
Eyring-Kramers formula
for

Poincaré
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Introduction
Overdamped Langevin dynamics

Hamiltonian H : Rn → R energy landscape

Dynamic at temperature ε� 1
dXt = −∇H(Xt)dt +

√
2ε dWt

Gibbs measure µ(dx) = 1
Zµ

exp
(
−H
ε

)
dx ,

where Zµ =
∫
e−

H
ε dx

Generator lawXt = ftµ evolves
∂t ft = Lft := ε∆ft −∇H · ∇ft .

Dirichlet form E(f ) :=
∫

(−Lf )f dµ

= ε
∫
|∇f |2 dµ.
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Poincaré and logarithmic Sobolev inequality

Definition

µ satisfies the Poincaré inequality PI(%) if ∀f : Rn → R

varµ(f ) :=

∫
f 2 −

(∫
f dµ

)2

dµ ≤ 1

%

∫
|∇f |2 dµ. PI(%)

and the logarithmic Sobolev inequality LSI(α) if ∀f : Rn → R

Entµ(f ) :=

∫
f log

f∫
f dµ

dµ ≤ 1

α

∫
|∇f |2

2f
dµ. LSI(α)

PI(%) and LSI(α) imply exponential convergence to µ:

PI(%) ⇒ varµ(ft) ≤ varµ(f0)e−2%εt

LSI(α) ⇒ Entµ(ft) ≤ Entµ(f0)e−2αεt .
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Partitions

Basins of attraction Ω0 ] Ω1 = Rn of local minima m0,m1:

Ωi := {y0 ∈ Rn : ẏt = −∇H(yt), yt → mi} .

Ω0 Ω1

m0 m1s0,1

Restricted measures µ0, µ1:

µi := µxΩi , i = 0, 1.

Mixture representation

µ = Z0µ0 + Z1µ1, Zi := µ(Ωi ).

André Schlichting (IAM Bonn) Eyring-Kramers formula for PI and LSI October 5, 2012 4 / 10



Splitting

Lemma

varµ(f ) = Z0 varµ0(f ) + Z1 varµ1(f )︸ ︷︷ ︸
local variances

+ Z0Z1 (Eµ0(f )− Eµ1(f ))2︸ ︷︷ ︸
mean-difference

Entµ(f 2) ≤

local entropies︷ ︸︸ ︷
Z0 Entµ0(f 2) + Z1 Entµ1(f 2)

+
Z0Z1

Λ(Z0,Z1)

(
varµ0(f ) + varµ1(f ) + (Eµ0(f )− Eµ1(f ))2

)
,

where Λ(Z0,Z1) = Z0−Z1
log Z0−log Z1

is the logarithmic mean.

Expect from heuristics:

good estimate for local variances/entropies

exponential estimate for mean-difference
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Main results

Theorem (Local PI and LSI)

The measures µ0 and µ1 satisfy PI(%loc) and LSI(αloc) with

%−1
loc = O(ε) and α−1

loc = O(1).

PI is as good as convex potential

Non-convexity of potential worsens LSI

Both results scale optimal in one dimension

Theorem (Mean-difference estimate)

(Eµ0f − Eµ1f )2 .
Zµ

(2πε)
n
2

2πε
√
|det∇2H(s0,1)|

|λ−(∇2H(s0,1))|
eε

−1H(s0,1)

∫
|∇f |2 dµ.

“.”: up to multiplicative error 1 + o(1) as ε→ 0.
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André Schlichting (IAM Bonn) Eyring-Kramers formula for PI and LSI October 5, 2012 6 / 10



Main results

Theorem (Local PI and LSI)

The measures µ0 and µ1 satisfy PI(%loc) and LSI(αloc) with

%−1
loc = O(ε) and α−1

loc = O(1).

PI is as good as convex potential

Non-convexity of potential worsens LSI

Both results scale optimal in one dimension

Theorem (Mean-difference estimate)

(Eµ0f − Eµ1f )2 .
Zµ

(2πε)
n
2

2πε
√
|det∇2H(s0,1)|

|λ−(∇2H(s0,1))|
eε

−1H(s0,1)

∫
|∇f |2 dµ.

“.”: up to multiplicative error 1 + o(1) as ε→ 0.
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Eyring-Kramers formula

Corollary

The measure µ satisfies PI(%) and LSI(α) with

1

%
≈ Z0Z1Zµ

(2πε)
n
2

2πε
√
|det∇2H(s0,1)|

|λ−(∇2H(s0,1))|
e

H(s0,1)

ε and
2

α
.

1

Λ(Z0,Z1) %
.

Asymptotic evaluation of the factor
Z0Z1Zµ

(2πε)
n
2

for two special cases:

H(m0) < H(m1) : 1 ≤ %

α
. O(ε−1)

H(m0) = H(m1) : 1 ≤ %

α
.

κ0+κ1
2

Λ(κ0, κ1)
, where κi :=

√
det∇2H(mi ).
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Proof: Mean-difference estimate

Goal: Find a good estimate for C in

(Eµ0(f )− Eµ1(f ))2 ≤ C

∫
|∇f |2 dµ.
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Proof: Mean-difference estimate
Approximation step

Goal: Find a good estimate for C in

(Eµ0(f )− Eµ1(f ))2 ≤ C

∫
|∇f |2 dµ.

Step 1: Approximate µ0 and µ1 by truncated Gaussians ν0 and ν1:

νi ∼ N (mi ,Σi )xB√ε(mi ) with Σ−1
i := ∇2H(mi ).

Introduce ν0 and ν1 as coupling:

(Eµ0(f )− Eµ1(f ))2 . (Eν0(f )− Eν1(f ))2︸ ︷︷ ︸
transport argument

+
∑

i={0,1}

(Eµi (f )− Eνi (f ))2︸ ︷︷ ︸
approximation bound

Approximation bound follows from local PI and local LSI.
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Proof: Mean-difference estimate
Transport interpolation

Goal: Find a good estimate for C in

(Eν0(f )− Eν1(f ))2 ≤ C

∫
|∇f |2 dµ.

Step 2: Transport (Φs : Rn → Rn)s∈[0,1] interpolating (Φs)]ν0 = νs
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André Schlichting (IAM Bonn) Eyring-Kramers formula for PI and LSI October 5, 2012 9 / 10



Proof: Mean-difference estimate
Transport interpolation

Goal: Find a good estimate for C in

(Eν0(f )− Eν1(f ))2 ≤ C

∫
|∇f |2 dµ.

Step 2: Transport (Φs : Rn → Rn)s∈[0,1] interpolating (Φs)]ν0 = νs(∫
f dν0 −

∫
f dν1

)2

=

(∫ ∫ 1

0

d

ds
(f ◦ Φs) ds dν0

)2

=

(∫ 1

0

∫ 〈
Φ̇s ,∇f ◦ Φs

〉
dν0 ds

)2
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∫ ∣∣∣∣∫ 1
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Proof: Mean-difference estimate
Construction of transport interpolation

Step 3: Ansatz Φs such that νs = (Φs)]ν0 = N (γs ,Σs)xB√ε(γs)

(1) optimize γ ⇒ passage of saddle γτ∗ = s0,1

(2) optimize γ̇τ∗ ⇒ direction of eigenvector to λ−(∇2H(s0,1))
(3) optimize Στ∗ ⇒ Σ−1
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