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Understand dynamical properties of a system of type

t
5t:z+/X(§s,,ds), zeR?,
0

t t
X(z,t) = B(x)t + o(z)W; + / /g(x, 2)N(dzds) + / /g(x, z)N(dzds)
0 0
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Make accessible to linear stability analysis.

RDS15, Bielefeld



Understand dynamical properties of a system of type

t
5t:z+/X(§s,,ds), zeR?,
0

t t
X(z,t) = B(x)t + o(z)W; + / /g(x, 2)N(dzds) + / /g(x, z)N(dzds)
0 0

Make accessible to linear stability analysis.

Perturbed dynamical system
Interpretation of the system as random dynamical system

(path wise) Ergodic theory

derive Furstenberg-Khasminskii averaging.
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Random perturbations and linear stability

Consider an (autonomous) DS

(1) @ =v(x)
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Random perturbations and linear stability

Consider an (autonomous) DS + “ noise "

(1) i=v) + "7"
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Random perturbations and linear stability

Consider an (autonomous) DS + “ noise "

(1) i=v) + "9"

Assume that v(0) = 0, then z*(¢) = 0 is a solution of the (unperturbed) system.
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Random perturbations and linear stability

Consider an (autonomous) DS + “ noise "

(1) i=v) + "9"

Assume that v(0) = 0, then z*(¢) = 0 is a solution of the (unperturbed) system.

How robust is x* wrt. to the initial condition?
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Random perturbations and stability

Let v be smooth and denote ¢ : T x R? — R? be the flow of (1). Consider the
linearization instead

d d w d .o
(2 (dz9) = qzve + " 40
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Random perturbations and stability

Let v be smooth and denote ¢ : T x R¢ — R? be the flow of (1). Consider the
linearization instead

d “ -
(2) (£o)=2ve + " L9

Stability of (1) can be measured by the (exponential) growth rate of (2)

1
A= lim 71n|diga(t,~)| (Lyapunov exponent)
t—oo T x
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Random perturbations and stability

Let v be smooth and denote ¢ : T x R¢ — R? be the flow of (1). Consider the
linearization instead

d d w d .o
(2 (dz9) = qzve + " 40

Stability of (1) can be measured by the (exponential) growth rate of (2)

1
A= lim 71n|diga(t,~)| (Lyapunov exponent)
t—oo T x

(1) is considered
exponentially stable if A < 0
exponentially unstable if A\ > 0
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Random perturbations and stability

Let v be smooth and denote ¢ : T x R¢ — R? be the flow of (1). Consider the
linearization instead

(2) (359) = agve + " e
Stability of (1) can be measured by the (exponential) growth rate of (2)

1
A= lim 71n|diga(t,~)| (Lyapunov exponent)
t—oo T x

In general A depends on z (and is random).
Unperturbed case: dependence of eigenspaces of By
Under fairly broad assumptions A is constant a.s. (for a.a. z).

Given by ergodic average on the eigenspaces.
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linear jump diffusion

Consider the linear jump diffusion

3) dér = Bo&dt + Z B;j& (0)dZl , € =xzeR?
j=1

Matrices B; € Rixd
Lévy process Z ~ (b, A,v) in R™, i.e.

t t
Zy = bt + ATW; + / / 2N(dzds) + / / 2N(dzds)
0 J|z|<1 0 Jz[>1

= Strong solution exists. (Lipschitz!!l)
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linear jump diffusion

Consider the linear jump diffusion

(3) dée = Bo&edt+ »_ Bi&e—(0)dZ] , &=z R
j=1

(linear) Itd type

At =& — & =AZBE = Y AZ]Bj&i
j=1
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linear jump diffusion

Consider the linear jump diffusion

(3) dée = Bo&edt+ »_ Bi&e—(0)dZ] , &=z R
j=1

(linear) Itd type

m
At =& — & =AZBE = Y AZ]Bj&i
j=1
(geometric) Marcus/Stratonovich

A& = (¢°78 —1d)ei—

where ¢*B is the solution flow to the deterministic linear ode
m
b=:Bp=> Bjo, #(0)=uz.
j=1
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Random matrix theory (discrete time)

Let &1, ®o, - € R¥*4 be i.i.d. and 29 € R\ 0,

q)n-infl

(4) Ty = Ppxrn_1 € R? and Tp = ———— € gd—1 .
|<I)n-77n71|
For A, :=In|zy|,
n
(5) An =An1+1n|®nEn 1| = Ao + Zln | D1 .
i=1
and the limit
. An
(6) A=A=o) = lim — .
n—oo 1M

We want to apply some Krylov-Bogolyubov-type averaging procedure and the Birkhoff
ergodic theorem to express the limit as an ergodic mean. [Khall].
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Random matrix theory (ergodic theory)

On the product (Q = QP = P?N,]—' = FON),

D;(w) = Do(wy) , and Q:ng{w:(wl,wz,...) , wiEQO}
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Random matrix theory (ergodic theory)

On the product (Q = QP = P?N,]—' = FON),
Oi(w) =®o(wi), and Q=0f ={w=(wi,ws,...), wi €}
Then P is invariant under the shift

0w = O(w1,wa,...) = (w2,ws,...) .
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Random matrix theory (ergodic theory)

On the product (2 = Q§,]P’ = ]P’?NJ-‘ = FON),
®;(w) = Po(wi) , and Q:QF}:{UJ:(wl,wg,...) , wz‘EQ()}
Then P is invariant under the shift
0w = (w1, w2, ...) = (w2, w3, ...) .
(n)nen, (Tn)nen form cocycles over 6

Zntm (ZTo,w) = Tn(Tm(To,w),0Mw) .
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Random matrix theory (ergodic theory)

On the product (Q = QP = P?N,]—' = FON),
P;(w) = Po(ws) , and Q:Q§:{w:(w1,w2,...) , wiEQO}
Then P is invariant under the shift
0w = O(w1,wa,...) = (w2,ws,...) .
(n)nen, (Tn)nen form cocycles over 6
Zntm (ZTo,w) = Tn(Tm(To,w),0Mw) .
(An)nen has the additive cocycle property over oy, := (Z,0™) on S9! x Q,

Am4n(Zo,w) = Am(To,w) + An 0 @m(Zo,w) -
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Random matrix theory (ergodic theory)

On the product (2 = Qf,P = PYN F = FON),

P;(w) = Po(ws) , and Q:Q§:{w:(w1,w2,...) , wiEQO}
Then P is invariant under the shift

0w = O(w1,wa,...) = (w2,ws,...) .
(n)nen, (Tn)nen form cocycles over 6
Zntm (ZTo,w) = Tn(Tm(To,w),0Mw) .
(An)nen has the additive cocycle property over oy, := (Z,0™) on S9! x Q,
Am+n(Zo,w) = Am (To,w) + An 0 ©m (To,w) .

There exists invariant measure p on S%~1 and p ® P is invariant under ¢ .

RDS15, Bielefeld



Random matrix theory (ergodic theory)

Theorem (Birkhoff ergodic theorem)
n
- . An .1 -
AMZo,w) := lim — = lim — A1 0 o (Zo,w)
n—oo M n—oo N

k=1

exists i @ P almost surely, is invariant with respect to ¢ and is constant on the
ergodic components of S x Q with respect to .

RDS15, Bielefeld



Random matrix theory (ergodic theory)

Theorem (Birkhoff ergodic theorem)
A@o,w) := lim 2% A1 0 ¢k (Zo,w)

n—oo M n—oo N
k=1

exists i @ P almost surely, is invariant with respect to ¢ and is constant on the
ergodic components of S x Q with respect to .

In particular we a Furstenberg-Khasminskii averaging formula

AZo,w) = E/ In |®1(-)z|p(dZ) , p® P-a.s.
Sd—1

provided it is finite.

RDS15, Bielefeld



Lyapunov exponents and the MET

Oseledec’ Multiplicative ergodic theorem

linear cocycle (£;),cp on R? over an
ergodic metric DS (Q, #,P, (0¢)tcr)
(logarithmic) integrability conditions

there exists a family of random invariant subspaces (E;)i—1,...,» such that
R:E=F, @ -® E, and that

1
z € E;j(w) \ {0} iff. lim —log|&(w)z| = A;
t—oo t

These numbers \; are called Lyapunov exponents.

[Ose68]
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Continuous version

If (D¢)¢>0 is the matrix valued solution flow, then for any 7 > 0

AMZo,w) = E/ In|®-(-)Z|p(dZ) , p® P-as. .
Sd—1
We observe that

) Eln @, ()] = ;B Il > = 2 (Prin|-[2) @) ,

N | =

(Pt)t>0 is the semigroup associated to &.
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Continuous version

If (D¢)¢>0 is the matrix valued solution flow, then for any 7 > 0

AMZo,w) = E/ In|®-(-)Z|p(dZ) , p® P-as. .
Sd—1
We observe that

) Eln @, ()] = ;B Il > = 2 (Prin|-[2) @) ,

N | =

(Pt)t>0 is the semigroup associated to &.

Recall the extended generator of P

t
{(fvg) : Ptf*f=/ PsgdS}
0

= {(ﬁg) : f(X.)—/ g(Xs)ds is a martingale} .
0

L

[EKO5]
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Furstenberg-Khasminskii type formula

Theorem

Let & be the Markov process solving the stochastic differential equation (3) and L the
generator of the associated semigroup with

In|-?e’.

Then for p a.e. initial condition the Lyapunov exponents are given by the formula

Ay = lim @:/gd_l %L(ln|~|2)(i)u(d§:) P as. .

T— o0

RDS15, Bielefeld



The linear 1t6 Generator

For the linear 1t6 equation

m
dé¢; =Bo&dt + Z Bj&-dZ}
j=1

we have
Llog(|-|*)(z) = 2 (2" Boz + b/ " B;)

+1B;al> - 2(z* B;z)”
+2/log(‘f+Ziji|) — 1{‘z|<1}zj:f*ij v(dz) .

Thus simple estimates provide a sufficient condition for In| - |2 € £ by

/ In|z| v(dz) < oo .
lz]>1

RDS15, Bielefeld



The Marcus Generator

For C2 vector fields vj R4 — R4 and

m

dft = Z vy (ftf) < dth

§=0

the associated generator takes the form

1
Lof = (UO +ijj + %”]2) f +/ / 27 (Ujfod)iv - ]1{‘z|<1}v]~f)dr v(dz) .
R™ J 0O

RDS15, Bielefeld



The linear Marcus Generator

In the linear case

m
dge =Bo&edt + » _ Bj€e— 0 dZ}
j=1

the formula reads

£%1og(| - *)(2) = 240(z +2qug(x)+hj(q])( z)

+2// qj ¢zB |) Iqz |<1}qj(1:)) drr(dz)

with the notation

(8) qj(z) = (B;%,7)
(9) hj(z) = Bz + q;(2)7
(10 W)@ =15 @) = (B + B))7 Bya) - 2Byw,a)

Again, for In| - |2 € £ it suffices

/ |z| v(dz) < oo .
lz1>1

RDS15, Bielefeld



A Furstenberg-Khasminskii type formula: Marcus equation

Az/ 522 (1n(1 - 1) @)n(am)

Sd—1
:/ q(Z) + b g;(z) + %hj(qj)(i)

zB*
// qg ¢z3$|) 1{\z|<1}%(50)) drv(dz)p(dz)

Remark that the dynamic of £ on S~ is invariant under p. Following [AKOOQ] we
deduce that the non local term is

/ / 2q;(z) drv(dz)u(dz)
Sd=1 J|z|>1

RDS15, Bielefeld



A Furstenberg-Khasminskii type formula: Marcus equation

A= / (0@ + b9, + 51 6)@ + () / 2 1(d2)) (do)
gd—1 |z|>1

with the notation

4;(2) = (B;Z, )
h;(Z) = B;Z + ¢;(2)z

i (a3)(2) = 15 52 (@) = (B + B3, Bya) — 285, 2)°

[AOP86]

RDS15, Bielefeld



Uniqueness of the top exponent

Recall that under the integrability condition on the v.

Ap = / %E(ln| . |2>(i)u(d£) Pas. .
Sd—1

The exponent is well defined (independent of x) if i is unique,
i.e. £ is ergodic on S¢—1.

RDS15, Bielefeld



Uniqueness of the top exponent

Recall that under the integrability condition on the v.

Ap = / %[,(ln| . |2>(£)/L(di) Pas. .
Sd—1

The exponent is well defined (independent of x) if i is unique,
i.e. £ is ergodic on S¢—1.

Ergodicity of the projection [MTO09]:
Irreducibility:

Pily(z) >0 foranyopen U C S 1 zesdt.
Strong Feller property (smoothing):

Pif(z) € Cp(S9™Y) forany fe B(S471).

RDS15, Bielefeld



FK vs Oseledec

Oseldetec:
Lyapunov exponents A, < --- < A1 are well defined (non-random).
Random invariant subspaces E;(w) that realize A;.

Hence: Random invariant measures i, (dz) X P(dw) that realize A;.
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FK vs Oseledec

Oseldetec:

FK:

Lyapunov exponents A, < --- < A1 are well defined (non-random).
Random invariant subspaces E;(w) that realize A;.

Hence: Random invariant measures i, (dz) X P(dw) that realize A;.

Au=/ - p(d) .
Sd—1

1?
Markovian invariant measures p realizing Ay, = A(Zg) = A1.

Birkhoff:
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FK vs Oseledec

Oseldetec:
Lyapunov exponents A, < --- < A1 are well defined (non-random).
Random invariant subspaces E;(w) that realize A;.

Hence: Random invariant measures i, (dz) X P(dw) that realize A;.

FK:
Birkhoff:
M =/ o p(dz) .
Sd—1
1?7

Markovian invariant measures p realizing Ay, = A(Zg) = A1.

Conclusion:

Ay is unique (f is ergodic) iff. no non-random Oseledec-subspace F;!

RDS15, Bielefeld



The Projection: Jump Kernels

s &t d—1
= ==€8 .
& =m(&) = €

Jump kernel ~ ~
Ay = g(ét—v AZt)
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The Projection: Jump Kernels

s &t d—1
= ==€8 .
& =m(&) = €

Jump kernel ~ ~
Ay = g(ét—v AZt)

(i) Marcus case:

§(7,2) = o"*(@) — 7 with =zH(9) =D 2Th;(9) .
J

(recall that hj(z) = Vr(z)Bjx)
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The Projection: Jump Kernels

& &t d—1
= ==€8 .
& = (&) €] €

Jump kernel ~ ~
Aft = g(ét—v AZt)

(i) Marcus case:
§(7,2) = o"*(@) — 7 with =zH(9) =D 2Th;(9) .
J
(recall that hj(z) = Vr(z)Bjx)

(ii) 1t6 case:
9(%,z) =7 ((Id+2B)z) — T .
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The Projection: Jump Kernels

& &t d—1
= ==€8 .
& = (&) €] €

Jump kernel ~ ~
Aft = g(gt—v AZt)

(i) Marcus case:
§(7,2) = o"*(@) — 7 with =zH(9) =D 2Th;(9) .
J
(recall that hj(z) = Vr(z)Bjx)

(ii) 1t6 case:
9(%,z) =7 ((Id+2B)z) — T .

In both cases:
9(Z,2) = zH(z) + O(|z[?)

Can write:

t
& =560+/ H(E—,ds) .
0

RDS15, Bielefeld



The Projection: d&; = H(&_,dt)

(i) Marcus case:
1
H(z,t) = t(ho(z) + H(z)b + 3 E Dhj(z)h;(x)) + H(z)dW;

J

+ / H(z)z N(dtdz) + / H(z)z N(dtdz)
lzI<1

|z[>1

+/ (¢"%(z) — & — H(x)z) N(dtdz) .
Rm
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The Projection: d&; = H(&_,dt)

(i) Marcus case:
1
H(z,t) = t(ho(z) + H(z)b + 3 E Dhj(z)h;(x)) + H(z)dW;

J

+/ H(z)z N(dtdz)+/ H(z)z N(dtdz)
lzI<1

|z|>1
+/ (¢"%(z) — & — H(x)z) N(dtdz) .
Rm
(ii) Itd case:

H(z,t) = t(ﬁo(m) + H(z)b+ % Z Dhj(x)h; (m)) + H(x)dW;

J

+/ H(x)z N(dtdz)+/ H(z)z N(dtdz)
lzI<1

|z[>1

+/ 7(([d+2B)z) — = — H(z)z N(dtdz) .
R’"L

Jj=1 RDS15, Bielefeld



Assumptions: Lévy measure

Integrability condition: (= Birkhoff & Oseledec)

(i) Itd case: fI2\>1 log(|z])v(dz) < oo
(ii) Marcus case: fIZ\>1 |z|lv(dz) < oo

Order condition:
(11) lim inf s_a/ |z[?v(dz) > 0, a€(0,2).
=0 |2I<e

[Ore68, Pic96, Kunll]

Can define infinitesimal covariance:

1
(12) 3, := liminf / 2 ® z v(dz) e R™x™m |
eNO oy (e) |2]<e
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Assumptions: Lévy measure

Integrability condition: (= Birkhoff & Oseledec)

(i) Itd case: fIZ\>1 log(|z])v(dz) < oo
(ii) Marcus case: fIZ\>1 |z|lv(dz) < oo

Order condition:
(11) lim inf s_a/ |z[?v(dz) > 0, a€(0,2).
=0 |2I<e

[Ore68, Pic96, Kunll]

Can define infinitesimal covariance:

1
(12) 3, := liminf / 2 ® z v(dz) e R™x™m |
eNO oy (e) |2]<e

«a-stable measures

Ve (dz) ~ |2|7* 1dz,a € (0,2) rotationally invariant / iid. concentrated on axes

then (11) for o/ =2 —a, X, =Id € R™*X™ |

RDS15, Bielefeld



Assumptions: non-degeneracy

The Lévy triplet (b, A,v):
det(A+X%,)>0.

[Kun11]
The vector fields.

dimspan {h1(Z),... ,hm(Z)} =d—1, zTe S 1.
Recall h; is the projection of B; (rotational part)
hj(f):Bjizf<Bji,:T:)E, 7=0,...,m.

Denote

(13) H(z) = (hl(m),hg(ac),~-- ,hm(x)> eRIX™ g eR?.

RDS15, Bielefeld



Unique ergodicity

Theorem

We ask the following rank condition
(14) rank (H(i:) (A+3)) H(aE)*) =d—-1, vVzest!.

Then the pojection £ is ergodic.

RDS15, Bielefeld



Ergodic theory

Irreducibility: Support theorems (Stroock-Varadhan)

{6:00,4] > R, ¢(t) € U} Nsupp (&) # @ .

RDS15, Bielefeld



Ergodic theory

Irreducibility: Support theorems (Stroock-Varadhan)
{¢:10.] >R, ¢(t) € U} nsupp (§) # & .

Strong Feller: Gradient estimates (Bismut-Elworthy-Li)

Assume

E[VFED) ] Sfleo, ¥ feCH
Approximate f € %y, by f1, f2,... € Cp°, then VP, f(z) exists.
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Ergodic theory

Irreducibility: Support theorems (Stroock-Varadhan)
{¢:10.] >R, ¢(t) € U} nsupp (§) # & .

Strong Feller: Gradient estimates (Bismut-Elworthy-Li)

Assume

E[VFED) ] Sfleo, ¥ feCH
Approximate f € %y, by f1, f2,... € Cp°, then VP, f(z) exists.

= Any ergodic measure is unique!

RDS15, Bielefeld



Embedded equation

t
gf:a;—i—/ X(&F_,ds), z e R,

X(z,t) = B(x)t + o(x) A2 We +/ / (x,z) N(dzds) + / / (z, z) N (dzds)
d

Assume 3,0, g(-, 2) to be C$°(R), an

g(@,") €CER™), ¢'(2,2)| _, = o).

Can take smooth p, p(1) = 1,suppp C (%, %)
X(x,t) = p(|z|*) H (%, t) -

RDS15, Bielefeld



Bismut’'s approach to Malliavin calculus

u: Qx (0,T] — R™*9 predictable.
t
Wtu"\ =W; +/ us.\ds
0

v:Q x (0,T] x R™ — R™*4 predictable.
NP = Ny ((w,u" (@)
u”MNw) = {(ti, 2 + v(w, i, z;).A}
Define the Girsanov-shift in direction (u,v) by

(15) 00— Q
w = (W, u)

F-derivative

For ® : Q — RY let s
0P 0 0\ Y
Zo® = (W) lmo

RDS15, Bielefeld



Integration-by-parts

“Finite energy condition”: w,v bounded,

(16) (e, t, )|+ [V (w,,2) < 20(2), peLi(v).

Integration-by-parts [BGJ87]
For any f € Cg(Rd), W F-differentiable,

E[ WV*f(67) 2087 | = E[ £(€7)To(¥) ]

Ty(0) =¥ (—/u(s)dWs +//divzv N(dzds)> + Zp¥

RDS15, Bielefeld



Integration-by-parts, B-E-L and densities

If £€* diffeomorphic (“small jumps”)
t
70et = Vet / (VL) o(€2_ Jusds
0

t
+// (V&) (1d+Vg(&5_,2)) g (€5, 2)v(s, 2) N(dzd8)>
0

=Veray, .

RDS15, Bielefeld



Integration-by-parts, B-E-L and densities

If £€* diffeomorphic (“small jumps”)

t
Dot =V£i”( / (V€2 ) o(€7_ uods
0

t
+// (V&) (1d+Vg(&5_,2)) g (€5, 2)v(s, 2) N(dzd8)>
0

=Veray, .

If we can invert ﬂoe’t, set 6 = (Vtz{og,t)*ly

VyPif(x) =E[ VI(EH)VEY | =E[ VF(E)VE A, |
=E[ VI() 287 | =E[ £(&7)T6(1) |

RDS15, Bielefeld



Integration-by-parts, B-E-L and densities

If £€* diffeomorphic (“small jumps”)
t
70et = Vet / (VL) o(€2_ Jusds
0

t
+// (V&) (1d+Vg(&5_,2)) g (€5, 2)v(s, 2) N(dzd8)>
0

=Veray, .

Without jumps and u € R¢

t
Ay =/ (Ves ) to(€ )ds - u = eu .
0

and set

u= () (Mop) €, Moy = Ao(He) .

RDS15, Bielefeld



Find 0 such that «/9 invertible. With integration-by-parts and ¥ = (,dg)i_j1

E[ () (VIEN2°e) | =E[ £ED)Ter (951" ]

summing up over ¢ then gives

> B[ fEnTe ()5 Z () (V)20 ]

2

=Y E[ (&%) (Ve Ve ) |

=D E[(@)5 D (Vi ven A ]
k

:Z (VF(E)VE) bk |
k

E[ (VAE)VEY | .

It remains to show that the left hand side is bounded by C/|| f||cc-

RDS15, Bielefeld



B-E-L type on ¢!

Find 6 such that (2r?);.! exist for all 7.

—1
ij
Ve, Pif (@) =E[ (VIEOVEY | < IflE[ Y Ter (()5)" ]

Note: We need the estimate only for tangent directions.

RDS15, Bielefeld



B-E-L type on ¢!

Usual choice
w = (V&) Lo(ef)A%)"
v(t,2) = (V€)1 1d+Vg(€r_, 2) 7 g (€7, 2))

Then
t
o = / (VEE_ ) B(&Z_)(VEr_ )~ 1" ds
0
t
+// (VEX_)TLO(E%_, 2)(VEX_) ™1 N(dzds) .
0
with
B(z) = o(z)Ac(z)" , C(z,2) = (Id+Vg(z,2)) "¢ (z,2)g' (x,2)* (1d +Vg(z, z)) " ™*
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B-E-L type on ¢!

Usual choice
w = (V&) Lo(ef)A%)"
v(t,2) = (V€)1 1d+Vg(€r_, 2) 7 g (€7, 2))

Then
t
o = / (VEE_ ) B(&Z_)(VEr_ )~ 1" ds
0
t
+// (VEX_)TLO(E%_, 2)(VEX_) ™1 N(dzds) .
0
with
B(z) = o(z)Ac(z)" , C(z,2) = (Id+Vg(z,2)) "¢ (z,2)g' (x,2)* (1d +Vg(z, z)) " ™*

It is enought to proof invertibility of

R, = /B(éit)der//C(m,z)N(dzds) I
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Particular shift

We want to define the perturbations

zz*

oo (Ve M 1d+ Vgl =) 7o' (65, 0)”

ve(t, 2) = Lz 1<e
Then
=g/ (2,0)"(1d +Vg(z, 2) "1,

ov(e)

Co(z) = ¢/ (2,0)2,¢' (x,0)* = o(z)Syo(x)* .

C. (z,2) = Id+Vyg(=z, z))flg'(x, z)
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Particular shift

We want to define the perturbations

zz*

oo (Ve M 1d+ Vgl =) 7o' (65, 0)”

’Ue(t, Z) = ]1|z\<s
Then
g'(2,0)*(1d +Vg(z,2)) ",

ov(e)

Co(z) = ¢/ (2,0)2,¢' (x,0)* = o(z)Syo(x)* .

C. (z,2) = Id+Vyg(=z, z))flg'(x, z)i

Note that

lg'(z, 2)z2"g' (x,0) — g’ (x,0)22" ¢/ (z,0)| < sup lg" (z,9)| |2
I|<Le

such that . .
ICe (2, 2) — Co(w, 2)|| = O(e)
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Particular shift

We want to define the perturbations

ve(t,2) = Vsjce— ((vst )"H(1d+Vg(Er-,2) g (67,0))

u()

Then

Ce(w,2) = (1d+Vg(z,2)) " '¢' (z, Z)%(E)g’

Co(z) = ¢'(2,0)2,¢' (x,0)* = o(z)Z,0(x)*

(2,0)*(1d+Vg(z,2) "',

Note that

lg'(z, 2)z2"g' (x,0) — g’ (x,0)22" ¢/ (z,0)| < sup lg" (z,9)| |2
I|<Le

such that . .
ICe (2, 2) — Co(w, 2)|| = O(e)

Deduce that for £ small

Rg;j:/ (€x_ ds—l—//C’e Z_ Z)N(dzds) >
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Support theorem: control set

We introduce the quantity

(17) e 1= / zv(dz) e R™ |
e<|z|<1

and assume that either
(a) po = limg\ o pe exists, or
(b) pe € AR™ for any 0 < € < €9, and set puog = 0.

ut = {u = (un)nen = (tn, 2n)nen , 0 <tn /00, (2n)nen C suppv}
ue = {u € C'([0, 7], AR™) }
U =U°+ pot + U’ .

[Kun99, Sim00]
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Support theorem: control equation

For u € U let us consider the controlled differential equation

t
(18) r=x+/ XU(g¥_,ds)
0
with a controlled generator given by
(19) X¥(z,t) = B(w)t—l—/ o(z)u(s)ds + Z g(x, zn)
tn <t

For symmetry reasons we use B to be the Stratonovich corrected drift

(20) B(@) = Bx) + Z(Do;)(m (@) -
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Support theorem: control equation

For u € U let us consider the controlled differential equation

t
(18) ?=x+/mXW§LAQ,
0
with a controlled generator given by
t
(19) X%aw:mmwh/va@w+§:ﬂa%»
0 tn <t

For symmetry reasons we use B to be the Stratonovich corrected drift

(20) Ba) = p@) + 3 Y (Do) @os(@)

J

Support Theorem

supp(€) = (9% : well} , ¢f. [Kun99, Sim00]
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Example: “ Lévy polar coordinates”

d=m =2 and v(R%) < co.

dX; = B1 Xt 0dZ} + B2X; 0dZ? .

10 0 1
p=(o 1) 2= (50)
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Example: “ Lévy polar coordinates”

d=m =2 and v(R%) < co.

dX; = B1 Xt 0dZ} + B2X; 0dZ? .

10 0 1
p=(o 1) 2= (50)

Then we have

{0’ J-ZO’ and hence A° =EZ!.
1 j=1
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Example: “ Lévy polar coordinates”

d=m =2 and v(R%) < co.

dX; = B1 Xt 0dZ} + B2X; 0dZ? .

b)) == )

By

Then we have

0, j=0,
1, j=1

and hence A° =EZ!.

q;(Z) = (Bjz,Z) = {

This is easily verified also by the Marcus solution X; = exp(ZtlBl + ZEBQ):L‘. And
thus
In|X:?> =22} +In|z|? .
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Example: “ Lévy polar coordinates”
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