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1 Laplace operator and heat kernel

A weighted manifold is a couple (M, ) where M is a Riemannian manifold and pu
is a measure on M with smooth positive density with respect to the Riemannian
measure jiy; that is, du = h%du, where h € C* (M), h > 0.

The weighted Laplace operator A on M is defined by

1
A =5 div (R*V).

Observe that A is a symmetric operator with respect to measure p. Indeed, for all

frg9 € C3° (M),

| @nygdu= [ a(295) gdny =~ [ 1209759 dso
M M M



whence

/M(Af)gduszngdu-

Furthermore, the operator A with the domain C§° (M) is admits the Friedrichs
extension to a self-adjoint operator in L? (M, i), which will also be denoted by A.

The heat semigroup {exp (tA)},., is defined by means of spectral theory as a
family of operators exp (tA) in L? (M, u1), and the heat kernel p; (x,y) is a unique
smooth positive function of ¢ > 0 and x,y € M such that

wﬂmzémmwﬂmww,

for all f € L?(M,p). It is known that p; (x,y) exists on any weighted manifold
and coincides with the minimal positive fundamental solution of the heat equation
‘?9—1; = Au on R, x M. Besides, the heat kernel satisfies the following properties.

e symmetry: py (:E, y) =Dt (yv $) ‘

e the semigroup identity:

pm@@ZAﬁ@@m@wW@- (1)

Recall that in R™ with the Lebesgue measure u, A is the classical Laplace oper-
n 2 . . . .
ator A=Y, 8‘9?, and its heat kernel is given by the Gauss-Weierstrass formula
k

( ) 1 ‘I _y‘Q
Xz =  — - €X — .
Dt » Y (47Tt)n/2 p 4t

Explicit formulas for the heat kernel exist also in hyperbolic spaces H" (when pu is
the Riemannian measure). For example in H?

(o) = — " e (=T 4 @)
P 9= (4t)*?sinhr AT '

For arbitrary H” the formula looks complicated, but it implies the following estimate,
for all t > 0 and z,y € H™

n—3

(1+r+t)z (1+7r) r?
Dt (1‘, y) = tn/2 exp —At — 4_t - \/XT ) (3)
where \ = @ is the bottom of the spectrum of the Laplace operator on H".



2 Uniform Faber-Krahn inequality

Let (M, u) be a weighted manifold. For any relatively compact open set 2 C M,
denote by A; (2) the smallest eigenvalue of the (weak) Dirichlet problem for A in
Q.

Let A be a function on (0,400). We say that a weighted manifold (M, i) sat-
isfies the (uniform) Faber-Krahn inequality with function A if, for any non-empty
relatively compact open set 2 C M,

A () > A (n(92). (4)

For example, R™ satisfies the Faber-Krahn inequality with function A (v) =
cv™?™. Also, any Cartan-Hadamard manifold of dimension n satisfies the Faber-
Krahn inequality with the same function A (but possibly with a different constant c).
If K is a k-dimensional compact manifold then the Riemannian product M = R™x K
satisfies the Faber-Krahn inequality with function

vy <1,
re e o V) 6

where n = dim M = k + m. Any n-dimensional manifold with bounded geometry

satisfies the Faber-Krahn inequality with the function
vy <1,
re = L0 U] )

v,

Theorem 1 Assume that (M, u) satisfies the Faber-Krahn inequality (4) with a
positive continuous decreasing function A such that

/O - AC“(’U) < . (7)

Then, for allt > 0,

(8)

sup p; (x,x) < ;
sup pu(@,@) < o

where the function v is defined by the identity

"M do
- / R (9)

Approach to the proof. Assuming that (4) holds, one deduces the following
Nash type inequality: for any non-zero function u € D,

2
[ 19z -l (20 ) (10
M

e [|ullZ:

for any € € (0,1). Then one applies Nash’s argument: extending (10) to u = p; (z, -)
and noticing that

1d
[ 1vult == [ ubudp =3 5l (1)
M M

and ||ul|z: < 1, one obtains from (10) and (11) a differential inequality for |lu||3, =
pot (x, ), whence the result follows. =



3 (aussian upper bounds

Fix some value D € (0, 00| and consider the following weighted integral of the heat
kernel:

d2
E(t,z) == / p2(x, ) exp ( (z Z)) dp(2). (12)
y Dt
A priori, the value of F (¢, ) may be +oo. For example, in R" E (¢,2) = o0 if D < 2.

Lemma 2 For all x,y € M, t > 0, the following inequality holds

pe(z,y) < \/E(t/Q,x)E(t/Q,y) exp (_dz(gty)) . (13)

Proof. For any points x,y,z € M, let us denote a = d(y, z), § = d(z,z) and
v = d(z,y). By the triangle inequality, a* + 5* > 142,

We have then

p(z,y) = /Pt/2($aZ)Pt/2(ya2)dM(Z)
M
82 2 “/2

< / pt/g(x, Z)eﬁptm(y, Z)eﬁe_ﬁdu(z)
M

2 262 % 2 202 242
< Pia(x, z)eprdu(z) Py, 2)eprduly) | e 2ot
M M

~ VEGZAE e (-5,

which was to be proved. m

Lemma 3 If D > 2 then for any x € M, the function E(t,x) is decreasing in t. In
particular, if E(t,x) < oo for some t =ty then E(t,x) < oo for all t > t.

Approach to the proof. The proof of the monotonicity of E (¢, x) amounts
to verifying that its time derivative is non-positive. It is essential for the proof that
2
IVd (z,-)| <1, which implies that the function ¢ (¢, z) = &% satisfies

Dt
o8

D .2
o+ Ve <0 (14



Theorem 4 Assume that, for some x € M and for all t > 0,

() < % (15)

where y(t) is an increasing positive function on Ry satisfying the doubling condition:
v(2t) < Ay (t) forallt >0 (16)

for some constant A > 1. Then, for any D > 2 and all t > 0,

!

E(t,z) < %, (17)

for some e =¢(D) >0 and C' =C" (A,C,D).
By putting together Theorem 4 and Lemma 2, we obtain the following result.

Corollary 5 Assume that, for some points x,y € M and for all t > 0,

C
pi(w, ) < and  p(y,y) < 0k (18)

71()

where v, and 4 are increasing positive function on Ry both satisfying (16). Then,
for any D > 2 and all t > 0,

¢ d(z,y)
e < e (<55t o

Corollary 6 On any weighted manifold (M, i) and for any D > 2, E(t,x) is finite
for all t > 0, z € M. Moreover, the function t — E (t,x) is continuous and
monotone decreasing.

Sketch of proof. By Theorem 4 and Lemma 3, it suffices to prove that for
any r € M there exist positive constants C' and 7" such that

pi(z,2) <Ct™2 forall0 <t <T, (20)

where n = dim M.

Fix a small relatively compact open set {2 containing the point z. By compact-
ness argument, the weighted manifold (€2, u) satisfies the following Faber-Krahn
inequality: for all open sets U C €, such that p (U) < 21(9),

M (U) = ep(U)2,

where ¢ > 0 depends on €). Hence, by a slight modification of Theorem 1, we obtain
that the heat kernel p* of (2, i) satisfies the estimate

pHx,x) < Ct™?%, forallt e (0,7),



where C' and T depend on §2.
Consider the function

ult,y) = pi(e,y) = pi(z,y)
and extend it to ¢ < 0 by setting u (¢,) = 0. This function satisfies in R x € the

equation % = Auwu and hence it is C*°-smooth in R x Q. In particular, the function

t — u(t, ) is bounded on [0, 77, say u(t,z) < C. Then we obtain, for all 0 <t < T,
pe(z,z) = pi(z, ) + u(t,z) < Ct™* 4 C,
whence (20) follows. m

Theorem 7 On any weighted manifold (M, p) and for any D > 2, there exists a
positive continuous function ®(t,x) on Ry x M, which is decreasing in t and such
that the following inequality holds

pe(z,y) < O(t,2)P(t,y) exp (—)\mint — %) , (21)

forall x;y € M and t > 0, where Ay s the bottom of the spectrum of —A on M.
Proof. Let us first set
1
O(t,x) = E(§t7x). (22)

By Corollary 6, this function is finite. By Lemma 3, the function ®(¢, x) is decreasing
in ¢. By Lemma 2, we obtain

pe(z,y) < O(t, 2)P(t,y) exp (— dz(x,y)> ) (23)

2Dt

This estimates still does not match (21) because of the lack of the term A\y;,t. To
handle it, let us find a positive smooth function h satisfying on M the equation

Ah+ =0
where A = A\pin. Consider the measure [t defined by dji = h?dp and the heat kernel
pr on the weighted manifold (M, ). Applying (23) on (M, 1), we obtain that there
exists a function ®(¢,x) decreasing in t such that

Pz, y) < B(t,2)B(t,y) exp (—d Q(gty)> . (24)

Using the relation between the heat kernels
pi(,y) = pu(w, y)h(x)h(y)e ™,
and (24), we obtain (21) with @ (£, z) = ®(¢,2)h (z). =
Remark. As it follows from the construction of the function ® (¢, ) and from the
proof of Corollary 6, for any compact set K C M there exist positive constants C

and T such that
O (t,x) <Ct™* forallze Kand 0 <t <T. (25)



4 Mean-value property

Here we present an alternative method of obtaining Gaussian upper bounds, which
avoids using F(t,x) and, instead, is based on a certain integral estimate of the heat
kernel and the mean-value property.

The following theorem shows that the Gaussian exponential term appears natu-
rally in the heat kernel upper estimates on arbitrary manifolds.

Theorem 8 Let (M, 1) be a weighted manifold and let A and B be two p-measurable
sets on M. Then

A[Bpt(m,y)du(x)du(y) < /p(A)u(B) exp (—M) , (26)

4t

where d(A, B) is the geodesic distance between sets A and B.

To obtain pointwise bounds from (26) one needs to combine it with a mean-value
property.

Definition. We say that the manifold M admits the mean-value property (MV) if,
for all t > 7 > 0, z € M and for any positive solution u(s,n) of the heat equation
in the cylinder (¢ — 7,¢] X B(z,+/T), we have

Cj t
u(t,z) < W/ (/f) u(s, z)du(z)ds. (27)

t—7 B(x,\/T

tX)

u=Au

(t-t,%)

X

B(x,V1)

Figure 2:

Theorem 9 Assume that the mean-value property (MV') holds on the manifold M.
Then, for all x € M andt > 0,

(28)



Moreover, for all x,y € M, t >0, D > 2,

"E i : Vi) o (-5 )
V(y,

Theorem 9 admits a localized version. We say that the manifold M admits a
restricted mean-value property (MVzyrtg), for some x,y € M and 7¢ € R, if the

inequality (27) holds for all 7 € (0, 7] in each of the balls B (z,+/7) and B (y,/T).
If M admits (MVxyrg) then similarly to the above theorem we obtain

C’ d*(x,y)
i ()

where 7 = min(¢/2, 79).

Observe that the property (MVzyrg) holds on any manifold: for any given
x,y € M, there exists 7 such that (MVzyr) is true. However, the constant C' in
the mean-value inequality (27) depends on the certain geometric properties of the

balls B(x, /7o) and B(y, \/To).

Definition. We say that a weighted manifold (M, i) satisfies the volume doubling
property if, for all x € M and r > 0,

V(z,2r) < CV (x,r).

It is known that the volume doubling condition implies the volume comparison
condition: for all 0 <r < R and x € M,

V(x,R) <c <§>N7 (31)

with some N > 0. Assuming (31), one can improve the estimate (29) as follows.

Theorem 10 Assume that (M, p) satisfies the mean-value property (MV') and the
volume comparison (31). Then, for all x,y € M and t > 0,

e () )

where d = d(z,y).

Note for comparison that on S™ the heat kernel at the poles z,y admits the

estimate . ,
c d\"" d
pe(@y) ~ s (1 + %) exp <_4_t) , t—0,

which shows the sharpness of (32).



5 Relative Faber-Krahn inequality

Let (M, 1) be a geodesically complete weighted manifold.

Definition. We say that (M, u) satisfies the relative Faber-Krahn inequality if there
exist positive constants 0, c such that, for any geodesic ball B (x,r) on M and for
any non-empty relatively compact open set Q C B (z, ),

N> S (%)5 (33)

For example, the relative Faber-Krahn inequality holds in R" with § = 2/n since
V (z,r) = cr™ and hence (33) amounts to the uniform Faber-Krahn inequality (4)
with A (v) = cv=2/",

Theorem 11 If M has non-negative Ricci curvature and p is the Riemannian vol-
ume then (M, ) satisfies the relative Faber-Krahn inequality.

Approach to the proof. The following key property of manifolds of non-
negative Ricci curvature is used in the proof of this theorem. For any z,y € M
let v,, : [0,L] — M be a shortest geodesic between x and y, where L = d(z,y),
Yoy (0) = 2 and v, , (L) = y. For any x € M and 0 < s < 1, define a homothety
IS M — M by T (y) =7,y (sL).

Figure 3: Homothety I'Y

Then there exists ¢ > 0 such that for any % < s <1 and any Borel set A C M,
p (L5 (A) > cu(A). (34)

]

Furthermore, if a homothety with the property (34) can be defined on some
manifold (M, p) then this manifold satisfies the relative Faber-Krahn inequality.

The class of weighted manifolds with the relative Faber-Krahn inequality is much
wider than those with non-negative Ricci curvature. In particular, this class is stable
under quasi-isometry. Another example of stability: a connected sum of k copies of
the same manifold satisfying the relative Faber-Krahn inequality also satisfies the
relative Faber-Krahn inequality.



Theorem 12 The relative Faber-Krahn inequality implies the volume doubling and
the mean value property.

Combining with Theorem 9 or 10, we obtain heat kernel bounds under the rela-
tive Faber-Krahn inequality.

Theorem 13 The following conditions are equivalent:

(a) (M, u) satisfies the relative Faber-Krahn inequality.

(b) (M, p) satisfies the volume doubling property and the heat kernel on (M, )
admits the estimate

(35)

forall x € M and t > 0.

(¢) (M, ) satisfies the volume doubling property and the heat kernel on (M, )

admits the estimate
d2
exp (—c (x,y)) , (36)

pt(-fﬁay)fm ;

forall x,y € M and t > 0.

The constant ¢ in the exponential in (36) can be made arbitrarily close to %1. In

fact, it can be taken exactly i at the expense of additional factors as in the following
statement.

Theorem 14 Let (M, ) satisfy the relative Faber-Krahn inequality. Assume in
addition that for some N > 0 and for all0 <r < R and x € M,

“//((Z’f)) <C <§>N. (37)

Then, for all x,y € M and t >0,

C d(z,y)\ " ( d(x,y>2>
(z,y) < 1+ exp [ ——=222 ). (38)
o W@swwy,ﬂ)( @) =

Note that the volume comparison (37) follows from the relative Faber-Krahn
inequality (33) with N = 2. However, N in (37) does not have to be 2.

10



6 On-diagonal lower estimate

The following result allows to obtain an on-diagonal lower bound from an upper

bound.
Theorem 15 Assume that for some point x € M,
V(z,2r) < CV (x,r) forallr >0

and
for all t > 0.

Then, for allt > 0,
(39)

Corollary 16 The following conditions are equivalent:

(a) (M, u) satisfies the relative Faber-Krahn inequality.

(b) The heat kernel on (M, ) satisfies the estimates

exp (_M) . (40)

C
pt(@"ay)ﬁm ;

forall z,y € M andt > 0, and

pe (2, m) > ———— (41)

V (z,Vvt)2)’
for allx € M andt > 0.

Corollary 17 If M has non-negative Ricci curvature and p is the Riemannian vol-
ume then the heat kernel on (M, u) satisfies the upper bounds (36), (38) and the
lower bound (39).

7 Harnack inequality and Li-Yau estimate

In this section we assume that (M, p) is a geodesically complete weighted manifold.
We say that the heat kernel on (M, ) satisfies the Li- Yau estimate if, for all z,y € M

and t > 0, )
. ¢ ex —c—d2 (2.9
me) = gy e () (42

P. Li and S.-T. Yau proved this estimate on geodesically complete Riemannian man-
ifolds with non-negative Ricci curvature using the gradient estimates (see Theorem
22 below).

11



We say that (M, ) satisfies the (uniform parabolic) Harnack inequality if, for
any ball B (z,r) on M and for any positive solution u (¢, x) of the heat equation in
the cylinder C = (0,7?) x B(z,7), the following holds:

supu (t,z) < Cinfu (¢, x)
c_ Cyt

where C_ = (372,37%) x B (z,37) and Cy = (312,7%) x B (2, 37).

4" 72 4

R

C+

C-

wr? —

T T R

Figure 4: Cylinders C, and C_

It is well known that the Harnack inequality holds for uniformly parabolic equa-
tions in R™. The relation to heat kernels is given by the following statement.

Theorem 18 A manifold (M, 1) satisfies the Li- Yau estimate if and only if it sat-
1sfies the uniform Harnack inequality.

To characterize manifolds with the Harnack inequality, we need one more notion.
We say that a weighted manifold satisfies the (weak) Poincaré inequality if there
exists € € (0,1) such that for any ball B (z,r) and for any function u € C* (B (z,r)),

inf/ (u—s)du < 07"2/ (V| dp. (43)
B(z,er)

seER B(Z,T)

(The term “weak” refers here to the factor e < 1).

Theorem 19 A manifold (M, ) satisfies the Harnack inequality if and only if it
satisfies the doubling volume property and the Poincaré inequality.

Hence, the Li-Yau estimate holds if and only if the doubling volume property
and the Poincaré inequality hold.

Theorem 19 admits a localized version: Harnack inequality holds in all balls of
radii < R if and only if the doubling volume property and Poincaré inequality hold
in all balls of radii < R’.

The proof of Theorem 19 uses the following result, which is of its own interest.

12



Theorem 20 If (M, ) satisfies the Poincaré inequality and the volume doubling
property then it satisfies the relative Faber-Krahn inequality.

Note that the converse to Theorem 20 is not true: it is possible to show that
a connected sum of two copies of R", n > 3, satisfies the relative Faber-Krahn
inequality but not the Poincaré inequality.

Using Corollary 16, we obtain that the Poincaré inequality and the doubling
volume property imply the upper bound and the on-diagonal lower bound in (42).
The off-diagonal lower bound requires additional tools, which we do not touch here
and which are similar to Moser’s original proof of the Harnack inequality in R".

Connection to the Ricci curvature comes from the following statement.

Theorem 21 If M has non-negative Ricci curvature and p is the Riemannian vol-
ume then (M, ) satisfies the Poincaré inequality and the volume doubling property.

In fact, both Poincaré inequality and volume doubling property come from the
property (34) of the homothety on such manifolds. Clearly, Theorems 21 and 20
imply Theorem 11.

Successive application of Theorems 21, 19, and 18 yields the following result.

Theorem 22 [f M has non-negative Ricci curvature and p is the Riemannian vol-
ume then the heat kernel on (M, i) satisfies the Li-Yau estimate (42).

The above results are schematically presented on the diagram:

Homothety .
<— Ricei> 0 — Gradient estimates
property ’ ‘

4 4 Y
2 z,
Vol doubling & Harnack (z,y) = Cexp (*C%y))
Poincaré inequality PeiT: ¥) = V(z,V1)
\ \ Y
Cexp cd2<f’y))
Helative Vol doubling & p(@y) S =7
Faber-Krahn < MV i it <~ (z,2) > c
inequality neduanty P, T) = V(z.Vt)
Vol doubling

8 Estimates of derivatives of the heat kernel

Fix some D € (2, +oc| and consider again the quantity

E(t,x) = /Mp?(ﬂf,y) exp (CF(DL;”) dp(y),

as well as

B )= [ 190 e (252 duty)

13



and

Ba) = [ 180 e (T ) auty

where both operators V and A act on the variable y. More generally, set

Bt = [ 19 e (D50 ) duty

where

Un = A2 n even,
N VA%, n odd.

The quantity F, can be used to obtain pointwise estimates for the time derivative
of the heat kernel. The following inequality is similar to Lemma 2.

Lemma 23 For all x,y € M and t > 0, we have

"pe(z,y) d*(z,y)
A A S Sl VA
L280)] < BmDE  e (- T
Approach to proof. Using the semigroup identity
pt(xvy) = / pt—s(xa z)ps<ya Z)dﬂ(Z),
M
we obtain
a" a"
%pt(% y) = o %pt—s(xa 2)ps(y, z)dpu(z)

_ /M Apr (0, 2)paly, 2)du(2).

Taking s = t/2 and using Cauchy-Schwarz inequality as in Lemma 2, we finish the
proof. m

This method does not work for estimating |V,p: (z,y)| as we would need V,
under the integral. However, if one knows a priori that

|vacpt (l‘7 Z)| = |Vzpt (fL’, 2)|

then one can obtain in the same way a pointwise estimate for |V.p; (z,y)].
Our next purpose is to obtain the estimates for E, (¢, ).

Theorem 24 For any x € M, the function t — E, (x,t) is a finite, continuous,
and decreasing (as long as D > 2).

Theorem 25 Assume that, for some x € M and all t € (0,7T)

E(z,t) < —

1
f(#)

14



where f (t) is some positive Ly, function on (0,T). Define a function f, (t) on (0,T)
by induction as follows:

fo= 1 funa(t) = /0 fu(7)dr.

Then, for allt € (0,T),

_ D=2
where ¢ = D/zis-

In fact, f,, can be defined explicitly by

o= [ e

For example, if f () = t* then f, (t) = C,t*™.

Corollary 26 If (M, u) satisfies the relative Faber-Krahn inequality (33) then for
all v,y € M andt >0

N+n+1
on C <1 + d(j’iy)> d(z,y)?
%pt (z,y) < exXp | — 4;5 5
1V (@ VOV (3, VD)

where N is the exponent of the volume comparison condition (37).

15
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