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Metastability in stochastic lattice models

> Lattice: A c z4

> Configuration space: X = S\, S finite set (e.g. {—1,1})

> Hamiltonian: H : X — R (e.g. Ising model or lattice gas)

> Gibbs measure: ug(z) = e—PBH(z) /Z3

> Dynamics: Markov chain with invariant measure ug
(e.g. Metropolis such as Glauber or Kawasaki dynamics)



Metastability in stochastic lattice models

> Lattice: A c z4

> Configuration space: X = S\, S finite set (e.g. {—1,1})

> Hamiltonian: H : X — R (e.g. Ising model or lattice gas)

> Gibbs measure: ug(z) = e—PBH(z) /Z3

> Dynamics: Markov chain with invariant measure ug
(e.g. Metropolis such as Glauber or Kawasaki dynamics)

Results (for 8> 1) on g =
> Transition time between "
empty and full configuration . =
. u
> Transition path -
> Shape of critical droplet " -

> Frank den Hollander, Metastability under stochastic dynamics, Stochastic
Process. Appl. 114 (2004), 1-26

> Enzo Olivieri and Maria Eulalia Vares, Large deviations and metastability,
Cambridge University Press, Cambridge, 2005
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Metastability in reversible diffusions
dx?(t) = —VV(2°(t)) dt + o dB(t)

>V :R9 = R: potential, growing at infinity
> B(t): d-dimensional Brownian motion

Invariant measure:

e—QV(x)/a2

Lo (dx) = 7 dx
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Metastability in reversible diffusions
dx?(t) = —VV(2°(t)) dt + o dB(t)

>V :R9 = R: potential, growing at infinity
> B(t): d-dimensional Brownian motion

Invariant measure:

e—QV(LU)/O'Q

Lo (dx) = 7 dx

Transition time 7 between potential wells (first-hitting time):

> Large deviations (Wentzell & Freidlin): lim,_go2logEr
> Subexponential asymptotics (Bovier, Eckhoff, Gayrard, Kilein;
Helffer, Nier, Klein)



Metastability in reversible diffusions

> Stationary points:
S={z: VV(z) =0}
> Saddles of index k € Np:
S = {x € §S: HessV (z) has k negative eigenvalues}
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Metastability in reversible diffusions

> Stationary points:
S={z: VV(z) =0}
> Saddles of index k € Np:
S = {x € §S: HessV (z) has k negative eigenvalues}
> (Multi-)Graph G = (Sp, &):
x<—y Iff x,y belong to unstable manifold of some s € &1
> x9(t) resembles Markovian jump process on G
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T he model

> Lattice: A=Z /NZ, N > 2
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> Bistable local potential: U(z) = 3a* — 22
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T he model

> Lattice: A=Z /NZ, N > 2

> Position x; of +th particle: A>i— x; € R

> Configuration space: X = RN

> Bistable local potential: U(z) = 3a* — 22

> Nonlinear local drift term: f(z) = —U'(z) = = — 23

> Coupling between sites: discretised Laplacian

> Coupling strength v >0

> Independent Gaussian white noise dB;(t) acting on each site

dwy(t) = f(xi(D)dt+ 21 (1) = 225(8) + wim1 ()] dt + o/ NdBi(1)

> Interacting diffusions (Dawson, Gartner, Deuschel, Cox, Greven, Shiga,
Klenke, Fleischmann; Méléard; Kondratiev, Rockner, Carmona, Xu; ...)

Gradient system: dx?(t) = —VV4(27(t))dt + o/ N dB(t)

Global potential: Viy(z) = 3 U(z:) + L 3 (241 — 24)°
1EN 4 1EN



Weak coupling

Fory=0: S={-1,0,1\, Sog = {—1,1}\, G = hypercube
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Theorem
VN Iv*(N) > 0O s.t.

> All *(v) € Si.(v) depend continuously on ~ € [0,7*(N))

1 1
— < inf v*(N) <~+v*(3) = =(Vy34+2v3-+v3) =0.2701...
>3 < InD () <94(3) = S(V3+2V3-V3)
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Theorem
VN Iv*(N) > 0O s.t.

> All *(v) € Si.(v) depend continuously on ~ € [0,7*(N))

1 1
— < inf v*(N) <~+v*(3) = =(Vy34+2v3-+v3) =0.2701...
>3 < InD () <94(3) = S(V3+2V3-V3)

For O < v < 1:

Vy(a* (1) = Vo(@*(0)) + 5 3 (af11(0) — 2}(0))° + 0(77)
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Dynamics is like in an Ising spin system with Glauber dynamics:
Minimize number of interfaces



Weak coupling

Dynamics is like in an Ising spin system with Glauber dynamics
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Potential seen along an optimal transition path:
Differences in potential height determine transition times
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Weak coupling

Dynamics is like in an Ising spin system with Glauber dynamics

=1)
(-1,1,1,...,-1)

Partial representation of G showing only edges contained in optimal transition paths



Strong coupling: Synchronisation
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Strong coupling: Synchronisation

For all v >0: I*=+4(1,1,...,1) €Sy and O =(0,0,...,0) €S
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1 N2 o
— ~1(N) = = _[14+0O(N?2
M=) = oy 2n2 |1 T o)
Theorem X
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>S1 = {0} <Y > 71 -



Strong coupling: Synchronisation

For all v >0: I*=+4(1,1,...,1) €Sy and O =(0,0,...,0) €S

1 _N? 5 o
o N = 1 O N—
N =W =TT BNy T a2 o2 1O )]
Theorem X
> S = {I_,I+,O}<:>’y>’)/1
>S; = {0} &> :

Proof (using Lyapunov function W (z))
1—y v/2 ... ~/2

x = Ax — F'(x), AZ(W{Q A ), Fi(z) = 23
: 7/2 L
v/2 ... /2 1—v
W(z)=3> (z;—241)° =5lz — Rz||®,  Raz=(x2,...,2n,%1)

1EN

dﬂégw) = <:c—RCIZ,d—C1(JZ—Ra?)> < {rx—Rx,A(x— Rx)) < (1—%)||33—R:U||2
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Strong coupling: Synchronisation

T4 = Thit(B(I'l',r))
TO = Thlt(B(O,T>)
T = inf{t > XY BUI,R)): zt € BI,r)}

Corollary
VN ¥y >~1(N) V(r,R) s.t. 0<r < R< 3 Vag € BU,7)

> lim P7ole(1/2-0/7% < 7 < e(/240/* =1 5> 0

o—0 1
> lim o2 log E%0 ==
Jimy o= log BTy} = 5

—0




Intermediate coupling: Reduction via symmetry groups

Global potential V, is invariant under

> R(xq1,...,2N) = (z2,..., TN, 21)
> S(x1,...,2N) = (zN,ZN_1,--.,21)
>C(z1,...,zny) = —(x1,...,2N)

V4 invariant under group G = Dy X Z > denerated by R, S,C
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Intermediate coupling: Reduction via symmetry groups

Global potential V, is invariant under

> R(xq1,...,2N) = (z2,..., TN, 21)
> S(x1,...,2n) = (N, ZN_1,---,21)
>C(x1,...,zNy) = —(21,...,TN)

V4 invariant under group G = Dy X Z > denerated by R, S,C
(G acts as group of transformations on X, S, S (for all k)

Notions
> Orbit of x € X: Oy = {g9x: g € G}
> Isotropy group/stabilizer of x € X: Cp = {9 € G: gx = x}
> Fixed-point space of a subgroup H C G-
FiX(H) ={x € X: hxt =xVh € H}

Properties
> |Cz||Oz] = |G
> Fix(gHg™1) = g Fix(H)



Small lattices: N =2

z* OZ* CZ* FIX(CZ*)

(0,0) | {(0,0)} G {(0,0)}

(171) {(171)7(_17_1)} D2: {Id,S} {(x7x)}$€R =D
(17_1) {(17_1)7(_17 1)} {ld,CS} {($7_x)}w€R
(1,0) | {=(1,0),£(0,1)} | {id} (&, Y)}oyer =X
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Small lattices: N =2

2* Oz* Cz* FIX(CZ*)
(0,0) | {(0,0)} G {(0,0)}
(171) {(171)7(_17_1)} D2: {'d,S} {($,ZC)}$€R =D
(17_1) {(17_1)7(_171)} {ld,CS} {(x7_x)}w€R
(1,0) | {#(1,0),+(0,1)} | {id} [, 0)}pyer = X
0 1/3 1/2
} >
(x2]  (1,1) ¢ Sk I
[xl] (07()) e S PP _? ______________ (9’9) ______ -0
‘ (x,—x) ’//A
[x2] (1,-1) ¢ ==
x //Aa
[x4] (1,0) o_._._._.i.’_@_./
It It It
Aa
QA Q Io
Aa
I~ I~ I~
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Small lattices: N =3

(1
(1

0 o 2/3
} } >
T,T,T
(1,1,1) o ( ) t
0,0,0
(0,0’O> o S _?_._._g_._._) ...... O
/
B
(0,0,1) dmvomrommimem oy 2. “
7 A
_1,0) & ey ) e
’17_1) ? \80,
)
(17 17()) o= - (%
It It
A 0,
Oa
I~ I~
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Small lattices: N =4

T NI
= LN
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Desynchronisation transition

Theorem
VN even 3J6(N) >0 s.t. for v —o(N) <~v <7

> |S|=2N+3
>S can be decomposed into

So=O0;+={IT,1"}

S =04 ={A,RA,...,RN"14)}
So =0 ={B,RB,...,RN"1B}
S3=0p ={0}

— — 2 . (2n /(- 1
Ay =450 = 21 Tsin(F(i- 1)) +0(1- 1

)

14



Desynchronisation transition

T heorem
VN even J6(N) >0 s.t. for v —6(IN) < v <71

> |S|=2N+3
>S can be decomposed into

So=0.4 ={IT,I"}
S =04 ={ARA,...,RN714}
So =0 ={B,RB,....,RN"1B}
S3=0p =10}
Aj=Ai(y) = % 1— %sin(%ﬂ(j — %)) +0(1- %)
2
Vy(A)/N = —g(1- )" +0(Q -3

> N odd: Similar result, |S| > 4N 4+ 3
> Corollary on 7, with 79 — 744
> A and B have particular symmetries (see next slide)



Symmetries N=4L N =4L+2 N=2L+1

A
B
N x | Fix(Cyg)
41 Al (21, XXy ey Xy =Xy evey—LL,—LL,ee.,—TL1)
B|(x,...,2,...,21,0,—21,...,—21,...,—2x1,0)
AL+2 | A | (z1, ..., TL41,-+-+T1, —T1yee-y —TL41,---»—T1)
B | (x1,...,2,27...,21,0,—21,...,—2,—2Z[,...,—21,0)
2L+1 A | (x1,...,27,—x[,...,—21,0)
B (w].?"'?xL?xL?"'?xl?xO)

15




Large N: Sequence of symmetry-breaking bifurcations
Rescaling: v = % = (1 — cos(27r/N))

~ l—cos(2n/N) __

TM = T=cos(2rM/N) — [1 +O( ﬂ
Theorem

VM > 1 dNy; < oo s.t. for N > N,; and :?M—l—l <y <YM
S can be decomposed as

So=O0;4={IT,1"}
ng_le(m) m=1,...,
SQm:OB(m) m=1,...,
Sop41 = Op = {0}

m ~ ~ K m2~ . e
with A§ )(3) = a(m?27) sn (4 K( ](V 7))m<J _ %),m(m%)) n O(%)

and (7), a(7) implicitly defined by
. 2 Ej a(3)
7T ARG P AFRM?) g o

2 _ 2k(9)?
a(N* = 130Gy




Large N: Bifurcation diagram (N = 4L)

1Ls(—1)La1bsg(—1)Ls1la(—1)E=0
121 (—1)E21 L1 (—1)EiqLe(—1)E ¢
(1510(=1)4710)? ¢

(1 (=1)F)? ¢

12L—10(_1)2L—10 ¢

U

\J

\J

U

\J

12L(_1)2L é

| 73 72 1 o
| : >
JE
—aaaan _? .......... Qi ——— D W ——— O
BB/ I ’
- : l
———— e - /: //
A // /
— s — ‘/ .
B B/. 7
/"/‘ /
e ¢ — — 1 —  —  —  — '/.
— — — — — — — — — — — — .—‘/ - A(l) A
It It
A O
1~ I~

17



Large N: Bifurcation diagram (N = 4L)

~

0 . V2 1 5
| : >
14L (o} I:I:
O4L Qerresrmnnnnnnnns  sasssssanss O rrrmm O+ o s - 0
A l
9 —. 1 I’
/ /!
L
9 - ?,«/.
12L_1O(_1)2L_1O o SHPP e e — 11— 1 "'/ 4
7
/
12L(—1)2L ()_9._ i /‘/‘ A
/
12L0(—1)?420 dernges’ 10
/

12L0(_1)2L—1 &.7 Aac

Expected behaviour near zero coupling
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Large N: The transition probabilities

Potential difference (k = (7))
N _v(rE
H() = YA-VUH)
— 1 1 [2—|—l€2 . 2E(I€
— 4 3(1;-%2) 14+k2 K(k)
+0(%)

V(A®) v (IF)
N

L
00 01 02 03 04 05 06 07 08 09 10 1.1 1.2 13 14 15 ")/
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Large N: The transition probabilities

Potential difference (k = (%))
H(F) = YA VID
— % - 3(1—1%2) [fi’éi - 2583]
+o()

T4 = Thit(B(I+ 7))
A = 7" (Uyeq B(gA, 1))

= inf{t > r<YBI,R)): z; € B,

Corollary

vy € (0,1] INo(7) VN = No(7) V(r,

oc—0

> |Imoa log Ex0{7+} =2H(®)
g—

> ;@onO{TA < T4 ‘ T4 < 7'_} =1

fvm@h-vuﬂ
N

L
00 01 02 03 04 05 06 07 08 09 10 1.1 1.2 13 14 15 ")/

r)}

1
R)st. 0<r<R<35

1 Vo >0

19-a
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Ideas of the proof

res < f(ivn)+%[$n+1—2$n+ﬂfn—1}=0

N {xn—l—l = xn + cwn — %52]"(:1:”)
Wn g1 = wn — 5| f(@n) + [(@nt1)]

c= |22
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N {xn—l—l = xn + cwn — %52]"(:1:”)
Wn g1 = wn — 5| f(@n) + [(@nt1)]

c= |22

> Area-preserving map
> Discretisation of & = — f(x)

C(wn—|—17 wn—|—1) = C(zn,wn) + 0(53)

> Almost conserved quantity: C(z,w) = 5(22 + w?) — zz*



Ideas of the proof

res < f(ivn)+%[$n+1—2$n+ﬂfn—1}=0

N {xn—l—l = xn + cwn — %52]"(:1:”)
Wn g1 = wn — 5| f(@n) + [(@nt1)]

c= |22

> Area-preserving map

> Discretisation of & = — f(x)

> Almost conserved quantity: C(z,w) = 5(22 + w?) — zz*
C(mn—l—la wn—l—l) = C'(zn,wn) + 0(53)

In action-angle variables (I,):

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
In—l—l = In + 539(1%7 In,¢€)

I = h(C), and (¢,C) — (x,w) involves elliptic functions.
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €)
Iny1 = In+39(¥n, In, €)

Q(I) monotonous in I = twist map

(mod 27)
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
Iny1 = In+39(¥n, In, €)

Q(I) monotonous in I = twist map
> “63 — B

wn = 7700 -+ ’TLSQ(Io) (mod 27‘(‘)
In = I

Orbit of period N if NeQ(Ilp) =2n«M, M € {1,2,...}
Rotation number v = M/N; j — x; has 2M sign changes
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
Iny1 = In+39(¥n, In, €)

Q(I) monotonous in I = twist map.
> “63 — "

wn = 7700 —|— nsQ(IO) (mod 27‘(‘)
Orbit of period N if NeQ(Ilp) =2n«M, M € {1,2,...}
Rotation number v = M/N; j — x; has 2M sign changes

>e > 0: Poincaré—Birkhoff theorem
3 at least 2 periodic orbits for each v with 27wv/e in range of Q2
Problem: Show that there are only 2 such orbits for each v
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
Iny1 = In+39(¥n, In, €)

Generating function: (vn, ¥p4+1) — G(¥n, Yp41) With

01G(Yn, Ypy1) = —In O2G (Yn, Yp41) = Iy
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
Iny1 = In+39(¥n, In, €)

Generating function: (vn, ¥p4+1) — G(¥n, Yp41) With

01G(Yn, Ypy1) = —In O2G (Yn, Yp41) = Iy

> Orbits of period N are stationary points of

Gn(1,.. ., ¥N) = G(Y1,v2)+G (Yo, ¢3)+ - - +G (YN, Y1+2nNv)
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Ideas of the proof

Va1 = ¥n +eQ(In) + 3 f (¥n, In, €) (mod 27)
Iny1 = In+39(¥n, In, €)

Generating function: (¢n,¥p4+1) — G(¥n, ¥p41) such that

01G(Yn, Ypy1) = —In O2G (Yn, Yp41) = Iy

> Orbits of period N are stationary points of

Gn(1,.. ., ¥N) = G(Y1,v2)+G (Yo, ¢3)+ - - +G (YN, Y1+2nNv)

In our case, Fourier expansion given by

G(¢¥1,92) = eGo <¢2 ; 101,5) +2e3 3 Gy <¢2 ; ¢1’€> cos(p(1+12))

p=1

> N particles “connected by springs” in periodic external potential
> Analyse stationary points using Fourier variables for (¢1,...,%n)

22-b



