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Abstract

We construct a cohomology theory on a category of finite digraphs (directed
graphs), which is based on the universal calculus on the algebra of functions on the
vertices of the digraph. We develop necessary algebraic technique and apply it for in-
vestigation of functorial properties of this theory. We introduce categories of digraphs
and (undirected) graphs, and using natural isomorphism between the introduced cat-
egory of graphs and the full subcategory of symmetric digraphs we transfer our co-
homology theory to the category of graphs. Then we prove homotopy invariance of
the introduced cohomology theory for undirected graphs. Thus we answer the ques-
tion of Babson, Barcelo, Longueville, and Laubenbacher about existence of homotopy
invariant homology theory for graphs. We establish connections with cohomology of
simplicial complexes that arise naturally for some special classes of digraphs. For
example, the cohomologies of posets coincide with the cohomologies of a simplicial
complex associated with the poset. However, in general the digraph cohomology the-
ory can not be reduced to simplicial cohomology. We describe the behavior of digraph
cohomology groups for several topological constructions on the digraph level and prove
that any given finite sequence of non-negative integers can be realized as the sequence
of ranks of digraph cohomology groups. We present also sufficiently many examples
that illustrate the theory.
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1 Introduction

In this paper we consider finite simple digraphs (directed graphs) and (undirected) simple
graphs. A simple digraph G is couple (V, E)) where V is any set and E C {V x V'\ diag}.
Elements of V are called the vertices and the elements of F — directed edges. Sometimes,
to avoid misunderstanding, we shall use the extended notations Vg and E¢ instead of V
and E, respectively. The fact that (a,b) € E will be denoted by a — b. A (undirected)
graph G is a pair (V, E) (or more precise (Vg, Eq)) where V is a set of vertices and F is a
set of unordered pairs (v, w) of vertices. The elements of E are called edges. In this paper
we shall consider only simple graphs, which have no edges (v, v) (loops).

A digraph is a particular case of a quiver. A particular example of a digraph is a
poset (partially ordered set) when F is just a partial order (that is, a — b if and only if
a > b). The interest to construction of some type of algebraic topology on the digraphs
and graphs is motivated by physical applications of this subject (see, for example, [6], [7],
[8]), discrete mathematics [24], [18], [4], and graph theory [1], [2], [18], and [19, Part III].

Dimakis and Miiller-Hoissen suggested [7] and [8] a certain approach to construction
of cohomologies on digraphs, which is based on the notion of a differential calculus on
an abstract associative unital algebra A over a commutative unital ring K. However,
this approach remained on intuitive level without a precise definition of the corresponding
cochain complex. An explicit and direct construction of chain and cochain complexes
on arbitrary finite digraphs was given in [13] (see also [14]). The construction in [13] of
n-chains is based on the naturally defined notion of a path of length n on a digraph.

In the present paper we provide an alternative construction of the cochain complex
that is equivalent to that of [13] (see Section 4 below). We stay here on the algebraic
point of view of [3], [6] to define a functor from the category of digraphs to the category of
cochain complexes. We develop necessary algebraic background for this approach, which
makes most of the constructions functorial and enables one to use methods of homological
algebra [17], [22]. The main construction is based on the universal calculus on the algebra
of functions on the vertices of the digraph.

This constructed cohomology theory happens to be closely related to other cohomology
theories but is not covered by them. For example, the cohomology groups of a poset
coincide with the simplicial cohomology groups of a simplicial complex associated with
the poset and with the Hochschild cohomology of corresponding incidence algebra (see
[5], [12], and [15]). We would like also to point out, that the digraph cohomology theory
gives new geometric connections between the digraphs and cubic lattices of topological
spaces (see, [9], [10], and [14]) and new algebraic connections with algebras of quiver and
incidence algebras (see [11], [21], [5], [15]).



We introduce categories of digraphs and (undirected) graphs. Using natural isomor-
phism between introduced category of graphs and full subcategory of symmetric digraphs
(see [16, Section 1.1]), we transfer the cohomology theory to the category of graphs. In
the papers [1] and [2] the homotopy theory of graphs was constructed, and the question
about natural homotopy invariant homology theory of graphs was raised. We prove ho-
motopy invariance of introduced cohomology theory for graphs and give several examples
of computations. Note, that the previously known homology theory of digraphs (see, for
example, [18, Section 3]) is not homotopy invariant.

We prove functoriality of the cohomology groups for natural maps of digraphs. In par-
ticular, for a subcategory of digraphs with the inclusion maps we obtain direct description
of relative cohomology groups. We describe behavior of introduced cohomology groups for
several transformations of digraphs that are similar to standard topological constructions.

We describe relations between the digraph cohomology and the simplicial cohomology
of various simplicial complexes which arise naturally for some special classes of digraphs.
Finally, we prove the following cohomology realization theorem:

for any finite collection of nonnegative integers ko, ki, ...k, with ko > 1, there
exists a finite digraph G (that is not a poset) such that the cohomology groups
of its differential calculus satisfies the conditions

dim H (Qg) = k; for all 0 < i < n.

The paper is organized in the following way. In Section 2 we give a short survey of
the classical results on abstract differential calculi on associative algebras [3] in the form
that is adapted to further application to digraphs. We provide several technical theorems
which are based on the standard algebraic results (see [3], [20], and [22]) which will be
helpful in the next sections.

In Section 3, we define the differential calculus on the algebra of functions on a finite
set following [7] and [8] and describe its basic properties.

In Section 4, we define the calculus on simple finite digraphs. We use the algebraic
machinery developed in previous sections and prove that we have a functor from the
category of digraphs to the category of differential calculi with morphisms of the calculi.
We describe some cohomology properties of these calculi and prove among others the cited
above cohomology realization theorem.

In Section 5, we construct a cohomology theory on the category of undirected graphs
that is identified naturally with the full subcategory of symmetric digraphs [16] and prove
the homotopy invariance of obtained cohomology theory. Note that our homology theory
of graphs is new and its construction realizes the desire of Babson, Barcelo, Longueville,
and Laubenbacher ” for a homology theory associated to the A-theory of a graph” (see [1,
page 32]).

In Section 6 we consider a category of acyclic digraphs and transfer to this case the
results of previous sections. We describe a sufficiently wide class of acyclic digraphs
for which the cohomology theory admits a geometrical realization in terms of simplicial
complexes.

2 Differential calculus on algebras

In this section we give a short survey of classical results on abstract differential calculi on
associative algebras in the form that is adapted to further application to digraphs. Starting



with a standard construction of a first order calculus from [3], we give two methods for
construction of higher order universal differential calculi and prove their equivalence. We
provide several technical theorems which are based on the classical algebraic results (see
[3], [20], and [22]) which will be helpful in the next sections.

Let K be a commutative unital ring and A be an associative unital algebra over K.

Definition 2.1 A first order differential calculus on the algebra A is a pair (I', d) where
I' is an A-bimodule, and d: A — T is a K-linear map such that

(1) d(ab) = (da)-b+ a - (db) for all a,b € A (where - denotes multiplication between
the elements of A and T').

(79) The minimal left A-module containing d.A, coincides with I', that is, any element
~ € I' can be written in the form

Y= Zai . dbi (2.1)

with a;, b; € A, where ¢ run over any finite set of indexes.

By [3, III, §10.2], a mapping d satisfying (i) is called a derivation of A into I'. The
condition (7) implies

dlg=d(1ala) = (dla)1a+14(dla) =2d14

and hence d14 = 0. The K-linearity implies then that d(k14) = 0 for any k € K.

Let us describe a construction of the first order differential calculus for a general algebra
A. The algebra A can be regarded as a K-module, and the tensor product A Qg A is also
defined as a K-module. In what follows we will always denote ®k simply by ®.

Note that A and A ®k A have also natural structures of A-bimodules. We will denote
by - the product of the elements of A by those of A ®k A. For all a,b,c € A, we have

c-(a®b)=(ca)®b and (a®Db)-c=a® (bc) (2.2)
Define the following operator
d:A— AR A, da:=14®a—a® 1y, (2.3)

and observe that it satisfies the product rule. Hence, d is a derivation from A into A® A.
Now we reduce the A-bimodule A ® A to obtain a first order differential calculus.

Definition 2.2 Define QY as the minimal left A-submodule of A ® A containing d.A. In
other words, Q}L‘ consists of all finite sums of the elements of A® A of the form a - db with
a,be A (cf. (2.1)

Proposition 2.3 Q}4 is a A-bimodule and, hence, (Qh,d) is a first order differential
calculus on A.



Proof. Let u € Q}‘l and ¢ € A. We need to prove that ¢-u and u - ¢ belong to
Q}4 By definition of Q}4, it suffices to verify this for u = a - db where a,b € A. Then
c-u=(ca)-dbe€ QY and

u-c=(a-db)-c=a-(db-c)=a-(d(bc) —b-dc)=a-d(bc)— (ab) - dc € QY.

Hence, Q}4 satisfies all the requirements of Definition 2.1. m

Let us give an alternative equivalent description of 9}4 Define a K-linear map

w:AQA— A, M(Zai®bi>_zaibi (2.4)

where ¢ runs over a finite index set. By (2.2) the map p is a homomorphism of .A-bimodules.
It follows from (2.2), (2.3) and (2.4) that, for all a,b € A,

pla-db) =p(a®@b) —p(ab®14)=ab—ab=0,
so that a - db € ker yu and, hence, Ol C ker p1. In fact, the following is true.

Theorem 2.4 /3, III, §10.10]

(i) We have the identity QY = ker p, where p is defined by (2.4).

(it) For every differential calculus of first order (I',d') over the algebra A there exists
exactly one epimorphism p of A-bimodules p: 9,14 — I" such that the following diagram is
commutative

A Loy
Jid g (2.5)
A 4o

Definition 2.5 The pair (9}4, d) is called the universal first order differential calculus on
A.

Example 2.6 Consider the R-algebra A = C™ (R) and the bimodule I' = C™ ! (R)
with the usual derivative of functions f from A that will be denoted by d'f. Let us
describe explicitly the epimorphism p : 9}4 — T from Theorem 2.4(i7). Define a mapping
p: A A—T by

p(f®g) = % (f9' = f'9)

and extend it additively to all elements of A® A. It is easy exercise to prove that p‘Qi\ is
a A-bimodule epimorphism, using that f ® ¢ —g® f € 9}4 and

p(fRg—g®f) = % (f9' = f'9) — % (9f' —d'f) = (f9)"- (2.6)

Finally, for any f € A by (2.6) we have (pod) f=p(1® f— f®1) = f" so that pod is
the ordinary first order derivative on A.

Let us pass to construction of a higher order differential calculus on A. We start with
the following two definitions.



Definition 2.7 A graded unital algebra A over a commutative unital ring K is an asso-
ciative unital K-algebra that can be written as a direct sum

A:@AP

p=0,1,...
of K-modules AP with the following conditions: the unity 15 of A belongs to A and
wueA?, velAl = uxve AP,

where * denotes multiplication in A. If uw € AP then p is called the degree of u and is denoted
by degu. The operation of multiplication in a graded algebra is called an exterior (or a
graded) multiplication. A homomorphism f: A" — A” of two graded unital K-algebras A’
and A” is a homomorphism of K-algebras that preserves degree of elements.

Definition 2.8 A differential calculus on an associative unital K-algebra A is a couple
(A,d), where A is a graded algebra

A:@AP

p=0,1,...
over K such that A = A, and d: A — A is a K-linear map, such that
(i) dAP C APF!
(ii) d®> =0

(7i1) d(uxv) = (du) x v+ (=1)Pu* (dv), for all u € AP, v € A%, where x is the exterior
multiplication in A;

(iv) the minimal left A-submodule of AP*! containing dAP coincides with APT!, that is,
any w € APT! can be represented as a finite sum of the form

w = Z ay * dvg, (2.7)
k

for some ap € A and v € AP.

The property (#i¢) in Definition 2.8 is called the Leibniz rule or the product rule.

A classical example of a differential calculus is the calculus of exterior differential
forms on a smooth manifold with the wedge product and with the exterior derivation.
This calculus is based on the algebra A of smooth functions on the manifold.

The following property of a differential calculus will be frequently used.

Lemma 2.9 Let (A,d) be a differential calculus on A. Then for any p > 0 any element
w € APcan be written as a finite sum

w:Za%*da{*dag*---*da%, (2.8)
J

where ag €A for all 0 < i <p and * is the exterior multiplication in A.



Proof. Representation (2.8) for p = 0 is true by A = A. Let us make an inductive
step from p — 1 to p. By part (iv) of Definition 2.8, it suffices to show the existence of the
representation (2.8) for w = a*dv with a € A and v € AP~!. By the inductive hypothesis,
v admits the representation in the form

_ J J J ... J
v—g ay * day * day * *dap

J

where all a{ € A. Using the associative law, the Leibniz rule and d? = 0, we obtain

— J J Ty, J
dv = g day * day * day * - - - * day,
J

whence (2.8) follows with a) = a. =

The first method of construction a differential calculus on A uses multiple tensor
products ®k of A by itself as in the following definition.

Definition 2.10 Given an arbitrary associative unital K-algebra A, define a graded K-
algebra T as follows:
where

A, p=0
T= P 77 where TP=(¢ AQA®---®A p>1, (2.9)
p=0,1,... p times &

and the exterior multiplication 7% @ T9 — TP is defined by
(a0®a1®~~®ap)o(bo®b1®~-®bj) =a)®a1 @ @apbg @by @ -+ @ by, (2.10)
for all a;,b; € A.

It is a trivial exercise to check that the multiplication e is well-defined and that T is
indeed a graded associative unital K-algebra with the unity 17 = 1 4. The multiplication
e by elements of A = T° endows each K-module TP by a structure of .A-bimodule.

Note, that the original multiplication in the algebra A coincides with the exterior
multiplication 7° @ 70 — T° and the multiplication - of the elements of A = T, and
A® A =T defined in (2.2), coincides with exterior multiplication 7° ¢ T! — T,

Define a K-linear map d: TP — TP*! (p > 0) by a formula

p+1
dag®--®ap) = (-1)lag® - ®a;.1®14®a® - Q ap, (2.11)
=0

for all a; € A. The next result can obtained by straightforward computation.

Proposition 2.11 For the operator (2.11) we have d*> = 0. In particular, d determines
the following cochain complex of K-modules

0— 7104t L2,

Remark 2.12 The homomorphism e: K — A defined by e(k) = k14 evidently satisfies
the property doe = 0. Hence we can equip the cochain complex 7™ by the augmentation
€. We shall denote this complex with the augmentation € by 7.



Proposition 2.13 The map d defined in (2.11) satisfies the following product rule:
dluev)=duev+ (—1)Puedv (2.12)
for allu € TP and v € T1.

Proof. It suffices to prove (2.12) for u = ay®a1®- - -®a, € TP and v = by@b1®- - -®b, €
T9. We have

d(uov) = d(a0®a1®"'®apb0®b1®"'®bq)
p
= Z(—l)ja0®...®aj_1®1A®aj®-..®apbo®bl®...®bq
J
+ (“D)PMag @ ®ap_1 @apby@14@b @+ @ b,
q

+ (—1)PPap® - @ ®apy_1 @apbg @b @+ b1 @14 @b+ @b,
=2

On the other hand, we have

duev+ (—1)Pu e dv
p

= > (1Va® - 0a 1014060 - Dap) e (bg @b @+ @ by)
j=0

(=) (@@ ®ap@14) e (bg @b @ @ by) [term with j = p + 1]

+(=1)P(ap®@ - ®ap) e (14Q@by® -+ ® by) [term with ¢ = 0]
+H(=1)P(ap® - ®ap) e (=1) (bp @14R b1 ® - ® by) [term with ¢ = 1]
q+1 '
H(=1)P(ag®--®ap) o> (1) h@ Qb1 ®IARb D - Dby .
=2

Noticing that the terms with j = p+ 1 and ¢ = 0 cancel out, we obtain the required
identity. m

Now we reduce the graded algebra T introduced above, to obtain a differential calculus
in the sense of Definition 2.8.

Definition 2.14 Set Q% = A = TY. For all integers p > 0, define inductively QZH as
the minimal left A-submodule of TP*! containing df2,, that is, Qf’:l consists of all the
elements of the form (2.7) for some a3, € A and v;, € Q).

Clearly, for p = 1 Definition 2.14 is consistent with previous Definition 2.2.
Theorem 2.15 For all p,g > 0
ue, veQy = ueve QY (2.13)

Consequently, the direct sum Qy = eap:(),l,... Q&, with the multiplication e and with dif-
ferential d is a differential calculus on A.



Applying (2.13) with ¢ = 0, we obtain that QF is also a right A-module, that is, Q)
is an A-bimodule.

Proof. The proof is by induction on p. For p = 0 the statement is trivial, as by
definition 9'34 is a left A-module. Let us make an inductive step from p—1 to p. It suffices
to prove that uev € foq for u = a e db where a € A and b € Qﬁt_l. We have by the
associative law and by the Leibniz rule

uev = (aedb)ev=ae((db)ev)
= ae[d(bev)+ (—1)Pbedv]
= aed(bev)+ (—1)’(aebd)eduv.
By the inductive hypothesis we have b e v € Qiﬂfl whence d(bewv) € Qf’fq and a e
d(bev) € Q9. Also, we have a e b € Q%' and dv € Q4" whence by the inductive
hypothesis (a e b) e dv € Q5. Tt follows that u e v € Q5.

Finally, (24, d) satisfies all the conditions of Definition 2.8 by Propositions 2.11, 2.13,
Definition 2.14 and by (2.13). Hence, (24,d) is a differential calculus on A. m

Now let us describe a different construction of the differential calculus on A that is
based on the first order differential calculus 9}4 from Definition 2.2. Define for each p > 0
a A-bimodule QZ by

0% =A and Q) =04 @A ®4... 04 QY forp>1. (2.14)

p factors

In particular, 6234 = 9}4 Clearly, each ﬁi{ is also a K-module. Define the following
multiplication x between the elements u € O and v € Q%:

] v ifp=0orqg=0
u*v_{ w@av, ifpq>1, (2.15)

where - denotes the multiplication in ﬁi by the elements of A that comes from the A-
bimodule structure of Qz Clearly, multiplication  is associative, has a unity 14, and

makes the direct sum B B
Oa= P &

p=0,1,...

into a graded K-algebra. It turns out that the graded algebras O 4 and Q4 (cf. Definition
2.14) are isomorphic as is stated below.

Theorem 2.16 (i) There exists a unique isomorphism f: QA — Q4 of graded K-algebras
giwen by A-bimodule isomorphisms

fp: Q{JA _>Q€47 pZ 07
where fo: A— A and fi: Q}4 — 534 are identical maps.
(ii) Define an operator d : 91,04 — QZH to make the following diagram commutative:

d

N Ap+1

2 N

|7 (T (2.16)
o, L ot

Then (QA,J) is a differential calculus that is isomorphic to (Q4,d).



Clearly, the operators d and d on A are the same. As in the proof of Lemma 2.9 we
obtain that any element of Qﬁl can be represented as a finite sum of the terms ag x daj *

.. % day, and the following identity holds:

d (ao *Jal * ... *Jap> = c?ao *Jal * ... *c?ap.

Proof. We will use the following property of the tensor product: A®4 A = A where
=~ stands for a A-bimodule isomorphism given by the mapping [3], [20], [22]

p: A= A4 A, ¢a)=a® 1. (2.17)
In order to construct a necessary mapping f, define first a A-bimodule T by

TO=A, TP=(ARA)@4(ARA) @4...04 (AR A), p>1.
p factors ARQA

Since 9}4 is a sub-module of A ® A, it follows that 5734 is a sub-module of TP.
Recall that Q) is a sub-module of T? where T? was defined by (2.9). Let us show that,
for all p > 0,
TP = TP, (2.18)

For p =0 and p =1 it is obvious as
TO=A=T" and T'=AxA=T"

If (2.18) is already proved for some p > 1 then the statement follows by the associative
law of tensor product and the inductive hypothesis.

Denote by f, the mapping from TP to TP that provides the isomorphism (2.18). For
p = 0,1 the mappings f, are identity mappings. It follows from (2.17) and properties of
the tensor product that for p > 2 and for

u=(a1®b1) @4 (a2 @b2) @4 ... ®4 (ap @ bp) e T (2.19)

where a;, b; € A, we have

fp(u) =a1 ®biag ® braz ® ... @ bp_1a, @ b, € TP. (2.20)
Set
~ p ~
T=F 17
p=0,1,...

and define the exterior multiplication * in T by (2.15), so that T becomes a graded K-
algebra. Set f = @p>0fp and show that the mapping f : T" — T is an isomorphism of the
graded algebras T" and T' (cf. Definition 2.10). It suffices to verify that

fuxv)=f(u)ef(v) (2.21)

forallu,vef Let w € TP and v € T9. If p =0, that is, u € A, then u*xv = u - v and

fluxv) = f(u-v)=u-f(v)=f(u)ef(v).

10



The same argument works for ¢ = 0. For p = 1 it suffices to prove Assume now that p > 1
and ¢ > 1. It suffices to verify (2.21) for u as in (2.19) and for
v=(01 RF) 4 (2 @ Py) Rq -+ QU (ozq®ﬁq)
where a;, 3; € A. Then by (2.15) and (2.20)
fluxv)=a1 ®biaz® ... ®bp_1ap R bpo; ® oo ® ... ® By,
whereas by (2.10)

fw)ef(v) = (a1 ®blag®...0by_1a,0by) ® (al ® a2 ® ... Q B,_10q @ ﬁq)
= a1®bla2®...®bp_1ap®bpa1®ﬂla2®...®ﬂq,
which proves (2.21).

Let us prove that the restriction of f to Q A provides an isomorphism of the graded
algebras ) 4 and €24, that is, B
f (Q’;t) = Qﬂ.
For p = 0,1 it is clear. Assume p > 2. By Lemma 2.9 any element of Qﬂ‘ can be written

as a finite sum of the terms
w=vievye-- 0V,

where v; € 9}4 For the element
VI=VUl %V % ... %k Up € 62?4
we have by (2.21) and f|Q}4 =id

f)=f(v)ef(v)e...0f(v,) =vievse-- ev,=uw,
which implies the inclusion B
() o .

Let us prove the opposite inclusion. By definition (2.14) of ﬁi, any element of ﬁi is a
finite sum of the terms v = vy * vg % ... ¥ vp,, where v; € (234 As above we have

fv)=vievge.. 0, (2.22)

that belongs to Q) by Theorem 2.15, whence f (ﬁz) c b The last argument proves also

the uniqueness of the isomorphism of the graded algebras €24 and €24. Indeed, since fy
and fi must be the identical maps, they are uniquely determined, and the uniqueness of
[p follows from (2.22).

Finally, the claim (#i) is a trivial consequence of (i). m

Theorem 2.17 The differential calculus (4,d) = (Q4,d) has the following universal
property. For any other differential calculus (A, d’) over A, there exists one and only one
epimorphism p : Q4 — A of graded A-algebras given by

p=EPr pr: ) — M
K

with pg = id and such that, for all k > 0, the following diagram is commutative:

d k+1
ok 4 Q
A A
lpk lpk+1

!/
AF d AR+1

11



Proof. Denote by * the exterior multiplication in A. By Lemma 2.9 any element
w € AF with k > 1 can be written as a finite sum

w:Zaé*da{*dag*---*dai (2.23)
J
where a{ € A for all 0 <1 < k. Consider a graded algebra
i- @ &
k=0,1,...

where A¥ for k < 1 is defined by

=A, A=A, AN =A'o4u @A for k>2.

k factors

The exterior multiplication % in A is defined as in (2.15). The condition (2.23) implies
that the maps pg and p; induce an epimorphism ¢ : A — A of the graded algebras, where

q= @qk and qy,: AF — A* are defined as follows: qo and ¢ are the identity mappings,
Whlle for k > 2 the mapping ¢ is defined by

gk (w1 x wo x -+ % wg) = q1(wy) * q1(wa) * -+ * g1 (wg) € AF

for all w; € Al. Let fo = Id. By Theorems 2.4 and 2.16 we have a unique epimorphism
f1 = p of A-bimodules making the following diagram commutative:

d

A — 6}4
[ fo 1N (2.24)
A L X

The diagram (2.24) induces an epimorphism f : 0 A — A of graded algebras given by
(o)
f = & fx, where for k£ > 2 the mapping
k=0
O w ok O XL, A1
Jre: Q% *QA"A* * A

k factors k factors

is defined by _
felwy x -+ xwy) = fi(wi)x -+ fi(wg) € A*

for all w; € Qh.Thus, we obtain an epimorphism p : Q 4 — A of graded algebras defined

by
P = B wof:

k=0,1,... k=0,1,...

such that pg =Id and p; = p
To finish the proof of the theorem we must check the commutativity of the diagram

Q.Ij;4 i) QkJrl
1P lkarl (2.25)

!
Ak d Ak:—i—l

12



for all k¥ > 0. By Theorem 2.16 we can identify in the first line of (2.25) the graded
algebra Q4 with O 4 and d with d. Let us prove by induction in k that this diagram is
commutative. For k = 0 this is true by Theorem 2.4. Inductive step from k — 1 to k
assuming k > 1. It suffices to check the commutativity of (2.25) only on the elements
w € Qﬁl of the form w = a e dv, where a € A and v € Qi{l. Since p is a homomorphism
of graded algebras, the inductive hypothesis and d’? = 0, we obtain

d'pr(aedv) =d (axpp(dv)) =d(axdpr_1(v)) = daxdpr_1(v).
On the other side, using the Leibniz rule and the inductive hypothesis, we obtain
prr1d(a e dv) = pry1 (da e dv) = py (da) * pi (dv) = d'ax d'pp_1(v).

The comparison of the above two lines proves that the diagram (2.25) is commutative. ®

Corollary 2.18 Under the hypotheses of Theorem 2.17, there exists a two-sided graded
ideal

J = @jl, \%CQA

1=1,2,...
of the graded algebra Q)4 such that

AF =k /jk . QAT C T, dTF c T forall k>0, and J° = {0}. (2.26)

Furthermore, the following diagram is commutative:

0— 0 — 0 — 0 —...
l ! !
0— 0 — gt 4 g2 4,
! ! !
0— oy L o, L o0 L (2.27)
|Po P |P2
0— A0 oAt Lop2 4
! ! !
0— 0 — 0 — 0 —.

where the mappings J* — QZ are the identical inclusions. In diagram (2.27) the rows are
chain complexes of K-modules, and the columns are exact sequences of K-modules.

Proof. Indeed, define J* = Ker{py, : Qﬁ — A} m

Definition 2.19 The differential calculus (Q2.4,d) is called the universal differential cal-
culus on the algebra A.

Proposition 2.20 Let (24,d) be the universal differential calculus on the algebra A and
J C Q4 be a graded ideal, that satisfies the property dJ C J. Denote by dy the map
of degree one Qu/T — Qa/T that is induced by d. Then (Qa/T,dy) is a differential
calculus on the algebra A.

Proof. It is easy to check that d?7 = 0 and dy satisfies the Leibniz rule. m

13



Corollary 2.21 Under assumptions of Corollary 2.18, we have the following cohomology
long exact sequence:

0 — H°Qy4) — H°(A) — HYJ) — H'(Qq) — H'(A) — ...

Proof. This follows from the commutative diagram (2.27) by means of the standard
homology algebra [22]. =

Now we describe properties of quotient calculi that we need for constructing the func-
torial homology theory of digraphs.

o0
Theorem 2.22 Let EP C QI;‘ be a K-linear subspace for all p > 1, such that € = @EP is
k=0
a graded ideal of the exterior algebra ) 4. Consider a subspace

) - [ er, forp=1
j_@ijQA_@QP, where ;710—{5»,@_~_0l5p—17 forp>2.

p=>1 p20

Then J C Q4 is a graded ideal of algebra 4 such that dJ C J. In particular, the
inclusion J — Q4 is a morphism of cochain complezes.

Proof. Any element w € JP can be represented in the form
w = wi + wa (2.28)
where wy € P and wy = d(v), v € EP7L. For z € Oy, y € Qil we have
Twy = zwiy + zwey = w1y + x (dv) y.

The element xw;y lies in &, since by our assumption £ is an ideal. Now, using the Leibniz
rule, we have

d(zvy) = (dz) vy + (=1)'zd(vy) = (dx) vy + (=1)'z (dv) y + (=1)"(=1)P"zv (dy),
and hence

p(dv)y = (=1)'[d(zvy) — (dz)vy + (=1)" Pzv(dy)]
= (—1)'d(zvy) + (=1)"" (dz)vy + (~1)Pzv(dy).
In the last sum (—1)%d(zvy) € dQHTP~1 and two others element lie in QP gince € is

an ideal. Thus we proved that J is an ideal. For an element w with decomposition (2.28)

we have
dw = dwy + dwy = dwy + d (dv) = dwy € dEP € JrH

which finishes the proof. m
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Corollary 2.23 Under assumptions of Theorem 2.22 we have a commutative diagram of
cochain complexes

00— 0 — 0 — 0 —
l l l
0— 0 -— g+ 4 g2 4
1 l l
d d d
0— 994 — 9}4 — Qi‘ — ... (2.29)
i il il
0— 0 L ooyt Lo L
1 i l
00— 0 — 0 — 0 —

where the columns are exact sequences of K-modules and the differentials d' are induced
by d. Commutative diagram (2.29) induces a cohomology long exact sequence

0 — H%(Qy) — H°(Q4/T) — HYT) — HY Q) — HY(Q4/T) — ...

Corollary 2.24 Let for any p > 1, E» C FP be K-linear subspaces of QF such that

E= 313 EP and F = Cég FP are graded ideals of the exterior algebra Q4. Define JP and TP
p=1 p=1

by

gr =& forp=1 5 [ F% forp=1
Ep—l-d(gp_l), forp>2" fp—f—d(fp_l), forp>2 "~

and set J = % JP I = % IP. Then JP C IP C QF, , which induces inclusions of cochain
p=1 p=1
complezxes
J — 1T — Qyu. (2.30)
Proof. The inclusions J?P C ZP C QZ commute with differentials. m

Corollary 2.25 Under assumptions of Corollary 2.24 we have the following short exact
sequence of cochain complexes of K-modules

0 —Z/T — Qu/T — Qu/T —0 (2.31)

which can be written in the form of a commutative diagram of K-modules

0O— 0 — 0 — 0 —_— ..
! ! !
00— 0 — Il/j1 — IQ/j2 — ..
! ! !
0— QY — Q7' — /7> — ... (2.32)
! ! !
0— Q?4 — Q}4/Il — (234/12 — ...
! ! !
00— 0 — 0 — 0 — ...
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In (2.32) all columns are exact and rows are cochain complexes. All the differentials in
(2.32) are induced by the differential d. The diagram (2.32) induces a cohomology long
ezxact sequence

0 — HY(Qu/J) — H*(Qu/T) — HYZ)T) — HY(Qu/T) — ...

Proof. The proof is standard, see [20, III, §1] and [22]. =

Now we discuss functorial properties of differential calculi (see, for example, [3], [20],
[22]). Consider a category ALG in which objects are associative unital K-algebras and
morphisms are homomorphisms of K-algebras.

Definition 2.26 Define a category DC' of differential calculi by the following way. An
object of DC is a differential calculus (A 4,d4) on a unital associative algebra A (see
Definition 2.8). A morphism A: (Aa,da) — (Ap,dg) in the category DC is given by a
degree preserving morphism of graded algebras

A= @ Aii Ag — A, where \;: Af4 —>A%, i >0,
i=0,1,...

and \g: A — B is a morphism in the category ALG, and the maps \; (i > 0) are
homomorphisms of K-modules which commutes with the differentials.

Let A and B be unital associative algebras over a commutative unital ring K and
g: A — B be a homomorphism. Now we would like to define an induced by g morphism

A= ri=Ulg): (Qu,da) — (2, dp)
0,1,...

of the universal differential calculus (2.4, d 4) to the universal differential calculus (23, dp).
Let T4, T be graded algebras defined by algebras A, and B as in Definition 2.10. Let

¢ Th = T, k>0,
be a homomorphism of K-modules (see [3, II, §3.2]) defined by

Pplao® a1 ® -+ @ ag) = glao) ® glar) @ -+ @ g(ag).

Denote by

k=0 k=0 k=0

a graded homomorphism of graded K-modules. The map ¢ is a degree preserving homo-
morphism of graded algebras, since

Gryllao®a1 ®@---@ay) @ (bgp @by ® -+ @ by)]
= glag) ®g(a1) ®---® glarby) @ g(b1) ® --- @ g(by)
= g(ap) ® g(a1) ® - @ glag)g(bo) @ g(b1) @ - -- @ g(by)
= ¢plag®@a1 @ - @ag) e dbp @b ®---® by .

The maps ¢, commutes with differentials, since g(14) = 13.

Let A\; (¢ > 0) be the restriction A\; = ¢z‘|§2f4: QY — T%, and set A = & i
=0

1=
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Proposition 2.27 The homomorphism of K-modules A\, is a morphism of differential
caleuli (Qa,da) — (QB,dp).

Proof. We must check only that \;(Q2%) C Qf. This follows from the fact that ¢,
commutes with the differentials and from the inductive definition of Q% Q’fg as in Definition
214. =

Theorem 2.28 We can assign to any associative unital K-algebra A a universal differ-
ential calculus U(A) = (Qa,da) and to homomorphism g: A — B of such algebras a
morphism A = U(g): (Qa,da) — (Qp,dp) of the universal differential calculi. Thus, U
s a functor from the category of associative unital K-algebras to the category of differential
calculi.

Proof. Trivial checking. =

Theorem 2.29 Let (2,d) be a differential calculus on an algebra A with an exterior
multiplication e. The multiplication e induces a well-defined associative multiplication

HP(Q) e H1(Q) — HPTI(Q).

Proof. Let w,v € Q and dw = 0,dv = 0. Then d(wv) = 0 by Leibniz rule. Now, let
wy =w +dzx,v; =v+dy, where dw =0 and dv = 0. Then we have

wiew = (wtdz)e(vtdy) =wevtwedyt(dr)evt (dr) e (dy) =
= wev+d(twey)+d(xev)+dxed(y))

where we have used the Leibniz rule and d(z e dy) = (dz) e (dy). =

Corollary 2.30 A homomorphism g: A — B of K-algebras induces a homomorphism of
cohomology rings H*(4) — H*(Qg). This correspondence is functorial.

3 Differential calculus on finite sets

From now on let K be a field. We apply the general constructions of the previous sections to
the algebra A of functions V' — K defined on a finite set V' = {0, 1,...,n}. In construction
of differential calculus on A we follow [7] and [8]. The we describe functorial properties of
the calculus in the form which will be helpful in the next sections.

The algebra A has a K-basis

- . ) . j 1 .:. ) )
e:V—-K, i=0,1,...,n, where ez(])zég::{OK’ i#j, 0<i,j<mn,

and the following relations are satisfied:

n
eled = 5gej, Zei =1y (3.1)
=0

Denote by (€2, d) the first order differential calculus (€2}, d) defined in Section 2 with
the exterior multiplication e.
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Theorem 3.1 /8] The K-module Q, has a basis {ei ® ej} where 0 < 4,5 <n, i # j. The
differential d: A — Qi, on the basic elements €' of A is given by the formula

de' = Z (/ @e' — et @ ). (3.2)
0<j<n, j#i
Also, the following identity is satisfied:
, ; el ®el i#j
) J -
¢ ede _{_Zk;éz‘el@eka i=j (3:3)

Proof. For 0 <i,j <n, we have by (2.4)

Hence ¢! ® e/ € Q%/ for i # j and €' ® €' ¢ Q%/ for 0 < i < n. The finite dimensional
K-module A ® A has basis {ei ® ej} for 0 <i,j <n (see [3, IT §7.7 Remark]), whence the
first statement follows.

The identities (3.2) and (3.3) are proved by direct computation using the definition of
d and relations (3.1). m

Let QF = Q% c T% (k > 0), and Qy = Q4 be the graded algebra defined in Section
2 with the multiplication e. Let us introduce the following notation:

0tk 0 @ 611 @62 g .. @ el
assuming that i,, # i, 1 for all 0 < m < k — 1. Clearly, e are the elements of Q@

Theorem 3.2 [8] (i) The elements {e~} form a K-basis in Qf.
(i) The exterior multiplication e of the basic elements is given by the following formula

iomin o dowgi — )0, ik # Jo
€ ec - 10+ J1---J1 o= 4
e y Uk = Jo-

(iii) The differential d is given on the basic elements by

k+1

deio...ik — Z Z (_1)m eiOn-imfljimmik‘

m=0 j#im—_1,im

Proof. (i) The elements ek with i, # ime1 for all 0 < m < k — 1 are linearly
independent in the K-module T* (see [3, IT §7.7 Remark]). We must only prove that such
elements lie in Q’f/ C T*. By Theorem 2.16 we have an isomorphism of graded algebras

f: Q A — Qy = Q4 with an isomorphism of K-modules
fo Qb = Qb k>0,

which is the identity isomorphism for £ = 0, 1. Hence the statement (7) is true for k = 0,1
by the definition of A and by Theorem 3.1. For k > 2, consider an element w = e?% ¢ Tk
with 4,, # imq1 for all 0 < m < k — 1. Then the elements e, 1% . . e%-1% lie in S~2J14
and hence their x-product

w=e"0" ke k. ket
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is contained in ﬁﬁl, and, hence, fi(w) € QF. By the definition of f; we have

fk (eioil *eilig gonon *eik—lik) _ fl (eioil) ° fl (eiﬂlz) o---@ fl (eik—m’k)
fi(e®®e) o fi(e" @)oo fi(et @ el
e ® (eile“) R ... (ei’“—lei’“—l) ® etk

0k

so that fi (w) € QF.
(ii) This follows from the definition of multiplication e in Definition 2.10 and (3.1).
(iii) We prove this by induction on k. For & = 0 it is proved in Theorem 3.1. For
k=1, let i # j. We have using (3.1)

d(ei®ej) = 1400 —R140e +e@ed @1y
= Z(ek®ei®ej—ei®ek®ej+ei®ej®ek)
k

= (R —@erd —Rd e +el®e ®¢)
+Zek®ei®ej— Z ei®ek®ej+26i®ej®ek
ki ki, k#j k#j
The sum in the brackets is equal to zero, and we obtain the result for £ = 1. For k > 2
we have, using the Leibniz rule,
d(ei(’@eil ®---®ei’“)

= d ((eio Rel)e (el @e? Q- @ ei’“))

= ("Re)e("@e2®---®e*) — (P Rel)ed(e" ®e2®--- @ )
The result then follows by the inductive hypotheses and elementary transformations. m

We have the augmentation homomorphism ¢: K — A = Q?, that is induced by
n .
e(lk)=1la=)» €A
i=0

Since de: K — Q%/ is trivial, we can consider a cochain complex 25, with the augmentation
€
0—K-50) -l — ... —QF — ... (3.4)

Proposition 3.3 The cohomology group H°(Q,) of the complex (3.4) is trivial.

Proof. Let w € Q?/ be such that dw = 0. The element w can be written in the form
w =" fie" where f; € K. By Theorem 3.1 we have

dw=> fil > (ek®ei—ei®ek> = Y (fi—-ffee.
i {k: k#i} {kyi: k#i}

Since for i # k, €' ® ¥ are the basic elements, the last sum is trivial if and only if f; = f
for all 4,k. Then we obtain w = fo (31 €’) = foe(1) = e(fo), that is, w belongs to the
image of e. ®m
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Let SET be a category in which objects are finite sets and morphisms are the maps of
finite sets. Let V and W be finite sets, and A(V) = Ay, A(W) = Aw be algebras of K-
valued functions respectively. For any map F': V — W define an induced homomorphism
of algebras

AF)=F": Aw — Ay by F*(f)=foF, fe Aw, foF € Ay.

We formulate the next Proposition and Corollary, the proofs of which are standard,
for conveniences of references.

Proposition 3.4 The map A is a contravariant functor from the category SET to the
category ALG of associative unital algebras.

Corollary 3.5 For a finite set V, let U(Ay) = (Qy,d) be the universal differential cal-
culus (Qy,d) on algebra Ay of K-valued functions on V. Let us assign to any map
F:V — W of finite sets a morphism

UA(F)) =UF"): (Qw,d) — (Qv,d)

where F* is defined above. The composition U o A defines a contravariant functor from
the category SET to the category DC' of differential calculi.

Now let F': V. — W be a identical inclusion of a set V' = {0,1,...,k} into a set
W = {0,1,...,n} where k < n. As before, let A and B be the algebras of K-valued
functions on V and W, respectively. Define a K-linear subspace J of Qs by

T = Bm>0J™ where J° = span{ef Tl ... e"} C Q) =B

and for m > 1, a subspace J™ of Q. is generated by the elements e0-*m such that the
set {ig,11,...,%m} contains at least one number from the set {k+ 1,k +2,...,n}.

Proposition 3.6 (i) The subspace J C Qw is an graded ideal in the graded algebra Qyy
such that
dJ™ c J™ for all m > 0.

Thus, the restriction of the differential d to J induces a cochain complex
O—>j0—>j1—>j2—>,,,

of K-modules such that the natural inclusion J — Qw is a morphism of cochain com-
plexes.

(1) The factor algebra Qw /J endowed with the induced differential is a differential
calculus which is isomorphic to the differential calculus y .

Proof. (i) Let eo-» € JP, efo--da € Ql,, elo-lr € QF,. Then by Theorem 3.2 the
product efo-Ja e ¢ o ¢lo-lr Jieg in JPH9H7". The condition dJ™ C J™! is satisfied by
definition of J and Theorem 3.2.

(i4) Any element [w] € QF,/J? has a unique representative w = Y wj,..;,€°» where
Wi,...;, € K and the sum goes over indices i; € {1,...,k} for 0 < j < p. Define a map
sp: QY /TP — Q) by splw] = w and set

s = @sp: Qw /T — Q.
P
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Then the map s is a well-defined homomorphism of graded algebras that commutes with
differential. It is easy to see that it an epimorphism with a trivial kernel. Hence it is an
isomorphism. =

Remark 3.7 The composition
Qw — Qw /T = Qv,

where the first map is a natural projection, coincides with the morphism of U(A(F)) from
Corollary 3.5 for the inclusion F': V — W.

Corollary 3.8 Under the hypotheses of Proposition 3.6 we have a cohomology long exact
sequence

0— H(J) — H'Qw) — H'(Qy) — HY(T) — ...
Theorem 3.9 For any finite set V' the cohomology group HP () is trivial for p > 1.

Proof. Follows from Theorem 5.4 in [13]. m

Corollary 3.10 Under assumptions of Proposition 3.6, HP(J)=0 for p>0.

4 Cohomology of digraphs

In this section we define a cohomology of any finite simple digraph and describe its prop-
erties. From intuitive point of view the rank of k-dimensional cohomology group of a
digraph G correspond to “the number of k£ + 1-dimensional holes in G”, but sometimes
our intuition is not adequate as we can see from Example 4.8 v) in this section.

Let us briefly recall the construction in [13] of n-chains leading to the notion of a chain
complex of a digraph. Let K be a fixed commutative ring with a unity 1, and G be a
digraph with the finite set V of vertices. An elementary p-path on V is any (ordered)
sequence i, ...,7p of p + 1 of vertices that will be denoted by e;,. ;,. Consider the free
K-module A, = A, (V') which is generated by elementary p-paths e;,. ;,, whose elements
are called p-paths; and define the boundary operator 9: A, 1 — A, on basic elements by

p>1) and Oe; =0, (4.1)

P
Deig...iy, = (1)1 Cio...ig..ip (
—0

q
where we set A_; = {0}. It follows from the definition that 0> = 0. An elementary
p-path e;,. i, is called regular if iy # iy for all k and irregular otherwise. Let I, be the
subspace of A, that is spanned by all irregular p-paths. The operator 0 is well defined on

the quotient space
Rp=Rp (V) = Ap/Ip.

The module R, is linearly isomorphic to the module generated by regular p-paths:
span {eio,_,ip D 10...0p 18 regular} )

For simplicity of notation, we will identify R, with this space, by setting all irregular
p-paths to be equal to 0.
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Now the paths on a digraph G are defined in a natural way. A regular elementary p-path
€io...i, ON the set of vertices V' is allowed if iy — i1 for any k = 0, ..., p—1, and non-allowed
otherwise. Denote by A, = A, (G) the subspace of R, spanned by the allowed elementary
p-paths, and consider the J-invariant subspaces Q, = Q,(G) = {ve A4, : 0v e Ap_1}.
Thus, for a digraph G, we obtain a chain complex ,(G) and a dual complex Q* (G), thus
leading to the notions of homology reps. cohomology groups of the digraph. Note that
the main results of [13] are the formulas for homology groups of the join and product of
digraphs.

In this section we construct a cochain complex 2 that is naturally isomorphic to
Q* (G), investigate its functorial properties, and prove the cohomology realization Theo-
rem 4.22.

All digraphs considered in this section are simple digraphs with a finite set of ver-
tices. Let H = (V,E) be a simple complete digraph consisting of the set of vertices
V =40,1,...,n} and all directed edges E = {(i — j)| ¢ # j}. Let A be the algebra of
K-valued functions on the set V', where K is a commutative unital ring.

Definition 4.1 The differential calculus on a complete finite simple digraph H is the
universal differential calculus (2, d) on the algebra A constructed in Section 3 with the
multiplication e and the differential d that given in Theorem 3.2.

Now let G be a sub-digraph of the digraph H with the same set of vertices V =
{0,1,2,...,n} and a set Eg C Ep of edges. Denote by ¢g: G — H the natural inclusion.

Definition 4.2 (i) A basic element e € QF is called allowed if {i;,ij41} € Eg for
all 0 < j <k —1, and non-allowed otherwise.

(73) Let Eg‘ be a K-submodule of 2}, generated by non-allowed elements (in particular,
Eg = {0}), and set & = D> 55 C Qy.

Proposition 4.3 The set &, is a graded ideal of algebra €y .

Proof. The result follows from Theorem 3.2 (ii). m

Definition 4.4 Denote by J, = @kzo jg’“, where

&k for k=0,1
k _ ; s Ly
Jy _{ Sz“—l—dgg_l, for k > 2,

a K-submodule of Q?,

Proposition 4.5 The set J, is a graded ideal of algebra Qy, dJ, C Ty, and the inclusion
Jg — Qv is a morphism of cochain complezes. In particular, we have an exact sequence

of cochain complexes
0— Jg — Qy — Qy/Jy — 0.

Proof. Follows from Proposition 4.3 and Theorem 2.22. m

22



Definition 4.6 Let g: G — H be an inclusion of a digraph G into the simple complete
digraph H with the same set V' of vertices.

i) The differential calculus on G is the calculus (Q¢,d) = (v /Jy, d) on the algebra A
with a differential that is induced from differential d on Qy .

ii) The cohomology H*(G,K) (i = 0,1,2,...) of the digraph G with coefficients K is
the cohomology of the cochain complex

where Q0 = Q?/ = A.

Note, that there is also a cochain complex with the augmentation e
0 —K—Q) — QL — Q% — ... —QF — ...
Proposition 4.7 Under assumption above, there is a short exact sequence
0 — K— H(Q¢) — HY(J,) — 0
and there are isomorphisms H'(Qq) = H™(J,) fori > 1.

Proof. Follows directly from Proposition 4.5, Theorem 3.9, and Proposition 3.3. m

Example 4.8 i) For any digraph G, H°(G) = (K)¢, where c is the number of connected
components of the digraph G. The proof follows immediately from definition (see also
Section 4.1 of [13]).

ii) Consider the following digraphs:
I'=(V,Er),Vi={0,1}, By = {0 — 1}
II = (Vi1, Eq1),Vir ={0,1}, E; = {0 — 1,1 — 0};
T=Vp,Er),Vr={0,1,2}, Ep ={0 — 1,1 — 2,0 — 2};
S = (Vs,Es),VS :{0,1,2,3},E52 {0—> 1,1 —>2,0—>3,3—>2};
R=(Vgr,ERr), VR ={0,1,2},Fr={0— 1,1 — 2,0 — 2,2 — 0}.
Let G be one of the digraphs from this list. Then H°(G,K) = K and H!(G,K) = 0
for 7 > 1.

iii) Given a digraph G, the underlying graph of G is the graph with the same vertices
as G, in which (u,v) is an edge whenever at least one of (u — v), (v — u) lies in Eg
(cf. page 2 of [16]). Let a digraph G be a tree (that is, the underlying graph is a tree).
Then H°(G,K) = K and H'(G,K) = 0 for i > 1. This statement follows from ii) and by
induction from Theorem 4.17 below (see also [13]).

iv) Define for any n > 5 the digraph C,, = (V¢,,, E¢,,) as follows: Vi, = {0,1,...,n—1}
and F¢, contains exactly one arrow ¢ — i+ 1ori+ 1 — i for 0 <i <n — 2 and exactly
one arrown —1 —0or 0 - n— 1. For n = 3 and n = 4 define C,, as follows.

Cs = (Vey, Ecy), Vo, ={0,1,2}, Ec, = {0 — 1,1 — 2,2 — 0},

Cys= Vey,Ec,), Ve, ={0,1,2,3}, Ec, ={0 — 1,1 — 2,2 — 3,3 — 0},

Consider also a digraph

Dy = (V. Ep,), Vb, = {0,1,2,3}, Ep, = {0 — 1,1 — 2,2 — 3,0 — 3}.

Let G be one of the digraphs C,, or Dy as above. Then H%(G,K) & H!(G,K) = K
and H*(G,K) = 0 for i > 2 (see [13]).

v) Let G = (Viz, Eg) be a planar digraph with
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Ve=10,1,2,3,4}, E={0—1,1—-2,2—-0,0—3,1—-3,2—3,0—4,1 —> 4,2 —

4}.
Then HY(G,K) = H?(G,K) = K, H'(G,K) = 0, and H(G,K) = 0 for i > 3. The
result follows from Theorem 4.21 below (see also [13]).

Consider a commutative diagram

F BLEN G
N 9/ (4.2)
H

of inclusions of digraphs F' and G into H with the same number of vertices. Let &
and &; be the subspaces generated by non-allowed elements for the inclusions f and g
correspondingly, and Jy C Qy, J; C Qy are the graded ideals defined above.

Theorem 4.9 We have the inclusions of the chain complexes
jg C \.7f C QVa

which induce a short exact sequence of chain complexes

0 — T4/ Ty — Qv /Ty = Qv /Ty — 0. (4.3)

The cohomology long exact sequence of (4.3) has the following form
0 — HQg) — HYQp) — HYT;/T,) — H' Q) — H' () — ... (4.4)
Proof. Any non-allowed element from &; is evidently non-allowed in ;. Now the

result follows from Corollaries 2.24 and 2.25. m

Now consider an arbitrary inclusion of digraphs o: F' — G, where F' = (Vp, EF) and
G = (Vg,Eg). Let Hy and Hs be complete simple digraphs with the same number of
vertices as F' and G, respectively. Consider a commutative diagram

F < G
Lf lg (4.5)
H 2 H,

where vertical maps are natural inclusions, and o, : Hy — Hs is the inclusion defined by o.
By Corollary 3.5 and Definition 4.1, the map o, induces a morphism U (o) : Qy, — Qv
Thus by Proposition 4.5 we can write down the following diagram

0 - J;, — Qy, — Qg — 0

lU(Gv)

0 = T — O — Qp — 0 (4.6)

where the horizontal rows are exact sequences of cochain complexes.

Lemma 4.10 In diagram (4.6) we have U(Jy) C T C Qv, and hence the induced mor-
phism U(o): Qa — QF of differential calculus is defined.
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Proof. Let e®0 ¢ 55 C Q]f% be a non-allowed element for the digraph G. If all i; for
j=0,1,...,k are contained in the image of |y, : Vi@ — Vg, then U(e'0-) = elo-ik C Er
by diagram (4.5) since the map o is an inclusion. In the opposite case by Proposition 3.6
and Remark 3.7 we obtain U (e"%) = 0. Hence U(&,;) C £;. From now the result follows
from the definition of 7, since vertical maps in diagram (4.6) are morphisms of cochain
complexes. m

Denote by GRI the category in which objects are simple finite digraphs and the mor-
phisms are inclusions.

Theorem 4.11 Let U(G) be a differential calculus (g, d) defined in Definition 4.6, and
for an inclusion o: F — G of graphs let U(o): Qg — Qp be a morphism of differential
calculi defined in Lemma 4.10. Then U is a contravariant functor from category GRI to
the category DC.

Proof. We must only check that for two inclusions of digraphs
c:F—G and 7:G—= M

we have U(Too) =U(c) oU(T). By Lemma 4.10 we have a commutative diagram

0 0 0
l l |
I — Ty — T
l ! l
Qv Uﬂ) Qv Uﬂ) Qv (4.7)
! ! |
o M aq Y9 g
! ! l
0 0 0

By Corollary 3.5 we have U(o,) oU(7y) = U(Ty0y). The commutativity of diagram

TIm — Ty
N v
Ty

follows from Lemma 4.10. This implies the claim, since the vertical columns in (4.7) are

exact sequences. H

Remark 4.12 Let s: F' — G be an inclusion of digraphs with the same number of ver-
tices. Then U(s) coincides with the morphism s* from Theorem 4.9.

Definition 4.13 Let G be a simple digraph with the set of vertices V' and the set of
edges Eg. Define a simple digraph G with the same set of vertices V' and with the set of
inverse-directed edges

E@Z {{Z7]} : {j,l} € EG}

Note that the mapping G — G is an involution on the set of simple digraphs.
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Theorem 4.14 Let G be a simple digraph. Then we have an isomorphism of cochain
complexes Qg — Qg which is given on the basic elements by the following map

eioil...ip_l’ip N (_1)]€€ipip_1..,’i1i0’
where k=1 for p=1,2mod4 and k =0 for p=0,3mod4.

Proof. Let H be a full simple digraph with the same number of vertices V =
{0,1,...,n} as the digraph G, and g: G — H,g: G — H be the natural inclusions.
Define a K-linear map 7 : Qyy — €y on the basic elements by the following way:

T (eioil---ip—lip) — eipip_1...7i1i0.
The map 7 is an anti-automorphism of the graded algebra €y since
T(vw) = 7(w)T(v), T(v+w)="7()+ T(W).

We can write down two diagrams

2k+1 d 2k+2 2k d 2k+1
QV ’ QV QV ’ QV

7 7 s 7

2k+1 d 2k+2 2k d 2k+1 °
QV - Qv Qy — Qv

And it is easy to check, that the first diagram is commutative, that is 7d = dr, and the
second diagram is anti-commutative that is 7d = —d7. Thus, we obtain a commutative
diagram of chain complexes

d d d

00— K — Q?/ Q%/ Q%/ Q%/H

1= 7 -7 1 —7 |7 (4.8)

o _d 1 d 2 d 3
0— K — QV QV QV Qy — ...
where all the vertical maps are isomorphisms of K-modules.
Since Tlg,: £, — &g is clearly bijective, £ = —&; and & = —&, the restriction of the
vertical maps in (4.8) to J, provides isomorphisms JJ — jyp , whence the result follows.

By a digraph with a pointed vertex we mean a couple (G, v) where G is a digraph and
v is one of its vertices.

Definition 4.15 Let {(G;,v;i)};c 4 be a finite family of digraphs G; = (V;, E;) with pointed
vertices. Assume that all the vertex sets V; are disjoint. The wedge sum (or bouquet)
(G, v) of the digraphs (G;, v;) is a digraph with the set V' of vertices that is obtained from
the disjoint union U = |J;c 4 Vi by identification of all pointed vertices v;, i € A, with one
vertex v, and with the following set of edges £/ = (J;c 4 Es with the same identification of
the endpoint.

We shall denote the wedge sum by G = \/,. 4 G;.

From now we shall consider a wedge sum of two digraphs G = G \/ G2, with pointed
vertices v1 € (G1, v2 € G and v € G. Denote

Wi =Vi\{u}, Wa="V\{v}
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Let Hi, Ho, and H be complete simple digraphs with the set of vertices V7, Vo, and V,
respectively. Let
g1: Gy — Hy, g2: Go — Ha, g: G — H

be natural inclusions. The graded ideals

g Ty, &gy Ty, g C Qv
are defined as above as well as the graded ideals

Tg C Qv Tgo C vy Ty C Qy.

Lemma 4.16 Let G = G1\/ G2 as above. Let a basic element elotip ¢ QI‘D/ be such that
the multiindex {ig,i1,...,ip} contains at least one vertex i, € W1 and at least one vertex
tm € Wa. Then e'*'» € [J,.

Proof. Let ¢~ be as in the hypotheses. Consider two cases. If the pointed vertex
v does not belong to the sequence {ig,i1,...,i,} then, by definition of the wedge sum,
et € £, C J,, since it is non-allowed. Now assume that v € {ig,41,...,4p}. In this
case we have necessarily p > 2. For p = 2 the element e » can be written as

eviz ¢ Q%/ where i1 € Wy, io € Wy
(or iy € Wy and i € W7). By definition of the wedge sum, el ¢ &y. Hence

deiliz — [§ eiilizl _ E eiliig + § eilizi
7 7

1#v

—_ ghviz c Jg-

Here first three summands lie in £, whence ehviz ¢ Jy. Now consider the case p > 3.
Then there exists 1 <1 < p—1 such that v = ¢;. Then either 4;_; € Wj and i;,1 € W5 (or
i1 € Wy and ;41 € Wy). Using the case p = 2 we conclude that el-1vi41 ¢ Jg, which
implies gloit-ip Jy since Jy is a two-sided ideal in Qy,. =

Theorem 4.17 Let G = G \/ G2 where G; (i = 1,2) are connected digraphs. Then
H(Qg) =K and H*(Qq) = H*(Qg,) ® H*(Qq,) for k> 1.

Proof. Let V; (i = 1,2) be the set of vertices of the digraphs G;, and we recall that
these sets are disjoint. Let V' be the set of vertices of the digraph G. Let H; (i = 1,2) be
complete simple digraphs with the set of vertices V;, and H be a complete simple digraph
with the set of vertices V. Let

fiIHi—>H, 12172

be the natural inclusions of complete simple digraphs. Define for any mapping f; the
graded ideal J; of Qy as in Proposition 3.6. By definition, jlk is a K-linear subspace
of Ql“} that is generated by the elements e?0i1+% ¢ Q"“/ such that the set {ig,i1,...,7%}
contains at least one vertex from V \ Vi. The subspace JQk C Q"“, is defined similarly.
By Proposition 3.6 the graded ideals J; (i = 1,2) of £y induce short exact sequences of
K-modules

0— 7 5oy 2oy —o, (4.9)
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where p; and f’z are chain maps. Then p = (p1,p2): Qv — Qy, ® Qy, is a chain map.
We denote by p* a restriction of p to Q{f, In dimension 0, the map p is a monomorphism
with a one-dimensional cokernel generated by ¢’ @0 (or 0@ e¥2), since p?(e?) = e @ e’2.
The map p is an epimorphism in dimensions & > 1. Indeed, consider an arbitrary element

etttk gy pJoJ1--Jk Qéc/l D 91‘6/2_

Set o = {igiy ...ir} and define a new multiindex « by the following rule: if a does not
contain the pointed vertex vy then o/ = «a, otherwise o/ is obtained from « by changing
v1 to v. Similarly, using multiindex 3 = {joj1 ... jr} we define a multiindex 3’. Then we
have

/

pi(e®) = eiOil---ik’ P2 (eﬂ') — eJodi-k
and it is clear that py(e®) =0, pi(e”) = 0. It follows that
» (ea’ i 65’) = g0t g ghoitde ¢ QO @ Qb |

which proves that p is an epimorphism in dimensions k& > 1.
Observe that jlkz = jlk N jzk is a graded ideal in Qy and Kerp = [J12. Note, that
J% = {0} and we have a short exact sequence

0— Q) 50 o) — (" ®0) — 0. (4.10)

Consider now the case kK > 1. In this case we obtain a short exact sequence of chain
complexes

0—Jh Lok 2ok ok, — o, (4.11)
where f = f 1l = f2|j12 and p are chain maps. Recall, that the ideal [J12 is generated

by ek ¢ Qy such that the set {ig,41,...,i,} contains i, € Wy and i,, € Wa.
Let us introduce the following notations:

/ k ! k ! k / k / k
Ji2 = ®r>1T19, Ty = Gkx>1Ty s Ty = Gr1Ty,, Qy = Gex>1y, Qy, = Si>1Qy;,.

Lemma 4.18 Under the above assumptions (k > 1) there is a commutative diagram of
chain complezes

0 — \71/2 - jg; 4 jgll@jglz — 0
H lmono lmono (4'12)

0 — J, — 9 5 e, — 0

where the rows are exact sequences and the two right vertical maps are natural inclusions.

Proof. The bottom exact sequence is the exact sequence (4.11). The inclusion J{y —
Jg’ follows from Lemma 4.16 and we obtain that the left square is commutative. Set
q :p|Jg’ : jgl - Q/V1 @QQ/E

where we identify J; with a subspace of Q.. It remains to prove that the image of ¢ is
‘7_(;1 N2 ‘75;2
Let us first prove that
T, & J,, Ca(Ty) (4.13)
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For i = 1,2 we shall define the grade preserving homomorphisms of K-modules
S; QVz —_— Qv.

For any basic elements e = ¢ € Qy;, let o be the multiindex that is equal to « if a
does not contain the pointed vertex vy, and otherwise o’ is obtained from « by changing
all occurrences of v; in a to v. Similarly define e for e = eio-Jx € Qy,. Then set
si(e®) = e® and s9(eP) = e? and extend s; and so by linearity to all the spaces Qy; and
Qy,, respectively. It follows immediately from this definition, that

s1(eY) €&y, if e* €& and so (eﬁ> €&, ifef €&,

Note, that the maps s; do not commutes with the differentials, but they satisfy the fol-
lowing properties:

Id: QF - QF, i=j
pisj:{ 0:Qf =, i (4.14)
and, for e® € Q"‘“/l,
dp(s1(e”)) = s1(dp, () + Y _ fye?, where Y fre¥ € T (4.15)
Y ol

and a similar identity holds for ef € Q]‘“/é. Let
U =1uLDuy € .7;1 EngkQ C Qlf/l EBQ%.
By definition of Jgkl we have
uy = wy +dy, (w)) € Jgkl - Q{C/l where — wy,w] € &,.
Note that s1(w1),s1 (w]) € & whence it follows that
s1(wi) + dg(s1(w))) € Ty

Using by (4.14) and (4.15) we obtain that
p1 (s1(w1) + du(s1(w)))) = w1+ p1 (du(s1(w)))) = w1 + p1 (81(dH1 (wh)) + Z f7€7>

which equals to wy + dp, (w]) = u1. Where we have used that

vae7 € Ji2 and p(J12) = 0.
v

By the same line of arguments we obtain

p2 (s1(w1) + dp(s1(w)))) = w1 + p2 (d(s1(w}))) =0,

and
p2 (s2(wa) + dp(s2(wp))) = w2, p1 (s2(wa) + dp(s2(wp))) = 0.
Hence,
p((s1(w1) + du(s1(wh)) + sa(ws) + dp(sa(wy))) = ur @ ug,
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which proves the inclusion (4.13).
Let us prove the opposite inclusion. Any element of 7, has the form w + dw’ where

w =51 (u1) + 82 (u2) +u3, w' =s; (u/l) + 89 (u’2) +
where uy, v} € &y, ug, uhy € &, and uz,uly € Ji2. As above we obtain for i = 1,2
pi (w+ dw') = u; + dmuj € Ty,

which finishes the proof of Lemma. =

By Lemma 4.18 we obtain a commutative diagram of chain complexes in which rows
and columns are exact (in dimensions k > 1):

0 0 0
l ] !
0 — Ji2 — Ty — Jg ®Tg, —0
= ! !
0 — Jo — O L QuaeQy, —0 (4.16)
! ! )
0O — 0 — Q¢ — Qc, ®Qg, —0
l il I
0 0 0
In dimension 0 we have isomorphisms
QL =0, QF =), Qf, =9,
and an exact sequence
0— ) 50 ©0) — (" @0) — 0.
Now from (4.16) and the last exact sequence we obtain a commutative diagram
0— 0 — 0 — 0 —
l l I
0— 00, — 0L, 4, 0 4,
l pr— P—
0— 00 a0l 2 ol ool ™ 02 o0 9. (4.17)
00— (e"®d0) — 0 — 0 —
l 1 l
0— 0 — 0 — 0 — ...

where the columns are exact sequences, and the rows are chain complexes. Using the

obvious identity
H*(QGl ® QGz) = H*(QGl) ©® H*(QGz)

and the cohomology long exact sequences of (4.17) we finish the proof of the theorem. m
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Corollary 4.19 Let G = \/;c 4, G; be a finite wedge sum, and all G; are connected di-
graphs. Then

H°(Q¢) =K and H™(Qg) = ®icaH™(Qg,) for m > 1.
Proof. Inductionon 7. m

Let G be a digraph with the set of vertices V' ={0,1,...,n}.

Definition 4.20 [13] (i) The cone CG of the digraph G is obtained by adding a new
vertex v to the set of vertices V' and new edges {i,v} for all 0 <i < n.

(ii) The suspension SG of the digraph G is obtained from the digraph G by adding
two new vertices v and w and new edges {i,v}, {i,w} for all 0 <i < n.

We recall here the following result from [13].

Theorem 4.21 [13] For any digraph G we have

K, p=0 * p=-1
o> { £ 720w =] e, b
SEE H(06), p>1

where Qg is a cochain complex with the augmentation.
One of the main results of this paper is the following theorem.

Theorem 4.22 For any finite collection of nonnegative integers ko, k1,...k, such that
ko > 1 there exists a digraph G such that the cohomology groups of its differential calculus
satisfies the conditions

dim H (Qq) = ks, for all 0 <i < n. (4.18)

In particular, if kg = 1 then the digraph G is connected.
Proof. At first we construct a connected digraph G™ (m > 1) such that

1, p=0,m

0, otherwise. (4.19)

dim HP(Qgm) = {
For m = 1 this is the digraph with the set of vertices V' = {0,1,2} and the set of edges
E = {{0,1},{1,2},{2,1}}. Then, by induction we define G™™! = SG™. By Theorem
4.21 it satisfies (4.19).
For any m > 1, define the digraph F™ as follows. If k,;,, = 0 then F" consists of a
single vertex, and if k,, > 1 then F"™ is equal to the wedge some of k,, copies of G". By
Theorem 4.21, we have

1L, p=0,
HP(Qpm) =1 kpy, p=m, (4.20)
0, otherwise.

Let Fy be a digraph, consisting of kg vertices and no edges. Now define
G= \/ F"
m=0,1,2,....kn
Then (4.18) follows from Theorem 4.21. m

The next result can be helpful for computational purposes.
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Corollary 4.23 Under assumption of Theorem 4.22, there exists a digraph G with
ko + 2k + 4ko + 6ks + - - - + (2n)/€n

vertices such that ‘
dim H*(Qg) = ki, V0 <i<n.

Proof. This follows from a direct computation of the number of vertices of the digraphs
in the proof of Theorem 4.22. m

The number of vertices of G in Corollary 4.23 can be easily improved. An interesting
open question is to find the minimum number of vertices of the digraph satisfying (4.18).

Now let ¥ be a finite simplicial complex (see [17], [23]). Consider a digraph G(X) with
the set of vertices V' = {0 € ¥} that coincides with the set of simplexes from ¥ and we
have an arrow o — 7 if and only if (¢ D 7)&(o # 7). This digraph evidently gives a poset
of his vertices a > b if and only if there is arrow a — b.

Theorem 4.24 (cf. [1{]). The dual chain complex to the complex Qs is isomorphic
to the simplicial chain complex of the first barycentric subdivision of 3.

Proof. The transitivity condition for arrows (¢ — 7 — p) = (0 — p) implies for
the digraph G(X) that d(€) € &€, where £ as usually an ideal generated by non-admissible
elements. Hence J = &, and we can equip Qgx) = Qv /J by K-basis of admissible
elements €’ '» and the differential is given by formula in Theorem 3.2 (iii) in which the
sum is only by admissible elements. Hence in the dual basis e~ differential is given
by the formula

n ~
§(eloteiny — Z el (4.21)
p=0

But every such sequence %1 .. .17, define a unique simplex ig — 41 -+ — 4, of the first
barycentric subdivision (see, for example, [14] and [12]) with the same as in (4.21) bound-
ary map. ®

Thus the Theorem 4.22 gives a non-trivial realization theorem in contrast with the
Theorem 4.24, that provides a realization theorem for the digraphs that obtained from
simplicial complexes.

Now consider a digraph G with the set of vertices V and the set of edges Fg. Let H
be a digraph with the set of vertices W and and the set of edges Ep.

Definition 4.25 A map of sets F': V — W defines a morphism of digraphs
f:G—H

if for any edge (i — j) € G we have (F (i) — F(j)) € H is an edge of H, or F(i) = F(j) €
W. The last condition means that the edge (i — j) maps to the vertex F'(i) = F(j).

Remark 4.26 It follows from this definition, that if the edge (j,1) is non-admissible in

H then for any two vertices i,k € V, for which F (i) = j, F(k) = [, the edge (i,k) is
non-admissible in G.
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The set of digraphs with the morphisms given by maps from Definition 4.25 is a
category which we shall denote by GR.
Let

£ C T C Oy, n>0, Jn =P Tk

n>0

be as in Definition 4.2 and Definition 4.4.

The factor algebra Qu/Jg equipped with the induced differential is a differential
calculus Qp on the digraph H, and by a similar way a differential calculus Qg = Qv /T
is defined. By results of Corollary 3.5 we have a contravariant functor from the category
SET to the the category DC of differential calculi.

Lemma 4.27 LetU(F*): (Qw,d) — (Qy,d) be the map of chain complexes from Corol-
lary 3.5. Then

UF))(Tn) € Ja

and hence an induced morphism of factor complexes
Qu = Qw/JIg — Qe = Qv /Jc,
which we denote by U(F™), is good defined.

Proof. The morphism U(F™*): (Qw,d) — (Qy,d) is given on basic elements by the
rule A ‘ ‘ ‘
U0 @ e) = 7 () & - 17 (e1)
where ig,...,i; € W and F*(e/) = ¢/ o F. By Remark 4.26

(U(F*)(Eg) € & and hence (U(F¥))(JTr) C Ta-

Theorem 4.28 Let a map F:V — W be a morphism of digraphs G — H in the sense
of Definition 4.25 and

UF): Qp = Qw /Ty — Qe = Qv /Jc

the above constructed morphism of differential calculi. Thus we obtain a functor from the
category GR of digraphs to the category of differential calculus DC'.

Proof. It is trivial to check that this is a functor. m

Corollary 4.29 A morphism F: G — H of digraphs induces a homomorphism of coho-
mology rings H*(F): H*(H,K) — H*(G,K). This correspondence is functorial.

Proof. Follows from Theorems 4.28, 2.28, and 2.29. =
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5 Cohomology of undirected graphs

In this section we define a natural equivalence of the subcategory of digraphs to the
category of graphs. Thus we transfer the cohomology theory to the category of graphs
and prove it is homotopy invariant in relation to the homotopy theory defined in [1] and
[2]. Then we present several examples.

Definition 5.1 A simple digraph G = (V, E) is symmetric if (v — w) € E¢g implies that
(w—wv) € Eg.

Proposition 5.2 The symmetric digraphs with the morphisms defined in Definition 4.25
give a full subcategory SGR of the category GR.

Proof. Direct checking. m

Definition 5.3 Let G = (Vig, Eq), H = (Vg, Ex) be (undirected) graphs. A morphism
f: G — H is given by a map of vertices f: Vo — Vg such that if (v,w) € Eg then we
have (f(v), f(w)) € Eg or f(v) = f(w) € W. The last condition means that the edge
(v, w) maps to the vertex f(v) = f(w).

Proposition 5.4 The graphs with the morphisms defined in Definition 5.3 give a category
NGR.

Proof. Direct checking. m

Let G = (Vg, Eg) be a graph. Define a symmetric digraph S(G) = (Vsa), Es@));
where Vsg) = Vi, (v — w) € Egg) if (v,w) € Eg. Any morphism f: G — H of graphs
defines an unique morphism S(f): S(G) — S(H) of symmetric digraphs. It is easy to
check that S is a functor from the category NGR to the full subcategory SGR (see [16]).

Proposition 5.5 The functor S provides an equivalence of categories NGR ~ SGR with
the inverse functor S~'.

Proof. Direct checking. m

Definition 5.6 The differential calculus on a graph G is the differential calculus Qg
on the symmetric digraph S(G). The cohomology ring H*(G,K) of a graph G is the
cohomology ring H*(S(G), K).

Theorem 5.7 A morphism f: G — H of graphs induces a homomorphism of cohomology
rings H*(f): H*(H,K) — H*(G,K). This correspondence is functorial.

Proof. Follows from Corollary 4.29 and Proposition 5.5. m

Example 5.8 The statements of the examples below can be trivially checked by direct
computing or follows directly from the results of previous section.

i) For any graph G, rank H°(G,K) coincides with the number of connect components
of G.

ii) Let a graph G be a tree. Then H'(G,K) =0 for i > 1.
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iii) Let C,, = (Vg,,, Ec,) be a cyclic graph where
Ve, ={0,1,2,...,n—1} and E¢, ={(0,1),(1,2),...,(n—=2,n—1),(n—1,0)}.

Then H*(C,,,K) =0 for n < 4 and H'(C,,,K) = K for n > 5; and H*(C,,,K) = 0 for i > 2
and any n.

iv) Let S = (Vs, Es) be a graph on Fig. 1. Then H?(S,K) = K and H'(S,K) = 0 for
i#0,2.

Figure 1:

v) Let @ be the graph that is given by one-dimensional skeleton of n-dimensional cube.
Then H'(Q,K) = 0 for i > 1. The similar result is true for a one-dimensional skeleton of
any simplex.

Recall a homotopy theory of graphs constructed in [1] and [2].

Let I,(n > 0) denote a graph with the set of vertices V1 = {0,1,...,n} and the set of
edges (i,i+ 1) for 0 < i < mn — 1. The graph I,, we shall call a line graph. Note that by
this definition a one-point graph Iy is a line graph. Let I = 1.

For two graphs G = (Vg, Eg) and H = (V, Ey) we define a [- product 11 = G H =
(Vir, Enr) as a graph with a set of vertices Vi = Viz X Vg and a set of edges Ep such that

[(2,9), (&, 5)] € But for 2,2’ € Vas9,y' € Vr
if one of the conditions is satisfied
=z (yy)€Eg or y =y, (z,2) € Eg.
Definition 5.9 [2, Definition 5.1] i) Two maps
fi:G—H, i=0,1
of a graph G to a graph H are homotopic if there exists a line graph I,, and a morphism

F:GUI,—- H

such that
Fleagoy = fo: GO{0} = H, Fleapmy = fi: GO {n} — H.

In this case we shall write fy ~ fi.
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ii) Two graphs G and H are homotopy equivalent if there exist maps
f:G—H, g:H—-G
such that
fog~Idu, gof~Idg.

In this case we shall write H ~ G. In this case maps f and g are called homotopy inverses
of each other.

Now we state and prove the theorem that answer on the question from [2, page 32]
about construction of natural homotopy invariant homology theory for graphs.

Theorem 5.10 i) Let f ~ g: G — H be two homotopy equivalent maps of graphs. Then
these maps induce the equal homomorphisms of cohomology groups.

ii) Let G ~ H be two homotopy equivalent graphs. Then they have isomorphic coho-
mology groups.

Proof. Let F: G x I — H be a homotopy between f and g, such that
F|GE{0}:fiG—>H7 F|G|3{1}=g:G—>H.

The morphisms f, g, and F' induce morphisms of cochain complexes f*,g": Qg —
QS(G): and
F*: Qgmy — Qson = Qs@)ms)-

Let ® be a composition of morphisms
S(G)EL — SG) DS =S8GEEI) -5 S(H)

where the first morphism is the natural inclusion of digraphs and I is a digraph with
Vi, ={0,1}, Er, = (0 — 1). Then we have a also a morphism ®*: Qsgy — Qg(@)my, of
cochain complexes.

Consider the chain complexes QZ(G), Qg( H)’ QE(G)D I that are dual to the cochain com-
plexes Qs(a), Qsw), Qs(@)mr, > correspondingly. Denote by ¢ the differentials in the chain
complexes, since it is clear from the context what chain complex is under consideration.
The morphisms f, g induce morphisms of chain complexes f, g«: QE(G) — Qf‘s( H)» and the
morphism ® induces a morphism P, : QE(G)D n = QZ( H) Consider a K-module morphism

P: Qyean — Qg(—g)

that is dual to the K-module morphism
[QZ“(G)]n_l - [QZ‘(G)DIl]nv given by = — x x I,
that is defined in [13]. Let
Ly = (=1)"P o ®*: Q%) — Qg5)-

Let w™ € Qg 4y, © € [QE(G)] . Then, using computation in [13], we have

n

[(OLn + Lo10)(w™))(x) = (=1)" [0P®* (w")] (2) + (=1)" T [P O(w")] (x).
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But § is dual to 0 an P is dual to £ — x x I, thus the last equals to

(=1)" [PO* (w™)] (6z) + (=1)" " @*A(w™))(z x I1)
= (=D)"[@"(w")] (dz x ) + (=1)" T [@*d(w")) (2 x I1)
(since 0®* = ®*9, §@, = ¥,.0, and ®* is dual to D)
1" w" [, (0 x )] + (1) [8(w")][@s(x x 1))
D) w"[®, (02 x I1)] + (—1)" M w"[6®, (z x I1))]

) w
) w
D)"w"[®y(dz x Iy — §(z x Ir))]
1)"w" [@, (0(x x I) — dx x 11)]

(=
(=
(=
(=

(by [13, Prop 7.3])

(=1)"w"®, ((=1)"x x 611 + 0x x [1 — 0x X I)
= w"[®y(z x {1} —x x {0})]
= w"[(g« = ) @)] = [(J* = ¢")(w")] ().

From now the result follows by [22, Theorem 2.1] for I,, = I;. The general case follows by
induction. m

6 Cohomology acyclic digraphs

Definition 6.1 (i) A complete acyclic digraph I' is a finite simple digraph with a set of
vertices V' ={0,1,2,...,n} and the set of directed edges

E={{ij}:i<j;i,j=0,1,2,...,n}.
(ii) An acyclic digraph G is any subgraph of a complete acyclic digraph I".

We have a natural inclusion «v: I' — H, where H is a full finite simple digraph with
the set V of vertices defined in Section 4.
By Definition 4.2 and Proposition 4.3 of Section 4 we have a graded ideal

E=PechaR =, (6.1)

p=0 p=>0

where 50 {0} and &Y for p > 1 is generated by non-allowed elements.
Recall that A is an algebra of K-valued functions on the set V.

Proposition 6.2 For p > 0 we have d&} C 5%)“7 and the differential calculus (Qr,dr)
from Definition 4.6 coincides with the calculus (Qy /€y, d). In particular, we have an exact
sequence of cochain complezes

0— & — Qv — Qr — 0.

Proof. For p > 1, an element e ¢ &L is non-allowed if and only the sequence
{i0,41,...,1p} is non monotonic increasing. Now the result follows from description of
differential on basic elements in Theorem 3.2. m
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Corollary 6.3 (i) The basic elements of the differential calculus (Qr,dr) of the digraph
I can be represented by classes of elements e € QI"/ such that 0 <ip < --- <1ip < n.

(ii) For 0 < k,l < n, the exterior multiplication e of basic elements is given by the
following formula

(ei0i1-t) o (godtity — { 0, iy 75]:0
674011-“7416.]1""”, 1 = ]0.

(ti1) The differential dr is given on basic elements by

dF (ezozl...zk) — § :e]loll---lk _ E : eZ()]Z1...’Lk 4+

J#io J#i0;jF#n
+(_1)l+1 2 elotl-iflipr e 4oy (_1)k+1 2 ezgu...zkj’
JFEU AU+ J#ik

where ~ over the sign Y means that in summation are presented only the elements with
strongly monotonic increasing sets of indices.

Proof. Follows from Theorem 3.2 and the proof of Proposition 6.2. =

We shall omit subscript I' in the differential, if it is clear from context what cochain
complex we consider.

Corollary 6.4 For k > n we have Q]fi =0, and the maps 54“ — Q]ﬁf are isomorphisms.

Proof. The space Qlli is generated by basic elements €% where 0 < g < iy < --- <
i < n. Any finite sequence of more than n + 1-elements from the set V' ={0,1,2,...,n}
has at least two equal elements. Now the statement follows from Corollary 6.3. m

From now we describe several non-trivial cases in which it is possible to reduce com-
puting the homology of an acyclic digraph to the homology of a simplicial complex. Recall
that one of such examples is given by Theorem 4.24. For the definition and basic prop-
erties of homology and cohomology groups of a simplicial complex we refer to [17] and
[23].

Let (v /&,,d) = (Qr, d) be the differential calculus on the complete monotonic digraph
I' with the set of vertices V' = {0,1,...,n}, and Qf be the dual chain complex with the

basis e ; ; (0 <o <i1 <--- <ip <n)which is dual to the basis described in Corollary
6.3 and with the boundary operator &: [Qr]; — [Qr]5_;.

Let A be simplicial complex consisting of a n-dimensional simplex A™ = [0,1,...,n]
and all its faces [ig, 71, ..., 1] that are given by increasing subsequences ig < i1 < - -+ < i

of 0 <1< -+ <mn,and C(A"™) be a chain complex with k-dimensional modules Cj(A)
generated by k-simplexes of A™ and the standard boundary map 9: Cx(A) — Cr_1(A).

Theorem 6.5 The boundary operator §: [Qr]; — [Qr];_ is given on the basic elements

by the rule
k
5(6%11.‘.1,,) = Z (—1) efol..z‘k,likikﬂ‘..z‘p
0<k<p

where 1y, means omitting the symbol iy from the multiindex. For k > 0 the maps T} : [QF]Z —
Cr(A™), of K-modules given on basic elements by formulas

*

iOil---ip — [Z(],Z177Zp], OSZO <Zl < .- <Zp Sn
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commute with differentials and define an isomorphism between the chain complezes

T=T:: 9 - ca).
k

Proof. Let e/0J1--Jr—1 he a basic element of in_l. Then

(8l s NI 1) = e (i)

G051 -ip G0%1-ip
P —
— o _1)9pJ0J1--2Jq—1kJq---Jp—1
= Cigiy,..ip E E (—=1)%e R
q=0 k
p
_ _1\9.* Joji--jq—1kjq---Jp—1
= E E (=1)%€50i,..4, {6 ey
q=0 k
where ~~ means that only elements with monotonic multiindices are used in the summa-

tion. We have

€igir...ip ejOjl'"jq_lqu"'j”_l} =1 onlyif {iot1...ip} = {joj1-..Jg-1kjq-- Jp-1}

for some place ¢. This means that the sequence {jo,j1,...,Jjp—1} is obtained from the
sequence {ig,1,...,%p} by deleting a term i, = k. For such basic elements we have

[6(6fyiy.a (E0ii0-tias 1) = (—1)1, 0 < g < p.

101 .ip

Hence, we obtain

5(€f0i1...ip) =(-1)7 Z 6?011...iq,1iqiq+1...¢p

0<¢<p

which finishes the proof of the first statement of the theorem. The second statement follows
from this one since T' gives one-to-one correspondence between basic elements commuting
with differentials. m

Corollary 6.6 Under the assumptions of Theorem 6.5 we have

K, p=0
0, p>1.

HP(Qr) = {

Now let G be an acyclic digraph with a set of vertices V' = {0,1,2,...,n}, I" be the
complete acyclic graph with the same set of vertices V' and H be the complete simple
digraph with the set of vertices V.

We have a commutative diagram of inclusions of digraph as (4.2)

G — r
NI T/
6.2
. (62)

The exact sequence of chain complexes (4.3) has the following form

0— Jy/E — O — Qg — 0. (6.3)
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Theorem 6.7 Forp > 1, we have an isomorphism HP(Q¢) = HP(J,/E,) and an ezact
sequence
0 —K— HO(QG) - Hl(jg/gv) — 0.

Proof. Follows from Corollary 6.6 and exact sequence (6.3). =

Definition 6.8 Let £) = 0 and £, p > 1 be a subspace of QF generated by those
eloit-ip ¢ QOF that are non-allowed elements for the digraph G. Let

TP =EP +dpElt C OF

where dr is the differential in Qr described in Corollary 6.3. Denote

=P e g=p g

0<i<n 0<i<n

Proposition 6.9 The submodule Js C Qr is a graded ideal such that the inclusion is a
morphism of chain complexes and the eract sequence

0—TJs — Qr — Qp/Js — 0 (6.4)
is isomorphic to the exact sequence in (6.3), and hence Qp/Js = Q¢.

Proof. The subspace & € Qp is a graded ideal. As in the proof of Theorem 2.22, we
can see that Js C Qr is a graded ideal and the inclusion is a morphism of chain complexes.
By definition, we have a graded isomorphism /£, — Qp. It follows from Definition
6.8 and Corollary 6.3 that a restriction of this map to J,/&, C Qy /&, correctly defines a
graded isomorphism J, / &, — Js which agrees with the differentials. The Proposition is
proved. =

Let T' be a complete acyclic digraph with the set V' = {0,1,2,...,n} of vertices and
the set of edges
E={{i,j}:i<jii,j=0,1,2,...,n}.

Let F' and G be acyclic digraphs with the same number of vertices such that we have a
commutative diagram of inclusions

F SN G
N\ S/ (6.5)
r

where the horizontal map is an inclusion r: FF — G and swallow maps are inclusions into

I.

Theorem 6.10 Let £ and & be the subspaces generated by mon-admissible elements in
Qr for the inclusions s and t respectively,, and Js C Qr, J; C Qr are the ideals defined
in Definition 6.8. Then we have the inclusions of chain complexes

jsC\%CQI‘a

which induce a short exact sequence of chain complexes
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where (Qr/Ts,d) = (Qag,d) is a differential calculus of the digraph G and (Qr/J;,d) =
(Qp,d) is a differential calculus of the digraph F. The cohomology long exact sequence of
(6.6) has the following form

0 — H°Qg) — H°(Qp) — HY(7,/T,) — H'(Qg) — ... (6.7)

Proof. Similarly to the proof of Theorem 4.9. =

Remark 6.11 In the case of an inclusion r: F' — G from (6.5) we can write down a
commutative diagram similarly to (4.2)

F LN G
N 9/
H

where H is a simple complete digraph. Theorem 4.9 is applicable in this situation, as well.
The advantage of Theorem 6.10 is in simplification of all computations, since we can work
with very small number of basic elements directly described in Corollary 6.3.

Remark 6.12 The acyclic digraphs with the morphisms defined in Definition 4.25 give a
full subcategory M GR of the category GR. The realization Theorem 4.22 is true in the
category of acyclic digraphs. It is easy to see, that we can define suspension and a wedge
sum in the category of acyclic digraphs. Now let Dy be an acyclic digraph that has two
vertices and no edges. Then

K2, k=0

Hk(D27K)g{ 0 k;éO )

H*(SDy,K) = {
Now we can repeat all the constructions from the proof of Theorem 4.22 in the category
of acyclic digraphs.

Example 6.13 For n > 2 and any digraph G define n-suspension inductively by S™(G) =
S(S"1@G). Let Do be the digraph from Remark 6.12. Then for n > 1 we have

H°(S"Dy,K) = H"(S" D5, K) = K
and H*(S"Dy,K) = 0 for i # 0, n.

Now we describe sufficiently wide classes of acyclic digraphs for which there exists a
geometric realization of cohomology theory by cohomology theory of simplicial complexes.

Let I" be a complete acyclic digraph with the set V' = {0,1,...,n} and © be a com-
plete acyclic digraph with the set W = {0,1,...,k} (kK < n) of vertices. We have a
natural inclusion o: ® — I'. By Lemma 4.10 we have a morphism of cochain complexes
U(o): Qr — Qe which induces a morphism of chain complexes U(o)*: Qg — Qrx by the
standard rule

U)(f)=fol(o), f:0e — K.
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Proposition 6.14 There exists a commutative diagram of chain complezes
p, 19 o
A 1T
C(AF) AN c(A)

where T, is induced by natural inclusion 7: A¥ — A™ on the first k-face.

Proof. Follows from Proposition 3.6, Corollary 6.3, and Theorem 6.5. =

Let I" be a complete acyclic digraph with the set V' ={0,1,...,n} of vertices and the
set Er of edges, and let s: G — I’ be the natural inclusion of the sub-digraph Gj with
the same set of vertices and the set of edges Ey = Eq, = Er \ {{k,k + 1}} where k is a
number 0 < k < n — 1. That is the digraph G}, is obtained from I' by deleting exactly one
edge {k,k+ 1}.

Proposition 6.15 (i) Let £, Js be subspaces of Qr from Definition 6.8. Then J¥ = &Y
forp > 0.

(i) The basic elements of the differential calculus (g, ,dg,) = (Qr/Ts,d) of the
digraph G}, can be represented by classes [e®!1r] € ng of elements 0 ¢ QL such
that 0 < iy < iy < -+ < ip < n and {k,k + 1} is not a subset of {ig,%1,...,ip}. The
exterior multiplication and differential are described by Corollary 6.3, where in summing
for differential we must delete summands de'm in which {k,k + 1} is a subset of

{ioyi1, .- im}-

Proof. For p = 0,1 the statement follows from Definition 6.8. In the case p > 2 we
have the inclusion £/ C JP. Any basic element of E2 ! has the form w = eioi - Flk+1]..ip—1
To finish the proof we note that dw is described in Corollary 6.3 (iii), where the summing
contains only elements with strongly monotonic increasing sets of indices. Since we can
not put integer number between k and k£ + 1 to obtain monotonic increasing sequence, the
all elements e® in the sum satisfy condition {k,k + 1} C {a}. Hence dw € £¥. From now
the Proposition follows. m

Let A be a simplicial complex given by the simplex A™ = [0, 1,...,n] and all its faces.

Denote by Ay the k-th face A =[0,1,...k,...n], and let
Ag g1 = A UAgp

be a simplicial complex that geometrically corresponds to the union of two (n — 1)-faces
of A™ and we have a natural inclusion 7: Ay 41 — A.

Theorem 6.16 We have a commutative diagram of chain complezes
Q, ML o
L7 |T (6.8)
C(Apk1) —= C(4)

where T' and T are isomorphisms, and T, is induced by the natural inclusion T.
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Proof. In diagram (6.8) the right vertical isomorphism and the horizontal morphisms
are already defined. We must define 7" and check the commutativity.

Consider a basic element [e;,. ;,]* € [Qg, [ that is dual to [e0"] € ng described in
Proposition 6.15. Define T” on the basic elements by

T'([eig...i,]") = lio, - - ip] C CP(A).

and extend to [Qg, |, by linearity.
The map T” is evidently a one-to-one correspondence between basic elements. Checking
that it commutes with differentials and commutativity of diagram 6.8 is routine. m

Denote by I' = (V, E) a complete acyclic digraph with a set of vertices V' = {0, 1,2,...,n}.
Let K C V be a subset such that n ¢ K. Consider an acyclic sub-digraph s: Gg — T’
with the same number of vertices and the set of edges

Ex =Eq, =Ep\{{i »i+1}icK}.

Theorem 6.17 There exists a simplicial complex Sx with an inclusion T7: S — A such
that the following diagram is commutative
QL o
L7 LT (6.9)
C(Sk) — C(4)

where T' and T are isomorphisms, and T is induced by a natural inclusion 7.

Proof. The proof is based on the same line of arguments as the proof of Theorem 6.16,
that we briefly repeat. We can check directly that Js = &£, in this case. The basic elements
of the differential calculus (Q¢,,dk) = (Qr/Js, d) of the digraph Gk can be represented
by classes [ef0it-ir] € Q%K of elements e ¢ QOF such that 0 <ip < i1 <--- <ip<n
and, for any k € K, {k,k + 1} is not a subset of {ip,%1,...,4,}. The differential dg is
given on the basic elements by

— o —

dy [eioil...ip] _ Z[ejioil...ip] _ 2 [eiojil...ip] T
J#io J#i0;j7#i
+(_1)l+1 Z [e’ioil...iljil+1...ip] + - + (_1)k+12[ei0i1...ipj]
JFUFi4 JFip

where ~ means that every element e im of the sum satisfies the conditions 0 < ig <
v+ < iy < nand, for any k € K, the pair {k,k+ 1} is not a subset of {ig,i1,...,9m}. Let
for a number Ay 41 (kK € K) be a simplicial complex, defined above, that geometrically
corresponds to union of two (n — 1)-faces of A™. It is given by the union of all simplexes
from A™ that does not contain the edge {k,k + 1}. Set

Sk =[] Dkr1-
keK

Equivalently, Sk can be described as the union of all the simplexes from A" that do
not contain an edge in the form {k,k + 1} for ¥ € K. In the diagram (6.9) we must
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define a chain map 7" and check commutativity. Define 7”7 on the basic elements as in
the proof of Theorem 6.16 and extend to [, |5 by linearity. We obtain an isomorphism
T [Qa,]* — C(Sk) of K-modules which commutes with differentials and it is easy to
check that diagram (6.9) is commutative. m

Now let I" be a complete acyclic digraph with the set V' = {0,1,...,n} of vertices
(n > 2) and the set Er of edges. Let s: F, — I' be the natural inclusion of the sub-
digraph Fj, with the same set of vertices and the set of edges

Ek:EFk:EF\{(kH]{—FQ)} where 0 <k <n-—2.

Theorem 6.18 There exists a simplicial complex Ay jo with an inclusion 7: Ay 10 —
A such that the following diagram is commutative

. L o
1T | T (6.10)

C(Arkr2) — C(Q)
where T' and T are isomorphisms, and T, is induced by a natural inclusion T.

Proof. It is easy to check that in this case

T2 =10}, JP= (" |{k,k+2} C {io,i1,...,ip},p > 1).

The basic elements of [Qp,];, are given by the classes [ej ., ], where {ig,...,im} does

not contain the pair {i;, 411} = {k, k + 2}. Then the proof is finished similarly to that of
Theorems 6.16 and 6.17. =

Now let T' = (V, E) be a complete acyclic digraph as above, and K C V be a subset
such that n ¢ K, and L C V such that n ¢ L and (n — 1) ¢ L. Consider an acyclic
sub-digraph s: Gk,;, — I' with the same number of vertices as I' and the set of edges

Bx = Eg, = Bo\[{(i » i+ 1)li€ K}U{(j — j +2)lj € L}]

Theorem 6.19 There exists a simplicial complex Sk 1 with an inclusion 7: Sk — A"
such that there exists a commutative diagram of chain complezes

U(s)*
0%, O
|7 | T (6.11)

C(Ski) — C(AM)
where T' and T are isomorphisms, and T is induced by a natural inclusion .

Proof. The simplicial complex Sk 1, is defined as

)

keK leL

The same line of arguments as in the proof of Theorems 6.16, 6.17, and 6.18 finishes the
proof. m
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Corollary 6.20 Let G be a digraph Gy, or F}, from Theorems 6.16, 6.18. Then H(G,K) =
K and HY(G,K) =0 fori > 1.

Theorem 6.19 obviously reduces computation of cohomology for a wide class of digraphs
to that of simplicial complexes.

Example 6.21 Let I" be a complete acyclic digraph with the set of vertices V' = {0, 1,2, 3,4}
and let G be the digraph that is obtained from I' by removing the edges (1 — 2),(2 —
3),(1 — 3). Then G satisfies the hypotheses of Theorem 6.19 and, hence, can be realized
as a simplicial complex. Let G be the digraph that is obtained from G by further remov-
ing the edge (0 — 4). Digraph G does not satisfy the hypothesis of Theorem 6.19, and
one can show that it does not admit a geometric realization as a simplicial complex. The
chain complex of the digraph G was explicitly described in [14].
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