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Introduction
Random Hysteresis Loops

Dynamical hysteresis appears when a time dependent magnetic field & is applied to a
ferromagnet whose temperature is kept fixed below the critical value
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Random Hysteresis Loops

Dynamical hysteresis appears when a time dependent magnetic field & is applied to a
ferromagnet whose temperature is kept fixed below the critical value

@ Berglund & Gentz, 2002

[ Langevin equation dm = f(m,h)dt + odw(t) ]

h(t) = —Acos(wt)

@ large w [B. & G]
e small A — no transition

o large A — hysteresis
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Introduction
Random Hysteresis Loops

Dynamical hysteresis appears when a time dependent magnetic field & is applied to a
ferromagnet whose temperature is kept fixed below the critical value

@ Berglund & Gentz, 2002 [ Langevin equation dm = f(m,h)dt + odw(t) ]

h(t) = —Acos(wt)
@ large w [B. & G|

e small A — no transition

h o large A — hysteresis
cycle of area Ag + O(w?/3)

/ @ smallw [B. & G]

m- (h) hysteresis cycle of area
Ao — O(c/3)

@ [mean field Ising model with Glauber dynamics]

e critical w and critical A — random hysteresis cycles
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The Model
The Mean Field Ising Model

Let A be a bounded region of Z¢, we denote by & an Ising spin configuration in A,
oc={oc(i),i €A}, o:A—{-1,+1}
and by & = {—1,+1}" the phase space.

Let N = |A|, the magnetization density of the configuration o is

my = m (o) = %Za(i)

1€EA
my takes values in My := %{ —N,-N+2,..,N— 27N}.
Let h be the external magnetic field, the mean field hamiltonian is

mn(0)?

Hp n (o) ::N(— —th(a))

Gioia Carinci (Universita degli studi dell’Aquila) Random perturbations of critical equilibria November 2010 3/22



Random Hysteresis Loops The Model

Let 8 > 0 be the inverse temperature, at the equilibrium the system is described by the
mean field Gibbs measure

—BHp N (o)
€ ’ - o
Gpnn(o) = o Z6,h,N = Z e P ()
B,h,N CEXm N
Xm,~ the canonical ensemble of magnetization m.
The canonical free energy density is
F = L10 Z
B,h,m,N = BN g 4 B,h,N

Forany m € (—1,1),
lim Fg nm,Nn = ¢g,n(m),
N—oo
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Random Hysteresis Loops The Model

Let 8 > 1, then there exists h. > 0 such that ¢s.,(m) is a double well for |h| < he..

¢g,n (M

]

I

The critical points of ¢,,(m), m+(h) and mo(h) satisfy the

mean field equation F(m,h) := —m+tanh{B8(m + h)} =0
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The Dynarmics
Glauber Dynamics

This is the Markov process o(t) on {—1,1}" with generator
N
Lf(0) =) cli,o:h) (f(01) = f(0)
=1
with (¥ the configuration obtained from & by flipping the spin at i and

e BlHL N (@) —H), N (o)]
c(i,o;h) =

e BHu N(oW) | o=BHy N (o)

the Glauber spin flip intensity at ¢ when the state is o.

(i, 03 h) dt is the probability that the spin at : flips in the time interval [¢, ¢ + dt]
knowing that at time ¢ the configuration is o.

@ the Gibbs measure is invariant for the Glauber dynamics
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12 BT 2
The macroscopic Mean Field dynamics

The infinite volume dynamics is governed by the ODE

dm

e F(m,h), F(m,h) = —m + tanh{(m + h)} (1)

Let h(t) be a smooth function of ¢, mn (t) = mn (o (t)) the markov process induced by
o(t) which starts from my € My, my — m € [-1,1]as N — oo.

Theorem
Foranyé§ >0andanyT > 0,

lim PN{sup|mN(t) —m(t)| > 5} =0
N — o0 t<T

where m(t) is the unique solution of (1) with m(0) = m.
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The Dynamics
The adiabatic limit

Let the magnetic field oscillate with frequency w and width A
h(t) := —Acost, he(t) = h(wt),

let 7., () be the solution of 1 = F(m, h.) With 2., (0) = m (hw (0)).

In the adiabatic regime w ~ 0

/ @ A< he+Ow)

M, (t) tracks m4 (he (1))
he . at a distance O(w)
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Random Hysteresis Loops The Dynamics

The adiabatic limit

Let the magnetic field oscillate with frequency w and width A

h(t) :=

let m.,(t) be the solution of 1 =

—Acost, he(t) = h(wt),

F(m, he) With i, (0) = m.y (he (0)).

In the adiabatic regime w ~ 0

@ A< he+Ow)
M, (t) tracks m4 (he (1))
at a distance O(w)
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M. (t) tracks an hysteresis
loop of area A + O(w?/?)
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The Dynamics
The adiabatic limit

If A= h. there is not hysteresis. Solutions stay /w above the bifurcation point.

m, (-he)

Theorem

Let A= h., thenforany T >0, lim sup |mu(t) — m_‘_(hw(t))f =0

w—0 t<w—1lr
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The Dynamics
Slower oscillations

What happens for A = h. when the frequency w depends on N?

@ the relevant order of times is w™!

1/2

@ for large but finite NV stochastic fluctuations of intensity N~/ appear
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The Dynamics
Slower oscillations

What happens for A = h. when the frequency w depends on N?
@ the relevant order of times is w™!

1/2

@ for large but finite NV stochastic fluctuations of intensity N~/ appear

@ let L, be the generator of mxy (t), the dynamics is governed by
t

ma(t) = mx (0) + / Loma(s)ds + My (£)
0

where My (t) is a martingale

Gioia Carinci (Universita degli studi dell’Aquila) Random perturbations of critical equilibria November 2010 10/22



The Results
Previous results

The issue has been modeled in
@ Berglund N., Gentz B. 2002, Ann. Appl. Prob. 4 12
@ Berglund N., Gentz B. 2002, Nonlinearity 15
by the stochastic ODE
dm = f(m, hy,)dt + odw(t)

where f derives from a periodically forced double well, e.g. f(m,h) = m —m?> + h.

If A=h.ando = N2 then

2 oy .
@ for w>> N"35 — no transition during one cycle

2
N 3

2 .
e for N3 >>w>>e’ — hysteresis cycle

_2
N3

o for w<<e — poorly localized paths

in the infinite volume limit.
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The Results
The result

A=h. and wy = O(N’%) — the dynamics remains stochastic in the hydrodynamic limit
hysteresis loops become random
There exists p € (0, 1) such that, at each cycle

@ with probability p there is transition

@ with probability 1 —p there is no transition

in the hydrodynamic limit.
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The Results
The result

A=h. and wy = O(N’%) — the dynamics remains stochastic in the hydrodynamic limit

hysteresis loops become random

There exists p € (0, 1) such that, at each cycle

@ with probability p there is transition

@ with probability 1 —p there is no transition

in the hydrodynamic limit.

Moreover p=P{thereis ¢t : Y(t) = —o0}

with Y (¢) solution of the problem

dY = (t* = Y?)dt + &pdwy, Jim (Y(8)+14) =0
——00

for a suitable {3 > 0.
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DT
Langevin equation in an oscillating potential

We deal with a particle moving in a periodic potential in the presence of viscosity
subject to a stochastic noise and to an additional constant external force.

The equation of motion for the coordinate z(t) € R of the particle is the Langevin
equation:
Fryd+Vy(z) =a+ew(t)
@ Vy(zx) is a periodic potential
@ ~ > 0 is the viscosity coefficient
@ a > 0is the external force
@ c is the noise intensity
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The total potentialis V(z) = Vo(z) — az

V(x)

The equation of motion is Z+yz+V(x)=ci(t)

equivalent to the first order equations system
T=0p
p=—yp—V'(x) +ew

Gioia Carinci (Universita degli studi dell’Aquila) Random perturbations of critical equilibria November 2010 14/22



Deterministic orbits
Deterministic orbits

Consider the deterministic system (e = 0)

X=r
{ P=—yP-V'(X) @
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Deterministic orbits
Deterministic orbits

Consider the deterministic system (e = 0)

X=P
{ P=—yP-V'(X) ®

for v = a = 0 solutions are periodic

N

AN AN
NN

/\
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Deterministic orbits
Deterministic orbits

@ for a > 1 there are only running solutions

e
NN
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Langevin equation in an oscillating potential Deterministic orbits

Deterministic orbits

@ for a > 1 there are only running solutions

@ fora<1

o for  large enough there are only locked solutions
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Deterministic orbits
Deterministic orbits

@ for a > 1 there are only running solutions

@ fora<1

o for  large enough there are only locked solutions

e for v small enough both solutions coexit

P

— m\v/ﬁ%
AW
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Deterministic orbits
Deterministic orbits

@ for a > 1 there are only running solutions

@ fora<1

o for ~ large enough there are only locked solutions

o for v small enough both solutions coexit

only running

bistability
Oy

only locked

ay = 0(y) as ~v—0
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Langevin equation in an oscillating potential Deterministic orbits

For a < a,

for any k there exists a critical solution (X (¢), Py (¢t)) such that

lim X;(t)=2kr  and lim P (t) =0

t—o0 t—o0
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Langevin equation in an oscillating potential Deterministic orbits

Fora = a,

/\ 7
N

\/

the critical solution is heteroclinic, i.e.

lim Xj(t) = 2km, lim P, (t) =0

t—o0 t—o0

lim X((t) =2(k = )r  and  lim P{(t) = 0
—

t—0
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i3 e
The problem

Let v small enough and « = -, and denote by pj,(x) the k-th heteroclinic orbit in the
phase space, p;, (X} (t)) = Pk(t).
Consider the problem

i=p z(0) = -7
{ p=—yp—V'(z)+eb p(0)=po @

with  |po — po(—m)| <™ forsome  §>0
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i3 e
The problem

Let v small enough and « = -, and denote by pj,(x) the k-th heteroclinic orbit in the
phase space, p;, (X} (t)) = Pk(t).
Consider the problem

T=p z(0) = —m
{ p=—yp—V'(z)+eb p(0)=po @

with  |po — po(—m)| <™ forsome  §>0

then, in the limit as e — 0,

@ at each time the probability for the particle to get across the next well is 1/2

@ the random variable associated to the number of wells crossed by the particle has
a geometric distribution of parameter 1/2

@ the particle will finally be trapped in one of the wells
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Qi ff R
Dynamics around the criticalities

A convenient choice of variables in a neighborhood of criticalities is given by

2 (t) == p(t) — A~ (x(t) — 2km) v (t) == p(t) — AT (z(t) — 2km)

A= opi(2knT) and AT = ol (20T

@ at the beginning of the k-th critical interval z; (¢) approximates the deviation in the
phase plane from the k-th heteroclinic orbit pj (z)

@ at the end of the k-th critical interval vy (¢) approximates the deviation in the phase
plane from the k + 1-th heteroclinic orbit e}, ; ()
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Dynamics around the criticalities

A convenient choice of variables in a neighborhood of criticalities is given by

2 (t) == p(t) — A~ (x(t) — 2km) v (t) == p(t) — AT (z(t) — 2km)

A= opi(2knT) and AT = ol (20T

@ at the beginning of the k-th critical interval z; (¢) approximates the deviation in the

phase plane from the k-th heteroclinic orbit pj (z)

@ at the end of the k-th critical interval vy (¢) approximates the deviation in the phase
plane from the k + 1-th heteroclinic orbit e}, ; ()

The events “the k-th criticality has been/not been crossed” can be expressed by
{zx(Tk) 2 0}

Ty the first exit time from the k-th critical interval
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Langevin equation in an oscillating potential Outline of Proof

The dynamics in a neighborhood of criticalities is approximated by the linear system

2= ATz 4 ew
V=X v+ ew

let Sy, be the first hitting time in the k-th critical interval, then

¢
2 (t) =~ 21 (Sk) A8 | ee)‘+t/ e dw,

Sk
and .
v (t) ~ vp(Sg) e 75 4 ee’\it/ e *dw,
Sk
where
—y+4/7% +4/1— a2
AF = 5 i MNE=+14+0() as

Gioia Carinci (Universita degli studi dell’Aquila) Random perturbations of critical equilibria

v—0

November 2010

(4)

21/22



The Result
The main result

Theorem
There exists ¢ > 0 such that, for any e > 0 small enough,

1
P. Zk(Tk) 2 0 Zkfl(kal) >0, — = < 0607
2

with

Gioia Carinci (Universita degli studi dell’Aquila) Random perturbations of critical equilibria November 2010 22/22




The Result
The main result

Theorem
There exists ¢ > 0 such that, for any e > 0 small enough,

1
‘PE {Zk(Tk) Z 0 ' Zkfl(kal) > 0} — 5’ < 0607

with

Let N be the r.v. associated to the number of wells crossed by (z(t), p(t))

N :=inf{k >0 : 2x(Tx) < 0} € NU {0}

Theorem
For any fixed k € NU {0}

1
IimP AN =k} = — 5
lim P (N =k} = 5y (5)
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