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Introduction

Overdamped Langevin dynamics

Hamiltonian H : R" — R energy landscape

Dynamic at temperature ¢ < 1
dX; = —VH(X;)dt + v/2e dW,

Gibbs measure p(dx) =

where
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Zi” exp (—4) dx,

Z, = [e “dx
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Overdamped Langevin dynamics
Hamiltonian H : R" — R energy landscape ‘E

Dynamic at temperature ¢ < 1
dX; = —VH(X;)dt + v/2e dW,

Gibbs measure p(dx) = Zi“ exp (—g) dx,

where  Z, = fe_gdx

Generator law X; = fypu evolves
Oify = Lfy := eAfy — VH - V.

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI



Introduction universitétm !z!!!"

Overdamped Langevin dynamics
Hamiltonian H : R" — R energy landscape B

Dynamic at temperature ¢ < 1
dX; = —VH(X;)dt + v/2e dW,

Gibbs measure p(dx) = Zi“ exp (—g) dx,

where  Z, = fe_gdx

Generator law X; = fypu evolves
Otfy = Lfy := eAfy, — VH - Vf;.

Dirichlet form &(f) := [(—Lf)f dp
= [|VFf[du.
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Poincaré and logarithmic Sobolev inequality

Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) ::/f2 = (/ fdu)zdu < %/Wﬂzd}h Pl(o)
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Poincaré and logarithmic Sobolev inequality -4

Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) ::/f2 = (/ fd,u)zdu < %/Wﬂzd}h Pl(o)

and the logarithmic Sobolev inequality LSI(«) if Vf : R" — R

2
Ent,(f) ::/flog f:d,udu Sé |V21;| dp. LSI(«)
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Definition
w satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,(f) ::/f2— (/ fd,u)zd,u < é/]Vﬂsz. PI(0)

and the logarithmic Sobolev inequality LSI(«) if VF : R" - R
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Poincaré and logarithmic Sobolev inequality -4

Definition
u satisfies the Poincaré inequality Pl(p) if Vf : R" - R

var,,(f) ::/f2— (/ fdu)zdu < é/wadu. Pl(0)

and the logarithmic Sobolev inequality LSI(«) if VF : R" - R

f2 2
Ent,(f?) ::/f2 log mduﬁ E/|Vf|2dﬂ- LSI(«)

v

Pl(0) and LSI(«) imply exponential convergence to p:

Pl(o) = var,(fy) < varu(ﬁ))e_295t
LSI(a) = Ent,(f;) < Ent,(fo)e 2"
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Basins of attraction Qg W Q7 = R” of local minima mq, my:
Qi ={weR":y: = —VH(y:),y:+ = mj}.
Restricted measures g, fi1:
wii= S, i=0,1.
Mixture representation

= Zopo + Zipx, Zj = p().
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Lemma
var,(f) = gO vary,(f) + Zyvar, (f)  + 202 SEuo(f) - Em(f))i
local \zarriances mean-difference
local entropies
Ent,,(f2) < Zo Ent,(£2) + Z1 Ent,,, ()
VAYAl 2
+ iz 2y (il F) +vanu () + (Buo(f) = B (1))
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Lemma

var,(f) = gO var(f) + Zyvar, (f)  + ZoZi SEuo(f) - Em(f))i

Vv
local variances mean-difference

local entropies
N

™~

Ent,,(f2) < Zo Ent,(2) + Z1 Ent,, (2)
+

VAV
ﬁ (Varpo(f) + vary, () + (Ey () — E’“(f))z) '

where N(Zy, Z1) = % is the logarithmic mean.
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Splitting
Lemma
var,(f) = gO vary(f) + Zivary, (f)  + 204 SEuo(f) - Em(f))i
local \z:arriances mean-difference
local entropies
Ent, (f2) < Zo Ent,(f2) + Zy Ent,, (£2)
VAYA 2
+ iz 2y (il F) +vanu () + (Buo(f) = B (1))
where N(Zy, Z1) = % is the logarithmic mean.
Expect from heuristics:
@ good estimate for local variances/entropies
@ exponential estimate for mean-difference
October 5, 2012 5/ 10
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(cvoc) with

Qgi = 0O(e) and agi = 0(1).
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

g;)i = 0O(e) and a;)}: = 0(1).

@ Pl is as good as convex potential
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

g;xl: = 0O(e) and 0%1 = 0(1).

[o}

@ Pl is as good as convex potential

@ Non-convexity of potential worsens LSI
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

g;)i = 0O(e) and 0%1 = 0(1).

[o}

@ Pl is as good as convex potential
@ Non-convexity of potential worsens LSI
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Theorem (Local Pl and LSI)
The measures g and py satisfy Pl(ojoc) and LSI(ajoc) with

Q; = 0O(e) and agi = 0(1).

e Pl is as good as convex potential
@ Non-convexity of potential worsens LSI

@ Both results scale optimal in one dimension

Theorem (Mean-difference estimate)

Z, 2 det V2H _
(Bpof — B § 2y ZEVIE TSI 2t [ 1912y

(2me)2  [A(V2H(s02))l

“<": up to multiplicative error 1 + o(1) as e — 0.

V.

André Schlichting (IAM Bonn) Eyring-Kramers formula for Pl and LSI October 5, 2012 6 /10



Eyring-Kramers formula wiesison |

Corollary
The measure y satisfies Pl(o) and LSI(«) with
1 2212, 2ne/[det V2H(so1)] Moo

2
— - e =« and — S
0o (2me): (AT (V2H(s0,1)) o

NZo, Z1) o
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Corollary
The measure y satisfies Pl(o) and LSI(«) with

1

1 ZZ1Z, 2me\/[det V2H(sp1)] Mo
NZo,Z1) o

2
— - e =« and — S
o (2me)2 AT (V2H(s01))] o

Asymptotic evaluation of the factor % for two special cases:

e
H(mg) < H(mi): 1< g < 0(5_1)
0 KotK1
H(mo) = H(my): 1< o S /\(/@02, ) where k; := \/det V2H(m;).
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Proof: Mean-difference estimate stz L'ﬂﬂ

Goal: Find a good estimate for C in
(o) ~ (£ < € [ 97
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Proof: Mean-difference estimate sy |

Approximation step
Goal: Find a good estimate for C in
(o) ~ (£ < € [ 97

Step 1: Approximate pg and pq by truncated Gaussians vg and vg:
Vi ~ ./\/'(m,-,Z,-)LB\/g(m,-) with Zi_l = V2H(m,-).

1E
st

E '
zK N

' -2
| @
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Proof: Mean-difference estimate sy |

Approximation step
Goal: Find a good estimate for C in
(o) ~ (£ < € [ 97

Step 1: Approximate pg and pq by truncated Gaussians vg and vg:

n2

vi ~ N(mi, Z) B z(m;) with & L= V2H(m)).

"f

Introduce vy and 4 as coupling: : @
(Epy(F) = Euy () S (B (£) — By (£)) D

~
transport argument

+ > (B E,,(f))? .

i={0,1} approximation bound

Approximation bound follows from local Pl and local LSI.
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Proof: Mean-difference estimate sy |

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s: R" — R")¢o,1) interpolating (®s)svo = vs
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Transport interpolation
Goal: Find a good estimate for C in
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Transport interpolation
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Proof: Mean-difference estimate sy |

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (®s)sv0 = vs

(Jrow [ran) = (] [ Lironyssao)
_ (/01/<d>5,Vfo¢5>dyo ds)2

2
SLE du)
1

_ (//01<d>soq>;1,w> ;
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Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (®s)sv0 = vs

(Jrow [ran) = (] [ Lironyssao)
_ (/01/<d>5,Vfo¢5>dyo ds)2
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Proof: Mean-difference estimate sy |

Transport interpolation
Goal: Find a good estimate for C in
(Eun(F) ~ Bu(F)* < € [ 972

Step 2: Transport (®s : R" — R")s¢[o,1) interpolating (®s)sv0 = vs

(Jrow [ran) = (] [ Lironyssao)
_ (/01/<d>5,Vfo¢5>dyo ds)2
- (/</01d>50¢5_1 :I—sts,Vf>d,u>2
f

2
dp /!Vflzdu

1
. dv
b, o — =
/0 SO
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Proof: Mean-difference estimate o

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)

. : ‘
-0.5 00 i 05 1.0 1.5

1
-1.5 -1.0
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Proof: Mean-difference estimate o

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)
(1) optimize

1 I : !
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate stz i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)
(1) optimize v = passage of saddle v« = sg 1

. : ‘
-0.5 00 i 05 1.0 15

1
-1.5 -1.0
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Proof: Mean-difference estimate stz i'!,'n'ﬂ
Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)

(1) optimize v = passage of saddle v+ = sg 1

(2) optimize A«
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Proof: Mean-difference estimate stz i'!,'n'ﬂ
Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)

(1) optimize v = passage of saddle v+ = sg 1

(2) optimize 4.« = direction of eigenvector to A~ (V?H(sp1))
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Proof: Mean-difference estimate stz i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)sv0 = N(7s, Y)B z(7s)
(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4, = direction of eigenvector to A~ (V2H(sp 1))
(3) optimize X -

gon ay

n :
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate stz i'!,'n'ﬂ

Construction of transport interpolation

Step 3: Ansatz &5 such that vs = (®s)s10 = N (7s, Zs)L B /z(7s)
(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4, = direction of eigenvector to A= (V2H(sp 1))
(3) optimize X+ = ¥ = V2H(sp1) on stable manifold of sy
P o

[ —— N

Z,QO

n :
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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Proof: Mean-difference estimate stz
Construction of transport interpolation

Step 3: Ansatz @, such that vs = (®s)sv0 = N(7s, Y)B z(7s)

(1) optimize v = passage of saddle v+ = sp1

(2) optimize 4.« = direction of eigenvector to A\~ (V?H(sp 1))

(3) optimize ¥+ = L' = V2H(sp1) on stable manifold of sy

“ Q0 Q

g e e e B

n :
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
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