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In all exercises, M is a smooth manifold of dimension n.

. A path on M is any smooth mapping v : [0,a] — M, where a > 0. Set = = v(0). For

any function f € C° (M), define the derivative of f along the path v at the point x
by
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(a) Prove that (% is an R-differentiation at x, that is, 8—87 eT, M.

(b) Prove that any tangent vector £ € T, M can be represented in the form £ = aﬂ

™
for some path ~.

A smooth vector field on M is a mapping X : C* (M) — C*°(M) such that, for any
x € M, the mapping

C®(M) — R
fr= X(f)(2)

is a R-differentiation at z. Prove that, in any chart U with the local coordinates
x!', ..., 2", there are functions a',...,a" € C* (U) such that

X(f) = Zai% for any f € C*(M).
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Hint. Use the fact that any R-differentiation £ can be represented in the form

§=;5W

for some ¢’ € R.

Let X and Y be two smooth vector fields on M (as in Exercise 10). Define the Lie
bracket [X,Y] of X, Y as a mapping of C* (M) into itself by

[X,Y]:= XY — VX,

that is, [X, Y] (f) = X(Y(f)) = Y(X(f)) for any f € C(M).
Prove that [X, Y] is a smooth vector field on M.

Hint. In the local coordinates, X (f) is a combination of the first partial derivatives
ggﬁi (by Exercise 10). Hence, XY (f) and Y X (f) contain the second derivatives of f.
The point of the present claim is that the difference XY (f) — Y X (f) depends on the

first derivatives of f only, that is, the second derivatives cancel out.




12. (The Jacobi identity) Prove the following identity for three smooth vector fields XY, Z
on a smooth manifold M:

[Xv[Y7ZH+[Za [XaYH—'—[Y?[ZvXH:O? (1)

where [, ] is the Lie bracket defined in Exercise 11,

Hint. By linearity, it suffices to consider the case when X,Y, Z are given in the local
coordinates z,..., 2" by

0 0 0
X—CL@, Y—b@, Z—C@,

where a, b, ¢ are smooth functions of z!,..., 2" and 1, j, k are some indices from 1, ..., n.



