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Random fields on spheres

B (), A, P) probability space
B (S2, d) compact, metric space
BS? = {z € R® ||z| = 1} unit sphere
B ((z,y) = arccos(x, y)p3
BT :QxS?— R, A® B(S?)-measurable: real-valued random field
on §?
B T Gaussian random field: Vk € N, z1,...,x; € S?, a1,...,a; € R:
Zle a;T(z;) Gaussian
B T jsotropic, Gaussian: Yk € N, z1,...,2, € S?, g € SO(3):

(T(x1)y...,T(zx)) ~ (T(921), ..., T(gz1))

Annika Lang October 31, 2013



NIVERSITY OF GOTHENBURG

Spherical harmonic functions
B [ egendre polynomials (P;, ¢ € Np):

a1 O

Py(p) == 7 W(Hz -1 pel-1,1]

B gssociated Legendre polynomials (P, £ € No,m =0,... £):

Pen(p) = (-)"(U= )" T2 P), e (L1

B spherical harmonic functions (Yo, € Nog,m = —¢,...,{):

20+1 (Z—m)!P ime -
}/—Zm('ﬁ,@) = { 4;@)! Zm(COS”lg)e m >0
(_1) Yéfm(ﬁ, QD)’ m < 0

(9, ¢) €[0,7] x [0,27)
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Spherical Laplacian — Laplace—Beltrami operator
By = (sin® cos ¢, sin ¥ sin @, cos V) € S?
2

Agz = (sinﬂ)*l% <sin19 8819> + (sinﬂ)*za%Q.

B eigenvalues & eigenfunctions
Ag2 Ve = —L(l +1)Ye, (€Ngm=—L,... 0
B spaces of eigenfunctions
Ho(S?) = span{Yy,m = —£,... £}
B eigenbasis N

H = L*(S?) = @D H(S?)

£=0
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Theorem ([Marinucci, Pecatti 11])
B T jsotropic Gaussian random field

Then:
B T has Karhunen—-Loéve expansion

oo 14
T= Z Z afmnm»

{=0 m=—/¢

B (ap,, ! € Ng,m =0,...,¢) random variables, L
lReagm AL Imagm NN(O,A[/Q)
B Reay ~ N(0,Ar), Imag =0
W Reagy ~ N (E(T)2y/, Ao)
B (ap,,l € Ng,m =—{,...,—1) given by
H Re Apm = (71)mRe QAg—m,
BImag, = (—1)" " ma,_,
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Lemma

B T centered, isotropic Gaussian random field
B/eN,m=1,...,(,9€[0,n]:
20 —|— 1(¢—m)!
L = 7P
om (D) +m)! v (COs )

m((X} ,X2),leNy,m=0,...,0), 1L
lXém ~N(0,1),i=1,2,m#0
.XZO =0

By = (sind cos ¢, sin ¥ sin ¢, cos ¥)

= T(y Z(J»XzoLeo

£=0

¢
+ /24, Z Lo (9) (X}, cos(mep) + X2 sin(map)))
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approximation

K

T(y) == > (VAX Lo (9)

=0
¥4
+V2A0 Y Lin(9)(Xhy, cos(me) + X2, sin(me)) )

Theorem (., schwab 131)

B T centered, isotropic Gaussian random field

B30 >0,a>2,0eN:Vl>ly: Ay <C- (¢
Then:

1.V0<p<+00:3C, >0:VheN:

1T =T\ po(asmry < Cp - (@722

2. asymptotically: V3 < (o —2)/2: |T —T"||g < k=", P-a.s.
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L? error, 1000 Monte Carlo samples
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Figure: error depending on series truncation
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Sample error
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regularity

Second moments — covariance kernels

B mixed second moments kr : S? —» R

kT(xvy): ZAZ Z nm }/Zm
m=—~¢
20+ 1
:ZAe g Py((z, y)rs)
(=0

Bk : [0,7] — R as function of distance r = d(x,y)

Z Ay % Pg (cosT)

B [-1,1] - Ras funct/on of inner product p = {(x,y)grs

kr(p) := k(arccos p)

= kr(,y) = k(d(z,y)) = k1({z,y)rs), 2,y €S’
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regularity

Decay power spectrum <> regularity kernel

Proposition (., schwab 131)
HneNy

(24,0 > n) € P(Ny) = (1 - ,ﬂ)"/?‘lkl(ﬂ) € L*(—1,1)

oun
ie.,
1 W20+ 1 L on 2 on
WZAZ 5" < +oo = 1 8Mnk1(,u) (1—p®)" dp < +o0
L>n -

extension to non-integers and fractional weighted Sobolev spaces
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regularity

Sample regularity

Definition
X, Y random fields on S?
BY modification of X:Vx € S? : P(X(z) =Y (z)) =1

Theorem (t., schwab 131)
B T jsotropic Gaussian random field with

Z AP < 400
=0

1. € (0,2]: ¥y < 3/2

3 continuous modification with Hélder exponent ~
2. 6>0:Vk<p3/2—-1

3 k-times continuously differentiable modification
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regularity

|ldea of proof

Lemma

ZAMLW <400, B€0,2] = Vre[0,7]:|k(0)—k(r)] < Csr’?
=0
= E(|T(z) - T(y)*") < Cpp d(w,y)™

Theorem (Kolmogorov—Chentsov theorem rv., scawab 131)

B T random field on S?
B3p>0,e€(0,1,C>0:E(|T(z) — T(y)|P) < Cd(x,y)>TP

= 3 continuous modification
which is locally Hélder continuous with exponent v € (0, €)
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Ice crystals & Sahara dust particles

L)) C2

B radius: lognormal random field exp(T’)

B same regularity as isotropic Gaussian random field T
[L., Schwab 13]
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stochastic processes & SPDEs

Random fields — stochastic processes

B Brownian motion — Wiener process W = (W (t),t > 0)

W(t)
= (W(t) - W(tn)) + (W(tn) - W(tnfl)) +--- 4+ (W(tl) - W(O))

B independent increments

(W(tn) = W(tn-1)) ~ N(0,tn — tn—1) = N(0, At)

B generate N (0, At)-distributed random numbers

mresp. N (0, AtQ)-distributed random field
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stochastic processes & SPDEs

Stochastic process

® probability space (2, A, P)

m filtration F = (F,t > 0) satisfies ""usual conditions™

H separable Hilbert space U — e.g., R%, L?(D), H*(D)

B stochastic process X = (X (¢),t > 0) with values in U, e.g.,

U=L*S%: X =(X(t,z),t >0,z € S*) with X(¢t,z,w) €R

M property: (often) P-a.s. nowhere differentiable
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Examples

B Brownian motion — Q—Wiener process W = (W (t),t > 0)
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Examples
B L évy process L = (L(t),t > 0)

0 20 40 60 80 100 120 140
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stochastic processes & SPDEs

= S (VABL () Lol
+ V24, ZLem (Bl (8) cos(mee) + B, (1) sin(mep))

By = (sind cos ¢, sin ¥ sin ¢, cos ¥)
B Brownian motions ((/3,,,,52,,). ¢ € No,m =0,....¢), 1., 32, =0

Annika Lang
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stochastic processes & SPDEs

Covariance operator @

QYLm = Z Z 1), Yo ) a(W (1), Yem) 1) Yem
=0 m=—/
—Z Z aLM a)@'rn(l)))/fm
=0 m=—¢
=AY m

— (@ characterized by

B ejgenvalues: (Ay, ¢ € Ny) angular power spectrum
B eigenfunctions: (Y, ¢ € Ng,m = —£, ..., £) spherical harmonics
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stochastic processes & SPDEs

Heat equation with additive noise
B H = [*(S?) separable Hilbert space

dX(t) = A X (t)dt + dW (1),  X(0) = Xo

B stochastic integral equation

X(t):X0+/O Ang(s)ds+/O AW (s)

:X0+/OtAS2X(s)ds+W(t) ’ N
L
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Examples
B Ornstein—Uhlenbeck process
dXt = O[Xt dt + de

P |
Pt
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Examples
B parabolic differential equation (heat equation)

dX(t) = $AX(t)dt + dL(t)

October 31, 2013
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stochastic processes & SPDEs

Spherical Laplacian — Laplace—Beltrami operator
By = (sin® cos ¢, sin ¥ sin @, cos V) € S?
2

Agz = (sinﬂ)*l% <sin19 8819> + (sinﬂ)*za%Q.

B eigenvalues & eigenfunctions
Ag2 Ve = —L(l +1)Ye, (€Ngm=—L,... 0
B spaces of eigenfunctions
H(S?) = span{Yy,m = —£,..., 0}
B eigenbasis N

H = L*(S?) = @D H(S?)

£=0
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stochastic processes & SPDEs

Karhunen—Loéve expansion

X(t) = Xo + /Ot Ag2 X(s) ds + W (t)

o0 4
= Om_—l
[e%e] 0 t
-3 % (Xo,nm)H+/0 (X(3). Yoo ds s + ap(t) ) Yo
=0

(Xo,Yem)H—e(eH)/o (X (), Vo) ds + e () Yo

umﬁs

(=0m
stochastic ordinary differential equations

(X (@), Yem)rr = (Xo, Yem ) — £(0 +1) /Ot(X(S)’ Yem)n ds + agm(t)
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stochastic processes & SPDEs

Stochastic ordinary differential equations

(X0 Yonhst = o, ¥onr —t0+1) | ' (X(5), Yom) 1 d + aom(®)

W variation of constants formula

t
(X(t>7nm)H = e_e(“_l)t(XOvYZm)H +/ e D (t=s) dagm(s)

0
B SPDE
t
Z Z ( —e(tz+1)t Xo Yem)H-i-/ e+ (t—s) dazm(S))YZm
=0 m=—¢ 0
o0
= ZXg(t)
=0
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stochastic processes & SPDEs

X0 =3 X0
=0

B recursion formula
Xo(t 4 h) = e {HDRX (1)

t+h
+ AZ {/ eié([dH)(tJrhiS) dﬂél()(s) }/130
t
4 t+h
FVR ([ e g 5 Re Y,
m=1 t

t+h
n / U (=2 gg2 () Ingmﬂ
t
W /t6 formula (Cf [Jentzen, Kloeden 09])

t+h 4
/ e DI d (5) ~ N0, (20(¢ + 1)) H(1 — e 215 D)
t
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Spectral approximation — L?(2; H)

(t) =Y Xult)
=0

Lemma
B3 eN,a>0,C>0:Vl>0ly: Ay <C -7

—WVeT:Y0=tg < ---<t,=t:
[X(#) — X"l L2 ;m) <C-rx 2 K>l

where

2 1
= Xl sgaum + C- (5 + —5)
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stochastic processes & SPDEs

Spectral approximation — LP(2; H) & P-a.s.
Lemma

B3 eN,a>0,C>0:Vl>0ly: Ay <C -1
:>Vt€T:VO=t0<---<tn=t:Vp>O:Hép>0:

X&) = X)) < Cp -2, K > Loy

Corollary

B3 eN,a>0,C>0:Vl>0ly: Ay <C- (¢
= WVteT:V0=ty < - <t,=t:V0<a/2:

IX(t) = X" (W)l pan <17, Peas.
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L? error, 100 Monte Carlo samples

(a) a=1

Figure: error depending on series truncation
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Sample error

(a) a=1

Figure: error depending on series truncation
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Conclusions & outlook

Annika Lang

W isotropic Gaussian random fields on S?

B gpproximation & regularity

B stochastic partial differential equations

H regularity of random fields on manifolds [andreev, L. 131

® random partial differential equations

Thank you for your attention!
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