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ON LIOUVILLE THEOREMS FOR HARMONIC FUNCTIONS
WITH FINITE DIRICHLET INTEGRAL
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ABSTRACT. A criterion for the validity of the D-Liouville theorem is proved. In §1
it is shown that the question of L°- and D-Liouville theorems reduces to the study
of the so-called massive sets (in other words, the level sets of harmonic functions in
the classes L and L*° N D). In §2 some properties of capacity are presented. In §3
the criterion of D-massiveness is formulated—the central result of this article—and
examples are presented. In §4 a criterion for the D-Liouville theorem is formulated,
and corollaries are derived. In §§5-9 the main theorems are proved.
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Introduction

The classical theorem of Liouville states that any bounded harmonic function on R™
is constant. It is easy to verify that the following assertions are also true:

1) If the harmonic function « on R™ has finite Dirichlet integral then u = const.

2) If w € LP(R™) is a harmonic function, 1 < p < oo, then u = 0.

The list of theorems of this kind can be extended; they are known in the literature
under the general category of Liouville-type theorems.

After Moser’s paper [1], which in particular proved Liouville’s theorem for entire
solutions of the uniformly elliptic equation

> 2 (w@at) =0 o

t,y=1

it became possible to study the solutions of the Laplace-Beltrami equation(!) on arbitrary
Riemannian manifolds. The main efforts here are directed towards finding under what
geometric conditions one or another Liouville theorem is true.

Let M be a smooth Riemannian manifold with boundary @M (possibly empty). The
function u € C°°(M) is called harmonic if it satisfies the Laplace-Beltrami equation

Au=0 (2)
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(see the definition of the operator A in [2]) and the boundary condition
du/dv = 0, (3)

where v is the normal to the boundary dM.(?)

If A is some class of functions on M, then by the A-Liouville theorem we mean the
assertion that any harmonic function in the class A is equal to a constant. The monograph
[5] is devoted to the classification of Liouville theorems. In this article we shall primarily
take up the D-Liouville theorem, where D is the class of functions on M with finite
Dirichlet integral.

It is well known (3] that, for 1 < p < oo, the LP-Liouville theorem is satisfied on any
complete manifold. For the P-, L1-; L*®- and D-theorems this is not so (P is the class
of positive functions). Existing counterexamples [6] suggest that at least the P-, L®-,
and D-Liouville theorems fail in the presence of “narrow” places on the manifold. On
the other hand, the known sufficient conditions for these theorems to hold (see [4] and
(7]-{11]) in some sense or other exclude “narrow” places.

Up to now, for none of the Liouville theorems indicated above was there known a
necessary and sufficient condition ensuring its satisfaction. In this article, a criterion
for the D-Liouville theorem is proved, which confirms that the sole obstruction for this
theorem to be true is the presence of a “narrow” place on the manifold.

By a theorem of Ahlfors (see [5]), if there exists a nontrivial harmonic function with
finite Dirichlet integral, then there exists a like function which is bounded as well. There-
fore, throughout the following, we shall consider only bounded harmonic functions.

The main theorem is formulated in §4. Let us present two corollaries.

1. If the Riemannian manifolds M; and My are quasi-isometric and the D-Liouville
theorem holds on M, then it also holds on M,.

It would be interesting to find out whether the analogous assertion is true for other
Liouville theorems.

2. Let M be a complete, n-dimensional, spherically symmetric manifold. Then for
n > 4 the D-Liouville theorem holds on M.

For n = 2 this is not so, and for n = 3 it is not known (for more details see §4).

A few words on the structure of this article. In §1 we prove that the question of L*°-
and D-Liouville theorems reduces to the study of the so-called massive sets (in other
words, the level sets of harmonic functions in the classes L* and L* N D). In §2 some
properties of capacity are given. In §3 the criterion of D-massiveness is formulated—the
central result of this article—and examples are given. In §4 the criterion for the D-
Liouville theorem is formulated and corollaries are derived. In §§5-9 the main theorems
are proved.

The numbering of the theorems, lemmas, etc. is sequential through the whole article,
while the formulas have their own numbering in each section.

A variant of Green'’s formula is proved in the Appendix.

Notation and terminology. M is a smooth, connected, noncompact Riemannian mani-
fold; M is the boundary of M; n = dim M;V and A are the gradient and the Laplacian
on M; 8/dv is the derivative in the direction of v; dV is the volume element of M; dS is
the (n—1)-volume element on (n—1)-submanifolds on M; D(u, ) = [, [Vu[?dV; D(u) =
D{u, 1), where (1 is the domain of u;u| 4 is the restriction of the function u to AN,
where  is the domain of u; a smooth hypersurface is a C'°°-submanifold of codimen-
sion 1 transversal to the boundary of the manifold; 2 has smooth boundary & 91 is

(2)Condition (3) does not restrict generality, although the first impression may be to the contrary. If
we wish to consider solutions of {2} without a boundary condition, then the boundary can be excluded
from the manifold.
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a smooth hypersurface; and {By} is an exhaustion of M, i.e. a sequence of precompact
open subsets By such that By C Bgy1, U(I’o B, = M, and 0By are smooth.

§1. Massive sets

DEFINITION 1. Let {2 C M be an open subset with smooth boundary. The set 1 is
called massive if there exists a function u € C°(Q\(dQ N 3M)) such that

0<u<l inf), (1)
Au=0, (2)
ulan =0, (3)
Ou/dv|am = 0. (4)

If in this case D(u) < oo, then (2 is called D-massive.
Obviously, a massive set is noncompact. The significance of the concept of massiveness
for our purposes is shown by the following proposition.

PROPOSITION 1. A nontrivial bounded harmonic function (resp., with finite Dirichlet
integral) ezists on the manifold M if and only if there exists a smooth hypersurface T
dividing M into two massive (resp., D-massive) subsets.

The hypersurface I' is the “narrow” place discussed in the Introduction.

Note that massiveness is an intrinsic property of the set {}. Massiveness can also be
interpreted thus: the massive sets are the sets in which there is no Phragmén-Lindel6f
type theorem, i.e. a positive harmonic function with zero Dirichlet boundary condition
need not go to infinity.

PROOF OF PROPOSITION 1. If there exists a nontrivial bounded harmonic function
u on M, then as I one can take the level set {u = a}, where a € (inf u, sup ) is a regular
value of u (i.e. a common regular value of the functions u| ; and u|aa). Clearly, the

sets {u > a} and {u < a} are massive, and D-massive if D(u) < oo.

Now let the smooth hypersurface I' divide M into two massive subsets {1 and M\Q.
We construct on M a bounded harmonic function which is not equal to a constant.
First we construct an increasing sequence {Q,,}, m = 1,2,..., of open sets with smooth
boundaries, such that 2, D> @ and UJ;° 0, = M. Let us show that all the (), are
massive. Let u be a function on ( satisfying (1)-(4). We construct a function u,, in Q,,
satisfying the analogous conditions. Let {By} be an exhaustion of the manifold M (see
the notation list), where 3By is transversal to 9€),, for all k and m. We solve in Q,, N By
the following boundary value problem for the unknown function v (see Figure 1):

Avg =0, vklon, =0, vlagna=0, vklamna=1u, Ovx/0v|am =0.

X

R &

_ am
3 =0

<

FIGURE 1
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It follows from the maximum principle that 0 < v < 1 in 0, N B, and v > u
in 2 N Bg. From these inequalities and the maximum principle again, it follows that
Uk+1 = Uk in the common domain of definition. We thus have a bounded increasing
sequence of harmonic functions {vg}. It has a limit as k¥ — oo, which we denote u,,,
satisfying conditions (1)-(4) in {1,.

Now let m — o0o. We redenote the function vx by vk, and observe that, by the
maximum principle, we have vg(pm41) = Vkm in (yy N Be. As k — oo we obtain up41 >
Um > u. Therefore, there exists a bounded harmonic function s = lim,, oo unm, defined
on M, where in (2 we have uy, > u.

Let us prove that us is not equal to a constant. Indeed, we use us > u and the
massiveness of the set M\(, which so far has not been applied. Let v be a function
on M\(Q satisfying conditions (1), (2), and (4), and, in place of (3), satisfying v|r = 1
(i.e. we subtract from 1 a function satisfying (1)-(4)). Moreover, it can be assumed that
inf v = 0. From the maximum principle it follows that in B N (Q,,\Q) we have v > vgp,.
Therefore, on passing to the limit as k — oo and m — oo, we get v > uy in M\(). But
it is easy to see that a constant cannot simultaneously satisfy the conditions ue, > u and
Uge < v. Therefore, u is the desired nontrivial bounded harmonic function on M.

It remains to prove that if Q and M\{} are D-massive, then D(uy) < co. It suffices
for us that the set ) be D-massive, i.e. D(u) < 0o0. Indeed, from the definition of the
functions vy and from Green’s formula(®) it follows that

0
D(vk)=/ |Vvk|2dV=/ vk—dS+/ vi =X dS
QN By 3(QmnBy) OV AMN(QnnBy) OV

- / s 2k g = w2% gs.
oBina OV aBina OV

From vk > u and vk | aB.na = v it follows that dve /v < du/dv on By N, where v
is the outward normal to dBy. Thus,

D(vy) g/ w245 =/ |Vul?dV < D(u).
aBynn OV BiNQ
Therefore, passing to the limit as ¥ — oo and m — oo, we obtain D(uy,) £ D(u) and
D(ux) € D(u) < co. Proposition 1 is completely proved.

Observe that we have actually proved the following property of massive sets: if (1
and ' are subsets of M with smooth boundaries and (1 C (¥, then the massiveness {D-
massiveness) of (1 implies the massiveness (D-massiveness) of {)'. We present another
useful property: if ¥ C 0 and Q\(Y' is compact, then the massiveness (D-massiveness)
of {2 implies the massiveness (D-massiveness) of (). We omit the proof, since we shall
not be needing this property. From it and from Proposition 1 the following result can
also be derived (first proved by N. S. Nadirashvili by a different method). Let the
manifolds M; and M, be such that, if a compact subset is removed from each of them,
the the remaining parts M| and M} are isometric. If the L*-Liouville theorem (or the
D-Liouville theorem) is satisfied on M;, then it is also satisfied on M.

§2. Capacity and type

DEFINITION 2. A capacitor on the manifold M is any triple of sets (F}, F3; (1), where
F; and F, are closed and ) is open. The capacity of the capacitor (Fp, Fo;(}) is the
number

cap(Fl,Fg;Q)zinf/ |Vpl|2dV,
¥ Ja

(3)See §5 and the Appendix.
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where the infimum is taken over all admissible functions ¢, i.e. locally Lipschitz functions
on () such that ¢ |r, =1 and @ |, =0.

Note that a value of oo is allowed for capacity.

Let us present some well-known properties of capacity.

1.
cap(Fl,Fg;ﬂ) cap(Fg,Fl;Q) :Cap(aFl,aFg;Q)

cap(0F;, 0Fy; Q\(F1 U Fy)).

2. IfQ c (V, then
cap(Fy, Fa; Q) < cap(Fy, Fy; ().

Indeed, if ¢ is admissible for (Fy, Fo; ') and ¢ “almost” realizes the capacity, then
cap(Fy, Fo; V) = | |Vp|?dV —¢e > / [Vo|?dV ~ ¢
o O

> cap(Fy, Fp; Q) — ¢,

since ¢ | & is admissible for (F1, F2;Q). It remains to let ¢ — 0.
3. If F; C FY, then
cap(Fy, Fy; (1) < cap(Fi, Fa;Q).

Indeed, broadening Fj restricts the class of admissible functions, and thereby raises
the inf in the definition of capacity.

4. Let {1 be a precompact set, and let F; and Fy be the closures of open sets, where
the boundaries 912, 3F,, and OF, are smooth and pairwise transversal. Let FyNFy = &.
Let u be a solution in (g = Q\(F; U F3) of the following boundary value problem:

Au=0, ul|ar =1, u|or, =0, du/ov =0.
8QUAM
Then 3
cap(Fy, Fa; Q) =/ |Vu2dV =/ 2 s, (1)
(913 aFlnﬁo dv

where v is the normal to dF; which is outward with respect to Q.

By smoothness of the boundary and the compactness of 7, the classical solution of the
above-indicated boundary value problem exists and is unique. The function u is called
the capacity potential of the capacitor (Fy, F3;(2). The proof of (1) is standard and will
be omitted (see, for example, [15]).

With the help of capacity, the notion of type of an open set (parabolic or hyperbolic)
is defined. Let () be an open subset of M with smooth boundary, and let ¥ be a compact
set lying in €. Let {Bx} be an exhaustion of M. We define

cap(F,o00;)) = klim cap(F, 0\ Bx; Q).
—00

From property 3 of capacity it follows that the sequence of capacities is monotonically
decreasing, so that the limit exists. Hence the limit does not depend on the choice of
exhaustion sequence {By}. Finally, by the compactness of F' and By, the successive
capacities are finite, so that cap(F,oco; Q1) < oo.

DEFINITION 3. We say that Q has parabolic type if, for any compact set F C (),
cap(F, 00; 1) = 0. Otherwise, (2 has hyperbolic type.

REMARK. This terminology is analogous to that used in the theory of Riemann
surfaces. As we know, a simply connected noncompact Riemann surface is conformally
equivalent to the plane or the disk. In the first case we say it has parabolic type, and in
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the second, hyperbolic. It is easy to prove that the capacity of any compact set in the
plane is zero, but not for one in the disk, so that the definition of type in the theory of
Riemann surfaces is compatible with Definition 3. The problem of determining the type
of a set reduces to obtaining estimates of its capacity. Some of these estimates, as well
as sufficient conditions for parabolic or hyperbolic type are given in [12]. In particular,
the cone(?) in R", n > 3, has hyperbolic type.

We shall need the following properties of sets of hyperbolic type.

1. If 2 and €Y are open sets with smooth boundaries, {2 C (¥, and 1 is of hyperbolic
type, then ¥ is also of hyperbolic type.

The proof follows from properties 2 and 3 of capacity.

2. If O has hyperbolic type and the compact set F C Q has nonempty interior, then
cap(F, 00; Q) > 0.

PROOF. Let G be a nonempty open set with smooth boundary lying in F N 2. It
suffices to prove that cap(G,o0; ) > 0. By the hyperbolicity of 2 there exists in Q a
compact set of positive capacity. We extend it to a precompact open set G’ O G. It can
be assumed that the boundary 9G’ is smooth and transversal to 9€). Let u; and uj, be the
capacity potentials for the capacitors (8G, 8 B; Bx\G) and (8G’, 8 By; Bk\é'). From the
maximum principle it follows that the sequences {ux} and {u}} increase monotonically,
and therefore have limits u and v, where ux < uj, and u < v’. Observe that

ou — ou’ et
—dS = cap(G, 00; ), —dS = cap(G, 005 (1).
/z?G 61/ ( ) 3G’ 01/ ( )
Indeed, by properties of capacity,
cap(G, O\ By; ) = cap(0G, dBy; Bx\G) = %ds —_ %dS.
3G ov k—oo Jaag ov

Passage to the limit is possible thanks to a Schauder estimate of the solution up to the
boundary see ([17], Appendix IV, §5). The second relation is proved the same way. Since
cap(@’,oo;ﬂ) > 0, it follows that «/ # const and u’ < 1 outside G. From u < ' it
follows that u # const, and by the lemma on the normal derivative

dis >0, cap(G, 00; Q) > 0.
aG Bu

§3. A criterion for D-massiveness

THEOREM 1. Let(} C M be an open set with smooth boundary. Then () is D-massive
if and only if (1 contains a subset 1y of hyperbolic type whose closure {1, is noncompact,
lies in 1, and satisfies cap(9Q, 90 ; O\ Q) < oo.

This theorem will be proved in §§5-8. Right now, let us present some examples of
D-massive sets.
EXAMPLE 1. Let 2 C R"™ be the exterior of the domain of revolution

F={zeR"|zn, 20, r < f(za)}, (1)

where r = /22 +--- +22_,, and f: [0,+00) — [0, +00) is monotonically decreasing for

Zn, > 1 (the differential properties of f are such that 9} is a smooth hypersurface in
R").

(*)Smoothed at the vertex.
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Then 1 is D-massive if and only if

[e ]
/ f(z)" 3dz < oo, n>3; (2)
° dz 5
| ey <= = @
PROOF. Let (2) or (3) be satisfied. The D-massiveness of {1 will follow from
cap(9Q, € ; A\ ) = cap(F, 013 R™) < oo, (4)

where (1, is the exterior of a sufficiently large cone containing #.(®) For the proof of (4)
we use the semiadditivity of capacity:

o0
cap(F, 1;R") < Y cap(Fm, (115 R™),
m=0
where
Fpn={z€eR"|2™ <z, <2™t! r<f2™)}, m>1, Fo=Fn{z, <2}
Further,
cap(Fm, Q1;R™) < cap(Fin, 0Gm; Gm),

where G,, is a 2™ !-neighborhood of F,,,.
If o4 is the (n — 1)-measure of the set of points in R™ whose distance from F,, is t,
then by a capacity estimate of [12] we have

2m—1

cap(Fom, 0Grm; Grm) < ( / ﬁ)
0 (247

Clearly, o; < const(t + f(2™))?~22™ (m > 1), so that

fem)n=3am, n>3,
cap(Fm, 0Gm; Gm) < const 2m ne3
In(1+2m-1/f(2m))” =7

By (2) or (3), we get .7° cap(Fm,8Gm; Gp) < 0o, whence follows (4).

Now let integral (2) diverge, and let {; be an arbitrary subset of {2 of hyperbolic type,
{1; noncompact. We prove that cap(9Q, 8Q;;Q\Q) = oo.

Let S, be the sphere in R™ of radius r with center at the point O, A, = S\,
B, = S, N0, a, = measp_1A,, by = meas,_1B,, and ? , = meas,_15,. From the
definition of capacity it follows that

oo
cap(09;9Q:; O\Q) > / cap(Ar, By; S, )dr. (5)
1
From a capacity estimate of [12] it follows that
-1
20,—b
r r dv
:S,) > —_—
cap(A,, By; ;) > (/a g(v)g) : (6)

(3) In R2 there are no massive subsets, due to the parabolic type of R?.
(%) Q1 has hyperbolic type, since it contains a cone.
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where g(v) is the isoperimetric function on S,, i.e. g(v) = const - v("~2)/("=1) for 4 < g,
and g(v) = g(20, — v) for v > o,. Evaluating the integral (6) and substituting into (5),
we obtain

el © dr
cap(69, 803 O\ ) > const /1 T T )
r 4
Note that the divergence of (2) implies
& dr
/ BT % (®)
Since €); has hyperbolic type, it follows that (see [12])
*© dr
— < o0, (9)
b,

By Lemma 1, which we shall prove in the next section, it follows from (8), (9), and the
boundedness of a, that the integral (7} diverges. By Theorem 1, {1 is D-massive.

The case n = 3 is treated analogously.

EXAMPLE 2. We construct in R", n > 3, a subset {2 diffeomorphic to half-space, in
which there exists a nontrivial bounded harmonic function with finite Dirichlet integral.

Let the function f satisfy (2) or (3), let F be the set (1), and let T = dF N {z; = 0}.
Let the region {2 be such that 9Q contains I', and the sets Q. = 2N {z; > 0} and
- =0Qn{z; <0} contain the cones K, and K_ respectively (see Figure 2). Then (
is the desired region.

FIGURE 2

Indeed, by Proposition 1, it suffices to prove that {1, and {I_ are D-massive. By
Theorem 1 this will follow from cap(F N {z; = 0}, K+;{11) < oo and the analogous
inequality for K_ and Q_.

By the properties of capacity in §2, we have

cap(F N {z; = 0}, K4;Qy) < cap(F, K;;R™) < cap(F,{1;;R") < o0,

where 0 is the exterior of a cone containing F but not containing K, or K_ (see

Example 1).
EXAMPLE 3. In the Lobachevsky plane, any angle(?) is a D-massive set.

(") Smoothed at the vertex.
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Note, first, that an angle has hyperbolic type. This follows, for example, from the
isoperimetric inequality [13] and the hyperbolicity condition [12]). Consider the two angles
2 and ; (©2; C Q) in the Lobachevsky plane, whose sides meet at the point O. Let
these angles have a common symmetry axis, and let the angular measure of {2 be greater
than the angular measure of {1;. We prove that the D-massiveness condition is satisfied:
cap(09, 001, N\ Q) < oo.

Let (r,6) be polar coordinates with pole at O. For suitable ¢; and ¢y the function
o(r,8) = ¢160 + c2 is admissible (more precisely, © is defined thus for r > ro > 0, and is
extended in an admissible fashion to r < rg). It suffices to prove that fr>ro IVO2dV <
0o. In polar coordinates, the metric of the Lobachevsky plane has the form ds* =
dr? + f(r)2d#?. From this it follows that, first, the length of the circle of radius r is
or = 27 f(r), and second, |V8| =1/ f(r). Therefore,

© © dr
/ (VO[2dV = / (/ f(r)‘2d3> dr = 47{"/ — < o0,
r>710 To S, ro Or

since o, grows exponentially.

84. Criterion for the D-Liouville theorem

THEOREM 2. The D-Liouville theorem holds on the manifold M f and only i, Jor
any two open sets 1 and Q2 of hyperbolic type having noncompact closures (y and §1y,

cap(1, 02; M) = oo.
The proof, which relies on Theorem 1, is given in §9. Here we consider some corollaries.

COROLLARY 1. If the manifolds My and M, are quasi-isometric and the D-Liouville
theorem holds on My, then the D-Liouville theorem holds on M, also.

Indeed, quasi-isometry means that, under an identification of M; and My by means
of a diffeomorphism, the first quadratic forms on M; and M, are finitely proportional.
Therefore, the capacities are finitely proportional, whence follows the desired result.

COROLLARY 2. Let M be a complete manifold, and let p € C®(M) be a Lipschitz
ezhaustion function (1.e. |Vp| < coust and all the level sets {p < t} are compact). On the
hypersurface Sy = {p = t} for almost allt, (8) let the isoperimetric inequality meas, _,T" >
f(v) be satisfied, where I' is any smooth (n — 2)-dimensional surface dividing S, into two
sets having (n — 1)-dimensional volume at least v, and f is a positive monotonically
increasing function on (0, +00).

a) If

*® du
W < 00, (1)
then the D-Liouwille theorem holds on M.
b) Let the integral (1) diverge. Put I(o) = [7(dv/f(v)?) (where € > 0 s fized) and

20, = meas,-15;. If
oo dt
/ I(oy +2¢) o @

then the D-Liouville theorem holds on M.
PROOF. We shall need the following fact.

(®)By Sard’s theorem, for almost all t, S; is a smooth hypersurface.
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LEMMA 1. Let o and 3 be measurable functions on [tg,+00), a(t) > ag > 0, and

a+8 >0 (to and ap are constants). Let a: R — [0, +00| be a continuous, monotonically
increasing function, where p(ag) > 0. Finally, let

o0 d o0
/ Fmo [ e <.
/°° dt _
a) + B0
PROOF. Put

Ey={t2t]a(t)> 1)}, E-={t2t1]a(t) <At}

where t; is sufficiently large. Then

Then

00 > /E e8> /E ()t 2 plan)oo /E _ a‘%,

[dee | =
g, at) E, a(t)+6E)

whence follows the desired result.

Let us return to the proof of Corollary 2. Let {2; and (22 be subsets of M of hyperbolic
type with (; and 01 noncompact and {; N0, = @. We prove that, under condition (1)
or (Z)a ca'p(ﬁl’ﬁ2; M) = 00.

Denote

A, =0NS;, B,=02NS;,, a; =measp_1A4;, b = meas,_1B:.

Therefore,

Then

o0

cap(Q1, 05 M) 2/ cap(As, By; St)dt

—00
If G is an open subset of S; with smooth boundary I', and meas,,_ ;G = v, then, by
the condition of Corollary 2, meas,_I" > f;(v), where

oy ={ 10, s

[0y —v), v2>o0y.

By an estimate of capacity [12] we have

s ([ sore) ([ ) )
Z((/ /¢,> )221( TS TET=TET

It remains to prove that

0 dt
/ 2U(oy) — I{ag) — I(by) o (3)

In this case we shall use (1) or (2), as well as the following consequence of the fact that
1, and Q, are hyperbolic (see [12]):

/°° dt / dt
— < 00, — < oo.
Qg bt
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a) Let (1) be satisfied. Put I1(0) = [°(dv/f(v)?). Then in place of (3) it suffices to
prove that

/ ot dt — >
Il(at)-f-Il(bt)—ZIl(at) ’
or, more crudely,

/°° dt B
1+ Ii(a:) + L(b) >
Using Lemma 1 for a(t) = 1, 8(t) = I1(a;), and p(8) = 1/I7 }(B), we get

/ (@)1 + I () = oo.

Applying Lemma, 1 again for at) = 1 + I1(a;) and 8(t) = I1(b:), we obtain the desired
result.
b) Let (2) be satisfied. Clearly, in place of (3) it suffices to prove that

e dt
/ 21(0’1; +2E) —I(at) —I(bt)

and this is obtained by the same twofold application of Lemma 1 as in a).

'_—m,

COROLLARY 3. Let M be a complete, spherically symmetric manifold, i.e. on M
there acts a group of isometries SO(n) having fized point O € M. Let o, be the (n — 1)-
dimensional volume of the geodesic sphere of radius r with center at O. Then, under any
of conditions a), b), or ¢) the D-Liouville theorem holds on the manifold M, where

a) n > 4;
b)
o dr
n=3, / e 19 00; (4)
c) o g
r
n= 2, ;r' = O0. (5)

PROOF. Clearly, the geodesic sphere on M is isometric to a sphere in R, so that the
isoperimetric inequality with function f(v) = const - v("=2)/(n—1) is satisfied on it. For
n > 4 we have [*(dv/f(v)?) < oo, and the D-Liouville theorem holds by assertion a) of
Corollary 2. For n = 3, in the notation of Corollary 2, we have I(o) = const-In(s/¢), and
for € = 1 condition (2) turns into (4). The case n = 2 can be analyzed analogously but,
in fact, condition (5) without spherical symmetry, and for any n, already implies that
M has parabolic type (see [12]). Also, for n = 2 condition (5) is necessary for Corollary
3 to hold, which was actually proved by us in Example 3 of §3. How essential (4) is for
n = 3 remains unknown.

From assertions a) and b) of Corollary 3, it follows that the D-Liouville theorem is
satisfied in Lobachevsky spaces of dimension n > 3. For n = 2 this is not the case, as
follows from Example 3 and Proposition 1.

It follows from Corollaries 2 and 3, as well, that the D-Liouville theorem holds on
any one-sided surface of revolution in Euclidean space and on any one-sided domain of
revolution (like manifolds with boundary), independently of dimension.

§5. Proof of Theorem 1. Necessity

Here we shall prove that if (1 is D-massive then (1 contains a subset {1, of hyperbolic
type whose closure (1, is noncompact and such that cap(dQ, 9Q;; N\ Q1) < oo. The
D-massiveness of () entails the existence of a harmonic function on (! with properties
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(1)-(4) of §1. Let € > 0 be a regular value of the function u such that the set {u > £} is
nonempty. Put 0y = {z € Q|u(z) > ¢}. Then (3 has smooth boundary, the closure
is noncompact, and cap(8€;,9Q; 2\Q1) < oo since the admissible function u/e | O\G,
has finite Dirichlet integral. It remains to prove that {2; has hyperbolic type.

We redenote u — € by u, and then the function u satisfies conditions (1)-(4) of §1 in
{1;. We use the following variant of Green'’s formula.

PROPOSITION 2. Let N be a smooth manifold with boundary having parabolic type.
Let u € C°(N) and supy |u| < co. Then Green’s formula

/AudV:/ @ds
N an Ov

holds, where both integrals are improper (the values oo are allowed).

The proof is in the Appendix.

Returning to the proof of Theorem 1, assume that (; has parabolic type. Then
the manifold N = Q;\(8Q% N M) with boundary also has parabolic type. Applying
Proposition 2 to the function u?, we get

/qu|2dV / u—dS—O

whence v = 0, which contradicts the definition of the function .
Note that we have actually proved that any massive set has hyperbolic type.

A few words concerning Green’s formula. We shall often apply it, and it has already
been used once in the following situation. Let G be an open precompact set in M whose
boundary consists of several smooth hypersurfaces which intersect transversally. Let the
following boundary value problem be solved in G: Au = 0 in G, and on dG sufficiently
smooth Dirichlet or Neumann data is given. We shall write

Ou 45 =0, 1
B (1)

/quFdV / u—dS (2)

Meanwhile, to apply the usual Green’s formula we need v € C*(G), but we cannot
guarantee this, due to breaks in the boundary. The validity of (1) and (2) follows from
Proposition 2. Indeed, let N be the manifold with boundary which is obtained if the
singularities in the boundary dG are removed from G. Then N has parabolic type,
which follows from the fact that the measure of an e-neighborhood of the singularities of
dG is O(£?), and from the parabolicity condition [12]. Since the function u is bounded
and infinitely smooth up to dG, excluding the breaks in the boundary, then, applying
Proposition 2 to the functions u and u? on the manifold N, we obtain (1) and (2). The
existence of the integrals in (1) and (2) in each concrete case is easy to check.

§6. Idea behind the sufficiency proof

In the set (1 from the condition of Theorem 1, let there exist a subset 1; of hyperbolic
type, where 3 is noncompact and cap(d92, 9Q;; \(}) < co. We wish to prove that 2
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is D-massive, i.e. in (0 there exists a function w € C*=(Q2\ (92N dM)) such that

O<w<1l i} (1)
Aw =0, (2)
wlan =1, (3)
Ow/ov|am =0, (4)
D{w) < 0. (5)

Note that in place of the condition u | aq = 0 from §1, we have written w |50 = 1, i.e.
we have passed from the function u to the function w =1 — u.

The function w will be constructed by passages to the limit. First, we construct
the capacity potential u for the capacitor (8(2,00:;Q\Q;) as the limit of the capacity
potentials vy, for the compact capacitors (9Q, 8Qy; Gg), where G = (Q\Q;) N Bk, and
{Bt} is an exhaustion of M such that 0By is transversal to 0f) and 9Q;. For the
potentials v, we have (see §2)

D(vg) = cap(991, 0Qy; Gy). (6)
By the properties of capacity we have
cap(99, 8; Gi) < cap(89Q, 802y; O\ (). (7

The sequence of harmonic functions {vx} is bounded; hence it has a limit function
which is harmonic in Q\§2; and satisfies the boundary conditions u|sq =1, u|sq, =0,
and du/dv | anm = 0. Moreover, from (6) and (7) it follows that

D(u) < cap(99, 9Q1; N\, ).

Since the function u is admissible for the capacitor (8Q2, 3Q;; Q\(1; ), the reverse inequal-
ity also holds, so that
D(u) = cap(d9, 001; O\O4).(%)

After this, we take instead of (1; the smaller set 12, and construct the capacity
potential ug for the capacitor (9(2, 9Q; (2\(13), and so forth. It is easy to see that we
can construct an increasing sequence u; = u,ug,ug,... of harmonic functions, where
Um | o0 = 1, Um | 8q,, = 0, and Oun/0v|am = 0, and D(um) = cap(9€Q, 9Qpm; N\ Q).
This sequence has a limit, which we denote by w. Clearly, properties (2)—(5) are satisfied.
It is only unclear why w # 1. It can be proved that if Q,, 4 ; differs from {2, by a compact
set, then the hyperbolicity of ; guarantees

Jim D(um) = lim_cap(9Q, 80m; N\y,) > 0. (8)

But it still does not follow that D(w) > 0, since D(w) need not equal the limit of (8). To
prove w # 1 we shall use the flows [, (0w/0v)dS and [, (0um/3,)dS, where v is the
outward normal to Q. Since um41 > Um and Uy 41 = Uy = 1 on 011, it follows that
OUum+1/0v < Oum /Ov, so that on 912 we have the monotonically decreasing sequence of
functions {Qun, /dv}, converging to dw/dv. Below we shall prove that [, (du; /0v)dS <
00, so that by Lebesgue’s theorem
dw ) Oy,
o0 905 = A% [0 0 4

If we knew that the flow [, (dum/0v)dS were equal to the corresponding Dirichlet
integral D(u,,), then it would follow from (8) that [,,(0w/dv)dS > 0, and so w # const.

(°) This does not exclude the case of a nonunique capacity potential u.
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FIGURE 3

But the whole difficulty is that we are considering noncompact capacitors for which the
flow is not necessarily equal to the capacity (in contrast to the compact case considered
in §2), and may be less. In Figure 3 the gradient curves and level curves for such a
capacity potential are shown.

Fortunately, it turns out that a diminished flow in comparison with the Dirichlet
integral is a fortuitous circumstance related to an unpropitious arrangement of the hy-
persurface d¢1. It turns out that the flow of the vector fleld Vu across almost all level
sets {u = t} nevertheless equals the capacity. Therefore, instead of 02, we can take one
of these level sets.

§7. The capacity potential of a noncompact capacitor

LEMMA 2. Let u be the capacity potential for the capacitor (952, 90;;Q\Q;) con-
structed in the previous section. Let I'y = {z|u(z) = t}, where 0 < t < 1. Then for
almost all t

ou
r, E'st = D(’U,),

where the normal v 1s in the direction of increasing u.

PROOF. Denote p;(u) = (st} (8u/dv)dS. By a well-known formula of Federer [14]

we have . .
D(u) = / _ |VupPdv = / ( ]VuIdS) dt = / pe(u)dt. (1)
I\, 0 T 0

If we show that p;(u) < D(u) for almost all ¢, then this, together with (1), will give the
desired result. To prove that p;(u) < D{u), recall that the function u is a limit point
of the sequence {vx} of §6. It can be assumed that vy — u as k — oo. For each of the
functions v we have, by property 4 of capacity in §2 and Green'’s formula, D{vx) = p(vi)
for almost all ¢.

Let F be an arbitrary compact set with smooth boundary on the submanifold T,
where ¢ is a regular value of the functions u and vx. We prove that

-(a—udS < D(u).

F al/

For that, let us see how the hypersurface I'¥ = {vy = t} is arranged. Through each point
of F, draw the gradient curve of the function u (note that du/dv|r, = |Vu| |r, > 0) of
length 2¢, with length ¢ on each side of the point. Since vy — u together with all the
derivatives uniformly on each compact set, then for sufficiently large k, on each gradient
curve constructed above, there will be exactly one point at which vy = t. We denote that
part of I'* which intersects the gradient curves by F k (see Figure 4). Taking a sufficiently
small € (and large k), we obtain

ou ., du
</F.6—I/d‘5_/1‘:k 5};dSl<6, (2)
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FIGURE 4

where § > 0 is a number given in advance. Indeed, the above-indicated difference does
not exceed the integral of |Vu| over the lateral surface of the figure ® swept out by the
gradient lines of length 2¢ constructed above, which is clearly equal to O(g). Further,
for sufficiently large k the derivatives of the functions u and v are uniformly close on ®,

so that

ou avk
o —a;dS - o —gy-dS\ < 6. (3)

Therefore, from (2) and (3) it follows that

a_udss/ %d8+263/ % 45 4 26 = D(ve) + 26.
Fal/ Fk ov F:‘ v

But, as was shown in §6, D{vx)} < D(u), so that
du
/F 5,45 < D(u) +26

Letting § — 0 and F — Ty, we obtain, finally, p,(u) < D{(u).
§8. Conclusion of the proof of Theorem 1

So, in §6 we have constructed the capacity potential u for the capacitor
(BQ, 601; ﬂ\_ﬁl),

and in §7 we proved that there exists a smooth level hypersurface I'y = {u =t} for which
frt(au/av)dS = D(u).

Fix t > 0, and put Qg = Q\{u > t} and u; = u/t|q,. We shall prove that Qg is D-
massive; then from the results of §1 it will follow that () is also D-massive. The desired
function w satisfying conditions (1)-(5) of §6 in {}g will be the limit of the sequence
{tm}, which we now construct.

Let { Bk}, as usual, be an exhaustion sequence, where the 0 By are transversal to 9}
and 30;. Denote G; = Q\Q1, G = Q\(Q1\Bm), m > 2, and Gk, = G,,, N By, where
k > m. In the region GX,, m > 2, we solve the following boundary value problem:

K _ k _ k _ k _
Avy, =0, v a0, =1, vy | aB, = U1 | aBs> v lon\B,, =0,

vy | 9Bna, =0, vk Jov =0
aM
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FIGURE 5

(see Figure 5). From the maximum principle it follows that
vfn_H > vfn > uy. (1)

The sequence vfn is bounded, and therefore, as k — oo, it has the limit function u,, > u,.
Using the diagonal process, choose a subsequence of k£ which serves for all m. Then, by
(1), um+1 2 Um = uy. Put w = limy, oo um,- This will be the desired function if we
prove that D(w) < oo, w £ 1.

To prove D(w) < oo it suffices to prove that D(vE,) < D(u,), and the rest follows by
passing to the limit. By Green’s formula we have

k k
D(vE) = / (Vok [2dV = ok 2Vm 4 +/ ok O¥m 45
Gk, dByNG

— m m
3nonG‘:n v f" av

o :
= —=dS + U —=dS,
aqenG", OV 8BenGY, O

where v is the outward normal to Ban. Further, we use that vfn > u1, and on 9y and
0By, we have v%, = u;. Consequently, on 812, and 8By the inequality avfn /v < Ouy /ov
is satisfied. Therefore,

ou ou
D(v¥ s/ —lds+/ Uy —-dS
( m) Bﬂoﬂf}"f" 81/ BB,COE’:" ! 81/
a0,nG* OV 8B,nG: OV

=/ |V, [2dS < D(uy).
Gy

We now prove that [ a0, (Ow/0v)dS > 0, from which it follows that w # 1 (here v is the

outward normal to 9€)p). From the fact that um41 > Um and U, | 50, = Um+1 |80, = 1,
it follows that 0 < Buy,41/0v < du,,/Ov. Since

| / (Buy /ov)dS = (1/1) / (Bu/dv)dS < oo,
o T,

by Lebesgue’s Theorem we may assert that
O 4s = lim Gum 4,
a0, OV m—oo Jaq, OV

Next, we shall prove the following two facts.
1. fano(aum/au)ds > D(unm) > cap(8Qo, 0m; Gm), where m > 1 and Q,, =

Qo\Gm.
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2. cap(8Qg, 9m; Gym) > const > 0, where const is independent of m.
Proof of 1. The second inequality follows from the definition of capacity. To prove the
first, we use the fact that for m =1

du
/a N S48 = Dluws). @)

Indeed, by the choice of 92, for almost all 7 € [0,1] we have p,(u1) = pre(u) = p{u) =
p1(u1) and p.(uy) = fano(f)ul/au)ds, so that {2) follows from Federer’s formula (see
§7).

Now let m > 2. Analogously to the way in which we proved the inequality D(vk,) <
D(uy), we have

ovk, Ouy
D(vE) < /anoma; —BFds + /asmaf,, ul—BTdS.
But
/ ul-a—uldSZ/ |Vu1]2dV - %dS,
B.NGY, v Gk aﬂomf;"; v
whence Dok dus
-/60006’,‘,, By 45~ Dlom) 2 /aﬂon_c"f 3y 45~ D) )

As k — oo the right-hand side of (3) vanishes, by (2). Further, by a well-known property
of the Lebesgue integral,
lim D(vk) > D(um). (4)
k—o0

Finally, we prove that

k
/ Pm 45 [ Qm 4. (5)
anaﬁ'éfn ov k—o00 a0 ov

Indeed, let us extend the function dvk,/Ov by zero outside 6’; to the whole boundary
€. Then

0 < Bug [OV| 5o < Oua /O,

and since | ano(aul/ 0r)dS < oo we can apply Lebesgue’s theorem and, from the point-

wise convergence AvE, /0y — Ouy, /Ov as k — oo, obtain the convergence of the integrals.
Thus, as k — oo, from {3)-(5), we obtain the desired inequality.

Proof of 2. Here we use, for the first time, the hyperbolic type of 1;. By the con-
nectedness of the manifold M, the set {1; can be extended to an open set () with

smooth boundary such that {;\(); is compact and @\ is nonempty. Then (% also

has hyperbolic type. Let F = ﬁll \ (Y. Since the compact set F' has nonempty interior,
cap(F,00;£2]) > O (see §2). But, by properties of capacity,

Cap(aﬂo, m; Gm) = CaP(M\Qo, ﬁm; M)
> cap(F, (,\Bpm; ) > cap(F,00; 1},

so that cap(F,o00;(}]) is the desired positive constant independent of m.
Thus, in accordance with facts 1 and 2, we can state that

/ @—dS > cap(F,00; Q1)) > 0,
a0 81/

so that w 2 1. Theorem 1 is proved.
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§9. Proof of Theorem 2

If the D-Liouville theorem does not hold on the manifold M, then there exists a
nontrivial, bounded, harmonic function u with D{(u) < co (see the Introduction). Let a
and b be two regular values of u such that a < b and the sets {u < a} and {u > b} are
nonempty. Then we put ; = {u < e} and 22 = {u > b}. By the maximum principle,
73 and 01, are noncompact. Each of these sets is massive; therefore, by §5, they both
have hyperbolic type. Finally,

cap(Q;, 02; M) = cap(901,002; M\ (O, UQ)) < oo,

since the function (b — u)/(b — a) is admissible and has finite Dirichlet integral.
Now let €2; and )5 be open sets satisfying the condition of Theorem 2. Construct the
capacity potential u for the capacitor

(81, 00; M\((; UL))

(see §6), and let a € (0, 1) be a regular value of it. Then each of the sets 2; U {u < a}
and ; U {u > a} is D-massive, by Theorem 1. Consequently, by Proposition 1, the
D-Liouville theorem holds.

Appendix. On Green’s formula

Here, we shall prove Proposition 2 from §5. In the proof the following variant of the
mean value theorem [16] will be used.

PROPOSITION 3. Let By and By be precompact open sets with smooth boundaries
in the Riemannian manifold (with boundary) N. Let By C Bz, U € C*(B;\B;), and
oscU < K. Then there exists a smooth hypersurface I' separating dB; and 0B, such
that

/ a_qu < K cap(8B,,0B3; G)
T

ov

(the normal v is directed towards 0Bs).

PROOF OF PROPOSITION 2. We find an exhaustion of N by open precompact sets
G, with smooth boundaries, such that

. . ou
lim AudV = lim —_
k—oo e k— 00 ANNG, v

ds, (1)

whence follows the desired result. First, let us take any exhaustion {By} having the
properties indicated above, except (1). We apply Proposition 3 to the function u in
Bm\Bg, m > k, and find a smooth hypersurface I" separating 0By and By, such that

7] —_
2248 < K cap(dBx, 0Bpm; Bm\Bx),

r ov
where K > oscu. For sufficiently large m, the capacity on the right-hand side tends to
zero, since NV is of parabolic type. For each %, fix m sufficiently large, and choose as Gy,
an open set containing By and having boundary I'. Applying the usual Green’s formula

in G, we have

[ sar— | B T
R ANNG, OV oG, OV

Passing to the limit as £ — 0o, and taking into account that

m [ Pas<o,
k— o0 8G 17



LIOUVILLE THEOREMS FOR HARMONIC FUNCTIONS 503

we get

/ AudV £ @dS
N 5]

anN ov
Applying this inequality to the function —u, we obtain the desired result.

Let us now prove Proposition 3. Put G = Bg\_gl. It can be assumed that infqg U = 0,
so that supo U = oscgU < K. Let v be the solution in G of the boundary value
problem Av =0, v|ap, =0, v]lap, =1, dv/3v|sny = 0. Put w = v— K~1U. Then
w|op, > 0 and w|ap, < 0. Therefore, for some regular value ¢ > 0 of the function w,
the hypersurface I' = {w = ¢} separates 0B, and 8Bj;, where

ow
—_ p—— > —_ —_—
- anS / ds K / ds.

/ ——dS = cap 331,632,0)

We prove that

This, of course, follows from Green’s formula of Proposition 2, but in proving the latter
we used Proposition 3. An alternative approach is as follows. For each regular value ¢ of
v, put

By Federer’s formula [14] we have

1
cap(0B,,0B;;G) =/ |Vv|2dV=/ D dt.
G 0

On the other hand, for 0 < t < 1 the function p, is certainly independent of ¢, since for
to >ty
/ QEdS ——dS AvdV = 0.
{v=tz} ov {v=t1} v {t2>v>141}

Therefore, p, = cap(8B1,3Bs;G). Finally, if ¢ is a regular value of v such that 0 < t <
infr v, then once again by the usual Green’s formula

ov
——d = 0B1,0B5;G).
(91/ ds = (o=t} v S = ca'p( Bla BQ,G)
REMARK. If [ is the distance between dB; and dB;, then the following capacity
estimate is obvious:

cap(0By,dB;;G) < meas G/I?

(it is obtained by taking the distance to By with factor [~! as the admissible function
in the definition of capacity). Therefore, under the conditions of Proposition 3,

oU KmeasG

——ds < —— =7

B ds B (2)
In {16] an analogous estimate is proved for [, |0U/dv|dS. Its proof is much more com-
plicated than the proof of Proposition 3. In the majority of applications, the theorem of
[16] is used in the form (2).
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