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@ Introduction to (Stochastic) Mean Curvature Flow
@ Well-Posedness in 141 D ('Stochastic Curve Shortening Flow")
@ Long Term Behavior for Homogeneous Normal Noise

@ Ergodicity & Polynomial Stability for Additive Vertical Noise
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Mean Curvature Flow

Definition

Let t — M, C R? be a family of (d-1)-dim. Submanifolds, then (M,)
evolves according to MCF if

(Me,vm,)(p) = —km,(p) Vt€[0,T],pe M
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MCF - Modelling Aspects

M = { (d — 1)-dim. submanifolds ¥ ¢ R9 }

Riem. structure

TWE={(V:M >R VI, = [ VA(x)dou(x)
M

MCF <= ¥ = —V&(X), &(S) =S|
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MCF - Modelling Aspects

M = { (d — 1)-dim. submanifolds ¥ ¢ R9 }

Riem. structure

TWE={(V:M >R VI, = [ VA(x)dou(x)
M

MCF <= ¥ = —V&(X), &(S) =S|

e Sharp Interface Limit of Allen-Cahn Eqaution

€ € 1 €
do® = Ap —;F’(w ),

where
F(¢) = (1 — ¢?)* Double-Well Potential.

Then

™

€

¢° 23 xa, M, := 09, solves MCF
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MCF - Deterministic Theory

e Level Set PDE for U = U(x, t) s.th. M, = {U(.,.t) =0}

@ General case

. VU
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MCF - Deterministic Theory

e Level Set PDE for U = U(x, t) s.th. M, = {U(.,.t) =0}

@ General case

vu
dU = |V U] div (|VU|)

@ Graph Case M, = {(x, f(x)),x € Q C R9~1}

of = VITIVTF v (o)

Max von Renesse Ergodicity of SMCF in 141 D



MCF - Deterministic Theory

e Level Set PDE for U = U(x, t) s.th. M, = {U(.,.t) =0}

@ General case

vu
dU = |V U] div (|VU|)

@ Graph Case M, = {(x, f(x)),x € Q C R9~1}

of = VITIVTF v (o)

Max von Renesse Ergodicity of SMCF in 141 D



MCF - Deterministic Theory

e Level Set PDE for U = U(x, t) s.th. M, = {U(.,.t) =0}

@ General case

vu
dU = |V U] div (|VU|)

@ Graph Case M, = {(x, f(x)),x € Q C R9~1}

of = VITIVTF v (o)

@ Qausi-linear, degenerate parabolic PDE

Max von Renesse Ergodicity of SMCF in 141 D



MCF - Deterministic Theory

e Level Set PDE for U = U(x, t) s.th. M, = {U(.,.t) =0}

@ General case

vu
dU = |V U] div (|VU|)

@ Graph Case M, = {(x, f(x)),x € Q C R9~1}

of = VITIVTF v (o)

@ Qausi-linear, degenerate parabolic PDE

@ No 'abstract’ functional analysis theory

Max von Renesse Ergodicity of SMCF in 141 D



MCF - Deterministic Theory

e Level Set PDE for U = U(x, t) s.th. M, = {U(.,.t) =0}

@ General case

vu
= |VU| div (|VU|)

@ Graph Case M, = {(x, f(x)),x € Q C R9~1}

of = VITIVTF v (o)

@ Qausi-linear, degenerate parabolic PDE

@ No 'abstract’ functional analysis theory

@ Weak maximum principle ~ viscosity solutions

Max von Renesse Ergodicity of SMCF in 141 D



MCF - Deterministic Theory

e Level Set PDE for U = U(x, t) s.th. M, = {U(.,.t) =0}

@ General case

vu
= |VU| div (|VU|)

@ Graph Case M, = {(x, f(x)),x € Q C R9~1}

of = VITIVTF v (o)

@ Qausi-linear, degenerate parabolic PDE

@ No 'abstract’ functional analysis theory

@ Weak maximum principle ~ viscosity solutions

@ No uniqueness in general, 'fattening phenomenon’
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Basic Model of Stochastic MCF

MCEF perturbed by random flow

V, = —k + W(x,t)

where W(x, t) Gaussian time-dependent random field.
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Basic Model of Stochastic MCF

MCEF perturbed by random flow

V, = —k + W(x,t)

where W(x, t) Gaussian time-dependent random field.

Challenges

@ Level-set SPDE in (141) graph case

df = /14 |Vf]? div(vif) + V14 |VFf2o dW,

VIH VT

@ Concept of Stochastic Viscosity Solutions [Lions/Souganidis]
(Not fully rigorous yet)

@ Tightness of corresponding Stochastic Allen-Cahn approximations,
cf. Yip and Réger/Weber (but no uniqueness)
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Basic Models in 14+1 D

1) Vertical Noise Model, Dirichlet BC

02u ;
du = T (0.7 dt+Z¢,(u ) dbi. (%)
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1) Vertical Noise Model, Dirichlet BC

02u ;
du = T (0.7 dt+Z¢,(u ) dbi. (%)

u=u(x,t), x €[0,1], t > 0. {b;} i.i.d. real Brownians

Noise coefficients: ¢; : [0,1] x R — R, ¢(0, z) = ¢(1,z) = 0.

> (8i(z1) — ¢i(2))* < V|2 — 2l (K)

i=1
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Basic Models in 14+1 D

1) Vertical Noise Model, Dirichlet BC

02u ;
du= T dt+z¢,(u ) db. ()

u=u(x,t), x €[0,1], t > 0. {b;} i.i.d. real Brownians

Noise coefficients: ¢; : [0,1] x R — R, ¢(0, z) = ¢(1,z) = 0.

> (8i(z1) — ¢i(2))* < V|2 — 2l (K)

/(\ L @ (w selx )ty
ANPA
. ﬂ#ﬂ 5
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Basic Models in 14+1 D

2) Homogeneous Normal Noise Model, (Periodic BC)

d2u
du(x) o5 (X) dt + ey/1 + (Oxu)?p(x, u(x)) o db;

T 1+ (Oew)

Stratonovich SPDE, R? 5 z — ¢(z) € R (local viscosity)
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2) Homogeneous Normal Noise Model, (Periodic BC)

d2u
du(x) = ME (x) dt + ev/1 + (Oxu)?p(x, u(x)) o db;

:1+(8X

Stratonovich SPDE, R? 5 z — ¢(z) € R (local viscosity)

Max von Renesse Ergodicity of SMCF in 14+1 D



Well-Posedness for Vertical Noise Model, (Dirichlet BC)

Theorem (Strong Solution)

If up € H3([0,1]) and regularity condition (K) holds, then there exists a
unique variational strong solution of

() ds + / o(a(s)) dWs, te[o,T],

<
—~~
~
N—r
Il
c
—~~
o
Nl
i
N
2
>
—~
cl
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A HY([0,1]) = H7Y([0,1])

ipusg = /;arctanwx).vl(x)dx_ [

and

u//

T (o) - v(x)dx

a(u(s))( Z (., e H71([0,1]).
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If up € H3([0,1]) and regularity condition (K) holds, then there exists a
unique variational strong solution of

() ds + / o(a(s)) dWs, te[o,T],
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—~~
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N—r
Il
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2
>
—~
cl

A H3([0,1]) — H([0,1])

~1(Au, v)Hé =— /01 arctan(u’)(x) - v/(x)dx = /01

and

1

T (o) - v(x)dx

a(u(s))( Z (., e H71([0,1]).
Theorem (Generalized Markov Solution)

The familiy of solutions ((ut)r>0, uo € HE([0,1])) induces a unique Feller
process on L2([0, 1]).
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Aspects of Proof - No Coercivity

@ Variational frame work

V CHcV* e H([0,1]) c L*([0,1)] c H!

H-1 (AU, V) = — /[o ) arctan(0,u)d,vdx, Vv € H',
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Aspects of Proof - No Coercivity

@ Variational frame work

V CHcV* e H([0,1]) c L*([0,1)] c H!

H-1 (AU, V) = — /[o ) arctan(0,u)d,vdx, Vv € H',

@ Degeneracy of MCF-Operator: A: H* — H™! ~+ no coercivity

sl = - [

|Oxuldx = —|lul[1,1,
]

s

2 v (Au, u)y + o (i, w,m £ cllullf — allully, vYveV
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Aspects of Proof - Lyapunov Function

@ Remedy:

8%u
Au,u)yp = — — > _9%2u(x)dx <0 Vue C(]0,1]).
Aty == | i <0 Vue GE(.1)
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Aspects of Proof - Lyapunov Function

@ Remedy:
0u 5
Au,u 1:—/ 76 dx <0 Vue 5°(]0,1]).
Aoy == | 5 ) (010

@ A satisfies an alternative Lyapunov-type condition:
For n € N, the operator A maps span{ey,...,e,} C V into V and
¢ € R such that

2 (Au, uy + llo(W) L) < @+ [lully) VueH" neN.
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Aspects of Proof - Lyapunov Function

@ Remedy:
0u 5
Au,u 1:—/ 76 dx <0 Vue 5°(]0,1]).
Aoy == | 5 ) (010

@ A satisfies an alternative Lyapunov-type condition:
For n € N, the operator A maps span{ey,...,e,} C V into V and
¢ € R such that

2 (Au, uy + llo(W) L) < @+ [lully) VueH" neN.

~+ Compactness in L2 of spectral Galerkin-Approximations.
Conclude by standard monotonicity arguments
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Well-Posedness for Vertical Noise Model, Periodic BC

Stratonovich Formulation

d2u
du(x) = 1 gy (0 e VT @) o o,
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Well-Posedness for Vertical Noise Model, Periodic BC

Stratonovich Formulation

d2u
du(x) = 1 gy (0 e VT @) o o,

€ €2

du(x) = (Eafu +(1- 5)&( arctan(8xu)) (x)dt + ey/1 + (Oxu(x))?db;.
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Well-Posedness for Vertical Noise Model, Periodic BC

Stratonovich Formulation
B
© 1+ (0xw)?

du(x) (x) dt + ey/1 + (Oxu)? o dby,

Ito Formulation

2 62

du(x) = (%afu +(1- 5 )Ox arctan(8xu)) (x)dt + €/1 + (Oxu(x))?db:.

Theorem (Strong and Generalized Solutions)

i) For e < /2 and u € H}([0,1]) the Ito-model has a unique strong
variational solution.

ii) The familiy of solutions ((u;)r>0, uo € HE([0,1])) induces a unique
Feller process on L2([0,1]).

Max von Renesse Ergodicity of SMCF in 1+1 D



Long-Term Behavior of Normal Noise Model

For up € H'([0,1]) and € < v/2 then

(UT)tzo = (UT+t - UT)tzo T;go 6(1 : ﬁt)tZO on C(RZOa L2([07 1]))a

where (8 is standard real Brownian motion.
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Long-Term Behavior of Normal Noise Model

For up € H'([0,1]) and € < v/2 then

(UT)tzo = (UT+t - UT)tzo T;go 6(1 : 6t)t20 on C(Rzm L2([07 1]))a

where (8 is standard real Brownian motion.

i=u—[u], [u]:/ udx
[0,1]
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For up € H'([0,1]) and € < v/2 then

(UT)tzo = (UT+t - UT)tzo T;go 6(1 : 6t)t20 on C(Rzm L2([07 1]))a

where (8 is standard real Brownian motion.
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Long-Term Behavior of Normal Noise Model

For up € H'([0,1]) and € < v/2 then

(UT)tzo = (UT+t - UT)tzo T;go 6(1 : 6t)t20 on C(Rzm L2([07 1]))a

where (8 is standard real Brownian motion.

dii(x) = (iafa +(1- i)ax arctan(@xﬂ))(x)dt
+e<\/l—|— —[V1+ (@ 2]>dbt

dlu] = e[/1+ (Bxii(x))? ] db O
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Ergodicity in the Additive Noise Case

62
du = mdt T Qth7 U(O) = Ug € H(:;-72([()7 1])7

where W= cyl. White noise on some U and @ € Ly(U, Ha*([0,1])).
Example: U = L2([0,1]) and @ = (—A)~# for 3 > 3/4.
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Ergodicity in the Additive Noise Case

du = de QdW:, u(0) = up € Hy([0,1])
1+(3 ) t) — to 0 ) )

where W= cyl. White noise on some U and @ € Ly(U, Ha*([0,1])).
Example: U = L2([0,1]) and @ = (—A)~# for 3 > 3/4.

Theorem - Ergodicity

The semigroup Let (P:):>0 on L3([0, 1]) corresponding to @ is ergodic:
3 v e My(L3([0,1])) s.th.

1 o
lim /0 (Pepy ) = (2,9}

t—oo t

for any u € My (L3([0,1])) and ¢ : L2([0,1]) ~ R bdd. cont.
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Proof of Ergodicity — 'Lower Bound Technique’

@ [2-compactness of time-averages:
H-1(Av, V) = — fol arctan(0yv) - Oxv dx < —cl|v]lwri(o,1) + a
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Proof of Ergodicity — 'Lower Bound Technique’

@ [2-compactness of time-averages:
1
H-1(Av, V) = — [ arctan(dyv) - Oy v dx < —cl|v|[wri(01) + @
@ Uniqueness of the limit:

o Degeneracy of MCF-Operator: SPDE is not 'strongly
dissipative’ (cf. da Prato/Zabczyk).
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@ [2-compactness of time-averages:
1
H-1(Av, V) = — [ arctan(dyv) - Oy v dx < —cl|v|[wri(01) + @
@ Uniqueness of the limit:

o Degeneracy of MCF-Operator: SPDE is not 'strongly
dissipative’ (cf. da Prato/Zabczyk).
o But weakly dissipative/non-expanding (e-property).

|Peo(x) — Pep(y)| < Lip(o)llx —y|| Vx,y € L2
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Proof of Ergodicity — 'Lower Bound Technique’

@ [2-compactness of time-averages:
1
H-1(Av, V) = — [ arctan(dyv) - Oy v dx < —cl|v|[wri(01) + @
@ Uniqueness of the limit:

o Degeneracy of MCF-Operator: SPDE is not 'strongly
dissipative’ (cf. da Prato/Zabczyk).
o But weakly dissipative/non-expanding (e-property).

|Peo(x) — Pep(y)| < Lip(o)llx —y|| Vx,y € L2

e ~ suffices to check lower-bound-condition:
(cf. [Komorowski/Peszat/Szarek] AOP 2010):
For all § > 0 and every x € L?([0,1]) and

T
QT(x,A) = %/ Ps(x, A)ds
0

it holds that

lim inf QT (x, Bs(0)) > 0.
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Polynomial Mixing
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Polynomial Mixing

@ The inv. measure v is concentrated on
{ue WE0,1) | (arctan(uy))x € L3(0,1), ux € BV(0,1)}

loc

and

f|uX|TV v(du) +f\|u\|H1 v(du) + [ ||(arctan uy)x||2, v(du) < oco.
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Polynomial Mixing

@ The inv. measure v is concentrated on
{ue WE0,1) | (arctan(uy))x € L3(0,1), ux € BV(0,1)}
and

f|uX|TV v(du) +f\|u\|H1 v(du) + [ ||(arctan uy)x||2, v(du) < oco.

@ For two sol. (u;), (v¢) with ug, vy € HO’ (0,1)

1 1 1
E(lJue = vel[[2) < C-t7%|luo — wol 2

1 [t 1 1/t 1
x <1+E(;/ sl ds+;/ Vsl 7.2 ds)
0 0
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Proof — Three Basic Lemmas

3 1 (uxx(x))2 1 /
Sf—i-f/ —— = dx+ - uy| dx
22 Jioa 1+ (ux(x))? 2 Jio o
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Proof — Three Basic Lemmas

P31 (Ue(x))? 1 /
U (X)] dx Sf—i-f/ ——— —dx + — Uy | dx
</[0,1] Joc ()] ) 22 Jioa 1+ (ux(x))? 2 Jio o

1
(2 + Nals + IviEs

H-1(V(u) = V(v),u—=v)m < —

)Ilu Iz
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Proof — Three Basic Lemmas

P31 (Ue(x))? 1 /
U (X)] dx Sf—&-f/ ——— —dx + — Uy | dx
</[0,1] Joc ()] ) 22 Jioa 1+ (ux(x))? 2 Jio o

1
(14 e + IvIEw)

Let f,g : R>o — R>q such that f/(t) < —é. Then for o € (0,1]

F(t) < ca <1>a (1 /Otg"(s)ds> £(0).
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