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1 Real numbers

1.1 Axioms of real numbers and their immediate consequences

Set R is called the set of real numbers and its elements are called real numbers (reelle Zahlen)
if the following axioms are satisfied:

Axiom 1.1 (Axioms of addition) For any two elements z,y € R the expression x + y is
defined as a real number with the following properties:

1. (Neutral element) There exists a zero element 0 € R such that
r+0=0+2z=ux for any x € R.

2. (Negative element) For any x € R there exists—x € R such that
r+ (—z)=(—x)+z=0.

3. (Associative law - Assoziativgesetz) For all x,y,z € R,
(r+y)+z=x+(y+2).

4. (Commutative law - Kommutativgesetz) For all z,y € R,

r+y=y+zx.

Axiom 1.2 (Axioms of multiplication) For any two elements x,y € R the expression x-y
(or just xy) is defined as a real number with the following properties:

1. (Neutral element) There exists a unit element 1 € R\ {0} such that
r-1=1-x=u for any x € R.
2. (The inverse element) For any v € R\ {0} there existsx™' € R such that
r-x =z -x=1
3. (Associative law) For all z,y,z € R,
(@-y)-z=x-(y-2).
4. (Commutative law) For all z,y € R,
T-y=1y-w.
5. (Distributive law - Distributivgesetz) For all x,y,z € R,

(x4y)-z=z-24+y- =z



Any set that satisfies the axioms of addition and multiplication is called a field
(Korper), and the two sets of axioms are called the axioms of a field (Kdrperaziome).

Axiom 1.3 (Axioms of order - Anordnungsaxiome) For any two elements x,y € R the
relation x < y is defined, that is, either x < y is true or not, with the following properties:

1. (reflexivity) v < = for any = € R.

2. x <yandy <z implyx=y.

3. (transitivity) © <y andy < z imply x < z

4. for any two elements x,y € R, either x <y ory < x is true.
Soife<ythenx+z2<y+z foranyzeR

6. if 0 <xand 0 <y then0<x-y.

The relation x < y is spelt out as “xr is at most y” or “z is smaller than or equal to
y”. Any set with a relation < that satisfies the axioms 1-4 is called an ordered set. The
axioms 5,6 provide the link between the arithmetic operations and the order.

Axiom 1.4 (Axiom of completeness - Vollstindigkeitaziom) If X, Y are non-empty sub-
sets of R such that x € X and y € Y imply x < y then there exists ¢ € R such that
r<c<yforalrxeX andyey.

It is useful to represent the real numbers as points on a straight line (although for
a rigorous introduction of geometry one needs the theory of real numbers!). Then the
meaning of the axiom of completeness is that if a set X is on the left of the set Y then
there is a point ¢ that separates these two sets. In other words, the straight line contains
no “holes” or “punctures”.

Consequences of the addition axioms.

e Zero element is unique.
Indeed, if 0’ is another zero then 0" + 0 must be equal to both 0 and 0 whence

0'=0+4+0=0.

e The negative of any x € R is unique.
If y and z are two negatives to x then

y=y+0=y+@@+2)=UY+2)+2=0+2==2.

In particular, it follows that — (—z) = x because z + (—z) = 0 and, hence, z satisfies the
definition of the negative to —z. Also, we see that —0 = 0 because 0 + 0 = 0 and, hence,
0 satisfies the definition of the negative to 0.
e The equation x + a = b has a unique solution © = b+ (—a).

Indeed, for this value of =, we have

(b+(—a)+a=b+((—a)+a)=b+0=0.



On the other hand, the equation x + a = b implies

(x4 a) + (—a) = b+ (—a)
whence

z+ (a+(—a)) =b+ (—a)

and z = b+ (—a).

The sum b+ (—a) is denoted shortly b — a and is called the difference of b and a. The
operation of taking difference is called subtraction.

Consequences of the multiplication axioms.

The unit element is unique.

The inverse of any v € R\ {0} is unique.

The equation x - a = b has a unique solution x =b-a~! provided a # 0.

The proofs are the same as for the case of addition and are omitted. The expression
b-a~!is called the quotient of b and a and is denoted by b/a or g The corresponding
operation is called the division.

Consequences of the distributive law.

er-0=0-2=0 foranyz € R
Indeed, we have
z-0=2-(04+0)=2z-0+2-0
which implies that
z-0=2-0—2-0=0.

e x-y=0 impliesx=0 ory=0.

Indeed, if y # 0 then solving the equation = -y = 0 with respect to x we obtain
r=0/y=0-y71=0.
o —z=(—1)-x foranyx € R

Indeed, z + (—1) -2 =124+ (=1)- 2= (1+(-1)) -z =0z = 0 whence it follows
that (—1) - = is the negative to .

It follows, that — (x 4+ y) = —x — y because

—(ty) =)@ty =D -a+ (D) -y=-r—y

o (—1)-(—z)==x
Applying the previous claim to —z, we obtain

It is clear from the definition of the negative that — (—z) = z, which finishes the proof.

e z-(~y)=—(v-y) and (—z)-(—y) =z -y.

We have
zo(—y)=z-((-1)-y)=(1)-(z-y)=—(z-y)
and, applying this to —z instead of =z,

(=2)- (=) ==((=2)-y) = = (= (z-y)) =z -y

In particular, we have (—1) - (—1) = 1.



Consequences of the axioms of order.
The relation z < y will be equivalently written as y > x. If in addition x # y then we
write x < y or y > x (strict inequality).

o Ifr<yandy <z thenx < z. Similarly, if vt <y and y < z then x < z.

By the transitivity, we have x < 2. Let us show that x # 2. Assuming from the
contrary that x = 2z, we have x < y and y < x, which implies by the axioms of order that
x =y, which is impossible by x < y. The second claim is proved similarly.

e For any two numbers x,y € R, exactly one of the relations holds:

r<y, T=Y, T>UY.

If 2 = y then only the middle relation holds. Assume x # y. By the axioms of order,
we have either x < y or x > y which implies z < y or x > y. If these two relations
hold simultaneously then by the axiom we have x = y. Hence, exactly one of these two
relations holds.

ea<bandx <y mmplya+x<b+y.
By the order axiom, we have
a+x<b+x

and

b+ <b+y.
Combining these together, we obtain a + x < b+ y.

e The following inequalities are equivalent:

r<y & y—xr>0 & —x>-—y.

It suffices to prove the three implications:
r<y = y—x>0=> —y< - = <y (1.1)

If x < y then adding to the both sides (—z) we obtain 0 < y — . If the latter holds then
adding to the both sides (—y) we obtain —y < —x. Hence, the first two implications in
(1.1) give us that

r<y = —y< -z

Changing here —y to x and —x to y, we obtain
—y< -z = <y,

which is exactly the last implication in (1.1).

A number z € R is called positive if x > 0 and negative if x < 0. Applying (1.1) with
y = 0 we obtain that x is negative if and only if —z is positive. Similarly, = is positive if
and only if —x is negative.
e If x and y are both positive or negative then x -y is positive (in particular, x -x > 0
provided x # 0). If one of x,y is positive and the other is negative then x -y is negative.



If x,y > 0 then, by the axiom, we have x -y > 0. If x - y = 0 then one of x,y must be
0, which is impossible. Hence, x -y > 0. If z,y < 0 then —x, —y are positive, and

z-y=(-x)-(-y) >0
Ifx>0and y <0 then —y > 0 and

—(@-y)=2-(-y) >0

which implies that z -y < 0.

el1>0and(—-1)<0.
Since by the axiom 1 # 0 and 1 = 1-1, and by the previous claim 1-1 > 0, we conclude
1> 0. It follows that (—1) < 0.

o letx<y. Ifa>0thena-z<a-y. Ifa<0 thena-z>a-y.
Note that x < y implies y — x > 0. Therefore,

a-y—a-z=a-(y—z) >0,

which implies the claim in the case a > 0. The case a < 0 is treated similarly.

o Ifx>0thenz ' >0. Ifr >y>0 thenax ! <yl
Indeed, if 27! < 0 then
l=z-27'<0,

which contradicts 1 > 0. To prove the second claim, observe that y < z implies

-1

x -y<af1

-x =1

and
1

vl=a gy ) =@y ey <y =y
which was to be proved.
Consequences of the axiom of completeness.
Let S be a non-empty subset of R. A real number « is called an upper bound for S if
x < a for any x € S. Similarly, a is a lower bound of S if x > a for any x € S.

Definition. The supremum sup S of a set S C R is the smallest upper bound of S. The
infimum of a set S C R is the largest lower bound of S.

Clearly, for any x € S we have
inf S <x<supS.

A number a € S is called the mazimum of S if a € S and x < a for any x € S. If the
maximum of S exists then it is denoted by max S. In this case, we have max S = sup S.
Indeed, max S is an upper bound for S. If ¢ < max S then a cannot be an upper bound
because max S € S which means, that max .S is the smallest upper bound.

Similarly one defines the minimum min S. If it exists then it coincides with the infimum
of S. However, in general sup .S and inf S exist under milder conditions than max .S and
min S, as we’ll see below.

A set S is called bounded from above if it has an upper bound, and bounded from below
if it has a lower bound.



Theorem 1.1 Any non-empty subset S C R bounded from above has the supremum.
Simialarly, any non-empty subset S C R bounded from below has the infimum.

Proof. Denote by U the set of upper bounds for S. Since S is bounded, the set U
is not empty. For any x € S and y € U, we have by construction z < y. Hence, by the
completeness axiom, there exists ¢ € R that separates S and U, that is, x < ¢ < y for all
x € S and y € U. This means that

e ¢ is an upper bound for S and, hence, ¢ € U;

e ¢ is the smallest number in U.

Hence, c is the smallest upper bound of S, that is, the supremum of .S, which proves
the existence of sup.S. The infimum is handled in the same way. m
For any two reals a < b, define the following intervals:

(a,b) = {re€R:a<xz<b} open

(a,b) = {r€eR:a<z<b} semi-open from left
la,0) = {x €R:a <z <b} semi-open from right
[a,b] = {x€R:a<z<b} closed.

Proposition 1.2 Let S be any of these intervals. Then S is non-empty, inf S = a, and
sup S = b.

Remark. It is easy to show that the set S = (a,b) has neither maximum nor minimum.
Indeed, it max S exists then max.S = sup S = b whereas b ¢ S and, hence, b cannot be
the maximum of S.

Proof. Note that 2 := 1+ 1 > 1 because 1 > 0. Then 0 < 27! < 17!, which can
be written as 2 € (0,1). More generally, let us show that ¢ := 1 (a + b) belongs to (a, b)
(which will prove, in particular, that S # (}). Indeed, we have a + b < b+ b = 2b, which
implies % (a +b) < b, that is ¢ < b. Similarly, one proves that ¢ > a.

Set x = inf S and prove that x = a. Clearly, a is a lower bound for S, whence = > a.
Assume that x > a and bring this assumption to contradiction. Since x is a lower bound
for S and ¢ € S, we have x < ¢, which implies = < b and, hence, (a,z) C (a,b). Set

Y= % (a + x) and note that, by the above argument,
y € (a,z) C (a,b) C S,

which implies y > inf S = x. We have obtained a contradiction with the condition y < =,
which finishes the proof. m

By Theorem 1.1, sup S is defined for any bounded from above non-empty set of reals.
Let us define sup S for all sets S C R using the notations +0o and —oo for the positive
and negative infinity. These are additional ideal points with the properties that +oo is
larger than any real, and —oo is smaller than any real. The set R U {400, —oo} is called
the extended real line and is denoted by R, and its elements are called extended reals.

If S is non-empty but unbounded from above then define sup .S by

sup S = 400.
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If S is empty then set sup S = —oo. Similarly, if S is non-empty and unbounded from
below then set inf S = —oo. If S is empty then set inf S = +o0.
Theorem 1.1 and the above conventions imply the following.

Corollary. Any subset of R has the supremum and the infimum with values in R.

The notion of an interval is easily extended to the case when a,b € R to include +oo
and —oo. For example, if a € R then [a,+00) denotes the set of all x € R such that
x > a, and (a,+00) is the set of x € R such that x > a. The statement of Proposition
1.2 remains true in this case as well.

1.2 Natural numbers and mathematical induction

The purpose of this section is to introduce the notion of a natural number (natirliche
Zahl). We expect that the set N of natural numbers is a subsets of R and should satisfy
the following properties:

e 1N

e if z € Nthen also z +1 & N.

However, these two properties are still not enough to specify N — for example, the full
set R also satisfies these properties. In order to give a complete definition of N, let us
introduce the following notion.

Definition. A set S C R is called inductive if x € S implies x +1 € S.

For example, the set R itself is inductive. Also, intervals of the form (a,+o00) and
la, +00) are inductive sets, whereas any bounded interval is not inductive.

Definition. The set N of natural numbers is the intersection of all inductive sets con-
taining 1.

Theorem 1.3 The set N s the smallest inductive set containing 1.

Proof. Denote by F the family of all inductive sets containing 1. Then the statement
of Theorem 1.3 contains two claims:

e N € F (that is, N is an inductive set containing 1),

e N is the smallest set in F, that is, N C S for any S € F.

The family F is non-empty, for example, R € F. By definition, we have

N=[)s (1.2)

SeF

Since each S € F contains 1, it follows that N also contains 1. Since each S is inductive,
we have
reEN = z€SWVSeF) = z2+1€S = z+1€N,

that is, N is inductive. Hence, N € F. By (1.2) we have N C S for any S € F, which
finishes the proof. m



For example, the interval [1,400) is an inductive set and contains 1, which implies
N C [1,+00). Hence, 1 is the smallest natural number. Since N contains 1, it must contain
also 2 =1+ 1, then it must contain 3 = 2 4 1, etc.

Suppose that we need to prove a statement P (n) (Aussage) depending on a natural
parameter n. Theorem 1.3 provides the following method of proving P (n) for all n € N,
which consists of two steps:

(1) prove that P (1) is true,

(2) prove that if P (n) is true then P (n + 1) is also true.

These two conditions imply that P (n) is true for all n € N. Indeed, let S be the set
of those n, for which P (n) is true. Then, by step 1, S contains 1 and, by step 2, S is
inductive. Hence, by Theorem 1.3, S contains all N, which means that P (n) holds for all
n € N.

This method of the proof is called the mathematical induction (Vollstindige Induktion).
The step 1 is called the inductive basis (Induktionanfang), and the step 2 is called the
inductive step (Induktionsschritt). The assumption P (n) in the inductive step is called
the inductive hypothesis (Induktionsvoraussetzung).

Let us illustrate this method in the proof of the following theorem.

Theorem 1.4 (a) The sum n + m and the product nm of two natural numbers nm are
again natural numbers.
(b) If n,m are two natural numbers and n > m then n —m € N.

Proof. (a) Let us prove that n +m € N using induction in n.

e Inductive basis. If n =1 then 1 +m € N because m € N and N is an inductive set.

e Inductive step. The inductive hypothesis P (n) is as follows: if m € N then n+m €
N. Assuming that P (n) holds for some n, let us prove P (n+ 1), that is, m € N
implies (n + 1) + m € N. Indeed, we have the identity

(n+1)4+m=Mnm+m)+1.

By the inductive hypothesis we have n +m € N, and by Theorem 1.3 we conclude
that (n+m)+1 € N.

Let us now prove that nm € N using again induction in n.

e Inductive basis. If n = 1 then nm =m € N.
e Inductive step. If it is already known that nm € N then
(m+1)m=nm+méeN

since both numbers nm and m are natural, and we have already proved that the
sum of natural numbers is natural.
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(b) Let us prove the claim by induction in m. The inductive basis is stated as follows:
ifne N, n>1, thenn—1 €& N. It suffices to prove that the set

S={neN:n=1lorn—-1€N}

contains N. Clearly, S contains 1. If n € S then n € N and, hence, n + 1 € N. Since
(n+1) —1 =n € N, we conclude that n + 1 € S, which implies that S is an inductive
set. By Theorem 1.3, S contains N. !

The inductive step. The inductive hypothesis P (m) is as follows: if n € Nand n > m
then n —m € N. Assuming that P (m) holds for some m, let us prove P (m + 1), that is,
if n > m+1 then n— (m + 1) € N. Using the properties of addition and subtraction, one
easily proves that

n—m+1)=(n-m)—1

We have n > m, which implies by the inductive hypothesis that n — m € N. Since
n —m > 1, by the inductive basis we conclude that (n —m) — 1 € N, which was to be
proved. m

Denote by Z the union of {0}, N, and the negatives of N, which can be written as
follows:

Z:={0} UNN(-N).

The elements of Z are called integers (ganze Zahlen) and Z is called the set of integers.
Obviously, a positive integer is the same as a natural number.
Corollary. If z,y € Z then also x + vy, v — y, xy belong to Z.

Proof. If x = 0 or y = 0 then the claims are trivial. Otherwise, there are natural

numbers n, m such that + = n or x = —n and y = m or y = —m. Considering various
cases and using Theorem 1.4, we obtain the claim. For example, in the case x+ = n and
y = —m we have v +y = n—m. If n = m then x +y = 0 € Z, if n > m then

x4+ 1y € N by Theorem 1.4, and if n < m then by Theorem 1.4 m — n € N and, hence,
n—m=—(m-n)EZ. =
Corollary. If z,y € Z then the condition x > y is equivalent to x > y + 1.

Proof. Indeed, x > y implies that x —y > 0. Since x — y is an integer, this means
that © — y € N. Since 1 is the smallest natural number, it follows that + —y > 1 and,
hence, x > y + 1. The opposite implication is obvious: > y + 1 implies = > y because
y+1>y. m

Claim (Extension of the principle of mathematical induction) Let ng be an integer and
P (n) be a statement that depends on an integer parameter n > ng. If P (ng) is true and
P (n) implies P (n + 1) for any n > ng then P (n) is true for all n > ny.

(See Problem no.8).

! Alternatively, this argument can be stated as a proof by induction in n. Namely, let us prove that,
for any n € N,
eithern=1orn—1€N. (%)

Inductive basis: if n =1 then (x) is trivially satisfied.
Inductive step: assuming that a number n € N satisfies (x), let us prove that n 4+ 1 does too. Indeed,
we have n +1 € N and (n+ 1) — 1 =n € N, which means that n + 1 satisfies (x)

11



1.3 Finite sequences and finite sets

For any two integers n < m, denote by {n,...,m} the set of all integers k such that
n<k<m.

Definition. A finite sequence (endliche Folge) {a;},- is a mapping (Abbildung) a :
{n,...,m} — R with notation a (k) = a.

The sum Y ;" a of a finite sequence {a;};- can be defined by induction in m as
follows:

o if m =mn then > " ar = a,.

o if )" ay is already defined then set

m+1 m
Z ap = < CLk) + Am+1- (13)
k=n k=n

By the principle of mathematical induction, we conclude that the sum " aj is
defined for all integers m > n. Frequently we use a less formal notation

m
E A, = Qp + Gpy1 + ... + Q.
k=n

Similarly, one defines the product
A = Ap oo Q.
k=n

In particular, when all a, = a then we obtain the powers of a:

n
a”:Ha:a-a-...-a,
N—_——
k=1

n times

for any n € N. Equivalently, the powers a” can be defined inductively by a! = a and
a"™! = g™ - a. Using induction, one easily proves the following identities:

a”-a™ =a"" and (a")" =a""™. (1.4)

If a # 0 then the powers a" are defined also for non-positive integers n as follows: a® := 1
and, for a negative integer n, set a” := (a=!) ". The identities (1.4) remain true for all
integers n, m.

The next statement plays an important role in the study of finite sets.

Theorem 1.5 Let S be a non-empty subset of Z. If S is bounded from above then max S
exists. If S is bounded from below then min S exists. In particular, if S C N then min S
always exists.

12



Proof. Let S be bounded from above. Then, by Theorem 1.1, sup S exists. Set
a = sup S. By definition, a is the smallest upper bound for S. Let us prove that a € S,
which will imply @ = max S. Assume from the contrary that a ¢ S. Since a — 1 is not an
upper bound for S, there exists b € S such that b > a — 1. Since a is an upper bound for
S, we have also b < a. Since a ¢ S and b € S, a # b and, hence, b < a. Hence, we have
b€ (a—1,a). Similarly, there exists ¢ € S such that ¢ € (b,a). The numbers ¢ and b are
both in S and, hence, ¢ and b are integers. Since ¢ —b > 0, ¢ — b is a positive integer and,
hence, ¢ — b > 1, whereas by construction ¢ — b < a — (a — 1) = 1. This contradiction
finishes the proof. The case of inf S is treated in the same way. =

Theorem 1.6 (The Archimedes principle) For any real x there exists a unique integer n
such that n < x <n+ 1.

Such a number n is called the integer part of x and is denoted by [z]. For example,
4] =0 and [4] = -1
Proof. Fix x € R and consider the set

S={ke€Z:k>uzx}.

Let us first show that this set is non-empty. Assuming the contrary we obtain that z is
an upper bound for Z. Hence, Z is bounded from above and, by Theorem 1.5, Z has the
maximum, say m. But then m + 1 is also an integer and must be in Z, which contradicts
tom+1> maxZ.

Since the set S is non-empty and is bounded from below, we obtain by Theorem 1.5
that S has the minimum; let [ = min S. Then consider n = [ — 1. By construction, n ¢ S,
which implies n < x. On the other hand, n+1 =1 € S, that is, n + 1 > z. Hence, this n
satisfies the required conditions

n<z<n+l.

Assume that there is another integer n’ also satisfying
n <z<n+1.

The comparison the two lines shows that n’ < n + 1 and, hence, n’ < n. In the same way
n < n/, which impliesn =n'. =

Let X,Y be two arbitrary sets and f : X — Y be a mapping (Abbildung) from X
to Y, that is, a rule that associates to any element x € X an element y € Y, which is
denoted by f (x). The element y = f (x) is called the image (Bild) of x, and x is called
a preimage or inverse image (Urbild) of y. A mapping f : X — Y is called injective if
every point y € Y has at most one preimage (that is, different points in X have different
images). A mapping f is called surjective if every point y € Y has at least one preimage.
Finally, f is called bijective if every y € Y has exactly one preimage. Equivalently, f is
bijective if f is injective and surjective.

For a bijective mapping f, the inverse mapping f~! : ¥ — X is defined as follows:
/7! (y) is equal to the unique element z € X such that f (z) =y. Clearly, f~! is also a
bijection.

Definition. Two sets X, Y are called equivalent (Gleichmichtig) if there is a bijection
f: X—=Y.

Notation: X ~ Y. The following are simple properties of the equivalence:

13



o X ~ X,
e X ~Y implies Y ~ X
e X ~Y Y~ Zimply X ~ Z.

For example, let us prove the last property. For any two mappings f : X — Y and
g Y — Z consider the through mapping h : X — Z defined by h(z) = ¢g(f (z)) (the
mapping h is called the composition of f and ¢ and is denoted by go f). If f and g are
bijections then A is also a bijections, whence X ~ Z.

For any natural number n, denote

F,={1,..,n}={keN:1<k<n}.

Definition. A set S is called finite if S is either empty or S is equivalent to F;, for some
n € N.

If S ~ F,, then one says that the number of elements in S is n or that the cardinality
of S is n. This can also be written as follows: card S = n.

Theorem 1.7 (a) A subset of a finite set is finite.

(b) The union of two finite sets is finite.

Proof. (a) It suffices to prove that any subset of F,, is finite. Inductive basis: If n = 1
then any subset of F; = {1} is either F; or () and there is nothing to prove. Inductive step.
Assuming that any subset of F), is finite, let us prove that any subset of F, i is finite.
Consider a subset S C F,1. If S = F}, ;1 then there is nothing to prove. Otherwise, there
isa € F,y1 \ S. Without loss of generality, we can assume that a = n + 1 so that

SCF,\{n+1}=F,.

However, by the inductive hypothesis, any subset of F}, is finite and, hence, S is finite.

(b) For any two sets A, B, the union AU B is a disjoint union of A\ B, B\ A, AN B.
By part (a), all these sets are finite. Hence, it suffices to prove that the union of two
disjoint finite sets is finite. Hence, let A, B be two disjoint finite sets, card A = n and
card B =m. Then A ~ F,, and B ~ F,,. Consider the set

n+F,={n+x:2x€F,}.

Obviously, n + F,,, ~ F,, and, hence, B ~ n + F,,. The sets F,, and n + F,, are disjoint,
which implies that AU B is equivalent to the union of F,, and n + F,,,. Finally, it is easy
to see that

Fun+FEF,)={1<k<ntu{n+1<k<n+m}=F,.n,

which implies that AU B ~ F, ., and AU B is finite. =
Remark. As it follows from the proof, if A and B are disjoint finite sets then

card (AU B) = card A + card B.
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Theorem 1.8 (The Dirichlet principle) Let n,m be natural numbers and n > m. Then
there is no injective mapping from F, to F,,.

Remark. A folklore version of this theorem is called the pigeonhole principle: if n letters
are put in m pigeonholes and n > m then there is a pigeonhole with more than 1 letters
in it.

Proof. The condition n > m means n > m + 1 and, hence F,,,;; C F},. If a mapping
[+ F, — F, is injective then its restriction f|g,, , is also injective. Hence, it suffices
to consider the case n = m + 1. Let us prove by induction in n > 1 that any mapping
f: F, — F,_1 is not injective.

Inductive basis. The minimal value of n is 2. Consider a mapping f : F5 — F}. Since
Fy = {1} and F» = {1,2}, it follows that f (1) = f(2) =1 and, hence, f is not injective.

Inductive step. Assuming that the inductive hypothesis is true for some n, let us
prove that any mapping f : F, ;1 — F), is not injective. Assume from the contrary that
a mapping f : F,,.1 — F, is injective. Without loss of generality we can assume that
f(n+1) =n. The injectivity of f implies that, for any = € F,, f (z) < n and, hence,
f(x) <n—1. Let g = f|r, be the restriction of f to F,,. Then the image of g lies in F,,_;
so that we can consider g as a mapping from F,, to F},_;. By the inductive hypothesis, g
is not injective, which clearly contradicts the injectivity of f. m

Corollary. If n # m then F, and F,, are not equivalent.

Proof. Assume that n > m. If F,, ~ F,, then there is a bijection f : F,, — F,,. But
then f is an injection, which contradicts Theorem 1.8. m

Hence, a set S may be equivalent to at most one of the sets F),, which makes the
notion card S well-defined.

1.4 Some consequences of the completeness axiom

Definition. An infinite sequence {ax},-, is a mapping a : N — R with the notation
a(k) = ay. More generally, if n is an integer then an infinite sequence {a;},., is a
mapping a : {k € Z: k> n} — R.

Similarly one defines sequences of elements from a set S rather than numbers - just
replace in the above definition R by S. In particular, consider a sequence of bounded
intervals {I;},-,, that is, I; is one of the intervals of the form (ay,by), [ax,bx), (ax, bkl
lak, by] where ay, by € R, aj, < by. We say that the sequence {Ij,},-, is nested if I; 1 C I,
for any k£ > 1. In this case, we have a; < ap1 and by < by.

Theorem 1.9 (The principle of nested intervals / the Cauchy-Cantor lemma) Let { I} },- ,
be a nested sequence of closed bounded intervals in R. Then the intervals {I;},-, have a
common point (that is, there exists a point x such that x € Iy, for all k).

Remark. It is essential that the intervals are closed. Indeed, consider the following
nested sequence of semi-open intervals: I, = (0, %] We claim that these intervals have
empty intersection. Indeed, if x € I, for all £ € N then 0 < x < % and, hence, 7% > k.
However, this contradicts the Archimedes principle. Similarly, the boundedness of the
intervals is essential: the unbounded intervals (—oo, —k] have no common point.
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Proof. Let us use the above notation for the intervals. The condition ap < agiq
implies by induction that ay < a; whenever k < [ (use induction in 7). Similarly, the
condition by, < by implies that b, < b, whenever k > [. Let us show that a; < b, for any
pair of natural numbers k,[. Indeed, if £ <[ then

ar < a; < by,

and if £ > [ then
ap < bk: S bl7

so that in the both cases we have a; < b;.

Let A be the set of all numbers a;, and B - the set of all numbers b;,. Then a € A and
b € B imply a < b. By the axiom of completeness we conclude that there is a point ¢ € R
such that @ < ¢ < b for all a € A and b € B. This exactly means that ¢ € [ay, by| for all
k. m

In the next statement we’ll consider a family {/,},.¢ of intervals parametrized by an
index o that may vary in an arbitrary index set .S. This means that [ is a mapping from
the set S to the set of all intervals, and I («) is denoted by I,. If T' C S then the family
{1o} gep is called a subfamily of {1} The subfamily {I,},., is finite if the set 1" is
finite.

a€eS”

Theorem 1.10 (The compactness principle / the Borel-Lebesgue lemma) Let a bounded
closed interval [a,b] be covered by a family {1,},.q of open intervals, where S is an
arbitrary index set. Then there exists a finite subfamily {1,} ., that also covers [a,b].
Remark. This property of the interval [a,b] is called compactness. In more details
this notion will be studied in Analysis 2. It is essential that the interval [a,b] is closed
and bounded. For example, consider a semi-open interval (0, 1] and the following open
intervals I, = (1,2). Then the family {I}};2, covers (0, 1] while no finite subfamily does.
Indeed, let T" be a finite set of indices k and let us show that | J, ., I, does not cover (0, 1].
The finiteness of 7" implies that 7" is bounded as a subset of R (see Exercise 14) Let m be
an upper bound for 7. Then &k < m for all kK € T', which implies % > % Hence, % ¢ Iy.
However, = € (0, 1], which means that the finite family {/;}, g does not cover (0, 1].

Proof. Assume from the contrary that no finite subfamily of {I,},.¢ covers [a,b].
Set ¢ = “2 and consider two intervals [a, c| and [c,b]. If both of them can be covered
by finite subfamilies of {I,},.¢ then so can be the union (since the union of finite sets
is finite by Theorem 1.7). Therefore, one of these intervals cannot be covered by a finite
subfamily of {I,},.s. Denote this interval by [a1,b;]. Considering now ¢; = 222 we
obtain that one of the intervals [a, ¢1] and [¢1, by| cannot be covered by a finite subfamily
of {I,},cq; denote this interval by [ag,bs], etc. More precisely, we construct a nested
sequence {[a,,b,]} -, of intervals such that each [a,,b,] cannot be covered by a finite

subfamily of {/,},.s. Namely, define the sequence by induction in n as follows.

e Inductive basis for n = 0. Set ag = a and by = b.

e Inductive step. If [a,, b,] is already constructed for some n then construct [a, 1, b1
as follows. Set ¢, = “”TJ“’“ Then one of the intervals [a,, ¢,], [¢n,b,] cannot be
covered by a finite subfamily of {I,},.4. Choose this interval and denote it by

[an+1, bn+1]'

16



By the principle of mathematical induction, [a,,b,] is defined for all non-negative
integers n. By construction, the sequence {[a,,b,]}, -, is nested. By Theorem 1.9, there
is a common point z for all intervals [a,, b,]. Since x € [a, b], the point = belongs to some
interval I, = (¢, d) so that ¢ < z < d. We claim that there exists n € N such that

[@n, by] C (c,d) . (1.5)

which will be a contradiction to the assumption that [a,, b,] cannot be covered by a finite

subfamily of {/,} .. By construction we have

bn_an
2 )

bn—i—l — OQpy1 =

which implies by induction that
b—a

bn_ n — .
a on

We need to find n large enough to satisfy (1.5). For that we use the following version of
the Archimedes principle (Theorem 1.6):

Claim Ifl, m are positive numbers then there exists a natural number n such that % <m.
Indeed, by Theorem 1.6 there is n € N such that n > #, which is equivalent to % <m.
Let m be the smallest of the numbers x — ¢ and d — x. Since ¢ < x < d, the number m

is positive. Applying the above claim with [ = b — a, we conclude that there exists n € N

such that b’Ta < m. By Bernoulli’s inequality (see Exercise 9), we have

2" >1+n>n,

which implies
b—a b—a
b, —a, = < <m.
AL n

Using b,, — a, < m and m < d — x, we obtain

b= (b, —2)+2<(by—an)+x<m+(d—m)=d
and using m < x — ¢, we obtain
ap,=2—(r—a,) >x— (b, —a,) >(m+c)—m>ec.

Hence, we have proved that ¢ < a, < b, < d, whence (1.5) follows. m

1.5 Numeral systems

For the next theorem, we need the following modification of the principle of the mathe-
matical induction.

Claim Let P (n) be a statement depending on the natural parameter n. Assume that the
following two conditions take place:

e (Inductive basis) P (1) is true
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e (Inductive step) For any n € N, if P (k) is true for all k € {1,...,n} then also
P(n+1) is true.

Then P (n) is true for all n € N.

Proof. Let Q) (n) be the statement that P (k) is true for all £ € {1,...,n}. Let us
prove by induction that @ (n) holds for all n € N, which of course implies that also P (n)
holds.

Inductive basis. @ (1) is true because @ (1) is equivalent to P (1).

Inductive step. Assuming that @ (n) holds for some n let us prove that @ (n+ 1)
holds. Indeed, @ (n) means that P (k) is true for all £ € {1,..,n}. By the hypothesis,
this implies that P (n + 1) also true. Hence, P (k) is true for all k € {1,...,n + 1}, which
means hat Q) (n + 1) is true. =

Theorem 1.11 Let ¢ > 1 be a natural number. For any v € N, there exists a unique
non-negative integer n and a unique sequence {ak}Z:o of integers such that 0 < a; < q,

a, # 0 and

T = Z arq® = ang™ + an_1¢"t + ... + a1q + ao. (1.6)
k=0

The identity (1.6) is called the representation of x in the g-ic numeral system (= the
positional system with the base q). The familiar symbolic way of writing down the identity
(1.6) is as follows:

T = Qpp_1...0p

(do not mir up with the product). Each number a; in this context is called a digit
(eine Zif fer). The number n is called the order of x.

Most frequently used positional systems are the decimal system (with base ¢ = ten ),
the binary system (with base ¢ = 2), and the hexadecimal system (with base ¢ = sixteen).
The binary system is remarkable by the simplicity of operations with the digits since there
are only two digits: 0 and 1. The numbers 1,2,3,4,5,6,7,8,9 look in the binary system
as follows:

1, 10, 11, 100, 101, 110, 111, 1000, 1001.

In the hexadecimal system, alongside the usual digits 0, 1, ..., 9 one uses the digits A, B,C, D, E, F’
to represent the numbers from ten to fifteen. For example, the number F'F' in the hexadec-
imal system is equal to

FF=F-q+F =15-164 15 = 255.

hex decimal

Proof of Theorem 1.11. Let us prove the statement by induction in x using the
above modification of the principle of the mathematical induction.

Inductive basis. If x = 1 then (1.6) holds with n = 0 and ay = 1. Moreover, with
any other choice of n and a;, the right hand side of (1.6) is larger than 1 so that the
representation of 1 in the g-ic system is unique.

Inductive step. Assume that any natural number y < x admits a unique representation
in g-ic system and prove the same for x. Set y = [f], that is, y is the integer part of %.

This means, that y is the unique integer such that

y§§<y+L (1.7)
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Obviously, y > 0. Set r = x — qy. Obviously, r is an integer and
r=qy+r. (1.8)

It follows from (1.7) that 0 < r < ¢, that is, r is a ¢-ic digit. If y = 0 then z < ¢
and the g-ic representation of x is given by n = 0 and ag = r. Assume y > 0. Then
y € {1,...,2 — 1} and, by the inductive hypothesis, y can be represented in g-ic system,
say, as follows

Yy =0bnq" + ...+ by.
Then by (1.8)

T =bng™ ™ + ..+ byg + T,
which is a g¢-ic representation of x because r and all b, are ¢-ic digits.
Now let us prove the uniqueness of the representation of x in the form (1.6). Observe
that
T=anq" + ...+ a1q1 +ao = q (ang"" + ...+ a1) + ao = qy + ao,

where

y=a,q"""+ .. +a. (1.9)

Dividing the identity © = qy + a¢ by ¢ and using 0 < a¢ < ¢, we obtain

T
y<-—-<y+1
q

By Theorem 1.6, y is uniquely determined by these conditions (and y = [f] ). Therefore,

ap = x — qy is also uniquely determined. Since y < z, the representation (1.9) of y in
the g-ic system is unique by the inductive hypothesis, which implies that all the digits
ai, ..., a, are uniquely determined. Hence, all the digits ay, ..., a,, are uniquely determined,
which finishes the proof. m

Now we consider the representation in the g-ic system of real numbers. Consider first
an infinite sequence {ay},-, of ¢-ic digits (that is, integers between 0 and ¢ — 1) and the
infinite sum

Y ag =g Fag (1.10)
k=1

so far as a formal expression. The expression Y ;- axq™" is called a series (eine Reihe).

The purpose of the next statement is to define the notion of the sum of the series?.

Lemma 1.12 For any sequence {ai},, of g-ic digits, there exists a unique x € R such
that

n n
Zakq’k <z < Zakq*k +q ", (1.11)
k=1 k=1

for any n € N. Moreover, x € [0,1].

2Later in this course the sum of a series will be defined for a more general series than (1.10).
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Definition. The unique number z satisfying (1.11) is called the sum of the series (1.10),
and one writes -
T = Z akq_k.
k=1

The sum > ,_, arg " is called the n-th partial sum of the series (1.10). The inequality
(1.11) means that the n-th partial sum can be considered as an approximation to the sum
of the series with error at most ¢~ ".

A series of the form (1.10) is also called an (infinite) g-ic fraction. Hence, any g¢-ic
fraction represents a real number z € [0,1]. The usual symbolic way of writing down a
g-ic fraction is as follows:

0, ai1aoas...

(or using ‘. after 0 instead of ‘,).
Proof of Lemma 1.12. Set

n

Tp = Z akqik

k=1
and .
Yn = Z ak:qik + qin =T, + qin-
k=1

Let us show that the sequence of intervals [x,,y,| is nested. It is obvious that z, < y,
and z,,1 > x,. We only need to prove that y,.1 < y,. Indeed, using a,,.1 < g — 1, we
obtain

n+1
G = 3 g+ g
k=1

n
Zakqik + an+1q7(n+1) + qf(n+1)
k=1

_ (yn . qfn) + (aps1 + 1) q*(nJrl)
Yn—q "+ q-q Y

IN

By the principle of the nested intervals (Theorem 1.9), we conclude the existence of a
common point for all intervals [xy, .

Assume that there exists two distinct common points x and z’, and let = > 2. Consider
the difference [ := x—a’ > 0. The assumption that both x and 2’ belong to [z, y,] implies

that, for any n € N,

1
lgyn_xn:q_n§2_n<_-
n

On the other hand, by the Archimedes principle, there exists n € N such that % < [. This
contradiction finishes the proof of the uniqueness.
For the proof of the fact that x € [0,1] see Exercise 17. m
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Example. Setting ay =1 for all £ € N, we obtain the series
Zq*k =q'+q?+.., (1.12)
k=1

which is called the infinite geometric series. Let us prove that the sum of the infinite
geometric series is given by the formula

- 1
gt =— (1.13)
k=1

q—1’
that is,
0,111... = L
W q— 1
g—ic

Recall that, by Exercise 10, the following identity holds for any real r # 1:

Tn+1_1
r—1

and using the notation z,,, ¥, as in the above proof, we obtain, for any

L+r+r7+. +r" =
Setting r = ¢!
n €N,

T, = ¢ g i+
qf(nJrl) -1 o qf(nJrl) _ qfl

gl—1 g l—1

¢l =1 l1-qg" 1
g'(1—-q) g—1 ~g-1

and
1—q™ n
q—1 T
—9q~" —(n—1)
1-2¢7"+¢q S 1
q—1 “qg—1
where in the last line we have used ¢ > 2 and

Yn = xn"i_qin:

1-2¢"+q¢ ™V >1—qg"+¢ ™V =1

Hence, q%l € [zn, yn], which was to be proved.
Example. Let us give an example showing that the representation of a number z as a
g-ic fraction may be not unique. Indeed, if a; = 0 and ap = q¢ — 1 for all £ > 2 then by
(1.13)

r = 0,0(g—1)(¢—1)...

N

TV
q—ic

= (=g +(q—-1)q?+..
= ¢ gD +q?+.)
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Hence, this number z has two representations as an infinite g-ic fraction.

To provide a unique representation of x in the form of a ¢-ic fraction, one needs to
put an additional restriction on ay.

Definition. A ¢-ic fraction 0, ajasas... is called proper if ap < q¢ — 1 occurs infinitely
often?.

Theorem 1.13 Let ¢ > 1 be a natural number. For any x € [0, 1), there exists a unique
representation of x as a proper q-ic fraction.

Let us use Theorems 1.11 and 1.13 to represent any non-negative real number x in the
g-ic system. Any x > 0 can be uniquely represented in the form z = y + 2z where y is a
non-negative integer and z € [0, 1) (indeed, y is the integer part of x and z is the fractional
part of z defined by z = — y). If y = 0 then = € [0,1) and its ¢-ic representation is
given by Theorem 1.13. Assume y > 0. Then, by Theorem 1.11, y can be represented in
the form

n
2 : k
Yy = arq — ApQp—1....00
—_———

where a;, are ¢-ic digits and a,, # 0. By Theorem 1.13, z can be represented in the form

2= by =0,bibsbs... ,

where b, are g-ic digits. Hence, we obtain the following representation of x in the ¢-ic

system
r=Y ad"+> bg ",
k=0 k=1

which is symbolically written in the form

T = QnQn—1...o, blbgbg..; .
q—ic
The expression a,a,_1...ag, b1babs... (where a;, and by, are g-ic digits) is called a ¢g-ic numeral
(or a g-ic number). Hence, any non-negative real number can be represented by a g¢-ic
numeral.

Proof of Theorem 1.13. By definition, the identity x = 0, aja... means that, for
any n € N,

n n
Zakq’k <z< Zakq*k +q " (1.14)
k=1 k=1
Also, the fraction0, ajas.... is proper if the following set

S={keN:a,<qg—1}

3That is, the set
{keN:ay,<q—1}

is infinite.
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is infinite (recall that 0 < ay < g —1).
Let us first prove the following property of the properness.

Claim A g-ic fraction x = 0, aias... is proper if and only if, for any n € N,
Zakq’k <z< Zakq’k +q " (1.15)
k=1 k=1

The distinction between (1.14) and (1.15) is that the right inequality in (1.15) is strict®.

Let us prove that if (1.15) holds then the fraction 0, ajas.... is proper. Assume from
the contrary, that the fraction 0, ajas... is not proper and prove that the right inequality
in (1.15) fails for some n. The fact that the fraction is not proper means that the set S
is finite and, hence, has an upper bound (see Exercise 14). This means that there exists
n € N such that a, = g — 1 for all £ > n. Setting

n—1
y= Z arg "
k=1
we obtain

00 n—1 00
r = Zakq_k = Zakq_k + Zakq_k
k=n

k=n
= y+(g—1)¢g Y (¢ +q2+..)
1
— (n—1)__ -~
+(@-1)q T
= y+q Y,
where we have used the formula (1.13) for the sum of the infinite geometric series.
On the other hand, using a,, = ¢ — 1, we obtain

n n—1
ag g = D agF ang " +q7"
k=1 k=1
= y+ (an + 1) q"
= y+q Y,

4For example, consider in the decimal system the fraction
z = 0,19999...
For any n > 2, the right hand side of (1.15) is equal to

0,199..9+10™" = 0,2 = .
—

n

Hence, the right inequality in (1.15) fails.
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whence .
r=Y aqgF+q",
k=1

which means that the strict inequality in (1.15) does not take place.
Assuming now that the fraction 0, ajas... is proper, let us prove that (1.15) holds for
any n € N. We need only to prove that, for any n € N

xr < Z arg g
k=1

By definition of a proper fraction, the set
S:={keN:a,<q—1}

is infinite, which implies that it has no upper bound (see Exercise 14). Hence, for any
n € N there exists m > n such that m € S, that is, a,, < ¢ — 1. Applying (1.14) with n
replaced by m, we obtain

v < Y ag g
k=1

= > agF+ ) wg g
k=1

k=n+1
< Y oag -1 D> g +qm,
k=1 k=n+1
where we have applied ay < ¢ — 1 and a,, < ¢ — 1. Using the formula
rk—1 1= rk
r—1 1—vr

L+r+r+. . +rFt=
for the sum of a finite geometric series (see Exercise 10), we obtain
Yoat = g gt g

_ q—(n+1) (1 + q—l 4o+ q—(m—n—l))

_(n+1) 1 — qf(mfn)
1—qgt
1 — —(m—n) -n __ ,—m
— ¢ (g q _ 4 q
q—1 g—1 "~
whence
n q—n q—m
—k — —-m
rz < —1)———
Z@kq +(¢—1) 1 +q
k=1
= > ag g
k=1
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which was to be proved.

In the view of the above Claim, Theorem 1.13 can be restated as follows: for any
z € [0,1) there is a unique sequence {ay},-, of ¢-ic digits such that (1.15) holds for all
n € N. Let us construct a,, by induction in n.

Inductive basis for n = 1. The relations (1.15) for n = 1 look as follows:

amg P <z <aqgt4+qt (1.16)

which is equivalent to
a; < qr < ap + 1. (1.17)

By the Archimedes principle (see Theorem 1.6), such integer a; exists and is unique; in
fact, (1.17) means that a; = [gz], which is the integer part of gx. In particular, a; is
uniquely defined. Let us show that a; is a digit. Indeed, the hypothesis 0 < x < 1 implies
0 < gz < q and, hence, 0 < [gz] < ¢, which means that a; = [gz] is a ¢-ic digit.

Inductive step. Assuming that ag, ..., a, are already defined, let us show that there
exists a unique digit a,,.1 such that

n+1 n+1
YoaaF<a <Yy a0 (1.18)
k=1 k=1

Setting y = > _, axq ™", let us rewrite (1.18) in the form
Y+ an+1q—(n+1) <z<y+ an+1q‘("+1) + q—(n—|—1)7
or
a1 <" (@ —y) < anp + 1,

which is equivalent to

Any1 = [qn—H (l’ - y):| :

In particular, a,,; is unique. Let us show that a,,; defined by this formula, is a ¢-ic
digit, that is 0 < a, 41 < ¢. Indeed, by the inductive hypothesis (1.15), we have

y<z<y+q",

which implies

0 < z—-y<q”,
0 < ¢"(z—-y)<gq
0 < [¢""(@-y)]<q

which was to be proved. m

Remark. A positional numeral system can be used to prove the existence of a set R
satisfying the axioms of real numbers. For example, one can define non-negative real
numbers as binary numerals

Andp—1...Qo, blbg... s

where each ay, b; is a binary digit, that is, 0 or 1. Then one defines addition, multipli-
cation, and the order of binary numerals using operations with the digits, and proves all
the axioms of reals. However, the proofs are quite long and technical, and will not be
considered here.
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1.6 Cardinal numbers

The purpose of this section is to introduce the tools that will allow to compare two sets in
order to determine which set is “larger”. Recall the equivalence relation between arbitrary
sets: X ~ Y if there is a bijection between X and Y.

Definition. The family of all sets that are equivalent to X is called the cardinal number
of X (or the cardinality of X) and is denoted by | X|.

Although | X| is not a real number but a family of sets, | X | possesses various properties
reminiscent of those of real numbers, which justify this notation and the term “the cardinal
number”.

Claim | X| = |Y| if and only if X ~ Y.
Proof. Indeed, assuming X ~ Y, we obtain

Zel|lX| <= Z~X = ZI~Y = ZelY|

Hence, if X ~ Y then |X| = |Y|. Conversely, if | X| = |Y| then X € |Y| (because
X € |X]|) whence X ~Y. =
One can define inequality between cardinal numbers as follows.
Definition. We write |X| < |Y| if X is equivalent to a subset of Y.
Claim | X| < |Y| if and only if there exists an injective mapping f : X — Y.

Proof. If X is equivalent to a subsets Y/ C Y then there is a bijection g : X — Y.
Defining f : X — Y by f (z) = g () we obtain an injection. Conversely, if there exists an
injection f : X — Y then restricting the target Y to f (X), we obtain a bijection between
X and f(X), which means that X ~ f(X). Hence, X is equivalent to a subset of Y,
which means | X| < |Y|. m

Let us list some further properties of the inequality between cardinal numbers:

1. If | X| < |Y] and Y| < |Z] then | X| < |Z]| (see Exercise 18).
2. If | X| < |Y| and |Y] < |X]| then | X| = |Y].
3. for any two sets XY, either | X| < |Y| or |Y| < |X] is true.

The properties 2 and 3 are, in fact, deep theorems that we do not prove here (and
which will not be used).

Example. Let Y = N and X be the set of even natural numbers, that is,
X={2n:neN}={24,6,..}.

Since X C Y, we obtain | X| < |Y|. However, in fact | X | = |Y'| because there is a bijection
f:X =Y given by f(x) =x/2.

This example shows that a proper subset of a set Y can be equivalent to Y. By
Theorem 1.8, this can occur only if Y is infinite.

Definition. A set X is said to be countable (abzdhlbar) if | X| = |N|.

For example, the set of all even numbers is countable. If X is a countable set then
there is a bijection f : N — X. Denoting f (n) = x,, we see that X can be identified
with the sequence {z,} - . We write this as follows: X = {x1,2,,...} and say that the
set X is enumerated by natural numbers.
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Theorem 1.14 (a) A subset of a countable set is either finite or countable.

(b) The direct product of two countable sets is countable.

(c) If {X,},2, is a sequence of countable sets then their union X = J,-, X, is also
countable.

Proof. (a) It suffices to prove that any subset X of N is either finite or countable.
Assume that X is infinite, and construct a bijection f : X — N, which will prove that X
is countable. Let us construct by induction in n a sequence { X}~ of infinite subsets of
X as follows.

Inductive basis n = 1: define X; = X.

Inductive step. If X, is already defined and a,, = min X, then set X, = X,, \ {a,}.
Note that X, ; is also infinite because if X, is finite then X,, = X, 11 U {a,} is also
finite by Theorem 1.7.

By construction, the sequence {X,,} -, is nested, that is, X,,11 C X,,, and X,,\ X,,11 =
{a,}. Since a,, is a lower bound for X,,.; and a,, ¢ X, 1, we obtain that

Gpy1 = min X, 11 > a,.

The sequence {a,}, -, belongs to X. Let us show that X coincides with this sequence,
which will prove that |X| = |N|. Consider an arbitrary = € X and define the set

S={neN:zeX,}.

This set is non-empty because 1 € S. Let us show that S is bounded. The inequalities
a; > 1 and a,4+1 > a, imply by induction that a,, > n. Therefore, for any n > = we have
a, > x and, hence, x ¢ X,, and n ¢ S. This implies that x is an upper bound for S.
Since S is a bounded subset of N, S has the maximum; let m = max.S. This means that
x € X, but © ¢ X1, that is,

r € X \ Xont1 = {am} -

We conclude that = a,,, which finishes the proof.
(b) Let X and Y be two countable sets. The direct product X x Y is the set of pairs
(x,y) where x € X and y € Y, that is,

XxY={(z,y):zeX,yeY}.

Without loss of generality, we can assume that X = Y = N and prove that the set
N? = N x N is countable. For any k € N, consider the set

Dy ={(n,m):n,meN, n+m=k}.

Clearly, each set Dy, is finite and N? is a disjoint union of all the sets Dy, k¥ € N. On
the diagram below, the elements of N? are arranged in a table and the sets D;, are the
diagonals of this table. Clearly, N? is a disjoint union of all the sets D;. Then one can
enumerate N2 by enumerating successively each diagonal D, — the number of each element
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(n,m) is shown as a subscript:

m=1 m=2 m=3 m=4 m=>5
n=1 (1,1) (1,2) (1,3)g (1,4)54 (1,5);5
/ / / /
n=2 (2,1), (2.2); (2,3)g (2,4),4
/ / /
n=3 (3,1), (3,2)q (3:3)13
/ /
n=4 (4,1), (4,2),
/
n=>5 (51),

To describe this more precisely, denote by a; be the total number of elements in all sets
D1, Ds, ..., Dy. Since card Dy = k — 1, we obtain

k—1

B _(k=1)k
CLk—ZZ—T

(the right equality can be easily verified by induction in k). Then define a mapping
f:N? — N as following: if (n,m) € D}, then set

f(n,m)= a1 +m.
Since m runs from 1 to k — 1 in Dj, we obtain
f(Dy) = {ar1+1,.. a1+ (E—=1)}
= {ar1+1,...,a;}
where we have used the fact that a; = ay_1 + (k — 1). In other words, we have
f(Dy)={xeN: a1 <z <a},

whence it follows that N is a disjoint union of the sets f (D). Hence, f is a bijection
between N? and N, which finishes the proof.
(c) Let each set X,, be enumerated as follows: X,, = {z,},._;. Define a mapping
f:N? — X by setting
/ (n> m) = Tnm
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(that is, f (n,m) is the m-th element of X,,). Next, use the following result: if f: Y — X
is a surjection then |X| < |Y| (see Exercise 18). In our case, f is a surjection, and we
conclude that that |X| < |N?|. Using |[N?| = |N|, we obtain |X| < |N|. Since set X is
infinite as a union of infinite sets, we conclude that |X| = |N|. =

Definition. A real number z is called rational if it can be represented in the form z = =
where n, m are integers, and irrational otherwise.

The set of all rational numbers is denoted by @Q, so that the following inclusions take
place Z C Q C R. It follows from Exercise 2 that the set Q is closed under the arithmetic
operations of addition, subtraction, multiplication, and division.

Proposition The set Q is countable, that is |Q| = |N]|.
Proof. Let us construct a mapping f : N> — Q as follows: for any couple (n,m) € N?,

set 7&
L o m=#0
f(n’m)_{(), m:o

Then f is a surjection which implies |Q| < |N?|. By Theorem 1.14 we have |N?| = |N]|,

and by the same theorem |Q| < |N| implies that Q is countable (because Q is infinite).
For any two sets X, Y, we write | X| < |Y| if | X| < |Y| but | X] # |Y].

Definition. A set X is called uncountable if |N| < | X].

The next theorem provides an important example of an uncountable set.
Theorem 1.15 The set R is uncountable, that is, |N| < |R|.

The cardinal number |R| is called continuum.

Proof. Assume that R is countable so that R = {x;,zs,...}. Let us construct a
nested sequence of closed bounded intervals {I,} , as follows. Choose I; arbitrarily
that I; does not contain xy, for example, I} = [z1 + 1,25 + 2]. If I, = [a,,b,] has been
defined, then choose I,,;; C I, so that I, does not contain x,,1. Indeed, if x, .1 ¢ I,
then set I,y = I,,. If x,,.1 € I, then ether x,,.; < b, or x,,.1 > a,. In the first case,

b )
set [, = [%, bn} and in the second case set I,, = [Gn, —“"JF;""H

obtain a nested sequence of closed bounded intervals {I,,} -, such that x, ¢ I, for any
n > 1. By the principle of nested intervals, there is a point = that belongs to all I,,. Then
x # x, for any n > 1 because x,, ¢ I,,. This means that the point x is not in the sequence
{z,} and, hence, R cannot be enumerated. =

} . By construction, we

Corollary. There are irrational numbers.

Indeed, we have by the previous theorems, |Q| < |R| which implies that R \ Q is
non-empty.

Theorem 1.16 If | X| = |R| and |Y| < |N| then [ X UY| = |R| and | X \ Y| = |R|.

In the next argument, we use the following notation: AU B denotes the union AU B
provided the sets A and B are disjoint, that is, AN B = ().
Proof. Observe that
XUY=XU(Y\X)
and |Y \ X| < |Y]| < |N|. Hence, renaming Y \ X into Y, we can assume that X and Y
are disjoint.
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Let us use the following fact: any infinite set contains a countable subset (see Exercise
19). Let Xy be any countable subset of X and set X; = X \ Xy. Then

X:X0|_|X1

and, hence,
XUY =X, UX;UuY =(XoUY)U X;y. (1.19)

However, since X us countable and Y is either countable or finite we conclude by Theorem
1.14 that X, UY is also countable (see also Exercise 20). In particular, we have

XoUY ~ Xo,
which together with (1.19) implies
XUY ~ XoU X, = X,

which was to be proved.

Remark. As we see from the above argument, the assumption |X| = |R| was not used
at all. All we need is the fact that set X is infinite. Hence, this part of Theorem 1.16 can
be stated as follows: If set X is infinite and |Y| < |N| then [ X UY]| = | X]|.

Let us prove now the second claim of Theorem 1.16 in the following stronger form: if

X is uncountable and |Y| < |N| then | X \ Y| = |X]|. Since X \Y = X \ (X NY) and

|IX NY| < Y| <|N|, we can rename X NY by Y and assume in the sequel that ¥ C X.
Then we have

X=(X\Y)uY. (1.20)

Applying the above Remark to the difference X \ Y and noticing that X \ Y is infinite
(indeed, if X \ 'Y is finite then by (1.20) X is at most countable, which contradicts to the
assumption that X is uncountable), we obtain

(X\Y)UY|=[x\Y].

Combining this with (1.20), we conclude that | X| = |X \ Y|, which was to be proved. m
Using Theorem 1.16, one can prove that any of the intervals (a,b), [a,b] ,[a,b), (a,]]
where a < b, is equivalent to R (see Exercise 24).

Algebraic numbers. We know already the following classes of real numbers:
NCcZcQcCR
and that their cardinal numbers satisfy the relations:
IN| = |Z| = Q| < R].

Let us introduce yet another class of real numbers.

Definition. A real number z is called algebraic, if = satisfies an equation of the form

"+ ax" a2+ ... 4a, =0,
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where n is a natural number and all the coefficients a;, are rational numbers. In other
words, x is a root of a polynomial with rational coefficients.

For example, any rational number x is algebraic since it satisfies the equation z+a; = 0
with a; = —2 € Q (here n = 1). Also, the number z = /2 is an algebraic number because
it satisfies the equation 22 — 2 = 0 (with n = 2).

It is possible to prove that the sum, difference, product, and ratio of algebraic numbers
is again algebraic.

Denote by A the set of algebraic real numbers. Then Q C A C R and Q # A.

Theorem 1.17 |A| = |N|.

The real numbers that are not algebraic are called transcendental.

Corollary. The set of transcendental numbers has the cardinality of |R|. In particular,
there exists at least one transcendental number.

Proof. Indeed, the set of transcendental numbers is R\ A, and by Theorems 1.17 and
1.16, we obtain that
IR\ A| = |R\N| = [R].

]

Proof of Theorem 1.17. For any n € N, let P, be the set of the polynomials
of the form 2" + a12" ! + ... + a,, with a; € Q. Let R, be the set of all roots of the
polynomials from P,. Let us prove that |R,| = |[N|. We use without proof the fact that
each polynomial has a finite number of roots (in fact, at most n). Note that P, can be
identified with the set of all sequences {ay},_, of n rational numbers a;. This implies
that P,,1 = P, x Q because

{ay, a2, ...;an1} = ({a1, ..., an},an11) € P, x Q.

Using P, = Q and |Q| = |N| as well as [N x N| = |N| (by Theorem 1.14), let us prove by
induction that |P,| = |NJ.

Inductive basis: |P| = |Q| = |N]|.

Inductive step: |P 1| = |P, X Q| = |P, x N| = [N x N| = |N].

Then R, is the union of the sets of roots of all polynomials from F,, that is, R,
is the union of a sequence of finite sets, which is countable by Theorem 1.14. Hence®,
| Rn| = INJ.

Finally, we have A = (J’° | R,,, and by Theorem 1.14 we conclude that |A| = |N|. m

All the infinite sets considered above had the cardinal numbers |[N| or |[R|. It is
natural to ask whether there exist other infinite cardinal numbers. The question whether
there exists a cardinal number strictly between |N| and |R| is known as the continuum
hypothesis. It happens to be extremely difficult and to have an amazing answer: this
question cannot be resolved within the conventional axiomatic system of the set theory
and the existence or non-existence of such a set could be regarded as an independent
axiom. On the contrary, the question of the existence of a cardinal number strictly larger
than |R| is solved easily by Theorem 1.18 below.

5Strictly speaking, this argument only shows that |R,| < |N|, which is enough for the proof of Theorem
1.17. The identity |R,| = |N| follows from the observation that R,, is infinite because R,, contains all the
numbers of the form 7™ where r € Q.
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Definition. For any set X, denote by 2% the set of all subsets of X (including () and X).

The notation 2% is motivated by the following observation.

Claim If X is finite and card X = n then card 2X = 2" (in other words, there exist 2"
subsets of X ).
See Exercise 23.

Theorem 1.18 For any set X, we have | X| < |2%].

In particular, we have ‘QR‘ > |R|. Another consequence of this theorem is that there
is no largest cardinal number.

Proof. By definition, | X| < |Y]if | X| < |Y] and | X| # |Y|. Recall also that | X| < |Y|
if there exists a injection f : X — Y, and |X| = |Y| if there is a bijection f : X — Y.
So, in order to prove that | X| < |Y|, we need to show that:

e there is an injection f: X — Y,
e there is no bijection f: X — Y.

It is easy to construct an injection f: X — 2%, for example, as follows: f (z) = {z},
where {z} is the subset of X that consists only of x.

Let f: X — 2% be any mapping, and let us prove that f is not even surjective (then
f is not a bijection). Consider the following set

S={zxeX:x¢f(x)} (1.21)

which is a subset of X and, hence, is an element of 2% (note that f () is a subset of X
so it makes sense to ask whether = € f (x) or not). Let us show that S has no preimage,
which will prove the above claim. Assume that f (y) = S for some y € X, and consider
two cases:

1. If y € S then by (1.21) y ¢ f (y) = S so we obtain a contradiction.

2. If y ¢ S then by (1.21) y € f (y) = S — again a contradiction.

Hence, f (y) # S, which was to be proved. m

1.7 Complex numbers

Definition. The set C of complez numbers is the set of all couples (z,y) of real numbers
x,y, with the following operations of addition and multiplication:

o (z,y)+ (@ y)=(x+2y+y)

o (z,y) (2"y) = (z2' —yy',xy +ya').
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One can also say that C is R? = R x R endowed with the above two operations.
Consider the complex numbers of the form (z,0). It follows from the definition that

(2,0) + (y,0) = (z+y,0)
(l’,O)-(y,O) = (xya0>

Hence, the addition and multiplication of complex numbers of the form (z,0) matches
those for real numbers. For that reason, the set of complex numbers of the form (z,0)
is identified with R by the rule (x,0) — z. By this identification, we can assume that
R C C and write (x,0) = x.

The complex number (0, 1) plays a particularly important role and is denoted by 7. It
is called the imaginary unit. By definition, we have

i2 = (0,1)-(0,1) = (=1,0) = -1

so that 1% = —1.
Note also, that for all « € R and (z,y) € C,

a-(z,y) = (a,0) - (2,y) = (ax,ay) .
This implies that
(z,y) = (2,0) + (0,1) (y,0) =z +y-(0,1) = x + yi.

Hence, any complex number can be written in the form x+yi (or x+iy) and this notation
is usually preferred to (z,vy).

Normally, we denote complex number by a single letter, say z = x + ¢y. The number
x is called the real part of z and y is called the imaginary part of z, and they are denoted
by x = Rez, y = Im 2. In particular, we have

z=Rez+1Imz.

Clearly, z € R if and only if Im z = 0.
For what follows, we need the following lemma.

Lemma 1.19 For any non-negative real number a there exists a unique non-negative real
number x such that ¥ = a.

Definition. The unique number = as above is called the square root of a and is denoted
by v/a.

For the proof of existence of the square root see Exercise 21 where the case a = 2 was
considered. The general case is treated exactly in the same way. The uniqueness of the
square root is trivial: for any two distinct positive real numbers x, y we have either z > y
or x < y which imply, respectively, that either 22 < y? or 22 > y? so that 22 = y? is
impossible. This argument not only proves the uniqueness of y/a but also yields that if
Ogagbthen\/ﬁgx/g.

Definition. For any complex number z = z+iy, its modulus or absolute value (der Betrag)

|z| is defined by
2] = Va1 7 = \/(Re2)” + (Im 2)*
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It follows that |z| is a non-negative real and |z| = 0 if and only if z = 0.

If 2 € R that is, 2 = x then
2| = Va2 = |z].

Hence, in this case the modulus of z as a complex number coincides with the modulus of
z as a real number.
Consider one more operation on complex numbers: conjugation. For any z = z+iy € C
define its conjugate z by
Zz=x—1y=Rez—1Imz.
Clearly, Z = 2. In the next statement, we collect useful properties of the operations on

complex numbers.

Theorem 1.20 (a) The following relations hold for complex numbers:

21+ 2=2+ 21, (21+22)+ 23 =21+ (22 + 23) 1.22

1.23
1.24
1.25
1.26
1.27

2120 = 2021, (#2122) 23 = 21 (%2223)
(2’1 + 22) Z3 = Z1%R3 + 2923
z+Z=2Rez, 22=|2

21+ 2 = 21 + 29, Z122 = Z1%29

(1.22)
(1.23)
(1.24)
(1.25)
(1.26)
(1.27)

|z122] = |21] [22] and |z1 + 22| < |21] + |22] -

(b) For any z1, 2o € C such that zo # 0, there exists a unique complex number w (denoted
also as % ) such that zow = z;. Also we have the identities

ﬁ = |ZQ|_2 2129 and
22

21

Z9

Al (1.28)

Proof. (a) The identities (1.22), (1.24), and the first identity in (1.23) (the commuta-
tive law for multiplication) are trivially verified by direct computation. Let us prove the
second identity in (1.23) (the associative law for multiplication). Setting z = zy + iyx, we
obtain

2129 = (129 — Y1Y2) + @ (T1y2 + Y122)

and

(z122) 23 = (2172 — y1ye) + i (T1y2 + Y172)) (T3 + Y3)
= (z1m2 — Y1y2) T3 — Y3 (T1Y2 + Y122) + 1 (2122 — Y1Y2) y3 + (P12 + Y172) 23

= T1T9%3 — Y1Y2T3 — T1Y2Y3 — Y1Tays + 1 (T1TaY3 — Y1Yays + T1YaT3 + Y172T3) .
Obviously, the above expression is invariant under the cyclic permutation of indices:
1—2 2—3 3—1

(for example, the term x1x923 does not change, the term 119223 goes to yaysr1 = T1Y2ys,
the term z1y2y3 goes to Taysy; = y122y3, etc). This implies that

(leg) z3 = (222’3) AR | (2223)
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where in the last identity we have used the commutative law.
To prove (1.25), set z = = +1y. Then z = = — iy and

2z = (x+iy) (v —iy) = (2" +9°) +i(zy —ay) = 2° +¢° = |2

and z + z = 2x = 2Re z.
The first identity in (1.26) is trivial, the second is proved as follows:

122 = (T1209 — 1y2) + 0 (T1y2 + 1122) = (2122 — Y1Y2) — ¢ (T1Y2 + y122)
and
217y = (21 — iy1) (T2 — iy2) = (2122 — Y1y2) — @ (X1y2 + Y122)
whence 7123 = z12s.

The first identity in (1.27) is proved as follows:

lz® = (2122 — y12)” + (2192 + Y122)”
= 2Txy — 20Xy + YTYs + T1Ys + 2012001y + YITS
= oy +yiys + Tiys + yies
= (z1+u]) (25 +u3) = |2l |2

Before we prove the second relation in (1.27), observe that

|Zl + 22’2 = (21 + 2’2) (21 -+ 22) = 2121 + 2129 + 2921 + 2929
= |le2 -+ 2Re (2122) -+ |ZQ|2 s

where we have used
2129 + 2921 = 2129 + 2122 = 2Re (2122) .

Since |Re z| < |z|, we obtain
21+ 2 < Jal” + 2[mz] + |2 = (2] + 2|l 2] + 2 = (2] + |z])°,

whence |21 + 22| < |21] + |22|. This inequality is referred to as the triangle inequality.
(b) Multiplying the equation zyw = 2 by %, and using (1.25), we obtain |zo|* w = 2 7,.
Noticing that |z| is a positive real and multiplying by |z| >, we obtain

w = |22|_2 2129. (129)
Conversely, defining w by (1.29), we obtain
2 = -2 2 _
20w = | 23|77 212229 = | 22| " 21 |22]” = 21.

This proves the existence and uniqueness of w as well as the first identity in (1.28). Taking
the modulus of the both sides of (1.29), we obtain

21

-2 _ —
= |w| = [z2| 7 |21] | 22| = |22]
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2 Limits of sequences

2.1 Convergent and divergent sequences

Let {z,} -, be a sequence of reals. We will be interested what happens with x,, when n
becomes very large. Different sequences may exhibit different behavior. For example, in
the sequence a,, = (—1)" the common term z,, jumps between 1 and —1. In the sequence
b, = % the common term becomes smaller and very close to zero when n increases and
becomes very large. It is natural to say that the sequence {b,} has the limit 0 whereas
{a,} has no limit at all.

Definition. We say that a sequence {z,} -, of reals converges to a € R if for any real
e > 0 there exists N € N such that |z, — a| < ¢ for any natural n > N. Shortly, this is
written as follows:

Ve >0 3N € N such that |z, —a| <e Vn> N. (2.1)

The number a is called the limit (der Grenzwert) of {x,}, and this is denoted by
Tp — G
(x,, converges to a, or z,, tends to a, or z,, goes to a) or by

lim z,, = a

n—oo
(the limit of x,, is a). A sequence is called convergent if it converges to some a € R. A
sequence is called divergent if it is not convergent.

The definition (2.1) of the limit can be stated also as follows:
Ve >0 N € Nsuch that n > N = |z, —a| <e.

Or, one can say that, for any € > 0, the condition |z,, — a| < € holds for all large enough
n.

One can regard the convergence x,, — a as an approximation of a by the elements of
the sequence {z,}. Let € > 0 be a prescribed bound for the error of the approximation.
Then the convergence x,, — a means that, whatever is ¢ > 0, all the terms z, with
large enough n are approximations of a with error < €. It is important that ¢ must take
arbitrary positive values to ensure that the approximation of a by z, occurs with an
arbitrary precision.

Definition. For any a € R and € > 0, the interval U, (a) = (a —€,a + ¢) is called the
e-neighborhood of a (die e-Umgebunyg).

The condition |z, —a| < ¢ means that x, € U, (a). Hence, the definition of conver-
gence x,, — a can be stated as follows:

Ve >0 3N € N such that z, € U (a) for all n > N.

Or one can say that x,, — a if, for any € > 0, z,, € U. (a) for all large enough n.
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Theorem 2.1 (a) =, — a if and only if the set
Se={neN:x, ¢ U.(a)}

15 finite for any e > 0.
(b) If the limit exists then it is unique.
¢) If the limit exists then the sequence is bounded from above and below.
d) x, — a if and only if |x, —a| — 0.
e) If v, — a, y, — b and x, <y, then a <b.
£) If {xn} , {yn},{2n} are three sequences such that x,, — a, z, — a for some a and
Tn < Yp < 2, for all large enough n then also y, — a.

(
(
(
(

Proof. (a) If x,, — a then for any € > 0 there exists N € N such that z,, € U, (a) for
all n > N which means that n ¢ S, for any n > N. Therefore, n € S, implies n < N so
that S. is bounded and, hence, finite.

If S is finite then S. has an upper bound, say N. Then n > N implies n ¢ S. that
is, x, € U, which means that z, — «a.

(b) Let a and b be two distinct limits of the same sequence {z,}, and let a > b. Set
e = %L and observe that the intervals U. (a) and U. (b) are disjoint. By part (a), outside
U. (a) there can be only finitely many terms z,,. But if z,, € U (b) then z,, ¢ U. (a) which
means that only finitely many terms x,, belong toU. (b), which contradicts the condition
T, — b.

(c) Let , — a. Fix some ¢ > 0 say ¢ = 1. The part of the sequence z,, that is
contained in U. (a) is bounded because U (a) is bounded. Outside U. (a) there are only
finitely many terms, and any finite set of reals is bounded (see Exercise 14). Hence, the
sequence is bounded as the union of two bounded sets.

(d) Set y, = |z, — a|. By definition, y,, — 0 if, for any € > 0, there exists N € N such
that |y, — 0| < € for all n > N. But this exactly means |z,, — a| < ¢ that is, z,, — a.

(¢) Assume a > b and set € = %2 > 0 so that the neighborhoods UL (a) and U (b)
are disjoint. By definition, there exists N’ € N such that x, € U, (a) for all n > N’, and
N”" € N such that y, € U, (b) for all n > N”. Hence, for all n > N = max (N', N"),
we have both conditions =, € U (a) and vy, € U, (b) which implies x,, > ¥, and which
contradicts the hypothesis.

(f) For any ¢ > 0 there exists N’ € N such that z,, € U (a) for all n > N’ and there
exists N” € N such that 2, € U, (a) for all n > N”. Then, for all n > max (N, N”), both
x, and z, are in U. (a), which implies that also y,, € U, (a). Hence, we obtain y, — a. m

Example.

1. Let us show that the sequence x,, = % converges to 0. Indeed, by the Archimedes

principle, for any € > 0 there exists N € N such that % < e. Then, for any n > N,
% < € which can be written as }% — 0| < ¢. Hence, % — 0.

2. Let us show that the sequence x,, = (—1)" does not converge. The term x,, takes
two values 1 and —1. If z # 1 and x # —1 then x cannot be the limit because there
is a small neighborhood U. () that contains no elements z,,. If x = 1 then outside
U (x) there are infinitely many terms that are equal to —1, and if z = —1 then
outside Uj () there are infinitely many terms that are equal to 1. Hence, there is
no limit. This example also shows that a bounded sequence need not be convergent.
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3. Consider a sequence {x,} such that z,, = a for all n > ng. Then x,, — a. Indeed,
for any € > 0, |z, — a| = 0 < ¢ for all n > ny.

4. Consider a sequence {x,} = n. We claim that it is divergent. Indeed, if = is any
real and € > 0 then there is N such that N > = + ¢. Hence, z,, ¢ U, (x) for any
n > N which implies the divergence.

5. Consider the sequence x, = a™ for a real a and prove that {z,} converges if and
only if a € (—1,1].
Let a > 1, say a = 1 + ¢ where ¢ > 0. Then, by Bernoulli’s inequality,

a"=(1+¢)" >1+ne,

which implies that o™ is unbounded and, hence, cannot converge. If a < —1 then
|z,| = |a|® and by the same argument {|z,|} is unbounded. Hence, {z,} is un-
bounded and cannot converge.

If @ = —1 then the sequence x, = (—1)" has been already considered and it is
divergent.

If a =1 then {z,} is a constant sequence z,, = 1 that converges to 1.
If a =0 then z, =0 and z,, — 0.

Let 0 <a < 1. Thensetb:%> 1 so that a" = % Writing b = 1 + ¢ where ¢ > 0
we obtain b > 1 4 nc > nc and, hence,

1
0<a® < —.
ne

Similarly to one of the previous examples, we see that % — 0. Hence, by Theorem
2.1(f) we conclude a,, — 0.

If -1 <a<0then0 < |a] <1 and [a"] = |a|" — 0 by the previous argument,
which implies that also a™ — 0.

2.2 (General properties of limit

Theorem 2.2 Ifz, — a and y, — b then x, + vy, — a+b and x,y, — ab. If y, # 0 and

b # 0 then also =g

In particular, if vy, = b is a constant sequence then we obtain bz, — ab. This implies
that —x,, — —a and, hence, 4, — x, — b — a.
Proof. We have

|zn +yn — (a+b)| =z —a+y, — b < |z, —a| + |y, — 0.

For any ¢ > 0 3N’ € N such that |z, —a| < € for all n > N’, and IN” € N such that
|y, — b| < e for all n > N”. Hence, for any n > N = max (N’, N”), we obtain

[T +yn — (a+ )| <e+e=2e.
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Since 2¢ takes arbitrary positive values when ¢ varies in (0, 4+00), we can rename 2¢ to €
and conclude that for any € > 0 there exists N € N such that

|zn + yn — (a+b)| < e,

whence x, + v, — a + b.
To prove the second claim of the theorem, estimate the difference x,,,, — ab as follows:

|Tpyn — abl = |x,yn — xpb+ 2,0 — ab|
< o (Yo — 0| + (20 —a) bl
< sup {|zal} |y — 0| + |b] |20 — a] . (2.2)

Before we can proceed, let us prove the following claim.

Claim If z, — 0 then also cz, — 0 for any c € R.

If ¢ = 0 then there is nothing to prove. Assume ¢ # 0. The hypothesis z, — 0 means
that, for any € > 0 there exists NV € N such that |z,| < e for all n > N. The latter implies
|czn| < |c|e for all n > N. Since |c|e takes arbitrary positive values, renaming |c| ¢ to €
we obtain cz,, — 0.

Returning to (2.2), observe that the sequence {x,} is bounded and, hence, sup {|x,|}
exists as a real number (see Theorem 2.1). Since |y, — b| — 0 and |z,, — a| — 0, we obtain
by the above claim that also

b |2 —al =0
and
sup {|zn|} [yn — 0] — 0.
By the first part of Theorem 2.2, we obtain that

zp = sup{|zn|} |yn — 0| + 10| |27, — a| — 0.

Since
0 < |zpyn — ab| < zy,,

we conclude by Theorem 2.1 that also |x,y, — ab| — 0 and, hence, x,y, — ab.

For the third part of this theorem, it suffices to prove that - — % since then we can
multiply this convergence by x,, — a to obtain % — 7. Assume for simplicity that b > 0
(the case b < 0 is similar). There exists N € N such that y, € Uy (b) = (b/2,3b/2) for

all n > N. In particular, y, > b/2 for all n > N. For such n, we have

i_l _ b_yn ’b_ynl
Yo bl | bya b?/2
Since |b — y,| — 0, it follows that also yin — 2| — 0 and, hence i — 1. ®

Example. Consider the sequence

an®+bn+c
Tp = ——F5—"
an?+bn+c
where a’ # 0. Then
2 b c b c
_n (a-l—;—f—p) _ a+ o+ -3
n2@+%+5) ad+2%+5
As we have seen above, % — 0. Hence, also # — 0 and % — 0, -5 — 0 etc. Applying all
the parts of Theorem 2.2, we conclude that x, — .

T
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2.3 Existence of limit

Subsequence. We start with the following definition.

Definition. Let {z,} -, be a sequence of reals and {ns};-, be a sequence of natural
numbers such that ny < ngyq for any £ € N. Then the sequence {z,, }Zozl is called a
subsequence of {x,} ;.

For example, if nj, = 2k then {z,, } = {x2, x4, ...} consists of all even elements of the
sequence {xz,}.
Claim If x,, — a then also x,, — a for any subsequence {ny} .

Proof. By definition of the convergence z, — a,

for any € > 0 there is N € N such that |z, —a| < e for all n > N.

The conditions ny > 1 and ngyq > ng imply by induction ng > £ for all natural k. Hence,
if K > N then n, > N, which implies |z, — a| < . We obtain that

for any € > 0 there is N € N such that |z, —a| <eforall k> N.

which exactly means that z,,, —a. =

Of course, the fact that a subsequence converges does not imply in general that the
sequence converges. For example, the sequence x,, = (—1)" does not converge while its
subsequence 9, = 1 does.

Theorem 2.3 (Theorem of Bolzano-Weierstrass) Any bounded sequence has a convergent
subsequence.

Proof. By hypothesis, all terms of the sequence {z,} are located in some interval
[a,b], a < b. Set ¢ = %2, At least one of the interval [a,c] and [c, b] contains infinitely
many terms of the sequence {x,}. Denote this interval by [aq, b;] so that [aq,b] C [a, ],

b—a
2 )

by —ay =

and [a1, by] contains infinitely many terms of {z,,}. Let ¢; = “Z% and select one of the
intervals [aq, ¢1], [c1, b1] that contains infinitely many terms of {z,}; denote this interval
by [as,bs], etc. By induction, we obtain a sequence {[ay,bk]},.; such that [a;,by] C
(a1, bg—1],
bp-1—ar—1  b—a
b, — a, = 5 = 5
and [ag, bg] contains infinitely may terms of {z,}. The sequence {[ay, b]} is nested and,
hence, it has a common point, say .
Let us construct a subsequence {z,, } such that z,, — z. Choose n; so that z,, €
[a1, b1] . Then choose ny so that

ny > ny and Ty, € [CLQ, bg] .

Such ny exists because [aq, bo] contains infinitely many terms of the sequence {x,}. Then
choose n3 so that
ng > ng and x,,, € [as, bs],
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etc. Each time we can select ny > nj_1 so that x,, € [ax,bx] because [ax, bi| contains
infinitely many terms of {z,}. Let us prove that the subsequence {z,,} constructed in
this way converges to x. Indeed, since both z,, and z are located in [ay, by], we have

|2y, — 2| < b —ar — 0as k — oo,

whence z,, — z. B

Cauchy sequences. Let us define the notion of a Cauchy sequence.

Definition. A sequence {z,} is called Cauchy (or a Cauchy sequence)

for any € > 0 there is N € N such that |z, — x,,| < ¢ for all n,m > N. (2.3)

Shortly this can be stated as follows: z, — z,, — 0 as n, m — oo.
Theorem 2.4 A sequence of reals converges if and only if it is a Cauchy sequence.
Proof. Convergent = Cauchy. If x,, — a then
for any € > 0 there is N € N such that |z, —a| < e for all n > N.
Then we have, for all n,m > N,
|z — 2| = |(xp, — @) — (2, — @)| < |2p — a] + |z — a] < 2e.

Renaming 2¢ to ¢ we obtain that {z, } satisfies the definition of a Cauchy sequence.
Cauchy = Convergent. Let {x,} be a Cauchy sequence. Let us first show that this
sequence is bounded. Indeed, by definition there exists N such that |z, — xy| < 1 for any

n > N. Hence, all sequence {z,} -\ is contained in the interval [z, zy] and, hence, is

bounded. The remaining part {xn}ﬁfz_ll is bounded as a finite sequence. Hence, the whole

sequence {x,} - is bounded as well.
By Theorem 2.3 there exists a convergent subsequence {x,, }. Assume that z,, — a
and prove that, in fact, all sequence {z,,} goes to a. The convergence x,, — a means that

for any ¢ > 0 there is K € N such that |z, —a|] <cforall k > K.

Choose k so big that £ > K and nj, > N (this is the case if £ > max (K, N)). Then, for
any n > N, we obtain by (2.3) (just put m = ny there) that

| — x| < €.
Together with |z, — a| < e, this implies
|2y, —a| = |2n — Tpy, + @0y, — a| < |xn — 2, | + |20, —a| < 2e.

Hence, |z, — a| < 2¢ for any n > N, which means that z,, — a. =
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Monotone sequences. The last type of sequences we consider here are the monotone
sequences.

Definition. A sequence {xn};o:l of reals is called monotone increasing if x,.1 > x, for
any n € N, and monotone decreasing if x,,1 < x, for any n € N. A sequence is called
monotone if it is either monotone increasing or monotone decreasing.

Example. The sequence z,, = n is monotone increasing, the sequence z,, = % is monotone
decreasing, the constant sequence z,, = a is both monotone increasing and decreasing,
the sequence x,, = (—1)" is not monotone.

If {z,} is monotone increasing then z,, is bounded from below, for example, z; is a

lower bound for {z,}. If {z,} is monotone decreasing then z; is an upper bound for {x,}
and, hence, this sequence is bounded from above.

Theorem 2.5 Any bounded monotone sequence converges.

Recall that, by Theorem 2.1, any convergent sequence is bounded. Hence, a monotone
sequence is convergent if and only if it is bounded.

Proof. Let {z,},., be a bounded monotone increasing sequence. The boundedness
implies that the supremum a = sup {x,,} exists and is a real number (see Theorem 1.1).
Let us prove that x, — a. For any € > 0, the number a — ¢ is not an upper bound for
{z,}. Hence, there exists N € N such that xy > a — e. Since the sequence {z,} is
monotone increasing, we have that also z, > a — ¢ for any n > N. On the other hand,
by the definition of a, x, < a whence z,, € (a —¢€,a] and |z,, — a| < ¢, for any n > N. We
conclude that z,, — a.

In the same way one proves that a bounded monotone decreasing sequence converges
to its infimum. m

2.4 Limits +oo and —oo

We'll define here what it means that x,, — +oo or —oco. Recall that the definition of the
convergence x,, — a can be stated as follows:

for any € > 0 there exists N € N such that z,, € U, (a) for all n > N.

To adapt this definition to the case a = 400, let us define the neighborhoods of co as
follows: for any F € R, set

Ug (+00) = (E,+00) ={z € R:2 > E}

and
Up (=) =(—00,E)={z€eR:x < E}.

Definition. We say that a sequence {z,} has limit +o0o (or tends to 400, or goes to
+00, or diverges to +00) and write lim,, . 2, = +00 or z,, — 400 if

for any E € R there exists IV € N such that z,, € Ug (+00) for all n > N. (2.4)
Similarly, x,, — —oo if

for any F € R there exists N € N such that z,, € Ug (—o0) for all n > N. (2.5)
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Note the terminology: if x,, — a where a € R then we say that x,, converges to a,

while if a = +00 or —oo then we say that x,, diverges to a, although in the both cases
lim z,, exists as an element of the extended real line R = R U {—o00, +-00}.
Example. 1. The sequence x,, = n tends to +o0o because for any £/ € R there exists
N € N such that N > E. Hence, for any n > N, we have x,, > E, that is, x,, € Ug (+00),
which means z,, — 4o00. Similarly, the sequence z,, = —n diverges to —oo. A small
modification of this argument shows that the sequence x,, = cn diverges to +oo if ¢ > 0
and to —oo if ¢ < 0.

2. Consider the sequence z,, = a™ and show that if a > 1 then @™ — +o0o (recall that
if —1 < a < 1 then the sequence {a"} is convergent). Indeed, writing a = 1 4+ ¢ where
¢ > 0 and using Bernoulli’s inequality, we obtain

a"=(1+¢)" > cn.

Since cn — +00, we obtain that also a™ — +oc.

If @ < —1 then the sequence z,, = a™ switches the sign (“+” if n is even and “—" if
n is odd) so that it does not satisfy (2.4) or (2.5) with £ = 0. Hence, in this case {z,}
diverges without having limit.

Operations with +00 and —oco. For any a € R define

+00, —oo<a< 400

(+00) +a=a+(+o0) = { undefined, a = —o0,

and a similar rule holds for (—o0) + a. The multiplication is defined by
+o0, 0<a< 40

(+00) -a=a-(+00) = —o0, —00<a<0
undefined, a = 0.

and a similar rule holds for —oo - a. Finally, division by oo is defined by

a |0, aecR

+o0oo | undefined, a = +o0or a = —oc0.

Hence, the following operations are undefined: oo — 0o, co -0, and 2. For completeness,
recall that § is not defined either.

In the next statement, we collect extensions of Theorems 2.2, 2.3, and 2.5 in the case
when the limit may be +oo.

Theorem 2.6 (a) If {z,} and {y,} are sequences of reals such that x, — a and y, — b
where a,b € R then Tp+Yn — a+b, Ty, — ab, and x,,/y, — a/b provided the expressions
a+b, ab, a/b are defined (and y, # 0 in the latter case).

(b) Any sequence of reals has a subsequence whose limit exists in R.

(¢) If {x,} is a monotone increasing sequence of reals then

lim z, =sup{z,}, (2.6)
and if {x,} is a monotone decreasing sequence of reals then

lim z, = inf {z,}.
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Proof. (a) See Theorem 2.2 and Exercise 37.

(b) See Theorem 2.3 and Exercise 36.

(c) If sup{x,} is finite then (2.6) was proved in Theorem 2.5. In the case when
sup {x,} = +o0, one needs to prove that if {z,} is an unbounded monotone increasing
sequence then

lim z, = +o0,
n—odo

which is done using the same argument as in the proof of Theorem 2.5. m

2.5 Limit points

Definition. A number a € R is called a limit point of a sequence {z,,} if a is the limit of
a subsequence of {x,} .

Of course, if a sequence {x, } has limit a, then a is a limit point of {z,,}. The converse
is not true. For example, if z, = (—1)" then both 1 and —1 are limit points of {z,},
while this sequence has no limit.

Denote by L the set of all limit points of a sequence {x,}. By Theorem 2.6, the set L
is non-empty.

Definition. For a sequence {x,}, its limit superior is defined by

lim sup x,, := sup L.
n—oo

(limsup of x,, as n — o0), the limit inferior is defined by

liminf z,, := inf L.

(liminf of z,, as n — o).

Alternative notation:

limsupzx, = limz, and liminfz, = limz,.
n—o0 n—oo n—0oo n—00

Theorem 2.7 (a) The number a € R is a limit point of {x,} if and only if any neigh-
borhood of a contains infinitely many terms of {z,}.
(b) The following identities take place:

limsup x, = lim sup {zx} and liminfz, = lim inf {z;}. (2.7)
n—00 n—00 p>n n—0o00 n—oo k>n

(¢) Both limsup x,, and liminf z,, are limit points of the sequence {x,} .

Hence, lim sup z,, is the maximal limit point and lim inf z,, is the minimal limit point.

Proof. (a) Assume for simplicity that a € R (the cases a = +00 or —oo are handled
similarly). Assume that, for any ¢ > 0, the e-neighborhood U, (a) contains infinitely
many terms of {z,}, and prove that a is a limit point. For that, we need to construct
a subsequence {z,,} such that z,, — a. Select n; so that z,, € U (a). If z,, | is
already defined then choose ny > n,_; so that x,, € Uy (a) (this is possible because
Uik (a) contains infinitely many terms, in particular those with the index n > n4_4).
Then |z, — a| < £ whence |z, —a] — 0 and z,, — a.
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Assume now that a is a limit point and prove that U. (a) contains infinitely many
terms of {x,}. Indeed, let a be the limit of a subsequence {z,, }. Then by Theorem
2.1, U. (a) contains all the terms of {z,, } except for finitely many terms; hence, U, (a)
contains infinitely many terms of {x,}.

(b) + (c) Denote

Yn = sup {zg} = sup{z,, Tpy1, ...}
k>n

Comparing with y,+1 = sup {Z,+1, Tnie, ...}, we see that the supremum in the definition
of y, is taken over a larger set, which implies y, > y,.1. Hence, the sequence {y,} is
decreasing and, by Theorem 2.6, has a limit a € R. Note that
a= lim y, = lim sup {xx} .

We need to prove that a = sup L. Let us first prove that a € L. Assume for simplicity
that @ € R and show that, for any ¢ > 0 and for any N € R there is n > N such that
xp, € Us (a) — this will imply that U, (a) contains infinitely many terms of {x,} and, hence,
a is a limit point. Indeed, U, (a) contains all y,, with large enough n; in particular, there
exists m > N such that v, € U.(a). Find 6 > 0 so small that Us (y,,) C U (a). Since
Ym = SUD, >, {Zn}, there exists n > m such that x,, € Us (y) . Hence, for this n we have
n > N and z, € U. (a), which was to be proved.

Now let us prove that a is an upper bound for L. Indeed, if b € L then b is a limit
point of {x,} and, hence, b is also a limit point of any sequence {z,, Z,11, ...}. Clearly, a
limit point of a sequence is bounded by its supremum. This implies

b <sup{zn, Tpni1, -} = Yn.

Passing in the inequality b < y,, to the limit as n — oo, we obtain b < a. Therefore, a is
an upper bound for L.

Since a € L and a is an upper bound for L, we conclude that a = sup L. This proves
the first identity in (2.7) and at the same time the fact that lim sup z,, belongs to L and,
hence, is a limit point of {z,}.

In the same way one treats liminf. m

2.6 Series
2.6.1 Definitions and examples

A series (die Reihe) is an infinite sum of the form )., a; where {ay},- , is a sequence of
reals. We have seen series of specific form before in the context of g-ic numeral systems.
Here we define the notion of the sum of a general series as follows. First, define the n-th
partial sum of the series Y .- | a; by

n
Sn: E Qg
k=1

Definition. If lim, .. S, exists (either finite or infinite) then the value of Y ;- ay is
defined to be lim,, ., S,, that is,

Z ap = lim Sn.
k=1

45



Hence, there are three possibilities:

1.

Alternatively, one can prove by induction that S, =1 —

Since

lim,, . S, is finite, that is, the sequence {S,} converges. Then one says that the
series > -, ay, also converges, and the value of Y72 | a; is a real number.

. lim, .5 S, = +00 (or —oo). Then one says that the series Y-, a5, diverges to +oo

(or —00), and the value of Y2 | a is +oo (or —o0).

. lim,, . S, does not exist. Then one says that the series Zzozl ay diverges, and in

this case the value of »",° | aj is undefined.

Example. (The geometric series) Let aj, = 2* where —1 < x < 1. By Exercise 10,

_ ntl e+l
Sn:ac~|—902—|—...+gv’"‘:1—%—1:i
11—z 11—z

Since |z| < 1, we have 2" — 0 as n — oo, which implies S, — —%-. Hence
’ ) 11—z )

o0
D "=

k=1

Example. Consider the series

S PR f:_
1-2 2.3 7 k- (k+1) | (k+1)

To evaluate the partial sum 5,,, use the following identity

1 1 1
E-(k+1) k k+1

11y, 1
n n+1) n+1

using the identity

which implies that

S e (R A

+1

1 1 1

S"+1:S“+(n+1)(n+2) =St T T

L _0asn— oo, we obtain that S,, — 1 and, hence,

n+1
!
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2.6.2 Non-negative series

Definition. A series Y -, ay is called non-negative if all the terms a;, are non-negative
reals.

For a non-negative series, the sequence {S,} of the partial sums is monotone in-
creasing and, hence, lim S, exists in R. Therefore, the sum ) - a; of a non-negative
series is always defined and, moreover,

Zak € [0, +o0] .
k=1

Hence, for a non-negative series only two possibilities occur: either Y 72, a; < 400 and
the series Y .- | a; is convergent, or > -, a; = +00 and the series is divergent to +oo.

Example. (The harmonic series) Consider the series

1 1 >
1+=+= ....:E:
+2+3+ 2

| =

and prove that it diverges to +o0o. The partial sum of this series is

1 1
Sp=14+-4+..4+—.
2 n

Let us show that the sequence {S,} is not Cauchy. Indeed, we have

Son — S S S !

n — On = et —=2>2n— ==,

? n+l n+2 o = 2n 2
71&;ﬁm

whereas if {5, } is Cauchy then Sy, — S, — 0 as n — oco. Hence, {S,} is not convergent,
whence it follows that S, — +oo and Y ;7 + = oc.

Note that the sequence {5, } of partial sum of this series increases with n very slowly.
For example,

1000 1 10000 1
S1o000 = Z - A T,4854709 and  Sio000 = Z - A9, 787 606.
k=1 k=1

2.6.3 General tests for convergence

Theorem 2.8 (The tail test) The series > oo, ar and Y . ai converge or diverge Si-
multaneously, for any m € N.

The series Y oo ay is called a tail of the series Y ,- | ax.
Proof. Let S, =Y _,arand T,, = > _  a; where n > m. Then



where C' does not depend on n. Therefore, T,, = S,, — C' and, hence, if the sequence {5, }
converges then so does {T},} and vice versa. m

Example. The series Y -, m diverges because

S SN S i 1
"+ 2006 2007 2008 T 24 %
which is a tail of the harmonic series 7, 1.

Theorem 2.9 (The divergence test) If >~ aj converges then limy_.o ar, — 0. In other
words, if ay does not tend to 0 then the series Y ., | a; diverges.

Proof. We have .
Sn - Sn—l = Zak - Zak = Qp,.
k=1 k=1

If the series > a; converges then the sequence {S,} converges, say, S, — S. Then also
Sp—1 — S, which implies a,, = 5,, — S,-1 — 0. =

Example. Consider again the geometric series Y -, #¥ where |z| > 1. In this case, 2"
does not tend to 0 (because |z¥| = z|* > 1) and we conclude that the series S, @k
diverges. If z > 1 then this series is non-negative and, hence, >, 2% = +00. If z < —1

then the sum 37°  2* is not defined. For example, the sum Y73°, (—1)* is not defined.

Theorem 2.10 Let Y 32 ap, = A and Y5, by = B where A, B € R.

(a) If A+ B is defined then Y, | (ay +b,) = A+ B.
(b) If X € R and MA is defined then > o Aay = AA.
(¢) If ay, < by for all k € N then A < B.

Proof. Parts (a) and (b) follow immediately from Theorem 2.6, and part (¢) — from
Theorem 2.1. =

Corollary. (The comparison test for non-negative series) If > >, ar and Y -, by are
non-negative series such that ap < by then

k=1 k=1

In particular, if Y -, by converges then so does Yy | ax, and if Y p- | a; diverges then so
does Y 7>, b

Proof. This follows from Theorem 2.10(c) and the fact that the values of Y . a
and >~ by, are always defined. m

Example. Consider the series Y -, k12 and let us prove that this series converges by

comparing it with the convergent series Y -, ) The obvious inequality — = >

k+1 k(k+1)
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does not help here because we need the estimate in the opposite direction. Using k >

£ (k + 1), we obtain ) ,

k2~ k(k+1)
Hence, (2.8) yields

[e.9] o0

1 1
23 <2 gy 2

k=1

[y

In particular, the series > ;- | -5 converges. In fact, we have®

k2
e} 1 B
> 75~ 16449341
k=1

For another proof of the convergence of Y77, 75 see Exercise 41.

2.6.4 Complex-valued sequences and series

One can consider sequences {z,} -, of complex numbers and define the notion of the

limit exactly as in the real case.

Definition. A sequence {z,} of complex numbers converges to a € C if |z, —a| — 0

n — OoQ.

Theorem 2.11 z, — a if and only if Re 2z, — Rea and Im z,, — Ima.

Proof. Let z, = z, + 1y, and a = = + iy where z,,¥y,,x,y € R. Then 2, —a

(xn, —x) +i(y, —y) and

|Zn - a|2 = |In - x|2 + |?Jn - y|2 )

which implies that |z, —a| — 0 if and only if |z, — 2| — 0 and |y, —y| — 0. m

By means of Theorem 2.11, many results on real-valued series can be transferred to

those with complex terms.

Definition. A sequence {z,} of complex numbers is called Cauchy if |z, — z,,| — 0

n,m — oo. That is,

for any € > 0 there exists N € N such that |z, — z,,| < € for all n,m > N.

Similarly to Theorem 2.11, one proves that a sequence {z,} is Cauchy if and only if

the both sequences {Re z,} and {Im z,} are Cauchy.

Corollary. A sequence {z,} of complex numbers converges if and only if it is Cauchy.

6Tt is possible to show that

=1 1,
> w5
k26



Proof. Let x, = Re z, and y, = Im z,. Then we have the following equivalences:

{#,} converges <= {z,} and {y,} converge
< {z,} and {y,} are Cauchy
<= {z,} is Cauchy.

|
Definition. A series Y .~ a5 of complex numbers converges to a € C if the sequence
{S,} of its partial sums converges to a.
Definition. A series Y - a; with of complex numbers is called absolutely convergent if
D hey lak| < oo

The next theorem extend the comparison test of the previous section to complex-valued
series.

Theorem 2.12 (The comparison test) Assume that |ag| < by for all k > 1 where a;, € C
and Y p- | by is a non-negative convergent series. Then also the series Y .-, aj converges

and
o0
>
k=1

If the condition |ax| < by holds for all & > 1 then one says that the series > ay is
dominated by " by.

Corollary. If a series > aj converges absolutely then it converges.

< ibk. (2.9)

Proof. Indeed, set by, = |ax|. Then the series > by converges and |a;x| < by. By
Theorem 2.12 we conclude that > ay is also convergent. m
Proof of Theorem 2.12. Let A, =>",_, ax and B = >_7_, b;. Then, for all indices

n > m, we have

n

> o

k=m-+1

1A, — A = < Y lal< D> b= By~ Bn. (2.10)

k=m+1 k=m+1

Since the sequence {B,} converges, it is Cauchy, that is, B, — B,, — 0 as n,m — oo.
Hence, also |A,, — A,,| — 0, the sequence {4, } is Cauchy, and the series ) a) converges.
The inequality (2.9) follows from |A,| < B,, which is proved similarly to (2.10). m

Example. Consider the series ) ° | 7 where {¢;} is any bounded sequence of complex

numbers (for example, ¢, = (—=1)). We claim that this series converges absolutely.
Indeed, let C' be an upper bound for {|cx|}. Then

C C
ﬁ\ﬁﬁ

and since ) k% =C> # is a non-negative convergent series, we conclude by Theorem
2.12 that ) 7% converges absolutely.
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2.6.5 Specific tests for convergence

Theorem 2.13 (The ratio test) If {a,}, is a sequence of non-zero complexr numbers

such that
41

lim sup

n—o0

n

then the series Y - | a, converges absolutely.

Ak41

Proof. Denote for simplicity r, = ) . ‘ and let » = limsup,_,., ,. Note that r <1

and choose a number ¢ such that » < ¢ < 1. We claim that r,, < ¢ for all large enough n,
that is, the following set
S={neN:r, >q}

is finite. If S is infinite then we obtain a subsequence of {r,} such that all its terms are in
[q, +00). This subsequence has a limit point, say R, and it follows that R € [¢, +oc]. In
particular, R > r. However, R is a limit point also for {r,}, which contradicts to R > r
because the maximal limit point of {r,} is r.

Hence, we have proved that the set S is finite, that is, there exists N such that r,, < ¢
for all n > N. It follows that

lani1] < qlay| for all n > N.

By induction, we obtain
|an| S qan |aN| )

whence by 0 < ¢ < 1

[eS) 00 [es)
> lanl <lanl D ¢" N =lan] Y q" < oo
n=N n=N n=0

Hence, the series > | |a,| converges, which was to be proved. m
xn

Example. Consider the series ) > %7

— and prove that it converges absolutely for any
x € C. Setting a,, = %, we obtain

xn+1n!

(n+1)lzn

Qp+1
G

= —
n—+1 n—+1

x ‘_ ||

= (0 and the series converges absolutely by the ratio test.

. An 1
Hence, lim,,_, =

Definition. The series ) ° £ is called the ezponential series and its sum is called the
exponential function of z and is denoted by

oo :L‘n
exp (x) = ZO ok (2.11)
The number exp (1) is also denoted by e so that

1 1
e—zn' 1+ TR
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The approximate value of e is
e = 2,718281828459045...

and e is known to be a transcendental number.
The graph of function y = exp (x) for = € R looks as follows:

150 7

100

50

If  is complex, for example, © = it where ¢ € R then exp (it) is a complex number, and
the graph of its real part y = Reexp (it) is as follows:

-1.0 -

The graph of the function y = Imexp (it) is as follows:

10T

y

05T

—+cn L
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2.6.6 Product series

Let > 72 ar and Y - by be two series of complex numbers. The Cauchy product of these
two series is the series >~ ¢, where

n
Cp = E arbn—_k.
k=0

To understand the meaning of ¢,, consider the following infinite table containing all
possible terms a;b; with non-negative integers k, [:

aobo a0b1 aobg aobn_k aobn_l aobn

albo a1b1 a1b2 (Zlbn,1

akbo akbn,k

an—1by |an_1b1

anbg anbn

The terms of the form agb,,_; with fixed n lie on the n-th diagonal of this table (see the
boxed terms). Hence, ¢, is the sum of all the terms on the n-th diagonal. Then the sum
ZZO:O ¢, “contains” all the terms ab; in this table, and we expect that

ch = Zakbl = CLkZbl. (212)

n=0 k.l k=0 =0

[e.9]

However, this argument is non-rigorous since it requires change of the summation order
in series, which does not always preserve the sum. The next statement provides the
conditions under which (2.12) is true.

Theorem 2.14 (The Cauchy product theorem) If >~ ja, and > - b, are absolutely
convergent series of complex numbers then their Cauchy product >~ ¢, converges ab-

solutely and
£ (55
n=0 k=0 1=0

Proof. Set . . .
Anzzak7 anzbla On:ZCm
k=0 =0 m=0

and notice that lim,, . C;, = _ ¢, and

nhﬂrglo A,B, = <i ak> (i bl> )
1=0

k=0
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We need to prove that the sequence {C,,} converges and

lim C,, = lim A, B, . (2.13)

n—oo n—oo

Observe that . .
C, = Z Cm = Z Zakbm—k = Z aiby
m=0 m=0 k=0 {k,l:k+1<n}

That is, C,, is the sum of all terms a;b; in the triangle {k,l: k+1 <n}. For A,B, we

have
n

Aan:ZakZbl: (ao—l—...+an) (bo++bn) = Z akbl

k=0  1=0 {k,l:k<n,l<n}

Hence, A, B,, is the sum of all a;b; in the rectangle {k,l: k <mn,l <n}.
Consider first the case when all terms a;, and b, are non-negative real numbers. Ob-
viously, we have the inclusions

{k+1<n} C{k<n,l<n}

and, for m = [n/2],
{k<m,l<m} C{k+1<n}

(that is, the triangle {k +1 < n} is “squeezed” between two rectangles), which implies

Since the both sequences {A,B,} and {A[n/g]B[n/2]} have the same limit as n — o0,
we obtain that {C,} has the same limit as {A4,B,}. In particular, the sequence {C,}
converges, which means that the series >~ ¢, also converges. Since ¢, > 0, this series
converges absolutely.

Consider now the general case when a,, and b,, are complex. By hypothesis, the series
> |ak| and > |bg| converge. Set

n
=" lag||bu_|,
k=0

that is, Y ¢! is the Cauchy product of > |ax| and ) |bk|. By the first part of the proof,
the series ) ¢ is convergent. Then we have

n
E abn_k
5—0

which implies by the comparison test that > ¢, converges absolutely.
We are left to show that A, B, — C,, — 0, which will imply (2.13). We have

Aan — Cn = Z akbl — Z akbl = Z Clkbl.

{k,l:k<n,l<n} {k,l:k+1<n} {k,:k<n.l<n.k+I>n}

|en| =

n
<Y lawl bail = ¢,
k=0
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It follows by the triangle inequality that

|An By, — G| < Z |ak| |bu] -

{k,l:k<n.l<n.k+Il>n}

Denote by A%, B}, C the partial sums of the series Y |ag|, > |bx|, and > ¢, respectively.
Then we have

Ay B, =G = > |ak] |bi]

{k,l:k<n.l<n.k+I>n}
whence it follows that
|A, B, — Cy,| < |A:B: —C7].
Since by the first part of the proof |A¥ B — C*| — 0, we conclude that also | A, B,, — C,,| —
0, which was to be proved. m

Example. Let us prove some properties of the exponential function.
1. For all z,y € C,

exp (z +y) = exp (z) exp (y) - (2.14)
Consider the series o S
T Y
exp (1‘) = Z F and exp (y) = Z y (215)
k=0 " k=0 "

and let "> ¢, be the Cauchy product of these series, that is,

n .fk yn—k
C"_;H(n—k)!'

By the binomial formula, we have

n " /n e u n! e
(z+y)" = Z (k):vky b= =l (= k)'xky k= nle,,
k! !

k=0

whence

Hence, we obtain

exp(x+y)=20n=< %)( %)Zexp(x)exp(y),

which finishes the proof.
2. Recall the notation exp (1) = e. Let us show that, for any integer k,

exp (k) = e”. (2.16)

25



Let us first prove by induction that (2.16) holds for all £ € N. If £k = 1 then (2.16)
amounts to the definition of e. Inductive step: if (2.16) holds for some % then by (2.14)

exp (k4 1) = exp (k) exp (1) = e¥e = .

If £ = 0 then exp (k) = 1 by (2.15), which matches ¢° = 1. Before we consider the case
k < 0, observe that, by (2.14) with y = —z,

exp (z) exp (—z) = exp (0) = 1. (2.17)
Hence, if £ < 0 then
1 1
)= — = =k
exp (k) exp (—k) e* ‘

3. For any = € C, exp (z) # 0 and, for any = € R, exp () is real and positive.
Indeed, it follows from (2.17) that exp (z) # 0. If € R then exp (z) € R just by the

definition .
¥
eXp kg k‘_
If + > 0 then exp (z) > 0 because all the terms of the series are non-negative and the
term with £ =0 is 1. If x < 0 then we obtain by (2.17)
(1) = —— >0
exp (r) = —— > 0.
P exp (=)
The identity (2.16) motivates the following definition of e* for any complex z:
e” =exp (7).

For example, we obtain e'/? = /e because e'/2e!/2 = ¢!/2+1/2 = ¢ and, hence, e'/? satisfies
the definition of \/e.

Naturally, the question arrises how to define a” for any positive a and any real (or
complex) x. This question will be addressed later on in the next Chapter.

2.6.7 Conditionally convergent series

Definition. A series > -, a) is said to converge conditionally if it converges but does
not converge absolutely, that is,

[e.e]

Z lag| = +oo.

k=1

Example. Consider the alternating harmonic series

x5

k=1

1->+

~ 0,69314718. (2.18)

N —
oal»—‘
»&I»—‘

By Exercise 42 this series converges. However, it does not converge absolutely because
> 1=
ko
k=1
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One should be careful with conditionally convergent series: they do not satisfy the
commutative and associative laws! For example, by changing the order of terms in such a
series one can obtain a divergent series (or even make its sum to be equal to any prescribed
number). Let us illustrate this phenomenon on the example of the series (2.18). Observe
first that

21 1K1
P T D DR
k=1 k=1
and
2k —1
k=1
because T1—1 > i Therefore, there exists N; € N such that
1 1
144+ +—>1.
Tyt T oN T
Consider now the tail of the series
> g
N 2k — 1

which also diverges to +00. Therefore, there exists Ny > N; such that
1 1 1

P R A S v T
Then there exists N3 such that
! + ! —l—...—l—# > 1
ONy +1 ' 2N, +3 ONs—1 "~

etc. Now consider the series, which is obtain by changing the order of the alternating
harmonic series:

I !
377 T2N, 1) 2

n 1 n 1 n 1 1
2N1+1 2N +37 2N, —1 4

1 1 1
+(ZN2+1 +2N2+3+"'+2N3—1> 6
Then sum in each row is at least 1 — % = %, hence, the series is divergent.
Let us state without proof the following theorem.
Theorem (a) If Y ay is an absolutely convergent series of complex numbers and > by
is a series that is obtained from > ap by changing the order of summation and/or by
grouping the terms, then Y by also converges absolutely and

Zbk :Zak.

(b) If Y ay, is a conditionally convergent series of real numbers, then, for any c € R there
exists a series Y by, which is obtain from > ai by changing the order of terms and such

that > b, = c.

57



3 Continuous functions

3.1 Limit of a function

We introduce the notion of the limit of a function, which is similar to the notion of the
limit of a sequence. Let us start with a particular case.

Definition. Let f be a real-valued function defined in some interval I = (r,+00) where
r € R, and let b € R. We write that

lim f(x)=5b (3.1)

T—+00

if, for any ¢ > 0, there exists N € R such that |f(z) —b| < ¢ for all z > N (more
precisely, for all z > N and x € I so that f () is defined).

Recall the definition of a neighborhood: for any real z, a neighborhood of z is an
interval
Us(z)=(x—e,z+¢),

where ¢ > 0, a neighborhood of +oc is an interval

Up (+00) = (E, +00),
a neighborhood of —oo is an interval

Ug(—) = (—o00, F),

where E € R.
Then the above Definition can be stated as follows: lim, ... f(z) = b if, for any
€ > 0, there exists N € R such that

re€Uy(+oo)NI = f(x) € U (b). (3.2)

Suppressing the subscripts in the notation of neighborhood, we state this Definition in
yet another form: lim, .., f () = b if, for any neighborhood U (b) of b there is a neigh-
borhood U (+00) of +00 such that

reU(+oo)NI = f(x)eU(b).

Terminology: as in the case of sequences, we also say that f (x) converges (tends, goes)
to b as x goes to +oo and write f (x) — b as x — +o0.
In the last form, the definition of the limit can be extended as follows.

Definition. Let I be an open interval in R and @ € R be either a point in I or one of
the endpoints of I. Set J = I\ {a} and let f: J — R be a real-valued function on J. Let
b € R. We write

lim f (z) =

if, for any neighborhood U (b) of b, there exists a neighborhood U (a) of a such that

zxeU(a)NJ = f(x)eU(D).

58



For simplicity of terminology, for any interval I = (%) denote by I the closed interval
[z,y] . The interval T is called the closure of I in R. Hence, the condition that either a € I
or a is an endpoint of I can be equivalently stated that a € I. The above definition can
be stated as follows:

Definition. Let I be an open interval in R and let @ € I. Set J = I\ {a} and let
f :J — R be a real-valued function on J. We write

lim f (z) =0, (3.3)
where b € R, if, for any neighborhood U (b) of b, there exists a neighborhood U (a) of a

such that
xeU(a)NJ = f(z)eU/(D).

A more precise notation would be

lim 7 () = b
reJ

which indicated the domain J of f. Note that by definition a ¢ J. We will normally
used a simplified notation (3.3). We also write f () — b as * — a and say that f (z)
goes (tends) to b as x goes to a (if b € R then one says that f (z) converges to b, and if
b = 400 or —oo then f (x) diverges to b).

The case a = 400 considered above fits also into this definition since in this case
I'=J=(r,+0c0).

Consider the case when a,b € R, denote the neighborhood of b by U, (b) and the
neighborhood of a by Us (a). Then this definition reads as follows: lim,_, f (z) = b if, for
any € > 0 there exists 0 > 0 such that

|zt —a|<dandz e J = |f(x)—b <e.

In this form the definition of the limit is stated in most textbooks, and it is convenient
for applications.

Example. Let f (z) = 22, z € R, and let us show that f (z) — a? as z — a € R. Indeed,
for any z € J =R\ {a}, we have

}f(a:)—cﬂ}:|x2—a2’:]x—a]|:r+a|.

If |z — a| < then x € (a — §,a + 0) whence |z| < |a|+ |d] and |z + a|] < 2|a| + |0]. Since
d can be chosen, we can assume that § < 1, whence also |x + a| < 2|a| 4 1. This implies
that under condition |z — a| < §, we have

‘f(x)—cﬂ <0(2lal+1).
It follows that
‘f(x)—cﬂ <&,

where € > 0 is given, provided
€

0 < :
= 2]a] +1
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Hence, we can take § = min (1, ﬁ) .
Example. Let f (z) = exp (z) and let us show that f (x) — 1 as x — 0. For that, write

EE

k=1

[e o]

P 1 — ||

assuming |z| < 1. Given € > 0 let us find 0 < 6 < 1 such that

lexp (7) — 1| =

|z] <§ = xx <e. (3.4)

Indeed, using %ﬂx\ = 1+|:r\ — 1 we rewrite the last inequality in the form

<1
1_’90‘ + €,

which is equivalent to 1 — || > 1= and to |z| < 15=. Hence, taking § = ;= (and noticing

that § < 1) we obtain from (3.4)
|z] <d = |exp(z) — 1| <e,

which proves that f (z) — 1 as ¢ — 0.

Example. Consider f(x) = Iw;—ll and show that f (z) — +oo as © — 1. For that we

need to show that, for any F € R, there exists § > 0 such that

1
O<|z—1 <§ = ——>E.
o 1]

Indeed, just take § = + is £ > 0 (and ¢ is any if E < 0).

Theorem 3.1 Let I be an open interval in R and let a € 1. Let f be a real-value function
defined on J = I\ {a}. Then the condition

lim f () =

r—a
(where b € R) is equivalent to the following: for any sequence {x,} C J,

lim z, =a = lim f(x,) =0.

n—oo n—oo

Proof. Consider the case when both a and b are real numbers. If f (z) - basz — a
then, for any € > 0, there exists § > 0 such that

|t —a|<dandx € J = |f(x) —b| <e.
If {z,,} C J is a sequence such that x,, — a then there exists N € N such that

n>N = |z, —a| <9.
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Hence, we conclude by the previous lines that
n>N = |f(z,) — bl <e

which means that f (z,) — b as n — oc.

Conversely, assume that for any sequence {x,} C J, the condition z,, — a implies
f (z,) — b, and prove that lim, ., f (z) = b. Assume from the contrary that the latter is
not true. Then this means that there exists € > 0 such that for any 6 > 0 for some x € J
holds |z — a| < ¢ while |f (x) —b] > . Fix ¢ > 0 that exists by this condition and set
0 =+, k € N. Then there is ; € J such that |z, —a| < 1/k and |f (x;) — b| > €. Hence,
we obtain a sequence {x} C J such that x; — a while f (zx) /4 0.

In the same way one treats the cases when a and/or b are infinite. m

Theorem 3.2 Let I be an open interval in R and let ¢ € 1. Let f,g be a real-valued
functions defined in J = I\ {c} such that

lim f (z) =a and limg(x)=b,
where a,b € R.
(a) Then
. . . [ a
lim(f+g)=a+b, limfg=ab, hmg =3
provided the expressions a + b, ab, 7 are defined (and g # 0 in the case of 5)
(b) Let f(x) < g(x) forallx € J. Then a <b.
(¢) If f, g, h are three functions on J such that f < h < g and

lim f (z) = limg(x) =a

r—cC r—cC

then also
91612% h(x) = a.

Proof. (a) Indeed, for any sequence {z,} -, C J such that z, — ¢, we have by
Theorem 3.1 f(x,) — a and g (z,) — b. By Theorem 2.6, we obtain (f + g) (z,) —
a + b provided a + b is defined. Hence, applying once again Theorem 3.1, we conclude
(f+9)(z) = a+0basx— c. In the same way one treats other cases.

(b) Taking any sequence x,, — ¢, we obtain by Theorem 3.1 that f (z,) — a, g (z,,) —
b. Since f (z,,) < g (x,), Theorem 2.1 implies that a < b.

(c¢) Taking any sequence z,, — ¢ and applying Theorem 2.1, we obtain the claim. m

3.1.1 Composite functions

Let A, B,C be three sets and consider two mappings f: A — B and g : B — C. Then
g (f (x)) is defined as an element of C' for any € A. The mapping ¢ (f (z)) : A — C'is
called the composition of f and g or a composite mapping and is denoted by g o f:

goflx)=g(f(x)).
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If A, B,C are subsets of R then we use the term function instead of mapping. Let us
emphasize that the composition g o f is defined whenever the image of f is contained in
the domain of g.

Let us further extend the definition of the limit of a function to the case when the
domain of the function is not necessarily an interval.

Definition. For any set A € R, its closure A in R is defined by
A= {a €R: for any neighborhood U (a), U (a) NA#D}.

Clearly, we always have A C A.

Example. Let I be any interval with endpoints a,b € R. Then I = [a, b], which matches
the previous definition of /. Furthermore, let J = I\ {c} where ¢ € R. Then J = [a,}].

Example. Q = R because for any a € R and any neighborhood U (a) there are rational
numbers in U (a).

Definition. Let J C R be a non-empty set and f : J — R be a function on J. Let a € J
and b € R.Then we write
lim f(x) =0

r—a
zeJ

if, for any neighborhood U (b) of b, there is a neighborhood U (a) of a such that

xeU(a)NJ = f(z)eU(D).

In the previous lecture, we have considered the case when J = I'\ {a} where I is an
open interval and a € I. This case is a particular case of the present definition because
J = 1. Theorems 3.1 and 3.2 remain true for an arbitrary set .J.

Theorem 3.3 (Limit of a composite function) Let A, B be subsets of R and f and g be
real-valued functions on A and B, respectively. Assume that, for some a € A, b € B,
c €R,

lim f () = b
zeA

and
lim g (y) = c.
y—b
yeB

If the composite function g (f (x)) is defined on A, that is, if f (A) C B, then

lim g (f () = ¢.

T—a
€A

Proof. For any neighborhood U (c) of ¢, there is a neighborhood U (b) of b such that
yeUbNB = g(y) €Ulc). (3.5)
Given the neighborhood U (b), there exists a neighborhood U (a) such that
relU(a)NA = f(x)eU(D).
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By the condition f (A) C B, we have also f (z) € B for any x € A, whence we see that
relU(a)NA = f(z)eU(()NB.

Applying (3.5) with y = f (x), we obtain that, for any neighborhood U (¢) of ¢, there
exists a neighborhood U (a) of a such that

reU(a)NA = g(f(x)) €eUle), (3.6)

which means that

lim g (f () = ¢.

T—a
€A

Example. Let us evaluate lim, g exp (m—IZ) . Note that the domain of the function exp (m—IZ)

is R\ {0}.

yio !

flo T

B0 T

20 T

10T

X L

The graph of function exp (?12)

We have

o1
lim — = +o0,
x—0 J}Q

which follows from ﬁ — +o00. Since exp (y) > y (which follows from the definition of
exp), we obtain

lim exp (y) = +o0.
y—+oo

By Theorem 3.3, we obtain

lim exp <i> = lim exp(y) = +oo. (3.7)

z—0 x2 y—+o0

Example. Consider now the function f () = exp () and find its limits as = — 0 in the
two domains: x > 0 and = < 0.
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X L

5 4 3 2 -1 0 1 2 3 4
The graph of function exp (%)
Using the fact that
lim — = “+00,
z—0
>0
we obtain
. 1 ,
s (1) - i o)
T T y——+00
>0
Using that
1
lim — = —o0,
z—0
<0
we obtain
1 1 1 1
lim exp (‘) = lim exp(y) = lim ——— = lim - —o
520 LV y=—co exp (—y) z—teoexp(z) oo

3.2 Continuous functions

Definition. Let f be a real-valued function on a set J C R. We say that f is continuous
(stetig) at a point a € J if

lim f(z) = f(a).

r—a
zeJ

If f is not continuous at a then we say that f is discontinuous at a.
If f is continuous at all points of J then f is called continuous on J or just continuous.

Example. Trivial examples of continuous functions are f () = const and f (z) = =.
Let us show that function f (z) = exp(x) is continuous at any point a € R. It has
been shown already that
ligexp () = 1 = exp 0),

that is, exp () is continuous at x = 0. For an arbitrary a € R, we have

exp (z) =exp(r —a+a) =exp(a)exp(r —a).
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Since
lim exp (z — a) = limexp (y) = 1,

T—a y—0

it follows that
lim exp (z) = exp (a) .

r—a

Theorem 3.4 Let f, g be two functions defined on a set J C R. If f and g are continuous
at a point a € J then also the functions f + g, fg, f/g are continuous at a (for the case
f/g assume that g #0).

If f, g are continuous on J then also f+g, fg, f/g are continuous on J (for the case
f/g assume that g #0).

Proof. The first claim follows immediately from Theorem 3.2. For example, for the
sum f + g we have

lim (f +9) () = lim £ (2) + lim g (x) = f (a) + g (a) = (f + ) (a).

r—a r—a

whence the continuity of f + g at a follows. Similarly one treats the functions fg and

flg-

The second claim follows obviously from the first one. m

Example. Since the functions f(z) = z and g(x) = const are continuous on R, it
follows that also any function f (x) = cz™ is continuous on R for any n € R and ¢ € R.
Furthermore, any polynomial

f(2) =co+ 1w+ cor® + ...+ cpa”

is continuous on R.
Consider a rational function f (z) = % where g and h are two polynomials, which

is defined in the set {h # 0} . Then f is continuous in the domain {h # 0} .

Theorem 3.5 Let f: A— R and g : B — R are two functions, where A, B C R and let
the composition g o f be defined (that is, f(A) C B). If f is continuous at a € A and g
is continuous at b = f (a) then go f is continuous at a.

If f is continuous on A and g is continuous on B then g o f is continuous on A.

Proof. By Theorem 3.3, we have

limg (f(z))= lim g(y)=limg(y) =g(b) =g(f(a)),

z—a y—f(a) y—b

that is, g (f (z)) is continuous at a.

If f is continuous at any point a € A and g is continuous at any b € B then g is
continuous at b = f (a) € B (by the assumption that f(A) C B) and, hence, go f is
continuous at a. Therefore, g o f is continuous on A. =

Example. Let f () be a rational function. Then exp (f (z)) is continuous on the domain

of f(x).

65



Example. Consider the function

| exp —# , T #0,
f(x)_{o,( ) z =0,

and prove that f(z) is continuous on R. The function exp (—$—12) is continuous in the
domain {z # 0} by Theorem 3.5. Hence, we are left to prove that f is continuous at 0,
that is,
iiir(l)f (x) = 0. (3.8)
z€R

As it follows from one of the above examples,

1
lim exp (——2) =0,
z—0 xX
x#0

that is, for any € > 0 there is § > 0 such that
(=)
exp|—— || <e.
x

Allowing now x = 0 and using the fact that f (0) = 0, we obtain that

lz] <9, 2#0 =

7] <0 = |f(2)| <e,

whence (3.8) follows.

3.3 Global properties of continuous functions
3.3.1 The intermediate value theorem

Theorem 3.6 (The intermediate value theorem - Zwischenwertsatz) Let f(x) be a
continuous function defined on a closed interval [a,b]. If f(a) < 0 and f(b) > 0, then
there ezists ¢ € (a,b) such that f (c) = 0.

Proof. Consider the set
S={z€labl: f(x)>0}.

This set is bounded and non-empty (indeed, b € S). Hence, it has the infimum ¢ = inf S €
[a,b]. Let us show that f (c¢) = 0.

Let us first show that f (¢) > 0. If ¢ = b then there is nothing to prove. If ¢ < b then
¢+ % < b for all large enough n € N. Since ¢ + % is not a lower bound for S (because ¢
is the greatest lower bound of S), there is x,, € S such that z, < ¢+ % On the other
hand, z,, > ¢ because c is a lower bound for S. Hence, ¢ < x,, < c+ % and f(x,) > 0.
Taking limit as n — oo, we obtain z,, — ¢ and, hence, f (z,) — f (c). Since f (x,) > 0,
we obtain f (¢) > 0.

Let us prove that f (¢) < 0. Note that ¢ # a because f (¢) > 0 while f (a) < 0. Hence,
Ty =C— % > a for all large enough n € N. Since ¢ is a lower bound for S, x,, ¢ S whence
f(x,) < 0. Since z,, — ¢ as n — 00, we obtain that f (¢) < 0, which finishes the proof.
]
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Example. Let f (z) be a polynomial of an odd degree n with real coefficients; that is,
f(@)=a"+ciz" 4+ ... 4 cp,

where ¢, € R and n is odd. Let us prove that there is at least one real root, that is, there
is z € R such that f () = 0. By Exercise 47, we have

lim f(z) = +oo,

T——+00
which implies that there is b € R with f (b) > 0. Similarly, using the fact that n is odd

and lim,_,_ . 2" = —o00, we obtain that

lim f(z) = —oc.

It follows that there is a € R such that f (a) < 0. By Theorem 3.6, there is z € R such
that f (z) = 0.

Recall the following notation. If f is real-valued function defined on a set A then the
image of f is the set

fA)={f(x):z €A}
Then define
sup f=sup f(A)

and

iI}lff =inf f (A).

Theorem 3.7 Let [ be a continuous function on an interval I. Then the image J = f (I)
s an interval. Moreover, the endpoints of J are inf; f and sup; f.

Note that the types of the intervals I, J are not predefined: they may be open, semi-
open, or closed, as well as bounded or unbounded.
Proof. It suffices to show that if

inf f<c<supf
then ¢ € f (I). By definition of sup and inf, there are numbers a,b € f (I) such that
inff<a<c<b<supf.

Let a = f (s) and b= f (t) where s,t € [a,b]. Assume for simplicity that s < ¢. Consider
on [s,t] C I the function

g(x)=f(x)—c
and observe that g (s) =a—c < 0and g(t) = b—c > 0. Hence, by Theorem 3.6, the
function g vanishes at a point x € (s,t) which implies f(z) =candce f(/). m
Example. Let us show that exp (R) = (0, +00). Since exp (z) > 0 for any z € R, we
have exp (R) C (0,400). Observing that

lim exp (x) = 400

xr——+00
and ] ]
lim exp(z)= lim exp(—y)= lim = =0,
m Xp ( ) Yoo XP ( y) y—-+oo exp (y) +o00

we obtain that sup exp (z) = +o00 and inf exp (x) = 0. Hence, by Theorem 3.7, exp (R) is
an interval with the endpoints 0 and +o0o, which can be only (0, +00) .
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3.3.2 The maximal value theorem

If f is a real-valued function defined on a set A then the mazimal value (maximum) of f
is the maximum of f (A) if it exists. Notation:

mjmxf =max f (A).

In general, max 4 f may not exist, but if it exists then it is equal to sup, f. Similarly one
defined the minimal value min4 f.

Theorem 3.8 (The maximal value theorem) Let f be a continuous function on a closed
bounded interval 1. Then both max; f and min; f exist.

Proof. Let I = [a,b]. Let us first show that f (/) is bounded from above, that is,
there is C' € R such that f (z) < C for all z € [a,b]. If such C' does not exists then, for
any n € N, there is z,, € [a, ] such that f (z,,) > n. The latter implies f (z,) — +o0 as
n — oo. The sequence {z,} is bounded and, hence, it contains a convergent subsequence,
say ,, — ¥, where x € [a, b]. By the continuity of f, we have

f(xn,) — f(z) as k — oo,

which contradicts f (z,,) — +oc.

Since f (I) is a bounded set, it has a finite supremum A = sup; f. Let us show that
function f takes the value M, that is, there is zy € [a,b] where f (z9) = M, which will
imply that M = max; f. By the definition of the supremum, M — ¢ is not an upper bound
for any € > 0. Hence, for any € > 0 there is « € [a,b] such that f (z) > M — . Taking
€= % and denoting by x,, this value of x, we obtain a sequence {z,} C [a,b] such that
f () > M — £, Since also f (x,) < M, we have f (z,) — M as n — oo. The sequence
{z,} is bounded and, hence, has a convergent subsequence {z,, }, say =,, — x¢. By the
continuity of f, we have f (z,,) — f (zo) whereas by construction f (z,,) — M. Hence,
f (xo) = M, which was to be proved. m

Corollary. If f is a continuous function on a closed bounded interval I then the image
f (1) is also a closed bounded interval; moreover,

f()= [mlinf, mlaxf] .

Proof. By Theorem 3.7 f(I) is an interval with the endpoints A and B, where
A = inf; f and B = sup; f. By Theorem 3.8, we have A = min; f and B = max; [ ,
which in particular implies that both A and B belong to f (/). Hence, we conclude that
f(I) = [A, B], which proves the both claims. m

3.4 The inverse function

Recall that a function f(x) on an interval I is called (monotone) increasing if = < y
implies f(x) < f(y). The function is called strictly (monotone) increasing if z < y
implies f (z) < f (y) . Similarly one defines decreasing functions.

68



Example. Function f (z) = exp () is strictly increasing on R. Indeed, if = < y then

exp (y) = exp(y —x + ) = exp (y — z) exp (z) > exp (z)

because z = y — x > 0 and, hence,

2

z
exp(z):1+z+§—|—...>1.

Example. Function f (x) = 2™ is strictly increasing on [0, +00) provided n € N. Indeed,
if y > x then setting z = y — = we obtain

n—1
n
k=1

Example. Function f () = 2™ is strictly decreasing on (0, 4+-00) provided n is a negative
integer. This follows from x™ = ﬁ and the fact that zI”l is strictly increasing.

Definition. Consider a function (a mapping) f : A — B where A and B are two arbitrary
sets. The inverse function is a function f~!: B — A with the following property:

y = f(z) is equivalent to z = f~' (y)

forallx € A and y € B.

The inverse function may not exist but if it exists then it is unique. Note that if f~*
exists then also (f~1) ™" exists and (f~1)"" = f.

Note also the following useful identities that follow immediately from the definition:

[ (f(z) = zforallze A,
f(f(y) = yloralyeB.

In other words, f~'o f and f o f~! are the identity functions.

Example. For the function f : R\ {0} — R\ {0} defined by f (z) = 1 the condition
Yy = % is equivalent to r = i Hence, f~! exists and coincides with f.
Consider the function f : [0,+0c0) — [0,400) defined by f(z) = x?. Since the

condition y = 22 for non-negative x and y is equivalent to z = VY, we see that the inverse
function f~! exists and f~' (y) = /¥

Claim The inverse function f=! exists if and only if f : A — B is a bijection.

Proof. Assume that f~! exists. Then f is a bijection because, for any y € B, the
condition f (z) = y is equivalent to x = f~!(y) and, hence, is satisfied for exactly one
value of v € A. Conversely, if f is a bijection then for any y € B there exists a unique
x € A such that f (z) =y, which defines the function z = f~!(y). m

Theorem 3.9 Let f be a strictly monotone function on an interval I and let J = f(I).
Then the inverse function f=1: J — I exists, is strictly monotone and continuous.
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Example. The function exp (z) is strictly increasing on R and exp (R) = (0, +o0).
Hence, it has the continuous inverse function defined on (0, +00). This function is called
the natural logarithm and is denoted by In (sometimes also log). Hence, we have the
defining condition for Iny for any y > 0:

r=Ilny < y=-expuz.

In x

The natural logarithm can be used to define a” for any ¢ > 0 and z € R (or even
x € C). Indeed, let us set
a® =exp (zlna). (3.9)

Function f (z) = a” is called the exponential function with the base a. Let us mention the
following properties of this function:

1. a' = a because exp (Ina) = a.

2. a®Y = a®a¥ because

a*a’ = exp (zlna)exp (ylna) = exp ((z +y)Ina) = ™.

3. For any n € N; the present definition of " matches the previous inductive definition
of a™ because by the above two properties a"™ = a"a.

4. For all z,y € R,
(a®)? = a™ (3.10)

(see Exercise 51).

Note that Ine = 1 so that by (3.9) e” = exp (x) that matches the previous definition

of e*.

Proof of Theorem 3.9. Assume for simplicity that f is strictly increasing. Clearly,
f is a bijection from I onto J. Hence, the inverse function exists. To prove the monotonic-
ity fix y; < yo from J and let x;, = f~! (yx) so that yp = f (z1). We claim that z; < .
Indeed, x1 = x5 implies y; = y» and x; > o implies y; > yo. Since the both outcomes
contradict y; < y», the only remaining possibility is z; < 5.
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Let us prove that f~! is continuous, that is, for any y € J and any sequence {y,} C J
such that y, — v, we have f~! (y,) — f~'(y) = z. Assume from the contrary that the
sequence z,, = f~! (y,) does not converge to x. Then by Theorem 2.1 there is € > 0 such
that outside U, (x) there are infinitely many terms of the sequence {z,}. It follows that
one of the intervals (—oo,x — €], [z + €, +00) contains infinitely many terms of {z,}, let
it be (—oo, x — €]. Renaming the sequence, we can assume x,, < x — ¢ for all n € N. Since
rp, < x —e < x and both x,,z belong to the interval I, it follows that also z —e € I. By
the monotonicity of f, we obtain that

yn:f(xn>§f<x_5)7

whence
y=limy, <f(r—-¢)<f(z)=y

This contradiction shows that f~! (y,) — f~! (y), which proves the continuity of f~'. m

Note that it the continuity of f is not assumed in the statement of Theorem 3.9. If f
is still continuous then, by Theorem 3.7, J is an interval. Hence, in this case the domain
of the inverse function is also an interval.

Example. The function y = 2" (where n € N) is strictly increasing on [0, +00) and its
image is [0, 400). Hence, the inverse function exists and is continuous on [0, +00) and is
denoted by = = {/y.

Note that, for any a > 0, {/a = a'/". Indeed, x* = {/a is the unique positive number
that satisfy the equation 2" = a. On the other hand, z = a/™ also satisfies this equation

1

by (3.10) since (a¥/")" = a=" = a.

3.5 Trigonometric functions and the number 7

Let us define the trigonometric functions sin z and cos z by the identities:

eix _ e—ix ei;c + e—ia:
siny = ——— and cosr=——— 3.11
21 2 ’ (3.11)
where ¢ is the imaginary unit. Here x can be any complex number but we will use sinx
and cosz mostly with a real . Note that in this case the definitions still require the
exponential function of a complex argument iz.

It follows from the definition of sin and cos that
e = cosx + isinz

(the Euler formula).
Using the exponential series, we obtain the expansions of sin x and cos x into the series
as follows:

smx—x—a—{———. :Z 2k:~|—1) (3.12)

and
22k

(3.13)
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(see Exercise 53). In particular, it follows that sinx and cosz are real if € R. Also, the
expansions (3.12) and (3.13) imply that sinz is an odd function that is,

sin (—x) = —sinx,
whereas cos x is an even function, that is
cos (—x) = cosz.

It follows from (3.11) that the functions sinx and cosx are continuous on R (see
Exercise 53). The graphs of sinz and cosz are as follows:

H
<L

As one can see from the graphs, sin x and cos z are periodic functions, which is not obvious
from either (3.11) or (3.12), (3.13). We'll prove the periodicity in the rest of this section.
Let us

Lemma 3.10 (a) There exists a number c € (0,2) such that cosc = 0 whereas cosx > 0

for all 0 < x < c. In particular, c is the smallest positive root of the equation cosx = 0.
(b) sinx > 0 for any x € (0, 2).
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Proof. (a) Note that cos0 =1 > 0. Let us show that cos2 < 0. We have

22 24 26
COSZZ]_—54—5—g—...:ag—alﬁ—ag—agﬁ-...

where a,, = % The sequence {a,} is strictly decreasing for n > 1 because

An1 _ 22 <1
an Cn+1)2n+2) =

Let S, = > 1, (=1)" a), be the partial sum of this series. We claim that the sequence
{Som}ro_o of even partial sums is decreasing. For example, have

SQZCLO—CL1+CL2:CL0—(CL1—CL2) SCL():SO.
Similarly, we obtain in the general case
S2(m+1) = S?m — A2m+1 T A2m+2 < SQm‘

Hence, for any m > 0,
cos2 = lim S, = lim 55, < So,.

In particular, we have
22 24 1
2<S=1-—+4+—=—-<0
cose = o T 3y
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that is cos2 < 0. Applying Theorem 3.6 to the interval [0, 2], we conclude that cosz =0
for some z € (0,2).
Consider the set
S={x€]0,2]: cosz =0},

which is non-empty by the above argument, and set
c=1inf S € [0,2].

Let us show that ¢ € S. Indeed, there is a sequence {z,} -, C S such that z,, — ¢ as
n — oo, whence it follows by the continuity of cos

cosc = lim cosz, =0,
n—oo
whence ¢ € S. Note that ¢ > 0 because cos0 > 0 and ¢ < 2 because cos 2 < 0.

Finally, let us show that if 0 < x < ¢ then cosx > 0. Since ¢ is a lower bound for S,
the condition x < ¢ implies x ¢ S whence cosx # 0. If cosz < 0 then, applying Theorem
3.6 to the interval [0, z], we obtain that is a point 0 < y < x such that cosy = 0 and,
hence, y € S, which is impossible because y < c¢. We conclude that cosxz > 0, which
finishes the proof.

(b) We have
, a3 N x® N
Slnl’—l'—?)! 5!—...—a0—a1 ao — ...
2n+1
where a,, = m For any n > 0, we have
An+1 x2 4

o @t @ntd) @iy @Ents

that is, the sequence {a,}, ., is decreasing.
Consider the partial sum S, = > 7, (=1)* a), and prove that the sequence of odd
partial sum {So;,41},._, is increasing. For example,

Ss=ag—a;+ay—az > ag—a; =95
and similarly

Som41 = Som—1 + A2m — A2my1 > Sam—1.
Hence

sinx = lim Sg,11 > Somy1 for any m > 0.
m—0o0
In particular, we have for any = € (0, 2)
3

. x
smszl:x—E>O

because x > %3 is equivalent to 22 < 6, and the latter is true by z < 2. m

Definition. Define the number 7 by 7 = 2¢ where ¢ is the smallest positive root of cos x
that exists by Lemma 3.10.
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It follows from the above proof that 0 < 7 < 4. Similarly to the proof of Lemma 3.10,
one can show that ¢ > % and, hence, T > 3 (see Exercise 53). A numerical computation
shows that

m = 3,14159265358979...

This many decimal digits of m were known as early as in 15" century. Presently 7 is
computed to over 6 billion decimal digits.

Theorem 3.11 (a) We have the identities
exp (gz) =1, exp(mi)=-1, exp(2m)=1

(b) The function exp (z) is 2mi periodic, that is,

exp (z + 2mi) = exp (z) for all z € C. (3.14)
(¢) Functions sinz and cosx are 2w periodic, that is

sin (z +27) =sinz and cos(x + 27) =cosx for all x € R.
Proof. (a) Let us apply the identity
cos’x +sin’x = 1. (3.15)

(see Exercise 53). Using as above the notation ¢ = 7/2, we have cosc = 0 whence by
(3.15) |sinc| = 1. Since 0 < ¢ < 2 and, by Lemma 3.10(b), sinc > 0 , we obtain sinc = 1.
Therefore, by the Euler formula,

exp (gz) = exp (ci) = cosc+ isinc = i,
whence
exp (mi) = exp (ci) exp (ci) =i-i = —1,
exp (2mi) = exp (i) exp (wi) = (—1)* = 1. (3.16)
(b) Using (3.16), we obtain

exp (z + 2mi) = exp (z) exp (2mi) = exp (2) .

(c) Using (3.12) and (3.14), we have

1
sin (z + 27) = 5 (exp (iz + 27mi) — exp (—iz — 27i))
i
1
= 5 (exp (iz) — exp (—iz)) = sinz,
i

and a similar argument works for cos. m
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4 Differential calculus

4.1 Definition of the derivative

Definition. Let f (x) be a function defined on an interval I. The derivative (die Ableitung)
of function f at a point z € I is defined by

f/ (x) — lim f(y) — f(x)’

y—r Y —x

provided the limit exists.

Here the variable y varies in I \ {z} because this is the domain of the function y —
=F@) The expression L0=1@)
y—x Yy—x
value shows how functions f varies between the points  and y. The derivative f’(x) is
the rate of change of function f at the point z.

Setting h = y — x, we obtain an equivalent definition:

o) — i LD = F )

h—0 h

is called the difference quotient of function f and its

Example. Let f (x) = const. Then f(y) — f () = 0 whence f’(x) = 0. We can write
this down as follows:

(const)’ = 0.
Let f(x) = x. Then
fy—fl) _y—=_,
y—x y—uz
whence [’ (z) =1 for all z € R. Hence,
(z) =1
Let f (z) = 2%. Then
Vo (z+h)?—2% | 2hz+h®
i) = h—0 ]11,1—>0 h 20
Hence,
(xQ)/ = 2x.
More generally, one can prove that, for any n € N,
(z) = nan?
(see Exercise 56).
Let f (x) = exp (z). By Exercise 43,
£ () = lim &2 (y) —exp () _ exp (2),

y—z y—x

whence

(exp (7)) = exp (v).
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Let f (x) =sinz. Then

sin (z + h) —sinx

! — 1
f(x) hlg(ll h
. sinxzcosh+cosxsinh —sinx
= lim
h—0 h
. . cosh—1 ) sin h
= limsinz———— + limcosz .
h—0 h h—0 h
By Exercise 54, we have
h—1 inh
lim CoSh= 2 _ 0 and lim SR 1
h—0 h h—0

whence

(sinz) = cosz

Similarly one proves that

(cosz) = —sinx

(see Exercise 56).

Physical meaning of the derivative. Let f(¢) be the position function of an object
that moves on a straight line. That is, at time ¢ the object is located at the point f (t) € R.

Then
f({t+h)—f(t) displacement of the object

h time interval

is the average velocity of the object in the time interval [t, ¢ + h]. Taking the limit when
h — 0, we obtain the instantaneous velocity of the object at time ¢t. Hence, the derivative
f' () is the instantaneous velocity of the object at time ¢. For example, if the object is a
car then f’ (t) is displayed at the speedometer at any time .

Geometric meaning of the derivative. Consider the graph of the function y = f ()
and consider the a straight line through the points (z, f (x)) to (z + h, f (z + h)), which
is called a secant line of the graph. The equation of a straight line that goes through a
point (X, Yy) has the form
Y=A(X-Xy)+Y

(we use the capital X and Y to distinguish with the graph of function f), where A is
the slope (die Steigung) of the line. Setting Xy = z, Yy = f(x), X = x + h, and
Y = f(z + h), we obtain the equation for A:

f(x+h)=Ah+ f (2)

whence
fla+h) - f(z)
. .
Taking h — 0, we obtain A — f’ (z). The limiting position of a secant line when h — 0
is called the tangent line of the graph at the point . The equation of the tangent line is

Y =f(x)(X =)+ f(2). (4.1)

A—
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Example. Let f (z) = 2. Then the equation (4.1) becomes
Y =22% (X —2) + 2%
For example, at = 1 we obtain the following tangent line:
Y =3(X—-1)+1=3X—2.

Here are the graphs of the function f (z) and its tangent line at « = 1:

The tangent line can be considered as a good approximation of the graph of the
function near the point x. Setting X = x + h, obtain the following relation

flat+h) = f(x)+ [ (z)h (4.2)
What is the exact meaning of this relation? To state it let us introduce the following
terminology.

Definition. Let f (z) and g (x) be two functions defined on a interval I C R and a € 1.
We write

f(z)=0(g9(z)) asz—a (4.3)
if
. flx)
alclg}z g(x) 0

One reads out (4.3) as follows : f is little o of g.

For example,

?=o(z) asz — 0

while
xzo(ﬁ) as r — +0Q.

Lemma 4.1 If ' (z) exists then

f@+h)=f(x)+ f(x)h+0(h) as h — 0. (4.4)

78



The relation (4.4) can be considered as a rigorous version of (4.2).
Proof. We need to prove that

f@+h)—f(z)—f(x)h=0(h) as h — 0.
Indeed, we have

i @) = fl2) = )b
h—0 h _h—>0

whence (4.4) follows. m
Example. Let f (z) =sinz. Then by (4.4)

sin(x + h) =sinxz + hcosz +o(h).

For example, if x = 0 then we obtain sinh = h + o (h). One can prove this formula also
by using the expansion of sin x into the series in powers of h.

Differential. The increment A of the variable x is also called the differential of x and
is denoted by dx (here dz is NOT the product of d and z; dx is just another notation for
h, which contains the reference to the variable z). Using this notation, rewrite (4.4) as
follows

f(x+dz)— f(z) = f' (z)dz+ o(dx) as dx — 0. (4.5)

The left hand side f (x + dx) — f (x) is called the increment of the function f. The term
f' (z) dz on the right hand side is called the differential of the function f and is denoted
by df (z) so that

df (z) = f' (z) du. (4.6)
Note that the differential df is a linear function of dz (considering z to be fixed). Since
by (4.5)

[ +de) — f () = df (x) + o(dx),

we can say that the differential is the main linear part of the increment of function.

Example. Using the derivatives evaluated above, we obtain from (4.6)

dz" = nz" ldx
dexp (x) = exp(z)dz
dsinx = coszx dx

dcosz = —sinx dx.

Definition. We say that a function f defined on an interval I is differentiable at a point
x € I if the derivative f’(z) exists. Function f is differentiable on [ if f is differentiable
at any point x € [.

Theorem 4.2 If a function f is differentiable at x then f is continuous at x.
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Proof. We have

tin (7 )~ 7 @) = iy LO=HE ) — )t () =0
whence
lim f(y) ==

Hence, f is continuous at x. m
Example. Consider the function

1, >0

ro={y 120

Since f = const on (0, +00) and on (—00,0), we obtain that f is differentiable at z # 0
and f’'(x) = 0. Let us show that f is not differentiable at © = 0. Indeed, at this point
the function f is not even continuous since

lim f (z) = 1# 0= f(0).
>0

By Theorem 4.2, function f is not differentiable at 0.

4.2 Rules of differentiation

Theorem 4.3 Let f and g be two functions on an interval I C R, which are differentiable

at some point x € I. Then functions f + g, fg, L are also differentiable at x (in the case

g
of f/g assuming g #0) and

(a)

(f+9) (@) =f(2)+7 (). (4.7)
(b) The product rule (Produktregel)
(f9) (@) = f'(x) g (2) + [ (x) ¢ (2) . (4.8)
(¢) The quotient rule (Quotientregel)
Ny @@ —f@)g (=)
<g> = g* (x) ' 49

It follows from (4.8) that, for any constant c,

(cf) =cf".
Proof. (a) Using the definition of the derivative and Theorem 3.2, we obtain

f+gy)—f(r)—g(x)

(f+9) (@) = lim

y—x y—x
g L@ =S 9 ) — g (@)
y—x Yy—x Yy—x y—x
= @) +g (2).



(b) Arguing as above and using the continuity of f, which holds by Theorem 4.2, we

obtain
(fo) (z) = ?gfww@giiwhﬂ@
i I WIW W) W)~ f(2)g()
y—w y—x y—r y—x
:iﬂf@WEM2:M@+gm?2ﬂ2:5@
= f(x)d (z) +g (@) f (2),
which was to be proved.
(¢) Similarly to (b), we have
IR 1 1 1
<§)Cw N ng—x(g@)_g@ﬁ>
b (9@ —9()
a Lmy—x(sﬂw9@)>
_ o 4@ =9 1
= y—x  y=rg(y)g(z)
_ =9 (=)
9? (z)
Hence, we have
Ny d@
<g> () = g% (x)’ (4.10)

which is a particular case of (4.9) for f = 1.
For arbitrary f, we obtain using (4.8) and (4.10):

5)

Theorem 4.4 (The chain rule -

(1) =7 () + ()
g g g
! rd_ fg-1d
g 9 9

Kettenregel) Let f be a function on an interval A, and g

be a function on an interval B such that the composition go [ is defined, that is f (A) C B.
If f is differentiable at a point x € A and g is differentiable at y = f () € B, then go f

1s differentiable at x and

(4.11)

(go f) (x) =g W) [ (x).

One can also write

(9o f) (@) =g (f (@) f (x).

Example. Consider a general exponential function f (z) = a* where @ > 0 and x € R.

By definition, we have

f (@) = exp (zIna),
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which can be written as the composition of the following two functions:
exp (y) and y = zlna.
Hence, by the chain rule,
f'(x) = (exp (y)) (xIna)" = exp (y) Ina = a”Ina,

that is,

(a®) = a”Ina.

Example. The function f(z) = exp (cos2z) can written as the composition of three
functions:
exp(z), z=cosy, y=2z.

Applying the chain rule twice, we obtain
f'(z) = (exp (2)) (cosy) (22)" = —2exp (2)siny = —2exp (cos (2x)) sin 2z.
Before the proof of Theorem 4.4, let us prove the following stronger version of Lemma

4.1.

Lemma 4.5 Let f be a function on an interval I which is differentiable at a point x € 1.
Then there exists a function F' on I such that

FX) = f(z) = F(X) (X -x) (4.12)
for all X € I and
)l(HEEF(X) =F(z)=f(x). (4.13)

Remark. This statement covers Lemma 4.1 because by (4.12)

fX)=f(z) = f@2) (X —2)+ (F(X) = f(2) (X —xz)
= [@) X —2)+o(X —x),

where in the last line we have used that F'(X) — f'(x) — 0 as X — z.
Proof. Define function F' so that (4.12) is satisfied:

X—z
for X # x and set
F(z) = f'(z).
Clearly, (4.12) holds for all X € I (if X = « then the both sides of (4.12) vanish), and
. o SO ),
Jm F(X) = Jm = = F(@),
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Proof of Theorem 4.4. By Lemma 4.5, we have the identities

FX) = f(2)=F(X)(X —z) forall X € A

and
g(¥V)—g(y)=GY) (Y —y) forallY € B,
where
lim F(X) = F(2) = f ()
and

im G(Y) =G (y) =4 (y).

Y —y
Then, setting Y = f (X) and noticing that y = f (z), we obtain

gof(X)—gof(x) = g(f(X)—g(f (@) =G (X)) (f(X) = [f(x))
= G (X)) FX)(X —=),

whence

o (@) = 1w L2299 TE 6 (1 (x)) P ()

= lim G (F (X)) lim F (X)

X—z X—x

= g /[f (),

which was to be proved. m

Theorem 4.6 (The derivative of the inverse function) Let f be a continuous strictly
monotone function on an interval I so that the inverse function f~!(x) exists on the
interval J = f (I). If f is differentiable at x € I and f'(x) # 0 then f~! is differentiable
aty = f(x) and

(f ) () = : (4.14)

Remark. The tangent line to the graph of function f at point x has the equation
Y—y=A(X—2x)

where A = f’(z) is the slope. When considering the inverse function, we switch the role
of the function and the argument, so that the equation can be written in the form
1

X —z=
T

Y —y)

provided A # 0. Hence, the slope of the tangent line in this case is %, which explains the
formula (4.14).

Since y = f () is equivalent to x = f~! (y), we can rewrite (4.14) as
-

=)
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and

Example. Consider function f (z) = exp () on I = R. We already know that the inverse
function to exp (z) is Iny defined for y € (0, +00). By (4.14), we obtain

r 1 B 1
) = e @) ~ @

provided y = exp (z), which implies

(Iny) = .

Example. Consider a power function f(x) = x* where x > 0 and a € R. By definition
of x%,

f(z) =exp(alnx)
so that f is the composition of the function exp (y) and y = alnz. Using the chain rule
and the derivative of Inz, we obtain

a a—1

= ax

SHES

(2) = (exp (y))' (alna) = exp(y) = =

Finally,

a—1

(%) = ax

In particular,
1

NG

Proof of Theorem 4.6. Note that J = f (/) is an interval by Theorem 3.7, and
the inverse function f~! exists, is continuous, and strictly monotone by Theorem 3.9. By
Lemma 4.5, we have the identity

(VY = = et =

f(X)=f(z)=F(X)(X -2z (4.15)
where function F satisfies the relations

lim F(X)=F ()= f («). (4.16)

X—z

Denoting Y = f (X) and y = f (x), we obtain from (4.15)

Y—y=F({" ) () —f" W)

Setting G (Y) = F (f~' (Y)), using (4.16) and the continuity of f~! at y, we obtain by
Theorem 3.3
lim G(Y) = lim F (f~'(Y)) = lim F(X) = f'(2)

Y —y Y —y X—z

and



Since f'(x) # 0, there is a neighborhood U (y) such that G (Y") does not vanish in U (y).
Hence, for any Y € U (y) N .J, we obtain

1
) -y = W(Y—y)-
By the definition of the derivative, we obtain
IRV S OO I A () B U |
(F7) (v) = Jim Y —y Sy T @)

which was to be proved. m

4.3 Major theorems of differential calculus

Theorem 4.7 (The Fermat theorem) Let f be a function defined on an open interval I.
Assume that max;y f exists and let f (x) = max; f for some x € I. If f is differentiable
at x then f'(x) = 0. The same claim holds if f (x) = min; f.

The geometric meaning of this theorem is as follows. If f takes its maximal (or
minimal) value at a point x inside an open interval then the tangent line at x must be
horizontal. The slope of a horizontal line is 0 (see the graph below) which means that

f'(z)=0.

Proof. By Lemma 4.5, we have

fX) = [le)=FX)(X =),

where
lim F(X)=F(z)=f'(x).

X—x

Assume from the contrary that f' (z) # 0, say, f' (x) > 0. Then function F' (X) is positive
in some neighborhood U (z). Note that I NU (z) is an open interval containing x. Taking
X € INU (x) such that X > x, we obtain

f(X)=fx)=F(X)(X —x) >0, (4.17)



and, hence, f (X) > f(x), which contradicts the fact that f (z) = max; f.

Similarly, if f’ (x) < 0 then there is a neighborhood U (z) where F'(X) < 0. Choosing
X € INU (x) such that X < x, we obtain again (4.17).

The case f () = min; f is treated in the same way. =

Theorem 4.8 (The Rolle Theorem) Let f be a continuous function on |a, b] differentiable
n (a,b). If f (a) = f (b) then there is a point ¢ € (a,b) such that f' (c) = 0.

Proof. By Theorem 3.8 (the maximal value theorem), function f takes its maximal
value at some point ¢; € [a,b] and its minimal value at some point ¢z € [a,b]. If one of
these points is contained in the open interval (a,b) then the value of f’ at this point is 0
by Theorem 4.7. Assume that both ¢; and ¢y are the endpoints of this interval. Since f
takes the same value at a and b and this value is both maximal and minimal, the function
f must be constant on [a,b]. Then f’'(c) =0 for any ¢ € (a,b). =

Theorem 4.9 (Mean-Value Theorem of Lagrange) Let f be a continuous function on an
interval |a,b] differentiable on (a,b). Then there is a point ¢ € (a,b) such that

f)=f(a)=f(c)(b—a).

Proof. Consider the function

h@) = f @) - LT D )

so that h (b) = h(a) = f(a). This function is obviously continuous on [a, b] and differ-
entiable on (a,b). By Theorem 4.8, there is ¢ € (a,b) such that A’ (¢) = 0. Then we

have
h/:f/_f<b)_f(a)’
b—a

whence it follows that

which was to be proved. m
Remark. Let
y=A(r—a)+ f(a)

be the equation of the secant line of the graph of function f (z), which goes through the
points (a, f (a)) and (b, f (b)). Here

NICENI0
T

is the slope of this line. Then Theorem 4.9 says that the slope of a secant line is equal to
the slope of the tangent line at some intermediate point ¢ € (a,b). See the diagram below
where ¢ = 2.
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Theorem 4.10 (The constant test) Let f be a differentiable function on an interval I.
If f'(x) =0 for all x € I then f = const on I.

Note that if f = const on I then f’ (z) = 0 for all z € I. Hence, we have the following
equivalence: f'=0on [ < f = const on [.

Proof. It suffices to prove that f(a) = f(b) for all distinct a,b € I. Applying
Theorem 4.9, we obtain that there exists ¢ € (a, b) such that

fla)=f®)=f(c)(a—0).

Since [’ (c¢) = 0, we conclude that f (a) = f(b). m
Example. Consider the following problem: find all functions f such that f’ () = = on R.
First note that if f (z) = ax™ then f’ (z) = ana™'. Hence, in order to have f’ (z) = x, we

need to take n = 2 and a = 3. Therefore, the function f (z) = 72 satisfies the condition

f' (z) = x. However, the question arises whether there are other functions satisfying it?
!/
If f is another function such that f’ = z—; then ( f— x—;) = 0 on R. This implies by

Theorem 4.10 that f — x—; = (' for some constant C' and, hence, f = x—; + C'. This is the
most general function that satisfies the condition f' = x.

Theorem 4.11 (The monotonicity test) Let f be a continuous function on an interval I
differentiable on Iy where Iy is the open interval with the same endpoints as I. If f' (x) > 0
for all x € Iy then f is a monotone increasing function on I. Furthermore, if f'(z) > 0
for all x € Iy then f is strictly increasing on I.

Similarly, if ' (x) <0 for all © € Iy then f is a monotone decreasing function on I,
and if f' () <0 for all x € Iy then f is strictly decreasing on I.

Proof. Consider two points a < b on I. Applying Theorem 4.9, we obtain that there
is ¢ € (a,b) C I such that

f)=f(a)=f(c)(b—a).

Hence, if f’ > 0 then it follows that f (b) > f (a), that is, f is monotone increasing. The
other claims are proved in the same way. m
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Example. Consider function sinx on I = [0,7/2]. By the definition of 7/2, we know
that cosz > 0 for € Iy = (0,7/2). Since (sinx)’ = cosx, we conclude that sinx is
strictly increasing on [0, 7/2].

Theorem 4.11 can be used to prove inequalities as follows.

Corollary. (The comparison test)

(a) Let f and g be two continuous functions on an interval |a,b), a < b, that are
differentiable in (a,b). Assume that

1. f(a) <g(a)
2. f'(x) < ¢ (x) for all x € (a,b).

Then f(z) < g(z) for all z € (a,b). Moreover, if f'(x) < ¢ (z) in (a,b) then
f(x) < g(x) in (a,b).

(b) Let f and g be two continuous functions on an interval (a,b], a < b, that are
differentiable in (a,b). Assume that

1. f(b) < g(b)

2. f'(x) > ¢ (z) for all x € (a,b).
Then f (z) < g(z) for all x € (a,b). Moreover, if f' (x) > ¢' () in (a,b) then
f(x) < g(x) in (a,b).

Proof. (a) Set h = g — f and notice that h(a) > 0 and A’ > 0 in (a,b). By Theorem
4.11, h is monotone increasing [a,b), whence it follows that, for any = € (a,b),

h(xz) > h(a) > 0.

Hence, f (z) < g(x) for all z € (a,b). If the case of the strict inequality f’ (z) < ¢’ (x),
we obtain that h is strictly increasing, whence h () > 0 and f (z) < g (z).
(b) In this case the function h is monotone decreasing and h (b) > 0, whence

h(x)>h(b) >0

for any = € (a,b), which implies f (z) < g(z). In the case of strict inequality f'(x) <
g (x), h is strictly decreasing, whence h (z) >0 and f (z) < g (z). =
Example. Let us prove that, for all x > 0,

Inz<z-—1. (4.18)

See the graphs of these two functions in the next diagram:
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If 2 = 1 then the both sides of (4.18) are equal to 0. If 2 > 1 then

1
(Inz) ==-<1=(x—1).
x
Applying the comparison test (a) in the interval [1,+00), we conclude that Inx < x — 1
for all z > 1.
If 0 <z <1 then

(ln:v)/:%>1:(x—1)/.

Applying the comparison test (b) in the interval (0, 1], we obtain Inx < 2 — 1 in (0, 1).
Hence, (4.18) holds for all x > 0 and, moreover, the equality in (4.18) is attained only at
r =1

Another consequence of Theorem 4.11 is the following result.

Theorem 4.12 (The inverse function theorem) Let f be a differentiable function on an
interval I such that f' () >0 for allx € I (or f' (z) <O for allx € I). Then the inverse
function f~'(x) exists on the interval J = f (I), is differentiable in J and, for anyy € J,

(4.19)

where v = [~ (y) (or x is determined by the condition y = f (z)).

Proof. By Theorem 4.11, f’ is strictly monotone on /. Then, by Theorem 3.9, the
inverse function f~! exists on .J. By Theorem 4.6, f~! is differentiable and its derivative
satisfies (4.19). =
Example. Let f(z) = sinx on I = (—7/2,7/2). Since f’(z) = cosz and cosz > 0
on this interval, we conclude that the inverse function exists on J = (—1,1) and is
differentiable. The inverse function of sinz is denoted by arcsiny. It follows from (4.14)

that ] ] ]
(arcsiny) = ——— = = :
(sinx) CoS T 1— 2

In fact, the domain of arcsin y is [—1, 1] but this function is not differentiable at y = 1, —1
(See Exercise 59 for more details).
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Here is the graph of arcsin x:

XL

-1.0T

-15T

4.4 Higher order derivatives

For a function f defined on an interval I, the derivative f of the order n € N (or the
n-th derivative) is defined inductively by the following two conditions:

fO = and f™ = (f(”_l))l for any n > 1,
assuming that the above derivatives exist on /. In particular, we have the second derivative
1= = (g,
the third derivative
f(3) _ f/// _ (f”>/
the forth derivative
f(4) — fIV — (f///)/
etc.
If £ exists on I then we say that function f is n times differentiable on I. Clearly,

this also means that f*) exists on I for all k < n. We say that f is differentiable co many
times if f™ exists for all n € N.

Example.
1. Let f =exp (z). Then f’ = exp (z) and we obtain by induction that

(exp (2))") = exp (x)

for any n € N. In particular, function exp (x) is differentiable oo many times.

2. Let f =sinz. Then

f'=cosz, f"=—sinz, " =—cosz, fIV =sinz.

Hence, f™ repeats periodically as follows:

sin x, n = 4k,
(sin x)(n) _ ) cosz, n=4k+ 1,

—sinz, n =4k + 2,

—cosx, n=4k+ 3.
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3. Let f = 2% where a € R and x > 0. Then
flf=ar*', f"=a(a—1)2"2
etc. By induction, we obtain
@)™ =ala—1)...(a—n+1)z* ™
4. Let f = 2¥ where k € N and = € R. Similarly to the previous example, we have
(:Ek)(n) =k(k—1)...(k—n+1)2F™
In particular, for n = k, we obtain

(:z:k)(k) = k! = const .

k+1) (n)

It follows that (:L‘k)( "' =0 for all n > k.

= 0 and, moreover, (xk)

4.4.1 Taylor’s formula

Consider a polynomial function

fx)=c+ar+ .. +ca" = Z cpr”, (4.20)
k=0

where n is a non-negative integer and all ¢, € R. If ¢,, # 0 then the number n is called
the degree of the polynomial f and is denoted by deg f. If ¢, = 0 then removing the
vanishing term c,z" and possibly other terms with ¢, = 0, we still can represent f in the
form (4.20) with a smaller value n such that ¢, # 0. Hence, the degree of the polynomial
(4.20) is in general < n.

We have seen above that (xk)(m) = 0 whenever m > k. Hence, if m > deg f then we

have f(™ = 0. It turns out that if deg f < n then f can be recovered by the following
values:

f(a), f'(a), ["(a), .. ™ (a)

at some point a € R.

Lemma 4.13 For any polynomial f of degree at most n, we have, for all a,x € R,

f'(a) /" (a) f™ (a)
1 9! nl

f (@)= fla)+ = (z—a) + (z—a)"+..+
Proof. Inductive basis for n = 0. If deg f = 0 then f = const, and for this case the
identity (4.21) becomes f (x) = f (a), which is obviously true.
Inductive step from n — 1 to n. If deg f < n then deg f’ < n — 1. Hence, by the

inductive hypothesis, we obtain the identity

f'(x):f’(a)—i—%(ﬁ)(x—a)—l—%@(x—af—h..—l—

(x —a)". (4.21)
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Denote by ¢ the right hand side of (4.21). Clearly, we have

@)= @+ D @ LD gy

f(n) a n—1
(n _(1)>| (Z’ - a) )

which together with (4.22) yields the identity f’ (z) = ¢’ (x). Hence, (f — g)’ = 0, whence,

by the constant test (Theorem 4.10), f — g = const. Since by (4.21) g (a) = f(a), we

conclude that this const is 0, whence f (z) = g (x), which was to be proved. =
Denoting © — a = b, we can rewrite (4.21) as follows:

f'(a),  f"(a) S (a),,
+ b+ 5 b2+...+Tb.

fla+0)=f(a)

In particular, if f () = 2™, we obtain the binomial formula:

1! 2! l

n—1 -1 n—212 ' n
(a+b)" =a" + 2 b nln=Dd" +...+%b“:2(n>a”"bl.
) =0

Theorem 4.14 (Taylor’s formula) Let f(x) be a function on an open interval I such
that f is differentiable n times on I. Then, for any a € I

f"(a)
1!

o
(x—a)+ ...+ / n!( )(ac—a)n—i-o((x—a)”) as x — a. (4.23)

fx)=f(a)+
Conversely, if for some real cqy, c1, ..., Cy
f@)=c+a(z—a)+..+e,(x—a)"+o((z—a)") asxz—a (4.24)
then

f* (a)
B

C =

The meaning of the formula (4.23) is that when z is close to a then f(z) can be
approximated by the polynomial

f(a)

f™ (a) n —~ f® (a) K
1! ('I - CL) )

@) = f @)+

(x—a)+..+

Ty (z) = [ (a) +

which is called a Taylor polynomial of f. In the case when f is a polynomial of the degree
at most n, we have by Lemma 4.13 an exact identity f (x) =T, (x).
Proof. Using the notation 7), (x), we need to show that

f@)=T,(x)+o((x —a)") as x — a. (4.25)

Let us prove this by induction in n.
Inductive basis. If n =1 then (4.25) becomes

f@)=fla)+f(a)(x—a)+o(zr—a),

which is true by Lemma 4.1.
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Inductive step from n — 1 to n. Note that

3
=y
=
—~
s
SN—

— /™ (a k—1
@ = LWk at =

where have changed | = k — 1. We see from this identity that 7] (x) is the Taylor
polynomial of the order n — 1 for the function f’ . Therefore, by the inductive hypothesis,

f@)=T.(x)+o((x—a)"") asz — a.
Set h = f — T,, so that the above relation becomes

W (x)

lim —

i T 0. (4.26)

Applying Theorem 4.9 to function h and noticing that h (a) = 0 we obtain, that. for any
x # a, there is y € (a,x) such that

h(z) =1 (y)(z—a).

Note that y depends on x so that we can consider y as a function y (z). Also, the condition
y (z) € (a,x) implies that
ly—al <[z —al.

Using the above relations, we obtain

hz) | _|_ M ‘ h' (y)
(z —a)" (@—a)" | " l(y—a)
Since
limy(z) =a
and, by (4.26),
!/ /
tim [ g [ G|,
[Tl R (e
we conclude that also "
lim || o,
z—a | (T — a)

whence (4.25) follows.
For the second claim, observe that (4.23) and (4.24) imply
/' (a)

co+cl(x—a)+...+cn(x—a)":f(a)+T(x—a)+...+

f(n)

n!

(z—a)"+o((z—a)")
(4.27)
as r — a. Taking limits of the both sides as x — a, we obtain

co=f(a).
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Subtracting ¢y from the both sides of (4.27) and dividing by = — a, we obtain

. "(a "(a (n) . .
ey (#—a)+.4e, (x—a) = fl—(')—l—f2—(') (x — a)—l—...—{—fn' (z —a)" 4o ((z —a) 1)
as r — a. Taking again the limit as + — a, we obtain
_ ['(a)
Cc1 = 11 .
Subtracting ¢y, dividing by x — a, and taking limit as x — a, we obtain
_ ["(a)
2 — 2! I

etc. m
Example. Let f (z) = exp (z). Since f™ (a) = exp (a) for any n, we obtain from (4.23)

exp (r) = exp (a) <1 + (@ ; 2 + (= ;!a) + ...+ ( ;!a)” +o((z— a)")) :

or, dividing by exp (a),

(x_a)+($_a)2+...+(x_a

1! 2! n!

exp (r —a) =1+ +o((x —a)").
We see that the Taylor polynomial here coincides with the partial sum of the exponential
series so that the above formula can be obtained directly from the definition of exp.

Example. Let f(z) = 2P, where x > 0 and p € R. Then setting b = = — a, we obtain
from (4.23)

—1 —1)...(p— 1
Eap—1b+p<p )ap_2b2—|—...—|—p(p ) (p n+ )
1! 2! n!

(a+b)P =a’+ a” """ + o (V")

as b — 0. Extending the notation for the binomial coefficient (i ) to any p € R by

(p) _pp=b..(p=ntl)

Y

n n!

we obtain an analogue of the binomial formula for the case when the exponent p is an
arbitrary real number:

(a+ b =a” + (f) "1+ (g) AR+t <p ) A"+ o (") (4.28)
n
as b — 0. For example, if p = % then we obtain for n =1

1b
Va + :\/5+§%+o(b) (4.29)

and for n =2

1b 1 b )
Va+ —\/5+§%—§W+o(b). (4.30)
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There formulas can be used for approximate evaluation of v/a + b if y/a is known and b
is small compared to a. For example, (4.29) gives

11
v2 :\/254—1%5—#55:5,1,
while by (4.30)
\/26N5+11—1i—5099
- 25 8125

For comparison, note that

V26 = 5,099019 51359278... .

Theorem 4.14 (Taylor’s formula) can be stated as follows: if f (x) is a function on an
open interval I such that f is differentiable n times on I, then, for any a € I,

fx)=T,(x)+o((xr—a)") asz—a, (4.31)

where T), (x) is the Taylor polynomial of the function f of order n at point a, defined by

T.(x)=co+c(x—a)+..+¢(x—a) (4.32)
and ®
P k!<“) (4.33)

(using the conventions f® = f and 0! = 1). Furthermore, T}, () is the only polynomial
of degree at most n that satisfies (4.31).

Example. Let us find the Taylor polynomials 7T, (z) for f(x) = arcsinz at a = 0. We
already know that this function is differentiable in (—1,1) and

1
V1—22

To find higher order derivatives of arcsin z, we need to differentiate the function g (x) =

(arcsinx)’ =

(1-— a:2)_1/ ? (obviously, this function is differentiable co many times). However, since
we need the derivatives only at 0, it is easier to find them using (4.28) with a = 1 and
b= —z%

—1/2 1 13z* 13548 13 2n—1z*"

(12 1o 1oz ldoa” 1o 2
g(x)—(l x) —1+2x +222!+2223!+...+22... SR (a: )

Using the second part of Theorem 4.14, we conclude by (4.33)
13 2k —1(2k)!  (2k — DU (2k)!
227 2 kR 2k k| ’
where (2k — 1)1 =1-3-...-(2k— 1), and

g®" (0)

g(2k‘+1) (O) — O
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Therefore,

(2k — 1!l (2k)!

FEE0) = g®(0) = =

0 = D) =0

By (4.33), the Taylor coefficients for arcsin z are given by cor = 0 and

. _ BV (2R -1
T+ ) (2k 4 1) 25k

and the Taylor polynomial for arcsin x is

1 1-3 (2n — 1)
Ty, _ LI S R SR BTN Gl LRl Lo/ RS
et (0) =T g T e (2n + 1) 2!
For example, for n = 2 we obtain
1 1-3 1 3
T — 3 5 __ =3 -~ 5.
5 () $+2'3$ +4_2.5l’ x—l—6x —1—4035

The graphs of the function arcsin x (thick) and its Taylor polynomial T5 (z) are plotted
on the next diagram:

X L

We see that T (z) provides a good approximation for arcsinz away from z ~ 1. In
general, higher order Taylor polynomial provide better approximation for the function.

The Taylor polynomials are widely used in numerical computations for evaluating
various functions. However, the formula (4.31) does not give an error estimate for this
computation. For that, one needs a more explicit estimate of the difference f (z) —T,, (x),
which will be done below. We need first the following result.

Theorem 4.15 (Mean-Value Theorem of Cauchy) Let f,g be continuous functions on
an interval [a,b], a < b, differentiable on (a,b). Then there is a point ¢ € (a,b) such that

g () (f(b) = f(a)) = f"(c) (g (b) — g (a)). (4.34)
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Note that Theorem 4.9 (Lagrange’s Mean-Value Theorem) is a particular case of The-
orem 4.15 for g (z) = x since in this case (4.34) becomes

f)=f(a)=f(c)(b—a).

Proof. Consider function

Obviously,

h(b) = h(a) = (f(b) = f(a) (g (b) =g (a)) = (g(b) = g(a)) (f (b) = f(a)) =0

so that h(a) = h(b). By Theorem 4.8 (Rolle’s Theorem) there is ¢ € (a,b) such that
R’ (¢) = 0. Since

the claim follows. m
Now we can prove the main theorem in this section.

Theorem 4.16 (Taylor’s formula with the remainder term in the Lagrange form) Let
f () be a function on an open interval I such that f is differentiable n + 1 times on I
(where n > 0) Then for all distinct a,x € I, there exists ¢ € (a,x) such that

f'(a) f™ (a) [ ()

T (m—a)+...+7(x—a)n+(n+1)!

- (x—a)"" .  (4.35)

flx)=f(a)+

If n = 0 then (4.35) becomes

fz)=f(a)+ [ (c)(x—a),
which coincides with Theorem 4.9 (Lagrange’s Mean Value Theorem).
The difference f (z) — T,, (z) is called the remainder term. One can rewrite (4.35) as
follows
B frtl (¢)

and this identity is called the Lagrange form of the remainder term. Theorem 4.14 gives
another expression for the remainder term:

)n+1

(x—a : (4.36)

f(x)=T,(x)=0((zx—a)") asx — a, (4.37)

which is called the Peano form of the remainder term.
If £+ is bounded in a neighborhood of a then (4.36) implies (4.37) because

fn+1 (C) n+1 n+l _ n
o @9 SCle =™ =o(@ =0,

However, in general Theorem 4.14 does not imply Theorem 4.16 because in Theorem 4.16
function f must be n + 1 times differentiable while in Theorem 4.14 — only n times.
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Proof. Consider an auxiliary function

/ " (n)
F<t>=f<x>—(f<t>+f—“><x—t>+f—<”<x—t>2+...+f (t)(ac—t)")

1! 2! n!

where the expression in the brackets is the Taylor polynomial of f at the point ¢ (instead
of the usual a). We consider now z to be fixed while ¢ varies in [a,z]. To find F'(t),
evaluate first the derivative of each term separately using the product rule:

() ! (k) (k+1)

k! ! !
(k) (k+1)
_ _(J; _(f))! (z—t)" '+ @) o (t) (z —t)".

Therefore,

f@) )

0! 1!

O PR A0 PR L JR

(x —t)+

We see that all the terms cancel out except for the last one, that is
(n+1) t
Py = -2 W gy (4.38)
n!

Now apply Theorem 4.15 with functions F' (¢) and
G(t)=(x—t)""
on the interval [a, x]. We obtain that there is ¢ € (a, z) such that
G (¢) (F (x) = F(a)) = F' (¢) (G (x) = G (a)).

Observing that
G(x)=0, G(a) = (z—a)"",
F(z)=0, F(a)=f(z) - T, (z)
G'()=—(n+1)(z—0)"
and, by (4.38),

(n+1) (¢
Fo=-L" o
we obtain
(n+1) (¢ X
41 =" (@) - T @) = T oo

Dividing by (z — ¢)" (which does not vanish by ¢ € (a,)), we obtain (4.35). m

Example. Consider function f (x) = sinx and its Taylor polynomials at 0



(this follows either from definition (4.32)-(4.33) of T, (x) or from the power series (3.12)
for sinx — indeed, T, () is just the n-th partial sum of this series). By Theorem 4.16, we

have .
f7 ()
5!
for some ¢ € (0,z). Since fV (¢) = cosc and |cos | < 1, we obtain the following estimate

1'5

sine — Ty (x) =

(L‘5

ing — Ty (2)] < —
sine = T (2)] < —o-.

which provides the upper bound for the error when approximating sinz by T, (z). For
example, setting x = 0.1, we obtain

0.001
sin0.1 & 74 (0.1) = 0.1 + —— = 0.0998333...

and the error of this approximation does not exceed

O'—15 =8.333... x 108 < 107"
g~ 5333 .

Hence, in the approximate identity
sin 0.1 ~ 0.0998333...

holds with correct 6 decimal places after the point.

4.4.2 Convex functions

Definition. Let f be function defined on an interval I C R. Function f is called convez
if, for all a,b € I and t € (0,1)

f((l=t)a+tb) <(1—t)f(a)+tf(D). (4.39)

Function f is called strictly convex if a strict inequality takes place in (4.39).
Function f is called concave if, for all a,b € I and ¢ € (0,1),

FL=t)attb)> (1—1)f (a) +1f (B). (4.40)

Function f is called strictly concave if a strict inequality takes place in (4.40).

This definition has the following geometric meaning. Let

y=A(x—a)+f(a)
be the equation of the secant line through points (a, f (a)) and (b, f (b)) where

G0
b—a
is the slope of the line. Let us restrict the variable x to the interval (a,b) and set

t_x—a
- b—ua
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so that t € (0,1) and
r=(b—-a)t+a=(1—t)a+bt

With this new parameter, the equation of the secant line is

y= (b)) = fla)t+fla)=(1—=1)[f(a)+1f(b).

Hence, the inequality (4.39) means f (z) < y for all € (a,b), that is, the graph of the
function f (x) on the interval (a, b) lies below the secant line (note that these two line do
intersect at the endpoints a and b).

In the same way, function is concave if its graph between any two points lies above
the secant line through these points. Typical graphs of convex and concave functions are
shown on the next diagram (convex is thick):

Theorem 4.17 (The convexity/concavity test) Let f be a twice differentiable function
on a open interval I C R.

(a) If f" >0 on I then f is conver on I.

(b) If f" <0 in I then f is concave on I.

Proof. (a) Fix some points a,b € I, a < band t € (0,1). Denoting z = (1 —t) a + tb,
let us rewrite the definition (4.39) of the convexity as follows
A—t+t)f(x) < (1=1)f(a)+tf (D)
(A=) (f(x) = f(a)) < t(f(b) = f(x))

or, using the identity t = =2,
b—uz z—a
(@) = f(a)) < 3——(F () = [ («))
and finally
f@) -t [0~ (4.41)
r—a b—x



Conversely, if (4.41) holds for all @ < x < b in I then arguing backwards we obtain (4.39).
Hence, it suffices to prove (4.41) for all such triples a, z, b.
By Theorem 4.9 (Mean Value Theorem of Lagrange), we have

f(x)—f(a) :f/(c) and f(b)-f(l‘) :f/<d)
r—a b—=x
where ¢ € (a,z) and d € (x,b). In particular, we have ¢ < d. Since (') = f” > 0, the
function f’ is monotone increasing by the monotonicity test (Theorem 4.11). Therefore,
1 (¢) < f'(d), whence (4.41) follows.
(b) This part is proved similarly. m
Example. Consider the function f (x) =Inz, z > 0. Since

(nz)" = (1) - Loy

T2

1T

———t—+——+—+—+—1
8 10 12 14 16 18 )2(.0

Using the definition of the concavity, we have the following inequality

In((1—-t)a+th) > (1 —t)lna+tlnd (4.42)
for all a,b> 0 and ¢ € (0,1). Denote p = ﬁ and ¢ = % so that p,¢ > 1 and
1 1
4z =1. (4.43)
p q
Then (4.42) implies
a b 1 1 1pp1/
In(=+-]>=Ina+-Inb=In (a""b"7). (4.44)
p q p q
Setting = = a'/?, y = b'/9 and applying exp to (4.44), we obtain the Young inequality
p q
]
p q

which is true for all non-negative x,y and p,q > 1 such that (4.43) holds.
A particular case of the Young inequality with p = ¢ = 2 is the following familiar
inequality:
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4.4.3 Local extrema

Definition. Let f be a function defined on an open interval I and a € I. One says that
f has at a a local mazimum if there is a neighborhood U (a) of a such that f (a) is the
maximal value of f in U (a) N I, that is

f(a) = max f(z) .

U(a)nI

Similarly one defined a local minimum of f.

One says that f has a local extremum at a if f has at a either a local maximum or a
local minimum.

Theorem 4.18 (a) (Necessary condition for a local extremum) Let f be a differentiable
function on an open interval. If f has a local extremum at a point a € I then [’ (a) = 0.

(b) (Sufficient condition for a local extremum) Let f be twice differentiable on an open
interval I and letf' (a) =0 for some a € I. If f" (a) > 0 then f has a local minimum at
a. If f" (a) < 0 then f has a local maximum at a.

Proof. (a) If f has at a a local maximum then f takes at a the maximum value in
U (a) N I. Hence, by Theorem 4.7, f’'(a) = 0. The same applies to the case of a local
minimum.
(b) By the Taylor formula with the remainder term in the Peano form (Theorem 4.14),
we have
/" (a)

f(x):f(a)+f’(a)($—a)+T($—a)2+R($), (4.45)

where R (z) = o ((z — a)Z) as * — a, that is,

lim R (z)

=0.
i—a (1 — a)?

If f” (a) > 0 then there is a neighborhood U (a) of a such that

R(“”Q <L s e Ua)\ (),
(x —a) 4
which implies that
R(z) > ) (z —a)® forall z € U (a).

4
Using also f’ (a) = 0 we obtain from (4.45) that, for any z € U (a),

@)= @+ Y o> @),

which means that f has at a a local minimum. The case f”(a) < 0 is treated similarly.
|

Example. Consider the function f (z) = 2® — x. Then f’(2) = 32* — 1, which has the
roots r = :I:%. Hence, if f has local extrema then they should be at these two points.
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Since f” (z) = 6z, we see that [ (x) >0 at x = % and f"(x) < 0at x = —%. Hence,

f has a local minimum at % and a local maximum at —%. The graph of this function
is as follows:

-1.6-1.4-1/2-1.0-0.8-0.6-0.4-0.2 {
1+

2+

3+

4.4.4 1D’Hospital’s rule

Recall that .

lim f(x) _ l%quaf (x)

z—a g(x)  limg ., g ()
provided both limits in the right hand side exist and their ratio is defined. However,
frequently one has to evaluate limits when the ratio on the right hand side is undefined,
for example, being of the form % or 2. Such expressions are called indeterminate forms.
Such limits can be frequently found using the following theorem.

Theorem 4.19 (I'Hospital’s rule) Let f and g be two functions defined and differentiable
on an open interval I C R, and a € R be an endpoint of I. Assume that
(a) either

lim / (2) = lim g ) = 0, (4.46
(b) or

lim g (x) = £o0. (4.47)
If

!
lim f/éx)) =beR
z—a g' (T
(assuming ¢' (x) # 0 on I) then also

@)
lim 5 = (4.48)

(assuming that g (x) # 0 on I).

Put simply, the rule is as follows: in order to resolve the indeterminate forms 2 or =,

0
replace functions f and ¢ by their derivatives!
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Note that in the case (b) typically also the condition
lim f (z) = +o00 (4.49)

is satisfied so that one does have an indeterminate form 22, but (4.49) is not used in the
proof and, hence, is not needed for the validity of the statement.

Example. (1) Find lim, .o Si‘;‘”. This is the indeterminate form % since both x and sinz
go to 0 as  — 0. Applying Theorem 4.19 in both interval (0,+o00) and (—o0,0), we

obtain

. . !
lim S0 gy BT g COST (4.50)

x—0 x—0 (x)l z—0 1

Strictly speaking, the first equality in (4.50) can be justified only after the last equality is
obtained. Hence, the rigorous argument runs as follows: since lim, g Sigx is the indeter-
lim, .o #2% = 1. The same reasoning applies to all other cases of application of I’'Hospital’s
rule, and will be assumed implicitly.

(2) Note that in order to apply ’'Hospital’s rule, one must have an indeterminate form.
Consider lim,_,; £ which is obviously equal to 1. This is not an indeterminate form and

I’Hospital’s rule is not applicable. Indeed, we see that
(22 2z 2

ey T T TR T

minate form ¢ and since lim,_, exists and is equal to 1, we have by Theorem 4.19

(3) limy— oo exﬁ# is the indeterminate form 22 because both exp (x) and z* tend to

+00 as r — +oo. Write

. exp ()
lim = —
T 400 (1'2) r—+oo 2%

(4.51)

The limit in the right hand side is again an indeterminate form 22. Differentiating ones
again, we write
exp(z) . (exp(x)) . exp(x)

Hence, by two applications of ’'Hospital’s rule, we conclude that

lim P (z)
Tr——+00 1‘2

= +o0.

Applying the same argument, one can prove by induction that

T G

z—+oo "

for all n € N.
(4) Find lim, oz Ilnx assuming = > 0. Since x — 0 and Inx — —oo, we have the
indeterminate form 0 - co. To resolve it, represent the limit as follows:



so that it has now the form 22. By I'Hospital’s rule, we obtain

1 Inx)’ 1
limﬂzim(n@,:—im /x:—limx:().
z—0 1/,17 z—0 (]./ZL‘) z—0 1/1‘2 z—0

(5) Find lim,_ .o 2® where 2 > 0. This is another kind of an indeterminate form: 0°.
To resolve it, let us take the logarithm of the given function:

limlnz® =limxlnx =0,
z—0 z—0
by the previous example. Using Theorem 3.3 (the limit of a composite function), we
obtain
lim 2® = liné exp (Inx®) = lir% exp (y) = 1.
r— y—

z—0

The graph of the function f (x) = z* is as follows.

1571

y

05T

| I
-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 1.25 %.(50

(6) Find lim,_, 4, % This is the indeterminate form %, and we obtain by I’Hospital’s
rule

1 Inz) 1
lim —2 — lim (n—x)/: lim /% =
s+l 32 —x  z—+1 (2?2 — ) z—+12x — 1

Proof of Theorem 4.19. (a) For simplicity, let us assume that b € R (the case
b = +oo is treated similarly). By the definition of the limit, for any ¢ > 0, there is a
neighborhood U (a) of a such that

/' (x)
g (x)

—b‘ <e forallz € U(a)NI. (4.54)

Let us show that % is also closed to b when x € U (a) N I. Fix € U (a) NI and choose

some y € U (a)N1, y # x. Applying the Cauchy mean value theorem in the interval [z, y],
we obtain that, for some ¢ € (z,y),
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By hypothesis, ¢’ (¢) # 0. Also, g (z) # g (y) by Rolle’s theorem (Theorem 4.8) because
otherwise the derivative ¢’ would vanish at some point. Hence, we can divide by ¢ (¢)
and g (z) — g (y) and obtain

f©Q _f@-f) 8-
g ) g —gy) 1—%’
whenee f@) P ew\ | W)
) ), 9y Y
0(x) g (1 g<x>) ey
and
fl) o (1 N _ [l )
@) " <g'<c> b) 709w gl (4.55)
Since ¢ € U (a) N I, we have by (4.54)
HCI
o h<e (4.56)

To make the other terms in the right hand side of (4.55) small enough, we need to choose
y so that % and % are small enough. Since g (z) # 0, we have by (4.46)

tim L9 i SW)
y=ag(x)  v—ag(x)
Hence, there is a neighborhood V' (a) of a such that
‘M < ¢ and 'M <e forallye V(a)NI. (4.57)
g(z) g (z)
Hence, choosing some y from V (a) N U (a) N I, we obtain by (4.55), (4.56), and (4.57),
‘f(m)—b'§5+(b+5)5+5:(b+2)5+52. (4.58)
g(z)
Since the right hand side can made smaller than any positive number, we conclude that
% — basz — a.

(b) The proof is similar to (a) but the condition (4.57) is proved differently. First, we
chose U (a) to ensure (4.54). Fix some y € U (a) N I and notice that, by (4.47),

lim M — lim 2 )

= 0.
@) T ()
Hence, there is a neighborhood V' (a) of a such that
‘M < ¢ and ‘M <e forallz e V(a)NI. (4.59)
g(x) g(x)

Then, for any x € V (a) N U (a) N I, we obtain (4.58), which finishes the proof. m

106



Waste

Equivalence relation

Let S be an arbitrary set and ~ be a relation on S, that is, for any two elements z,y € S,
x ~ y is either true or not (“x is related to y”).

Definition. A relation ~ is called an equivalence relation if it satisfies the following three
conditions:

1. x ~z for any z € S
2. x ~ gy implies y ~ x

3. z~yand y ~ z imply = ~ z

For example, the identity relation z ~ y if x = y satisfies these axioms. On the other
hand, if S = R and x ~ y if * < y then the second axiom breaks. Consider another
example: S =R and x ~ y if [ — y| < 1. Then axioms 1 and 2 are satisfied while 3 does
not (for example, 1 ~ 2 and 2 ~ 3 while 1 ¢ 3).

Proposition 4.20 If ~ is an equivalence relation on S then S there is a unique family
F of subsets of S such that

e cach two distinct sets A, B € F are disjoint
e the union of all the sets from F is S

o v~y if and only if x and y belong to the same set from F.

Shortly, this means that S is split into a disjoint union of subsets such that x ~ y
if and only if x and y belong to the same of these subsets. These subsets are called the
equivalence classes of the relation ~ .

Proof. For any xz € S consider a set A, of all elements y € S such that y ~ .
Clearly, x € A, and, hence, the union of all sets A, is S. Let us show that, for any two
elements z,y € S, either A, = A, or A, N A, = 0. Indeed, if A, N A, is non-empty, say,
contains z, then we have z ~ x and z ~ y which implies © ~ y. Then for any t € A,,
the relations t ~ x and z ~ y imply ¢ ~ y and, hence, t € A,. This argument implies
A, = A,. Finally, selecting in the family {A,}__o disjoint sets, we obtain the family F
with the required properties. m

As we see from the proof, the equivalence class containing an element x is A,, that is,
it consists exactly of all elements y € S such that y ~ z.

N = X, (aleph — the first letter of the Hebrew alphabet).

z€eS

p-th means

Consider function f (z) = 2P, x > 0. Since

(") =p(p—1)a"2,

107



the function a? is convex if p (p — 1) > 0, that is, if either p < 0 or p > 1, and concave if
p(p—1) <0, that is, if 0 < p < 1. Hence, for all z,y > 0 and t € (0,1)

(1=t)z+ty)
(1 —1t)x+ty)”

(1—t)aP +ty?, if p<O0orp>1, (4.60)

<
> (1—t)aP +ty*, f0<p <1 (4.61)

The number

P +yP e
= (75")

is called the mean of the order p of x,y (here we assume p # 0). For example, if p = 1

then N
T
M, =2
2

which is the arithmetic mean of z,y, and if p = 2 then

2 2\ 1/2
MQZ(x +y)

2

is the quadratic mean of x,y. It follows from (4.60) and (4.61) that if p > 1 then

p P\ /P

and if p <1 (including p < 0) then
M, > M,

More generally, the following inequality holds: if p, g are non-zero reals such that p < ¢
then
M, < M,.

Indeed, denoting X = 2P and Y = ¢ and r = ]%, this inequality amounts to

1/p r r\ 1/4
XAV _ (AT (4.62)
2 2

If p > 0 then this is equivalent to

X+Y<_W+YTW
9 = 2 ’

which is true because r > 1. If p < 0 then (4.62) is equivalent to

X+Y X" +Yr\ "
9 = 2 ’

which is true because r < 1 (Indeed, if ¢ > 0 then r = % < 0. If ¢ < 0 then p < g implies
gl < lpl and r = |q| / [p| < 1).
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Setting p = ¢ = 2 in (4.44), we obtain

1 1
m(m—;—y) > nx~2|— ny = In \/xy,

whence it follows that -
5 Y > VTY (4.63)

Of course, this inequality follows also from the identity

r+y
2

1 2
Vg =5(Vr=vy)"
The expression ,/zy is called the geometric mean of x,y or the mean of the order 0, and

is denoted by
My = \/xy.

It follows from (4.63) that M, < M, which implies that M, < M, for any p > 0 and
My > M, for any p < 0. Hence, the inequality M, < M, holds for arbitrary real p, ¢ such
that p <gq.

Taylor’s formula via ’Hospital’s rule

Let us give one more proof of the Taylor formula
f@)=T,(x)+o((x—a)") asz —a

(Theorem 4.14), where f is n times differentiable on an interval I, a € I, and T, (z) is
the Taylor polynomial of f at a of the order n. The proof is by induction in n, and the
inductive basis for n = 1 is the same as in the main proof.

Inductive step. The derivative f’ (z) is n — 1 times differentiable, and the (n — 1)-st
Taylor polynomial of f'(x) is T (z) where T), (x) is the n-th Taylor polynomial of f (see
the main proof). By the inductive hypothesis,

F(@) =Ty (@) =o((x—a)"") asz —a,

that is,
f'(x) = T5 (x)

n

=0.

lim
e—a  (r —a)

Then, by I’Hospital’s rule,

lim — =
e @—a” e n(z—a)

whence the claim follows.
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