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31. Ben Arous G., Léandre R., Décroissance exponentielle du noyau de la chaleur
sur la diagonale 1,2, Prob. Th. Rel. Fields, 90 (1991) 175-202 and 377-402.

32. Bendikov A., “Potential theory on infinite-dimensional Ablelian groups”, de
Gruyter Studies in Mathematics 21, De Gruyter, 1995.

33. Bendikov A., Saloff-Coste L., Elliptic diffusions on infinite products, J. Reine
Angew. Math., 493 (1997) 171–220.

34. Bendikov A., Saloff-Coste L., On- and off-diagonal heat kernel behaviors on
certain infinite dimensional local Dirichlet spaces, Amer. J. Math., 122 (2000) 1205–
1263.

35. Benjamini I., Chavel I., Feldman E.A., Heat kernel lower bounds on Riemannian
manifolds using the old ideas of Nash, Proceedings of London Math. Soc., 72 (1996)
215-240.

36. Berger M., Gauduchon P., Mazet E., Le spectre d’une variété riemanniennes,
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theorem, Proc. Lond. Math. Soc., 96 (2008) no.2, 507–544.

88. Courant R., Hilbert D., “Methods of Mathematical Physics, Vol. 1”, Interscience
Publishers, 1953.

89. Courant R., Hilbert D., “Methods of Mathematical Physics, Vol. 1I: Partial
differential equations”, Interscience Publishers, 1962.



BIBLIOGRAPHY 461

90. Cranston M., A probabilistic approach to Martin boundaries for manifolds with
end, Prob. Theory and Related Fields, 96 (1993) 319–334.

91. Cranston M., Greven A., Coupling and harmonic functions in the case of contin-
uous time Markov processes, Stochastic Processes and their Applications, 60 (1995)
no.2, 261-286.

92. Davies E.B., “One-parameter semigroups”, Academic Press, 1980.
93. Davies E.B., L1 properties of second order elliptic operators, Bull. London Math.

Soc., 17 (1985) no.5, 417-436.
94. Davies E.B., Explicit constants for Gaussian upper bounds on heat kernels, Amer.

J. Math., 109 (1987) 319-334.
95. Davies E.B., Gaussian upper bounds for the heat kernel of some second-order

operators on Riemannian manifolds, J. Funct. Anal., 80 (1988) 16-32.
96. Davies E.B., “Heat kernels and spectral theory”, Cambridge University Press,

1989.
97. Davies E.B., Heat kernel bounds, conservation of probability and the Feller prop-

erty, J. d’Analyse Math., 58 (1992) 99-119.
98. Davies E.B., The state of art for heat kernel bounds on negatively curved manifolds,

Bull. London Math. Soc., 25 (1993) 289-292.
99. Davies E.B., Large deviations for heat kernels on graphs, J. London Math. Soc.

(2), 47 (1993) 65-72.
100. Davies E.B., Lp spectral theory of higher-order elliptic differential operators, Bull.

London Math. Soc., 29 (1997) 513-546.
101. Davies E.B., Non-Gaussian aspects of heat kernel behaviour, J. London Math.

Soc., 55 (1997) no.1, 105-125.
102. Davies E.B., Mandouvalos N., Heat kernel bounds on hyperbolic space and

Kleinian groups, Proc. London Math. Soc.(3), 52 (1988) no.1, 182-208.
103. De Giorgi E., Sulla differenziabilita e l’analiticita delle estremali degli integrali

multipli regolari, Mem. Accad. Sci. Torino Cl. Sci. Fis. Mat. Nat., ser.3, 3 (1957)
25-43.

104. Debiard A., Gaveau B., Mazet E., Théorèmes de comparison in gèomètrie
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305. Pólya G., Szegö G., “Isoperimetric inequalities in mathematical physics”, Prince-
ton University Press, Princeton, 1951.

306. Porper F.O., Eidel’man S.D., Two-side estimates of fundamental solutions of
second-order parabolic equations and some applications, (in Russian) Uspekhi Matem.
Nauk, 39 (1984) no.3, 101-156. Engl. transl.: Russian Math. Surveys, 39 (1984) no.3,
119-178.

307. Qian Z., Gradient estimates and heat kernel estimates, Proc. Roy. Soc. Edinburgh,
125A (1995) 975-990.

308. Rauch J., “Partial differential equaions”, Graduate Texts in Mathematics 128,
Splinger-Verlag, 1991.

309. Reed M., Simon B., “Methods of modern mathematical physics. II: Fourier anal-
ysis, self-adjointness”, Academic Press, 1975.

310. Riesz F., Sz.-Nagy B., “Functional analysis”, Dover Publications, Inc., New
York, 1990.

311. Robin L., “Fonctions sphériques de Legendre et fonctions sphéröıdales. Tome III”,
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325. Saloff-Coste L., Pseudo-Poincaré inequalities and applications to Sobolev inequal-
ities, preprint

326. Schoen R., Yau S.-T., “Lectures on Differential Geometry”, Conference Pro-
ceedings and Lecture Notes in Geometry and Topology 1, International Press, 1994.
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Some notation

• R+ ≡ (0,+∞)
• esup – the essential supremum
• einf – the essential infimum
• f+ ≡ 1

2 (|f |+ f) - the positive part

• f− ≡ 1
2 (|f | − f) - the negative part

• [f ]ba ≡ f (b)− f (a)
• log+ x ≡ (log x)+

• ' “comparable to”; namely, f (x) ' g (x) if there exists a constant
C > 0 such that C−1g (x) ≤ f (x) ≤ Cg (x) for all x from a specified
domain.
• Br (x) – a ball in Rn, that is, Br (x) = {y ∈ Rn : |x− y| < r}
• Br ≡ Br (0) = {y ∈ Rn : |y| < r} .
• ωn – the area of the unit (n− 1)-sphere in Rn.
• 1A – the indicator function of a set A, that is, 1A (x) = 1 if x ∈ A

and 1A (x) = 0 otherwise.
• b “compact inclusion”; A b B means that the closure A of the set
A is compact and A ⊂ B.
• H – a Hilbert space
• ⇀ the sign of the weak convergence (in a Hilbert space)
• M – a Riemannian manifold
• x→∞ – a sequence of points on a manifold eventually leaving any

compact set.
• g – the Riemannian metric on M
• µ – a reference measure on M
• ∆µ – the weighted Laplace operator on M
• L – the Dirichlet Laplace operator on M
• Lp (M,µ) – the Lebesgue function space
• ‖ · ‖p ≡ ‖ · ‖Lp
• u ≤ v modW 1

0 means that u ≤ v + w where w ∈W 1
0 .

• d – the geodesic distance on M
• B (x, r) – a geodesic ball on M with respect to the geodesic distance
d (x, y).
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476 SOME NOTATION

Conventions.

• Summation is assumed over repeated indices. For example,

ξix
i =

n∑

i=1

ξix
i, aijuj =

n∑

j=1

aijuj , gijv
ivj =

n∑

i,j=1

gijv
ivj ,

etc.
• Letters c, C, c′, C ′, etc denote positive constants (depending on spec-

ified parameters) whose value may change at each occurrence.
• positive≡strictly positive, negative≡strictly negative, decreasing≡non-

increasing, increasing≡non-decreasing



Index

|α| - order of multiindex, 15

[α] - the weighted order, 170

B (M) - the class of Borel measurable
functions on M , 59

B (x, r) - the geodesic ball, 89

Br (x) - the Euclidean ball, 17

C (Ω), 15

Cb (M), 202

Cb (Ω), 120

Cb (Rn), 40

Ck (M), 51

Ck (Ω), 15

Ck0 (M), 51

Ckb (Rn), 41

C∞ (Ω), 16

C∞0 (Ω), 16

↪→, 16

b, 16, 49

', 36, 93
C∞

−→, 186
D
−→, 24, 97
D′
−→, 24, 97
W∞loc−→ , 186

D′ (M), 97

D′ (Ω), 24

D (M), 97

D (Ω), 23
~D′ (M), 98
~D (M), 98

δij - the Kroneker delta, 56

∆ - the Laplace operator, 1

∆µ - the weighted Laplace operator, 68

diag, 260

d (x, y) - the geodesic distance, 86

dJ - the tangent map, 92

ED (t, x), 399

EU - the spectral measure of U , 266

Eλ - a spectral resolution, 111, 113, 132,
190, 266, 449, 452

f ∗ g - convolution, 7, 17
ϕε - mollifier, 18
G - the Green operator, 341
g (x, y) - the Green function, 342
gΩ (x, y) - the Green function in Ω, 342
g - a Riemannian metric, 56
g−1, 58
gHn - the canonical metric on Hn, 77
gRn - the canonical metric on Rn, 57
gSn - the canonical metric on Sn, 72
Γ-function, 455
Γ - a function class, 372
Γδ - a function class, 376

Γ̃δ - a function class, 376
Gf , 341
GΩf , 341
gij , 57
gij , 58
〈·, ·〉 - inner product of tangent vectors,

57
〈·, ·〉 - pairing of vectors and covectors,

56
(f, g)L2 - the inner product in L2, 440
J∗ - pullback operator, 92
L - the Dirichlet Laplace operator, 105
LΩ - the Dirichlet Laplace operator in Ω,

144
Λ - a Faber-Krahn function, 367
Λ (M) - the class of Lebesgue measurable

functions on M , 59
λk (Ω), 277
λmin (A), 265
λmin (M), 111, 271
L - a function class, 371
Lδ - a function class, 376

L̃δ - a function class, 376
` (γ) - the length of a path, 86
Lip (M), 296
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Lip0 (M), 299
Liploc (M), 299
log+, 378
Lp (M), 98, 440
Lploc (M), 98
Lp (Ω), 16
~Lp (M), 98
~Lploc (M), 99
m (U), 267
∇, 6, 43, 58
‖ · ‖Ck , 16
‖ · ‖Lp , 440
‖ · ‖p, 439
‖ · ‖V k , k < 0, 171
‖ · ‖V k , k ≥ 0, 170
‖ · ‖W1 , 100
‖ · ‖Wk , k < 0, 37
‖ · ‖Wk , k ≥ 0, 34
‖ · ‖W2k , 183
‖ · ‖p→q, 365
‖ · ‖Lip, 296
Pt - the heat semigroup

= e−tL, 115, 117, 130
a convolution operator, 40
a smooth version of e−tL, 191
an integral operator, 201

PΩ
t - the heat semigroup in Ω, 144
pt (x) - the heat kernel in Rn, 4
pt (x, y) - the heat kernel, 198
pt,x (y), 191
R (f) - the Rayleigh quotient, 272
Rα - the resolvent, 106, 130, 219
RΩ
α - the resolvent in Ω, 144

rα (x, y) - the resolvent kernel, 262

Rk - the iterated resolvent, 133
supp - support

of a continuous function, 3, 51
of a distribution, 26, 97
of a function from L1

loc, 98
u = w modW 1

0 (M), 135
u ≤ w modW 1

0 (M), 135⊔
, 61

V (x, r), 303, 409

V k (Ω) , k < 0, 171

V k (Ω) , k ≥ 0, 170

V kloc (Ω), 171
W 1 (M), 100
W 1

0 (M), 104
W 1
c (M), 127

W 1
loc (M), 128

W 2(M), 104
W 2

0 (M), 104

W 2
loc (M), 130

W k (Ω) , k < 0, 37

W k (Ω) , k ≥ 0, 34
W 1

0 (Ω), 36, 158
W∞ (Ω), 152
W∞loc (Ω), 152

W k
loc (Ω) , k < 0, 38

W k
loc (Ω) , k ≥ 0, 34
Ws

0 (M), 188

W2k (M), 183

W2k
loc (M), 183
W∞loc (M), 186
ωn, 3, 82, 83

σ-Algebra, 435
Almost everywhere, 438
Anisotropic Sobolev spaces, 170
Area function, 82
Aronson, Donald G., 215, 339, 414
Atlas, 50
Azencott, Robert, 320

Basis in a Hilbert space, 432
Beltrami, Eugenio, ix
Bessel semigroup, 133
Bessel’s inequality, 432
Borel set

in Rn, 436
on a manifold, 59

Bottom eigenfunction, 275
Bottom of the spectrum, 265
Boukricha, Abderrahman, 362
Bounded convergence theorem, 114, 439
Bounded geometry, 312
Brooks, Robert, 320

C-manifold, 49
Canonical Euclidean metric, 57
Canonical hyperbolic metric, 77
Canonical spherical metric, 72
Carathéodory extension theorem, 435
Carlen, Eric A., 388
Carron, Gilles, 388
Cartan-Hadamard manifold, 368, 383
Cauchy problem, 4

in L2 (Rn), 45
L2-Cauchy problem, 112
Cauchy semigroup, 134
Cauchy-Schwarz inequality, 431, 440
Chain rule

for Lipschitz functions, 301
for strong derivatives, 121
for the Riemannian gradient, 59
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for the weighted Laplacian, 69
in W 1, 128
in W 1

0 , 123, 124
Chart, 49
Chavel, Isaac, 388
Cheeger’s inequality, 275
Ck-norm, 16
Closed operator, 109, 446
Compact embedding theorem, 214, 289

in Rn, 158
Compact inclusion, 16, 49
Compact operator, 168, 434
Comparison principle, 137
Complete measure, 435
Completeness of Lp, 440
Components

of a vector, 55
of the metric tensor, 57

Convergence
in D (Ω), 23
in D (M), 97

Convex function, 42
Convexity lemma, 43
Convolution, 17
Cotangent space, 56
Coulhon, Thierry, 388
Countable base, 49
Counting measure, 267
Covector, 56
Cutoff function, 19

Lipschitz, 300
on a manifold, 52

Davies, Edward Brian, x, 339
Davies-Gaffney inequality, 326
De Broglie, Louis, 2
De Giorgi, Ennio, 181, 215, 414
Delta function, 24
Density function, 67
Density of measure, 438
Diffeomorphism, 92
Differential, 56
Dirac, Paul, 2
Dirichlet Laplace operator, 105
Dirichlet problem, 105

weak, 105, 111, 135
Discrete spectrum, 265
Distribution

definition, 24
derivatives, 25
multiplication by a function, 25
non-negative, 136
on a manifold, 97

support, 26, 97
Distributional gradient, 99
Distributional vector field, 98
Divergence

on a manifold, 64
weighted, 68

Divergence theorem
in Rn, 3
on a manifold, 64

Dodziuk, Józef, 263, 429
Dominated convergence theorem, 439, 441
Doob, 252
Doubling volume property, 410

Eigenvalue, 434
Eigenvector, 434
Einstein, Albert, 2
Elliptic operator, 4, 162
Ellipticity constant, 162
Embedding

of linear topological spaces, 16
Essential spectrum, 265
Exhaustion sequence, 52, 144

compact, 52, 201

Faber-Krahn inequality, 367
in balls, 397
in unions of balls, 402
on direct products, 386
relative , 409

Faber-Krahn theorem, 367
Fatou’s lemma, 438
Fourier series, 432
Fourier transform, 8

inversion formula, 155
Fourier, Jean Baptiste Joseph, 1
Friedrichs lemma, 160
Friedrichs, Kurt Otto, 181
Friedrichs-Poincaré inequality, 159
Fubini’s theorem, 442
Functional calculus of operators, 453
Fundamental solution

of the heat equation, 243
of the Laplace operator, 342, 359
regular, 243

Fundamental theorem of calculus, 120

Γ-transform, 372
Gaffney, Matthew P., ix, 319
Gamma function, 455
Gâteaux derivative, 210
Gauss-Weierstrass function, 4
Gaussian upper bounds, 391
Geodesic ball, 89
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Geodesic completeness, 295
Geodesic distance, 86
Geodesics, 86, 295
Gradient, 58
Green formula, 104

for Laplacian on a manifold, 67
in Rn, 3

Green function, 342
upper bound, 414

Green operator, 341
Gross, Leonard, 388
Ground state, 358
Gushchin Anatolii Konstantinovich, 320

h-transform, 252
Hamilton, Richard, x
Hansen, Wolfhard, 362
Hardy inequality, 259
Harmonic function, 83, 189, 229
α-Harmonic function, 229, 354, 356
Harnack inequality

in Rn, 355
local, 353

Harnack principle, 356
Hausdorff space, 49
Heat kernel

asymptotics as t→∞, 292
existence, 191, 428
in half-space, 258
in Hn, 256
in Rn, 4
in Weyl’s chamber, 258
integrated upper bound, 399, 422
Li-Yau upper estimate, 413
of a weighted manifold, 198
off-diagonal upper bound, 404, 410
on model manifolds, 251
on products, 249
on-diagonal lower bound, 424
on-diagonal upper bound, 380
smoothness, 198, 208
under change of measure, 252
under isometry, 250

Heat semigroup
in Rn, 40
on a manifold, 115

Hermite polynomials, 69
Hilbert space, 431
Hilbert-Schmidt theorem, 434
Hölder conjugate, 439
Hölder inequality, 439
Hopf-Rinow Theorem, 295, 296
Hörmander, Lars Valter, 181

Hyperbolic space, 77

Induced measure, 71
Induced metric, 71
Infinity point ∞ on a manifold, 141
Initial value problem, 4
Integrable function, 437
Integral maximum principle, 321
Integration by parts formula, 3
Isometric manifolds, 92

Jacobian matrix, 60
Jorgenson, Jay, ix
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Krylov, Nikolai Vladimirovich, 181
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L-transform, 372
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Laplace operator
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on a manifold, 67
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Laplace, Pierre-Simon, 1
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Lebesgue integral, 437
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Lebesgue measure, 436
Lebesgue space, 440
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Levy distribution, 134
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Li-Yau estimate, 413
Liouville theorem, 355
Lipschitz constant, 33, 296
Lipschitz function, 33, 296
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Locally Lipschitz function, 299
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