𝑁 (𝜎)

𝑍𝛽,ℎ,𝑁
, 𝑍𝛽,ℎ,𝑁 :=

∑︁
𝜎∈𝒳𝑚,𝑁

𝑒−𝛽𝐻ℎ,𝑁 (𝜎)

𝒳𝑚,𝑁 the canonical ensemble of magnetization 𝑚.

The canonical free energy density is

ℱ𝛽,ℎ,𝑚,𝑁 = − 1

𝛽𝑁
log𝑍𝛽,ℎ,𝑁

For any 𝑚 ∈ (−1, 1),
lim

𝑁→∞
ℱ𝛽,ℎ,𝑚,𝑁 = 𝜑𝛽,ℎ(𝑚),

𝜑𝛽,ℎ(𝑚) =

{︂
−𝑚2

2
− ℎ𝑚

}︂
− 1

𝛽
𝐼(𝑚)

𝐼(𝑚) = −1 −𝑚

2
log

1 −𝑚

2
− 1 + 𝑚

2
log

1 + 𝑚

2
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Random Hysteresis Loops The Model

Let 𝛽 > 1, then there exists ℎ𝑐 > 0 such that 𝜑𝛽,ℎ(𝑚) is a double well for |ℎ| ≤ ℎ𝑐.

m

ΦΒ,h!m"

ℎ = 0

h
hc!hc

m"!h"

m!!h"

The critical points of 𝜑𝛽,ℎ(𝑚), 𝑚±(ℎ) and 𝑚0(ℎ) satisfy the

mean field equation 𝐹 (𝑚,ℎ) := −𝑚 + tanh{𝛽(𝑚 + ℎ)} = 0
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Random Hysteresis Loops The Dynamics

Glauber Dynamics

This is the Markov process 𝜎(𝑡) on {−1, 1}𝑁 with generator

𝐿𝑓(𝜎) :=
𝑁∑︁
𝑖=1

𝑐(𝑖, 𝜎;ℎ) (𝑓(𝜎𝑖) − 𝑓(𝜎))

with 𝜎(𝑖) the configuration obtained from 𝜎 by flipping the spin at 𝑖 and

𝑐(𝑖, 𝜎;ℎ) =
𝑒−𝛽[𝐻ℎ,𝑁 (𝜎(𝑖))−𝐻ℎ,𝑁 (𝜎)]

𝑒−𝛽𝐻ℎ,𝑁 (𝜎(𝑖)) + 𝑒−𝛽𝐻ℎ,𝑁 (𝜎)

the Glauber spin flip intensity at 𝑖 when the state is 𝜎.

𝑐(𝑖, 𝜎;ℎ) 𝑑𝑡 is the probability that the spin at 𝑖 flips in the time interval [𝑡, 𝑡 + 𝑑𝑡]
knowing that at time 𝑡 the configuration is 𝜎.

the Gibbs measure is invariant for the Glauber dynamics
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Random Hysteresis Loops The Dynamics

The macroscopic Mean Field dynamics

The infinite volume dynamics is governed by the ODE

𝑑𝑚

𝑑𝑡
= 𝐹 (𝑚,ℎ), 𝐹 (𝑚,ℎ) = −𝑚 + tanh{𝛽(𝑚 + ℎ)} (1)

Let ℎ(𝑡) be a smooth function of 𝑡, 𝑚𝑁 (𝑡) = 𝑚𝑁 (𝜎(𝑡)) the markov process induced by
𝜎(𝑡) which starts from 𝑚𝑁 ∈ ℳ𝑁 , 𝑚𝑁 → 𝑚 ∈ [−1, 1] as 𝑁 → ∞.

Theorem

For any 𝛿 > 0 and any 𝑇 > 0,

lim
𝑁→∞

P𝑁

{︂
sup
𝑡≤𝑇

⃒⃒
𝑚𝑁 (𝑡) − �̄�(𝑡)

⃒⃒
≥ 𝛿

}︂
= 0

where �̄�(𝑡) is the unique solution of (1) with �̄�(0) = 𝑚.
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Random Hysteresis Loops The Dynamics

The adiabatic limit

Let the magnetic field oscillate with frequency 𝜔 and width 𝐴

ℎ(𝑡) := −𝐴 cos 𝑡, ℎ𝜔(𝑡) = ℎ(𝜔𝑡),

let �̄�𝜔(𝑡) be the solution of �̇� = 𝐹 (𝑚,ℎ𝜔) with �̄�𝜔(0) = 𝑚+(ℎ𝜔(0)).

h
hc!hc

m"!h"

m!!h"

A!A

In the adiabatic regime 𝜔 ≃ 0

𝐴 < ℎ𝑐 + 𝒪(𝜔)

�̄�𝜔(𝑡) tracks 𝑚+(ℎ𝜔(𝑡))

at a distance 𝒪(𝜔)

𝐴 > ℎ𝑐 + 𝒪(𝜔)

�̄�𝜔(𝑡) tracks an hysteresis
loop of area 𝒜0 + 𝒪(𝜔2/3)

Gioia Carinci (Università degli studi dell’Aquila) Random perturbations of critical equilibria November 2010 8 / 22



Random Hysteresis Loops The Dynamics

The adiabatic limit

Let the magnetic field oscillate with frequency 𝜔 and width 𝐴

ℎ(𝑡) := −𝐴 cos 𝑡, ℎ𝜔(𝑡) = ℎ(𝜔𝑡),

let �̄�𝜔(𝑡) be the solution of �̇� = 𝐹 (𝑚,ℎ𝜔) with �̄�𝜔(0) = 𝑚+(ℎ𝜔(0)).

h
hc!hc

m"!h"

m!!h"

A!A

In the adiabatic regime 𝜔 ≃ 0

𝐴 < ℎ𝑐 + 𝒪(𝜔)

�̄�𝜔(𝑡) tracks 𝑚+(ℎ𝜔(𝑡))

at a distance 𝒪(𝜔)

𝐴 > ℎ𝑐 + 𝒪(𝜔)

�̄�𝜔(𝑡) tracks an hysteresis
loop of area 𝒜0 + 𝒪(𝜔2/3)
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Random Hysteresis Loops The Dynamics

The adiabatic limit

If 𝐴 = ℎ𝑐 there is not hysteresis. Solutions stay
√
𝜔 above the bifurcation point.

t

m!!"hc" m!!hΩ!t"" m$Ω!t"

0
Π
&&&&
Ω

2 Π
&&&&&&&&
Ω

Theorem

Let 𝐴 = ℎ𝑐, then for any 𝜏 > 0, lim
𝜔→0

sup
𝑡≤𝜔−1𝜏

⃒⃒
�̄�𝜔(𝑡) −𝑚+(ℎ𝜔(𝑡))

⃒⃒
= 0

.
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Random Hysteresis Loops The Dynamics

Slower oscillations

What happens for 𝐴 = ℎ𝑐 when the frequency 𝜔 depends on 𝑁?

the relevant order of times is 𝜔−1

for large but finite 𝑁 stochastic fluctuations of intensity 𝑁−1/2 appear

let ℒℎ𝜔 be the generator of 𝑚𝑁 (𝑡), the dynamics is governed by

𝑚𝑁 (𝑡) = 𝑚𝑁 (0) +

∫︁ 𝑡

0

ℒℎ𝜔𝑚𝑁 (𝑠)𝑑𝑠 + 𝑀𝑁 (𝑡)

where 𝑀𝑁 (𝑡) is a martingale
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Random Hysteresis Loops The Results

Previous results

The issue has been modeled in

Berglund N., Gentz B. 2002, Ann. Appl. Prob. 4 12
Berglund N., Gentz B. 2002, Nonlinearity 15

by the stochastic ODE
𝑑𝑚 = 𝑓(𝑚,ℎ𝜔)𝑑𝑡 + 𝜎𝑑𝑤(𝑡)

where 𝑓 derives from a periodically forced double well, e.g. 𝑓(𝑚,ℎ) = 𝑚−𝑚3 + ℎ.

If 𝐴 = ℎ𝑐 and 𝜎 = 𝑁− 1
2 then

for 𝜔 >> 𝑁− 2
3 → no transition during one cycle

for 𝑁− 2
3 >> 𝜔 >> 𝑒−𝑁

− 2
3 → hysteresis cycle

for 𝜔 << 𝑒−𝑁
− 2

3 → poorly localized paths

in the infinite volume limit.
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Random Hysteresis Loops The Results

The result

𝐴 = ℎ𝑐 and 𝜔𝑁 = 𝒪(𝑁− 2
3 ) → the dynamics remains stochastic in the hydrodynamic limit

hysteresis loops become random

There exists 𝑝 ∈ (0, 1) such that, at each cycle

with probability 𝑝 there is transition

with probability 1 − 𝑝 there is no transition

in the hydrodynamic limit.

Moreover 𝑝 = P {there is 𝑡 : 𝑌 (𝑡) = −∞}

with 𝑌 (𝑡) solution of the problem

𝑑𝑌 = (𝑡2 − 𝑌 2)𝑑𝑡 + 𝜉𝛽𝑑𝑤𝑡, lim
𝑡→−∞

(𝑌 (𝑡) + 𝑡) = 0

for a suitable 𝜉𝛽 > 0.
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Langevin equation in an oscillating potential Introduction

Langevin equation in an oscillating potential

We deal with a particle moving in a periodic potential in the presence of viscosity
subject to a stochastic noise and to an additional constant external force.

The equation of motion for the coordinate 𝑥(𝑡) ∈ R of the particle is the Langevin
equation:

�̈� + 𝛾 �̇� + 𝑉 ′
0 (𝑥) = 𝛼 + 𝜖 �̇�(𝑡)

𝑉0(𝑥) is a periodic potential

𝛾 > 0 is the viscosity coefficient

𝛼 > 0 is the external force

𝜖 is the noise intensity
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Langevin equation in an oscillating potential Introduction

The total potential is 𝑉 (𝑥) = 𝑉0(𝑥) − 𝛼𝑥

The equation of motion is �̈� + 𝛾 �̇� + 𝑉 ′(𝑥) = 𝜖 �̇�(𝑡)

equivalent to the first order equations system{︂
�̇� = 𝑝
�̇� = −𝛾𝑝− 𝑉 ′(𝑥) + 𝜖�̇�
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Langevin equation in an oscillating potential Deterministic orbits

Deterministic orbits

Consider the deterministic system (𝜖 = 0){︂
�̇� = 𝑃

�̇� = −𝛾𝑃 − 𝑉 ′(𝑋)
(2)

for 𝛾 = 𝛼 = 0 solutions are periodic

X

P
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Langevin equation in an oscillating potential Deterministic orbits

Deterministic orbits

for 𝛼 > 1 there are only running solutions

for 𝛼 ≤ 1

for 𝛾 large enough there are only locked solutions

for 𝛾 small enough both solutions coexit

X

P

𝛼𝛾 = 𝒪(𝛾) as 𝛾 → 0
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Deterministic orbits

for 𝛼 > 1 there are only running solutions

for 𝛼 ≤ 1

for 𝛾 large enough there are only locked solutions

for 𝛾 small enough both solutions coexit

Γ

1

Α

only locked

only running

bistability
ΑΓ

𝛼𝛾 = 𝒪(𝛾) as 𝛾 → 0
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Langevin equation in an oscillating potential Deterministic orbits

For 𝛼 ≤ 𝛼𝛾

X

P

for any 𝑘 there exists a critical solution (𝑋*
𝑘(𝑡), 𝑃 *

𝑘 (𝑡)) such that

lim
𝑡→∞

𝑋*
𝑘(𝑡) = 2𝑘𝜋 and lim

𝑡→∞
𝑃 *
𝑘 (𝑡) = 0
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Langevin equation in an oscillating potential Deterministic orbits

For 𝛼 = 𝛼𝛾

X

P

the critical solution is heteroclinic, i.e.

lim
𝑡→∞

𝑋*
𝑘(𝑡) = 2𝑘𝜋, lim

𝑡→∞
𝑃 *
𝑘 (𝑡) = 0

lim
𝑡→0

𝑋*
𝑘(𝑡) = 2(𝑘 − 1)𝜋 and lim

𝑡→0
𝑃 *
𝑘 (𝑡) = 0
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Langevin equation in an oscillating potential The problem

The problem

Let 𝛾 small enough and 𝛼 = 𝛼𝛾 , and denote by ℘*
𝑘(𝑥) the 𝑘-th heteroclinic orbit in the

phase space, ℘*
𝑘(𝑋*

𝑘(𝑡)) = 𝑃𝑘(𝑡).

Consider the problem {︂
�̇� = 𝑝 𝑥(0) = −𝜋
�̇� = −𝛾𝑝− 𝑉 ′(𝑥) + 𝜖�̇� 𝑝(0) = 𝑝0

(3)

with |𝑝0 − ℘*
0(−𝜋)| ≤ 𝜖1+𝛿 for some 𝛿 > 0

then, in the limit as 𝜖 → 0,

at each time the probability for the particle to get across the next well is 1/2

the random variable associated to the number of wells crossed by the particle has
a geometric distribution of parameter 1/2

the particle will finally be trapped in one of the wells

Gioia Carinci (Università degli studi dell’Aquila) Random perturbations of critical equilibria November 2010 19 / 22



Langevin equation in an oscillating potential The problem

The problem

Let 𝛾 small enough and 𝛼 = 𝛼𝛾 , and denote by ℘*
𝑘(𝑥) the 𝑘-th heteroclinic orbit in the

phase space, ℘*
𝑘(𝑋*

𝑘(𝑡)) = 𝑃𝑘(𝑡).

Consider the problem {︂
�̇� = 𝑝 𝑥(0) = −𝜋
�̇� = −𝛾𝑝− 𝑉 ′(𝑥) + 𝜖�̇� 𝑝(0) = 𝑝0

(3)

with |𝑝0 − ℘*
0(−𝜋)| ≤ 𝜖1+𝛿 for some 𝛿 > 0

then, in the limit as 𝜖 → 0,

at each time the probability for the particle to get across the next well is 1/2

the random variable associated to the number of wells crossed by the particle has
a geometric distribution of parameter 1/2

the particle will finally be trapped in one of the wells
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Langevin equation in an oscillating potential Outline of Proof

Dynamics around the criticalities

A convenient choice of variables in a neighborhood of criticalities is given by

𝑧𝑘(𝑡) := 𝑝(𝑡) − 𝜆−(𝑥(𝑡) − 2𝑘𝜋) 𝑣𝑘(𝑡) := 𝑝(𝑡) − 𝜆+(𝑥(𝑡) − 2𝑘𝜋)

with
𝜆− :=

𝑑

𝑑𝑥
℘*
𝑘(2𝑘𝜋−) and 𝜆+ :=

𝑑

𝑑𝑥
℘*
𝑘+1(2𝑘𝜋+)

at the beginning of the 𝑘-th critical interval 𝑧𝑘(𝑡) approximates the deviation in the
phase plane from the 𝑘-th heteroclinic orbit ℘*

𝑘(𝑥)

at the end of the 𝑘-th critical interval 𝑣𝑘(𝑡) approximates the deviation in the phase
plane from the 𝑘 + 1-th heteroclinic orbit ℘*

𝑘+1(𝑥)

The events “the 𝑘-th criticality has been/not been crossed” can be expressed by

{𝑧𝑘(𝑇𝑘) ≷ 0}

𝑇𝑘 the first exit time from the 𝑘-th critical interval
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Langevin equation in an oscillating potential Outline of Proof

The dynamics in a neighborhood of criticalities is approximated by the linear system{︂
�̇� = 𝜆+𝑧 + 𝜖�̇�
�̇� = 𝜆−𝑣 + 𝜖�̇�

(4)

let 𝑆𝑘 be the first hitting time in the 𝑘-th critical interval, then

𝑧𝑘(𝑡) ≃ 𝑧𝑘(𝑆𝑘) 𝑒𝜆
+(𝑡−𝑆𝑘) + 𝜖 𝑒𝜆

+𝑡

∫︁ 𝑡

𝑆𝑘

𝑒−𝜆+𝑠𝑑𝑤𝑠

and

𝑣𝑘(𝑡) ≃ 𝑣𝑘(𝑆𝑘) 𝑒𝜆
−(𝑡−𝑆𝑘) + 𝜖 𝑒𝜆

−𝑡

∫︁ 𝑡

𝑆𝑘

𝑒−𝜆−𝑠𝑑𝑤𝑠

where

𝜆± =
−𝛾 ±

√︁
𝛾2 + 4

√︀
1 − 𝛼2

𝛾

2
, 𝜆± = ±1 + 𝒪(𝛾) as 𝛾 → 0
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Langevin equation in an oscillating potential The Result

The main result

Theorem

There exists 𝑐 > 0 such that, for any 𝜖 > 0 small enough,⃒⃒⃒
P𝜖

{︁
𝑧𝑘(𝑇𝑘) ≷ 0

⃒⃒⃒
𝑧𝑘−1(𝑇𝑘−1) > 0

}︁
− 1

2

⃒⃒⃒
≤ 𝑐𝜖𝜃𝛾

with

𝜃𝛾 =
|𝜆−|
𝜆+

− 1 = 𝒪(𝛾) as 𝛾 → 0

Let 𝒩 be the r.v. associated to the number of wells crossed by (𝑥(𝑡), 𝑝(𝑡))

𝒩 := inf{𝑘 ≥ 0 : 𝑧𝑘(𝑇𝑘) < 0} ∈ N ∪ {0}

Theorem

For any fixed 𝑘 ∈ N ∪ {0}
lim
𝜖→0

P𝜖 {𝒩 = 𝑘} =
1

2𝑘+1
(5)

Gioia Carinci (Università degli studi dell’Aquila) Random perturbations of critical equilibria November 2010 22 / 22



Langevin equation in an oscillating potential The Result

The main result

Theorem

There exists 𝑐 > 0 such that, for any 𝜖 > 0 small enough,⃒⃒⃒
P𝜖

{︁
𝑧𝑘(𝑇𝑘) ≷ 0

⃒⃒⃒
𝑧𝑘−1(𝑇𝑘−1) > 0

}︁
− 1

2

⃒⃒⃒
≤ 𝑐𝜖𝜃𝛾

with

𝜃𝛾 =
|𝜆−|
𝜆+

− 1 = 𝒪(𝛾) as 𝛾 → 0

Let 𝒩 be the r.v. associated to the number of wells crossed by (𝑥(𝑡), 𝑝(𝑡))

𝒩 := inf{𝑘 ≥ 0 : 𝑧𝑘(𝑇𝑘) < 0} ∈ N ∪ {0}

Theorem

For any fixed 𝑘 ∈ N ∪ {0}
lim
𝜖→0

P𝜖 {𝒩 = 𝑘} =
1

2𝑘+1
(5)
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