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Abstract

We introduce the notions of a path complex and its homologies. Particular cases of path
homologies are simplicial homologies and digraph homologies. We state and prove some
properties of path homologies, in particular, the Kiinneth formulas for Cartesian product
and join that happen to be true at the level of chain complexes.
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1 Introduction

The subject of this paper is the notion of a path complexr that unifies and generalizes the
notions of a simplicial complex and a digraph (=directed graph). In short, a path complex
P on a finite set V is a collection of paths (=sequences of points) on V' such that if a path v
belongs to P then a truncated path, that is obtained from v by removing either the first or
the last point, is also in P. Given a path complex P, all the paths in P are called allowed.

Any simplicial complex S determines naturally a path complex by associating with any
simplex from S the sequence of its vertices (see Section 3 for details).

However, the main motivation for considering path complexes comes from digraphs. A
digraph G is a pair (V, E') where V' is any set and F is a binary relation on V, that is, F is a
subset of V' x V. If (a,b) € E then the pair (a,b) is called a directed edge or arrow; this fact
is also denoted by a — b. Any digraph naturally gives rise to a path complex where allowed
paths are those that go along arrows of the digraph.

One of our key observations is that any path complex P allows to define a chain complex
with an appropriate boundary operator that leads to the notion of homology groups of P.
We refer to this notion as a path homology.

In the case when P arises from a simplicial complex S, the path homology of P coincides
with the simplicial homology of S. If P arises from a digraph G then we obtain a new notion:
the path homology of a digraph. Although most of the results are presented in this paper for
arbitrary path complexes, we always have in mind applications for digraphs. On the other
hand, the notion of a path complex provides an alternative viewpoint for the classical results
about simplicial complexes.

There has been a number of attempts to define the notion of (co)homology for graphs.
At a trivial level, any graph can be regarded as an one-dimensional simplicial complex, so
that its simplicial homologies are defined. However, all homology groups in dimension 2 and
higher are trivial, which makes this approach uninteresting.

Another way to make a graph into a simplicial complex is to consider all its cliques
(=complete subgraphs) as simplexes of the corresponding dimensions (cf. [4], [15]). Then
higher dimensional homologies may be non-trivial, but in this approach the notion of graph
loses its identity and becomes a particular case of the notion of a simplicial complex. Besides,
some desirable functorial properties of such homologies fail, for example, the Kiinneth formula
is not true for Cartesian product of graphs (for example, the Cartesian product of two 4-cycles
has trivial Hy whereas H; of 4-cycle is non-trivial).

Yet another approach to homologies of digraphs can be realized via Hochschild homology.
Indeed, allowed paths on a digraph have a natural operation of product, which allows to define
the notion of a path algebra of a digraph. The Hochschild homology of the path algebra is
a natural object to consider. However, it was shown in [14] that Hochschild homologies of
order > 2 are trivial, which makes this approach not so attractive.



In singular homology theories of graphs one uses predefined “small” graphs as basic cells
and defines singular chains as formal sums of the maps of the basic cell into the graph (see,
for example, [15], [18]). However, simple examples show that the homology groups obtained
in this way, depend essentially on the choice of the basic cells. Besides, such homologies are
extremely difficult to compute, even for small graphs, and the functorial properties are not
known at all.

The path homologies of digraphs that we present in this paper have the following advan-
tages in comparison with the previously studied notions of graph homologies.

1. The path homologies of all dimensions can be non-trivial; even for planar graphs the
path homologies can be non-trivial in dimension 2. Also, the chain complex associated
with a path complex has a richer structure than simplicial chain complexes. It contains
not only cliques but also binary hypercubes and other interesting subgraphs some of
them are reminiscent of polyhedra.

2. The path homologies are easy to compute. For small digraphs their path homologies
can be computed by hands, either by definition or by using simple properties. For
larger digraphs it can be done using any software package containing operations with
matrices, in particular, computation of the rank of a matrix.

3. The path homology theory is compatible with the homotopy theory of digraphs. The
latter was introduced by the authors in [9] (a homotopy theory for undirected graphs was
developed earlier in [1], [2]), where they proved that the path homologies of digraphs
are invariant with respect to homotopy and that the abelization of the fundamental
group is isomorphic to the one-dimensional homology group.

4. Path homologies have good functorial properties with respect to graph-theoretical oper-
ations, for example, morphisms of digraphs induce homomorphisms of path homologies.
Also, the homologies of the Cartesian product of digraphs (as well as of the join) satisfy
the Kiinneth formula (Theorems 5.5 and 6.6 of the present paper).

5. The path homology theory is dual to the cohomology theory of digraphs that was
introduced by Dimakis and Miiller-Hoissen [5], [6] and was further developed in [12].
The latter theory is based on a classification of [3] of exterior derivations on algebras,
and the coboundary operator arises naturally as an exterior derivative on the algebra
of functions on the vertex set of the digraph. However, in the present paper we do not
discuss cohomologies.

We feel that the notion of path homologies (and the dual notion of cohomologies) has
a rich mathematical content and hope that it will become a useful tool in various areas of
pure and applied mathematics. For example, this notion was employed in [11] to give a new
elementary proof of a theorem of Gerstenhaber and Schack [7] that gives a representation of
simplicial homology as a Hochschild homology. A link between path homologies of digraphs
and cubical homologies was revealed in [10]. Homology and homotopy of digraphs may
become use in some graph coloring problems — a simple example of this type has appeared in
[9]. On the other hand, it is conceivable that the notion of path homologies of digraphs can
be used in practical applications such as coverage verification in sensor networks (cf. [17]),
and many others.

Let us briefly describe the structure of the paper and the main results. In Section 2 we
introduce the notion of a boundary operator on paths on a finite set V. In Section 3 we define



the notions of a path complex, a 0-invariant path (an element of a chain complex), and the
path homologies.

In Section 4 we give some examples of digraphs and J-invariant paths there. We state
some basic results about path homologies of digraphs, which allow to compute homology
groups of simple digraphs (the proofs can be found in [8]).

In Section 5 we introduce the operation join of two path complexes and prove the Kiinneth
formula for it (Theorem 5.5). Particular cases of join are operation of taking a cone and
suspension of a digraph that behave homologically in the same way as those in the classical
algebraic topology.

In Section 6 we introduce the notions of cross product of paths and Cartesian product
of path complexes. The latter matches the notion of the Cartesian product of digraphs. We
state and prove the Kiinneth formula for Cartesian product (Theorem 6.6) and give some
examples.

Most difficult and interesting results of this paper are Theorems 5.5 and 6.6. In the setting
digraphs these theorem were proved in [13], while in the present paper we prove them in a
more general setting of path complexes.

2 Paths on a finite set

Let V' be an arbitrary non-empty finite set whose elements will be called vertices. For any
non-negative integer p, an elementary p-path on a set V is any sequence {ik}izo of p+1
vertices of V' (a priori the vertices in the path do not have to be distinct). For p = —1, an
elementary p-path is an empty set (). The p-path {ik}zzo will also be denoted simply by
10...ip, without delimiters between the vertices.

2.1 Boundary operator

Fix a field K and consider a K-linear space A, = A, (V) that consists of all formal linear
combinations of all elementary p-paths with the coefficients from K. The elements of A, are
called p-paths on V. An elementary p-path iy...i, as an element of A, will be denoted by
€io...i,- The empty set as an element of A_; will be denoted by e.

By definition, the family {610...1‘13 2005 ey Bp € V} is a basis in A,, and any p-path v € A,
has a unique representation in the form

V= Z Vo e i, (2.1)

10,..,ip EV

where vior € K. For example, Ag consists of all linear combinations of e; where i € V, Ay
consists of all linear combinations of e;; where 4,j € V, etc. Note that, A_; consists of all
multiples of e so that A_; = K.

For any p > 0, define the boundary operator 0 : A, — A,_1 as a linear operator that acts
on elementary paths by

NE

deiy. iy, =
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where the hat i, means omission of the index i,. For example, we have

de; = e, 8eij =e€; — € 8eijk = € — ek + €. (2.3)



It follows that, for any v € A,

(s = S 3 gt b, 2

keV q=0
For example, for any u € Ag and v € A1 we have
ou = Z u* and  (9v)' = Z (vki - vik) .
keV keV

Set also A_o = {0} and define 9 : A_; — A_5 to be zero.
Lemma 2.1 We have 8? = 0. Hence, A, = {A,} is a chain complex.

Proof. The operator 92 acts from A, to A,_o, so that the identity 9> = 0 makes sense
for all p > 0. In the case p = 0 the identity 0? = 0 is trivial. For p > 1, we have by (2.2)

M@

2
0 Cig..ip = (_l)qaeio,_fq._,ip
q=0
D q—1 p
_ q T r—1
- Z(_l) Z(_l) ezo...z/;...zq...zp—i_ Z (_1) eio...i/;..‘i?...ip
q=0 r=0 r=q+1
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After switching g and r in the last sum we see that the two sums cancel out, whence 82e,~0._,ip =
0. This implies 9?0 =0 for allv € A,. =

2.2 Join of paths

For all p,q > —1 and for any two paths u € A, and v € A, define their join uv € Apqq41 as

follows:
(uv)io...ipjo...jq _ 10-pq,d0-da (2.5)

Clearly, join of paths is a bilinear operation that satisfies the associative law (but is not
commutative). It follows from (2.5) that

€io...ipCio.dq = Cio...ipjo-jq" (2.6)
If p=—2and ¢ > —1 then set uv =0 € Ay_;. A similar rule applies if ¢ = —2 and p > —1.
Lemma 2.2 (Product rule) For all p,q > —1 and v € A, v € Ay we have
9 (uwv) = (Qu)v + (—=1)P ! udw. (2.7)
Proof. It suffices to prove (2.7) for u = e;,...;, and v = ej,..;,- We have

O(uwv) = 0€ig..ipjo...jg = Cir.ipjo.jq — Civiz.ipjojq T -
pHl(, o
+(=1) (elou-lpjlqu Cig...ipjoja--dq T )

1
= (Beig...i,) €jo..jy + (—1)P* Cig...ip0€o.. >

whence (2.7) follows. m



2.3 Regular paths

We say that an elementary path ig...7, is regular if iy_1 # i for all k = 1,...,p, and non-
regular otherwise. For example, a 2-path iij is non-regular, while a 2-path 4j7 is regular
provided i # j.
For any p > —1, consider the following subspace of A, spanned by the regular elementary
paths:
Rp =Ry (V) :=span {eiomip S ig...dp 18 regular} )

The elements of R, are called regular p-paths.
We would like to consider the operator 0 on the spaces R,. However, 0 is not invariant
on the family {R,}. For example, e;j; € Ry for i # j while

deiji = €ji — eii +€ij § Ra

as it has a non-regular term e;;. The same applies to the notion of join of paths: the join of
two regular paths does not have to be regular, for example, e;e; = €.

However, it is easy to show that 0 is invariant on the complementary spaces N, spanned
by non-regular p-paths, which allows us to extend 0 to the quotient spaces A,/A,. Then
we pull this 9 back to R, using R, = A,/N,. The operator 0 : R, — Rp—1 defined in this
way is called the regular boundary operator. The formula (2.2) remains true for the regular
0 except that in this case all non-regular terms on the right hand side should be treated as
zero. For example, we have for the regular operator 0

Oeiji = ej; — €i; + €ij = eji + €5 € Rq

provided ¢ # j.

Similarly one defines the regular join, using the fact that the join of an element of N,
with any element of A, is in Npiq41 (see [8] for details). This allows us to define join on the
quotients A, /N, and then pull back to R,. The formula (2.6) remains true for regular join
provided we treat a non-regular path in the right hand side as zero. For example, for the
regular join we have e;jej; = ;55 = 0.

It follows from the above constructions that the regular versions of 9 and join also satisfy
9% = 0 and the product rule (2.7), for all u € R, and v € R,. In particular, R. = {R,} is a
chain complex.

Let V, V' be two finite set. Any map f:V — V' induces the map

fe i Ap(V) — Ap(vl)
by the rule
Fi (€iouin) = €1i0).. 1 (i)
The map f, evidently commutes with 0 and, hence, is a morphism A.(V) — A.(V’) of

chain complexes. Since f, maps non-regular paths to non-regular, it induces a morphism
R«(V) — Ri(V’) of chain complexes.

3 Path complexes

3.1 The notion of path complex

Definition 3.1 A path complex over a set V is a non-empty collection P of elementary paths
on V with the following property:

if ig...in € P then ig...i,_1 € P and i1...i,, € P. (3.1)



Figure 1: A simplicial complex (left) and a digraph (right)

When a path complex P is fixed, all the paths from P are called allowed, whereas the
elementary paths that are not in P are called non-allowed. Condition (3.1) means that if we
remove the first or the last element of an allowed n-path then the resulting (n — 1)-path is
also allowed.

The set of all n-paths from P is denoted by P,. The set P_1 consists of a single empty
path e. The elements of Py (that is, allowed O-paths) are called the wvertices of P. Clearly,
Py is a subset of V. By the property (3.1), if ig...i, € P then all i, are vertices of P. Hence,
we can (and will) remove from the set V' all non-vertices so that V = F.

Example 3.2 By definition, an abstract finite simplicial complex S is a collection of subsets
of a finite vertex set V that satisfies the following property:

if 0 € S then any subset of ¢ is also in S.

Let us enumerate the elements of V by distinct reals and identify any subset s of V' with
the elementary path that consists of the elements of s put in the (strictly) increasing order.
Denote by P (S) this collections of elementary paths on V' that uniquely determines S. The
defining property of a simplex can be restated the following:

if v € P(S) then any subsequence of v is also in P (5). (3.2)

Consequently, the family P (S) satisfies the property (3.1) so that P (S) is a path complex.
The allowed n-paths in P (S) are exactly the n-simplexes.

For example, the simplicial complex on Fig. 1(left) has the following path complex:

Py =1{0,1,...,8},

P, ={01,02,03,04,05,06,07,08,12, 34, 35,45, 67, 68, 78},

Py = {012,034, 035, 045, 345, 678},

P; = {0345}.

Example 3.3 Let G = (V, E) be a finite digraph, where V is a finite set of vertices and E
is the set of directed edges, that is, E C V x V. The fact that (i,7) € E will also be denoted
by i — j.

An elementary n-path ig...i, on V is called allowed if i1 — i for any &k = 1,...,n.
Denote by P, = P, (G) the set of all allowed n-paths. In particular, we have Py = V and
Py = E. Clearly, the collection P = |J,, P, of all allowed paths satisfies the condition (3.1)



so that P is a path complex. This path complex is naturally associated with the digraph G
and will be denoted by P (G).
For example, a digraph on Fig. 1(right) has the following path complex:
Py={0,1,...,8},
P, ={01,02,03,04,05,06,07,08,12, 34, 35,45, 67, 68, 78},
P, = {012,034, 035,045,067, 068, 678},
P; = {0345,0678}.

It is easy to see that a path complex arises from a digraph if and only if it satisfies the
following additional condition: if in a path 4g...i,, all pairs ig_1ip are allowed then the whole
path ig...i,, is allowed.

It is easy to show that a path complex P arises from a simplicial complex if and only if
it satisfies the following two properties.

1. Any subsequence of any path from P is also in P (we say in this case that the path
complex P is perfect).

2. There is an injective real-valued function on the vertex set of P that is strictly monotone
increasing along any path from P.

3.2 Homologies of path complex

Given an arbitrary path complex P = {P,} 2, over a finite set V', consider for any integer

n > —1 the K-linear space A,, that is spanned by all the elementary n-paths from P, that is
A, = A, (P) =span{e;. i, : i0...in € Py} .

The elements of A, are called allowed n-paths. By construction, A, is a subspace of A,,. For
example, A, = A, for p <0, while A; is spanned by all edges of P and can be smaller than
Aq.

We would like to restrict the operator 9 defined on spaces A, to the subspaces A,. For
some path complexes it can happen that 0.4, C A,_1, so that the restriction is straight-
forward. If it is not the case then an additional construction is needed as will be explained
below. The inclusion d.A4, C A,_1 takes place, for example, for perfect path complexes. In
this case we obtain a chain complex

0—K—Ag— ... — A1 — A, +— ... (3.3)

whose homology groups are denoted by E[n (P),n > —1, and are referred to as the reduced
path homologies of P. Consider also the truncated complex

0—Ag— ...— A1 <— A, «— ... (3.4)

whose homology groups are denoted by H, (P),n > 0, and are referred to as the path
homologies of P. For example, this construction works if the path complex P arises from a
simplicial complex S. Then the path homology groups of P coincide with the corresponding
simplicial homology groups of S.

Now consider the general case when 0.4, does not have to be a subspace of A,,_;. For
example, this is the case for a digraph



where the 2-path egio is allowed, while degia = e12 — eg2 + €g1 is non-allowed because ego is
non-allowed.
For a general path complex P and for any n > —1, define the following subspace of A,:

Q=0 (P)={veA,:dve A1}, (3.5)

Note that Q,, = A, for n < 1 while for n > 2 the space 2, can be actually smaller that A,,.
We claim that always 09, C Q,_1. Indeed, if v € Q,, then dv € A,,_1 and 9 (Ov) =0 € A,,_»
whence it follows that 0v € ,,_1, which was to be proved.

The elements of €2, are called 0-invariant n-paths. Thus, we obtain the augmented chain
complex of O-invariant paths:

0—Ke— Qg ... —Qp 1 Qe Qpiq — ... (3.6)
where all mappings are given by 0. Consider also its standard (non-augmented) version
0— Qo .. — Q1 —Qp— Qpy1 — ... (3.7)

The homology groups of (3.7) are referred to as the path homology groups of the path complex
P and are denoted by H, (P),n > 0. The homology groups of (3.6) are called the reduced
path homology groups of P and are denoted by H,, (P),n > —1.

Definition 3.4 A path complex P is called regular if it contains no 1-path of the form ¢i.
Equivalently, P is regular if all the paths ig...i,, € P are regular.

For example, the path complex of a simplicial complex is always regular. The path
complex of a digraph is regular if and only if the digraph is loopless, that is, if the 1-paths i
are not edges.

For a regular path complex the above construction of the spaces €2,, allows the following
variation. As the space A, of allowed n-path is in this case a subspace of the space R,
of regular n-paths, we can replace in (3.5) the non-regular boundary operator 0 on A,, by
the regular boundary operator on R,, as described in Section 2.3. The resulting space {2, is
referred to as a regular space of J-invariant paths. Hence, if the path complex P is regular
then we can consider also regular versions of the chain complexes (3.6) and (3.7) and the
regular versions of homology groups.

If the path complex P is perfect then we obtain Q, (P) = A, (P) for all n (in this case
there is no difference between regular and non-regular versions). Hence, in this case the chain
complex (3.6) is identical to (3.3), and (3.7) is identical to (3.4).

If P (G) is the path complex of a digraph G then we use the notation Q,, (G) := Q, (P (G)).
The corresponding homology groups are denoted by H, (G), respectivelyH, (G), and are
referred to as the path homologies of the digraph G.

The Euler characteristic of the path complex is defined by

n

X (P) = 3" (~1)? dim H, (P) (3.8)
p=0

provided there exists n that dim H, (P) = 0 for all p > n. For a regular path complex P there
is a regular and non-regular versions of x (P) that do not have to match.



3.3 Some properties of path homologies

Let us state some simple properties of the space Q,, (P) and H,, (P).

Proposition 3.5 ([8]) (a) If dim 2, =0 then dim ), =0 for all p > n.
(b) For a regular chain complex {2}, the condition dim Q,, < 1 for some n implies that
dim 2, =0 for all p > n.

Proposition 3.6 ([8]) For any path complex P we have dim Hy (P) = k, where k is the
number of connected components' of P. Moreover, Hy (P) is generated by any set {e;,, ..., i, }
of k vertices belonging to different connected components. B

In particular, if P is connected then dim Hy (P) = 1 and, hence, dim Hy (P) = 0.

Let P be a regular path complex over a set V and P’ be a regular path complex over a
set V.

Definition 3.7 We say, that a map f : V — V' is a morphism of path complexes from P to
P’ if, for any path v € P, the path f, (v) either lies in P’ or is non-regular.

Proposition 3.8 Any morphism f : V — V' of path complexes P and P’ induces a morphism
of reqular chain complezes

Fo i Qu(P) — Qu(P))

and, consequently, a homomorphism of reqular homology groups
f«: Ho(P) — H.(P").

Proof. Any allowed path v € A, (P) is a linear combination of paths e;, ;, € P and,
hence, f. (v) is a linear combination of paths f, (e;,. 4,) that are either in P’ or non-regular.
Since non-regular paths are treated as zero, we obtain that f, (v) € A, (P'). If v € Q, (P)
then 0v € A, (P) and, hence,

0 (f« (v)) = fi (Ov) € Any (P')

which implies fi (v) € Q, (P’). Hence, f. is a morphism of regular chain complexes. The
second claim is standard. m

4 Digraphs

4.1 Path homologies on digraphs

In this section we give some examples of J-invariant paths on digraphs without loops, that
is, edges of the form a — a. If G = (V| E) is a digraph without loops then its path complex
P (G) is regular. We deal here with the regular spaces €2, (G) = Q, (P (G)) and regular
homology groups H,, (G) = H, (P (G)) and H, (G) = H, (P (G)).

LA connected component of P is any minimal subset U of V that if ¢ € U then U contains any vertex j € V
such that ij or ji is an allowed 1-path.

10



Triangles and squares. Let us call by a triangle a sequence of three distinct vertices
a,b,c € V such that there are arrows a — b,b — c,a — c:

Note that a triangle determines a 2-path egp. € Q2 as egpe € A2 and degpe = €pe — €qc + €aqp €
Aj. The 2-path e will also be referred to as a triangle.

Let us call by a square a sequence of four distinct vertices a,b,b’,c € V such that there
are arrows a — b,b — c,a — b, b — c:

bH® — [ ]

T T

[ e (1%

[

a

Note that a square determines a 2-path v := egp. — eqpre € 22 as v € Ay and
ov = (ebc — €qc T+ eab) - (eb’c — €qc t+ eab’) = €qb T €hc — €ap! — Eplc € Al‘

The 2-path v will also be referred to as a square.
A double edge is a pair of distinct vertices a,b € V such that there are arrows a — b and
b — a. It determines a 2-path e, € Qs because ey, € Ao and

aeaba = €pg — €aa T €ab = €bq T €ab € A2

(since the chain complex {Q.} is regular, we have ey, = 0). The 2-path ey, will also be
referred to as a double edge.

Proposition 4.1 (]9, Prop. 2.9], [8])
(a) Any element of Qo (G) is a linear combination of double edges, triangles, and squares.
(b) Assume that a digraph G = (V, E) contains neither double edges nor squares. Then
dim Q9 (G) is equal to the number of distinct triangles in G, and dim Q, (G) = 0 for all p > 2.

Consequently, if G contains neither double edges nor triangles nor squares then dim Q,, (G) =
dim H, (G) =0 for all p > 2.

In part (a) one cannot relate directly dim Q9 to the number of squares and triangles since
there may be a linear dependence between. Indeed, consider the following digraph:

1
°
2
De'— e —e4d
N /
°
3

It contains three squares 0124, 0134, and 0234 which determine three O-invariant paths

€014 — €024, €024 — €034, €034 — €014-

These paths are linearly dependent as their sum is equal to 0. It is easy to see that dim 25 = 2.
For this digraph all reduced homologies are trivial.

In the presence of squares one may have non-trivial €2, for arbitrary p as one can see from
numerous examples in the next sections.

11



i i+2

Figure 2: A snake

Snake. A snake of length p is a digraph with p + 1 vertices, say 0,1,...,p, and with the
arrows ¢ — (i + 1) and i — (i 4 2) (see Fig. 2). In particular, any triple i (i + 1) (i + 2) is a
triangle.

A snake of length p contains a J-invariant p-path v = eq;1.. . Indeed, this path is obviously
allowed, its boundary

p
k
v = Z (_1) 60.../15...})
k=0
is also allowed (because (k — 1) (k + 1) is an arrow), whence v € .

Simplex-digraph. Let us define for any n > 0 a simplex-digraph Sm,, as follows: its set of
vertices is {0, 1,...,n} and the arrows are ¢ — j for all i < j. For example, we have
2
Smp = Og 01, Smy = PN ,

00—).1

and Smg is shown on Fig. 3.

Figure 3: A 3-simplex digraph Smg

Since a simplex contains a snake as a subgraph, the n-path v = eg1._,, is d-invariant on
Sm,, .

Star-shaped digraphs. We say that a digraph G is star-shaped if there is a vertex a (called
a star center) such that there is an arrow a — b for all b # a. Similarly, a digraph G is called
inverse star-shaped if if there is a vertex a (called a star center) such that there is an arrow
b—aforall b#a

For example, any simplex-digraph is star-shaped and inverse star-shaped.

Proposition 4.2 (A Poincaré lemma) If G is a (inverse) star-shaped digraph, then all re-

duced homologies H,, (G) are trivial.
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The proof can be found in [8]. Alternatively, Proposition 4.2 is an easy consequence of
Theorem 5.5, as will be explained below in Section 5.2.
It follows from Proposition 4.2 that all reduced homologies of Sm,, are trivial.

Cycles. We say that a digraph G = (V, E) is a cycle-graph if it is connected (as an undi-
rected graph) and every vertex has the degree 2. For a cycle-graph we have dim Hy (G) =1
and dim Qo (G) = |V| = |E| = dim Q; (G) .

Proposition 4.3 ([8], [9, Ex. 2.8]) Let G be a cycle-graph. Then
dimQ,(G) =0 Vp>3 and dimH,(G)=0Vp > 2.
If G is a triangle or a square then
dimQs (G) =1, dimH; (G) =0, x(G)=1

whereas otherwise
dimQs (G) =0, dimH;(G)=1, x(G)=0.

In the latter case, the spanning element of Hy (G) is the 1-path o such that

i(i+1) _ 1, ifi(i+1) is an edge
’ { =1, if (i+1)i is an edge, (4.1)

and all other components of o vanish.

Mobius band. Consider a (undirected) graph G on Fig. 4 with 6 vertices and 12 edges.

0
3 4 5 0
WM |
0 1 2 3 2
3

Figure 4: Graph G in two representations: embedded on the Mdbius band (left) and in R?
(right).

As an one-dimensional simplicial complex, G has simplicial homologies H, (C, (G)). On
the other hand, let us introduce arbitrarily a set D of directions on the edges of G, so that
(G, D) is a digraph and, hence, has the digraph homologies H, (G, D). Let us show that for,
any choice of D,

H, (Ci(GQ)) # H, (G, D). (4.2)

Let Q. be the chain complex of the digraph (G, D). In particular, dim Qo = 6 that is the
number of vertices, and dim §2; = 12 that is the number of edges. By homological algebra,
we have the following universal identity

dim H1 (Q) — dim H() (Q) = dim Ql — dim QO — dim 692

13



and an analogous identity for the simplicial homologies. Since the graph G is connected, we
have dim Hy (©2) = 1. It follows that

dim H; () = 7 — dim 0s.
A similar formula holds for the simplicial homologies:
dim Hy (Cy (G)) =7 —dimdCsy (G) =7,

since Oy (G) is trivial.
It remains to show that the space 029 is non-trivial for any choice D of the edge directions,
which will yield
dim H; (G,D) <6

and, hence, (4.2). For that it suffices to verify that there is at least one triangle abc in (G, D)
since then egp. € Q9 and Jeype # 0. Indeed, let us try to define directions D on the edges of
G so that (G, D) contains no triangles. Then any undirected triangle in G must become one
of the two cycles

NS or NS
[ ] [ ]
Given a direction of the edge 03, this requirement determines uniquely the directions of all

other edges (cf. Fig. 5), up to the edge 23. However, with any direction on 23 the sequence
023 will become a triangle, which finishes the proof.

3 4 5 0

Figure 5: Any direction of the edge 23 will create a triangle

Connected sum. A digraph G = (V, E) is called the connected sum of digraphs G’ =
(VIUE') and G = (V" E") it V =V'UV" E = E'UE" and V' NV” consists of a single

vertex.
Proposition 4.4 ([12]) If G is a connected sum of G' and G" then
H.(G)= H.(G") @ H. (G").

For example, the digraph G on the right panel of Fig. 1 is a connected sum of a triangle
012 and two 3-simplexes 0678, 0345. Since all reduced homologies of simplexes are trivial,
we obtain that all the reduced homology groups of G are trivial.
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4.2 Homologies of subgraphs

Proposition 4.5 ([8], [9]) Suppose that a digraph G has a vertex a with n outcoming arrows

a — byg,a — by,...,a — by,_1 and no incoming arrows. Assume also that there are arrows
bo — b; for alli > 1:

.bl
ae’s | 6y .. | G
N !

.b2

Denote by G’ the digraph that is obtained from G by removing the vertex a with all adjacent
edges. Then H, (G) = H, (G").

The same is true if a vertex a has n incoming arrows by — a,b; — a, ...,b,_1 — a and no
outcoming arrows, while there are arrows b; — by for all 7 > 1.

Corollary 4.6 Let a digraph G be a tree (that is, the underlying undirected graph is a tree).
Then Hy, (G) =0 for allp > 1.

Example 4.7 Consider a digraph G as shown in Fig. 6.

b
74

A-m dn

A\
c

Figure 6: A digraph with many triangles and squares

Each of the vertices aj satisfies the hypotheses of Proposition 4.5 with n = 2 (either
with incoming or outcoming arrows). Removing successively the vertices ay, we see that all
the homologies of G are the same as those of the remaining digraph “e — ¢ Since it is
a star-shaped digraph, we obtain dim Hy = 1 and dim H,, = 0 for all p > 1. In particular,
x = 1.

A pair ¢b of distinct vertices on a digraph is called a semi-edge if ¢ / b but there is a
vertex j such that ¢ — j and 7 — b as on the diagram:

b
XY

oC

Proposition 4.8 ([8]) Let the field K has characteristic 0. Suppose that a digraph (V, E)
has a verter a such that there is only one outcoming arrow a — b from a and only one
incoming arrow ¢ — a, where b # c. Denote by G’ the digraph that is obtained from G by
removing the vertex a and the adjacent edges a — b,c — a:

ob
a 0< : G| G

oC
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Then the following is true.

(a) For anyp > 2,
dim H, (G) = dim H,(G"). (4.3)

(b) If cb is an edge or a semi-edge in G' then (4.3) is satisfied also for p = 0,1, that is, for
all p > 0.

(¢) Ifcb is neither edge nor semi-edge in G', but b, ¢ belong to the same connected component

of G' then dim Hy (G) = dim Hy (G') + 1 and dim Hy (G) = dim Hy (G’) .

(d) If b,c belong to different connected components of G' then dim Hy (G) = dim Hy(G')
and dim Hy (G) = dim Hy(G") — 1.

Consequently, in the case (b), x (G) = x (G’), whereas in the cases (¢) and (d), x (G) =
x (G") — 1.

Example 4.9 Consider the digraphs

ol

Ne? and G’ =

_ a)
G= "o /

N
/

0O — O
00 — o

Since c¢b is semi-edge in G’ we have case (b) so that all homologies of G and G’ are the same.
Removing further vertex d we obtain a digraph e — ¢ that will be denoted by G”. It is a
star-shaped digraph with dim H, (G”) = 0 for p > 1. Since ¢b is neither edge nor semi-edge
in G”, but the digraph is connected, we conclude by case (¢) that

Hy, (G/) =H, (G”) for p > 2,

and
dim H, (G') =dim H, (G") +1=1.
It follows that dim H), (G) = 0 for p > 2 and dim H; (G) = 1.

Example 4.10 Consider a digraph on Fig. 7 (an anti-snake).

2 4 6

\ 4
A

Figure 7: An anti-snake

We start building this digraph with 1 — 2. Since 21 is neither edge nor semi-edge, adding
a path 2 — 3 — 1 increases dim H; by 1 and preserves other homologies. Since 23 is an edge,
adding a path 2 — 4 — 3 preserves all homologies. Since 34 is neither edge nor semi-edge,
adding a path 3 — 5 — 4 increases dim H; by 1 and preserves other homologies. Similarly,
adding a path 5 — 6 — 4 preserves all homologies.

One can repeat this pattern arbitrarily many times. By doing so we construct a digraph
with a prescribed positive integer value of dim H; while keeping dim H,, = 0 for all p > 2.
Consequently, the Euler characteristic x can take arbitrary negative integer values.
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Example 4.11 Consider a digraph on Fig. 1(right). By Proposition 4.5, we can remove
the vertices 5 and 8 (and their adjacent edges) without change of homologies. Then by the
same proposition we can remove 4 and 7. By Proposition 4.8 we can remove the vertex 1.
The resulting digraph with the vertices 0, 2, 3, 6 is star-shaped, so that by Proposition 4.2 the
homology groups H), are trivial for all p > 1, while dim Hy = 1.

5 Join of path complexes

In this and next sections we use slightly different way of denoting the path spaces associated
with a given path complex as we will have to consider path complexes on more than one
set. Given a finite set V, denote by P (V) a path complex on V. The space A, (P (V)) of
all allowed n-paths will be denoted shortly by A, (V). Similarly, the space Q, (P (V)) of
all O-invariant n-paths will be denoted by €, (V). Similar notation will apply to all other
relevant notions including path homologies H,, (V'), etc.

In this section the range of n is n > —1 so that we use the augmented chain complexes
(3.6).

5.1 Definition and examples of join

Definition 5.1 Given two disjoint finite sets X,Y and their path complexes P (X),P (Y),
set Z = X 1Y and define a path complex P (Z) as follows: P (Z) consists of all paths of
the form wv where u € P(X) and v € P (Y). The path complex P (Z) is called a join of
P(X),P(Y) and is denoted by P(Z) = P(X)x P(Z).

The operation * on the path complexes is obviously non-commutative but associative.
An example of the path uv € P (Z) is shown on Fig. 8(left). Note that each of u,v can be
empty so that all allowed paths on X and Y will also be allowed on Z.

Figure 8: Join of two paths (left) and join of two digraphs (right)

Example 5.2 Let X,Y be two digraphs with disjoint sets of vertices. Consider the digraph
Z whose the set of vertices is X LI'Y’, while the set of edges of Z consists of all the edges of
X and Y, as well as of all the edges x — y for all x € X and y € Y. The digraph Z is called
a join of X and Y and is denoted by X *xY. An example of a join of two digraphs is shown
on Fig. 8(right).
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Let P(Z) be the path complex arising from the digraph structure of Z. Then it is
obvious from the definition that P (Z) is the join of P (X) and P (Y) so that P (X xY) =
P (X)* P (Y). Hence, the operation of joining of digraphs is compatible with the operation
of joining path complexes.

Example 5.3 Let X and Y be the vertex sets of finite simplicial complexes S (X) and
S (Y). Let us construct a simplicial complex S (Z) with the vertex set Z = X UY as follows.
Assuming that |X| = n and |Y| = m, embed the set X (together with all simplexes from
S (X)) into a hyperplane h"~! C R**™~! and Y — into a hyperplane h™~! c R*tm-1
where the hyperplanes h"~1, A1 are orthogonal and non-intersecting. For any two simplexes
o1 € S(X) and o9 € S(Y), define their join o1 0 as the convex hull of o1 and o9 embedded
in R"*™~1 as above (see Fig. 9).

Rr+m-1 Jin-1

Figure 9: A join 07 * 03 of two one-dimensional simplexes 01,09 (case n =m = 2)

Due to a general position of o1 and o9, the join o1 * o2 is also a simplex. Then S (Z) is
a collection of all simplexes o1 * o2 with 01 € S(X) and o2 € S(Y). We refer to S(Z) as a
join of simplicial complexes S (X),S (Y) and denote it by S (X) =S (Y).

Equivalently, one can define S (Z) in an abstract way without embedding into a Euclidean
space. Indeed, considering simplexes as sequences of vertices, we can say that S (Z) consists of
all simplexes of the form [z, ..., Zp, Yo, ..., Yq] Where [zo, ..., zp] € S (X) and [yo, ...,y € S (V).
It is clear that S (Z) is a simplicial complex as it satisfies the defining property (3.2). It
is also obvious that the path complexes P (X),P (Y),P(Z) of the simplicial complexes
S(X),S(Y),S(Z), respectively, satisty P(Z) = P(X) = P(Y). Hence, the operation of
joining of simplicial complexes is compatible with the operation of joining path complexes.

Proposition 5.4 Let P (X) and P (Y') be two path complexes and let P (Z) = P (X )P (Y).
If ue Q,(X) andv e Qu(Y) then uwv € Qg1 (Z). Moreover, the operation u,v — uv of
join extends to that for the homology classes v € Hy(X) and v € Hy(Y) so that uv €

Hpig41(Z).

Proof. If v and v are allowed then wv is allowed on Z by definition. In particular, if
u € Qp(X) and v € Q(Y) then uv € A,i441(Z). Let us show that 0 (uv) € Apqq (Z),
which would imply wv € Qp4 441 (Z). Indeed, we have by (2.7)

A (uww) = (u) v+ (=1 (dv). (5.1)

18



Since Ou and Jv are also allowed, we obtain that the right hand side here is allowed, whence
the claim follows.

If u,v are cyles, then by (5.1) the join wv is a cycle for Z. We are left to verify that the
homology class of uv depends only on the homology classes of u and v. For that it suffices
to prove that if either v or v is a boundary then so is uv. Indeed, if © = dw then

9 (wv) = (Qw) v+ (—=1)P w (Ov) = wv

so that uv is a boundary. m

5.2 Path homologies of join

Before we state the main theorem, let us recall some notations from homological algebra. Let
{Ap}p>pO be a sequence of finite dimensional linear spaces over K enumerated by an integer
parameter p. Denote by A, the direct sum of all A,, that is

Ae= D Ap
P>Po
so that A, is a graded linear space. If {4,} is a chain complex with the boundary operator
04 then 04 extends linearly to an operator in A, that respects a graded structure. It will be
convenient identify A, with the chain complex A, = {A,} as A, contains the same information
as A,. The sequence of homologies {H), (A.)} of the chain complex A, gives rise to a graded
linear space Hq (As) -
Given two graded linear spaces A, and B, as above, define their tensor product by

A0®B-:®(Ap®3q)7

P
where A, ® B, is the tensor product over K of the linear spaces A, and B,. In other words,
Ae ® By = Cy where

Cr = D (Ap ® By) .
{p,g:p+q=r}

If A, and B, are chain complexes with the boundary operators d4 and Jp, respectively,
then define the boundary operator d¢ in C, by

I (u®@v) = (0au) @ v+ (—1)’ u® (Opv) (5.2)

forallu € A, and v € B,. It is well-known that 9% = 0 so that Cy with ¢ is a chain complex.
Furthermore, by a theorem of Kiinneth, we have the following identity for homologies:

H,(Cy) = H, (Ay) @ H, (B,) (5.3)

that is,
H,(Co)= @D Hp(A.) ® Hy(B.)
{p.¢:p+q=r}

(see [16]). Given a graded linear space A,, define a graded space A, by
A;L = Anfl.

If A, is a chain complex then also A/ is a chain complex with the same boundary operator.
Given a regular path complex P (V') on a finite set V', we consider as before the spaces

Rn(V), A (V) and Qp (V), where n > —1. Then we have the chain complexes R (V),

R, (V), Qe (V), Q, (V) with the regular boundary operator 9 and a graded space Ae (V).
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Theorem 5.5 Let X,Y be two finite non-empty sets and P (X) and P (Y) be reqular path
complexes on X and Y, respectively. Set Z = X UY and consider the join path complex
P(Z)=P(X)*P(Y). Then we have the following isomorphism of the chain complezes:

e (Z2) 2L (X) 20 (Y), (5.4)
where the mapping Q, (X) @ Qe (V) — Qo (Z) is given by u @ v — uv.
It follows from (5.4) that, for any r > —1,
0, (2) = D (2 (X) @ Q2 (Y)) (5.5)
{p.a=—1Liptg=r—1}

and, for any r > 0,

{p,q>0:p+q=r—1}

(a Kiinneth formula for join).

The identity (5.6) gives easily the proof of Proposition 4.2. Indeed, let G be a star-shaped
digraph with a star center a. Denote by G’ the digraph that is obtained from G by removing
the vertex a and all adjacent edges. Then G = {a}+G’, and by (5.6) we obtain H, (G) = {0}
for all » > 0 because flp ({a}) = {0} for all p > 0. If G is an inverse star-shaped digraph

then G = G’ * {a} and again H, (G) = {0}.

Example 5.6 Consider the digraph Z = X *Y as on Fig. 8(right). In this case we have by
Proposition 4.3 that all homologies H, (X) and H, (Y) are trivial except for

Hi (X) = span{eo +e12+ e},
Hy(Y) = span{ess —eg5 + €61 — €34} .

Therefore, all H, (Z) are trivial except for Hs (Z) that is generated by a single element

€0135 — €0165 + €0164 — €0134 1+ €1235 — €1265 T €1264 — €1234 + €2035 — €2065 + €2064 — €2034-

5.3 Cone and suspension

A cone over a digraph X is a digraph Cone X that is obtained from X by adding one more
vertex a and all the edges of the form b — a for all b € X. The vertex a is called the cone
vertex. Clearly, we have Cone X = X * Y where Y consists of a single vertex a.

Proposition 5.7 For any digraph X, we have for any r > 0
Q, (Cone X) = Q. (X) ® Q1 (X), (5.7)

where the isomorphism is given by the map u,v — u + vey, where u € Q. (X), v € Qr_1 (X)
and a is the cone vertex. Furthermore, all the reduced homologies of Cone X are trivial.

Proof. Since ConeX = X xY with Y = {a}, the isomorphism (5.7) follows from
(5.5), Q_1 (Y) = span {1k}, Qo (Y) = span{e,} and Q,(Y) = {0} for ¢ > 1. Since all the
homologies ﬁlq (Y) are trivial, it follows from (5.6) that all homologies H,. (Z) are also trivial.
The latter follows also from Proposition 4.2 since Cone X is inverse star-shaped. m
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Example 5.8 Clearly, a simplex-digraph Sm,, can be regarded as a cone over Sm,_1 (cf.
Section 4.1). Since Qg (Smyg) is spanned by a 0-path eg, we obtain by induction from (5.7)
that €, (Sm,,) is spanned by a path eg1. .

Definition 5.9 A suspension over a digraph X is a digraph Sus X that is obtained from X
by adding two vertices a,b and all the edges ¢ — a and ¢ — b for all ¢ € X. The vertices a,b
are called the suspension vertices.

Clearly, we have Sus X = X Y where Y = {a, b} is a digraph that consists of two vertices
a,b and no edges.

Proposition 5.10 For any digraph X we have, for any r > 0,
Q Sus X) = Q. (X)® Q1 (X)® Q1 (X), (5.8)

where the isomorphism is given by the map u,v,w +— u + veg + wep, where u € Q. (X),
v,w € Q1 (X) and a,b are the suspension vertices. Furthermore, we have

H, (SusX) > H,_; (X), (5.9)

where the isomorphism is given by the map u +— u (e, — €p), u € H,_; (X) . Consequently, we
have
X (Sus X) =2—x(X). (5.10)

Proof. Let Y as above. The isomorphism (5.8) follows from (5.5) because Q_; (Y) =
span {1k}, Qo (Y) = span{e,, ey} and Q, (Y) = {0} for ¢ > 1. Since ﬁq (Y) = {0} for all
¢ # 0 and Hy (Y) = span {e, — ey}, (5.9) follows from (5.6). Finally, setting Z = Sus X and
using (5.9), we obtain

X(Z) = 1+> (-1)"dimH, (2) =1+ Y (-1)" dim H,; (X)

r>1 r>1
= 1-) (-1)°dimH, (X)=2-) (-1)"dim H, (X) =2 — x (X),
s>0 s>0

which proves (5.10). =

In particular, having examples of digraphs X with arbitrary negative integer values of
X (cf. Example 4.10), we obtain examples of digraphs Sus X with arbitrary positive integer
values of y.

Example 5.11 Let S be any cycle-graph that is neither triangle nor square; it will be con-
sidered as an analog of a circle. Define S, inductively by S; = .5 and S,,+1 = Sus S,,. Then
S, can be regarded as n-dimensional sphere-graph. Since x (S) = 0 by Proposition 4.3, it
follows that x (S,) =0 if n is odd and x (S,) = 2 if n is even. Proposition 5.10 implies that
dim H,, (S,) = dim H; (S) = 1, which gives an example of a non-trivial H, for an arbitrary
n.

For example, the octahedron digraph Oct on Fig 10 is S5 based on the cycle S with
the vertices 0,1,2,3. It follows that Oct has non-trivial Hy (Oct) despite the fact that this
digraph is obviously planar.

Let v be an 1-path on S that spans Hj (S) (see Section 4.1). If S,,1 is a suspension of
Sy, on the vertices ay, b, then we obtain by induction that the spanning element of H,, (S,,)
is

u="1v(eq —ep)(ay — €py) .- (ea%1 — ebn_l) .
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Figure 10: The octahedron digraph Oct

For the cycle S on Fig. 10 we have by Proposition 4.3 v = ej2 — g2 + g3 — €13, which implies
that the spanning element of Hj (Oct) is

u="1v(eq4 —e€5) = €124 — €024 + €034 — €134 — €125 + €025 — €035 + €135.

Obviously, each term in this sum corresponds to one of the eight faces of the octahedron, and
the sum wu represents in some sense the surface of the octahedron.

Applying Proposition 4.3 to compute the homology groups of S and then Proposition
5.10, we obtain

dim Hy (Oct) = 1, dim Hy (Oct) =0, dim Hy (Oct) =1, dim H,, (Oct) =0 for p > 3.
(5.11)

Example 5.12 Consider a digraph G on Fig. 11(left).

Figure 11: A digraph G with 12 vertices and 32 edges (left) and its reduction to the digraph
G’ (right)

Removing successively the vertices A, B, 8,9,6,7 by Proposition 4.5, we obtain a digraph
G’ as on Fig. 11(right) with the vertex set {0,1,2,3,4,5} that has the same homologies as
G. The digraph G’ is clearly the same as Oct on Fig. 10. Hence, we obtain by (5.11) that
dim Hs (G) = 1 while H, (G) = {0} for p =1 and p > 2. The spanning element of H (G) is
hence
U = €124 — €024 + €034 — €134 — €125 + €025 — €035 + €135
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In other words, this 2-path u determines a 2-dimensional “hole” in G given by the octahedron.
Note that on Fig. 11 this octahedron is hardy visible, but it can be determined purely
algebraically using the above tools.

5.4 Some properties of J-invariant paths on joins

We prove here some auxiliary results needed for the proof of Theorem 5.5. For a finite set
V', denote by R (V') the path complex on V consisting of all regular elementary paths on V.
Then, for any n > —1, R, (V) denotes the set of all regular elementary n-paths on V', As
before, R,, (V) is the space of all finite K-linear combinations of the paths from R, (V).

Let X,Y be two finite non-empty sets and P (X) and P (Y) be regular path complexes
on X and Y, respectively. Set Z = X UY and consider the join of path complexes P (Z) =
P(X)xP(Y).

Lemma 5.13 Any w € Q4 (Z) admits a representation

w = Z eza” = Z bey, (5.12)

z€P(X) yeP(Y)
where a® € Qo (V) and bY € Q4 (X) are uniquely determined.

Proof. Since any allowed elementary path on X is a join of elementary paths on X and
Y, we see that any w € A, (Z) admits a representation

w = Z cYegey, (5.13)

zeP(X), yeP(Y)

where the coefficients ¢*¥ € K are uniquely determined. It follows from (5.13) that

= ) e.d”, (5.14)

z€P(X)

where

a® = Z ey € A (Y).

yeP(Y)

Clearly, a® are uniquely determined.
Assume now that w € Q, (Z) and show that a® € Q4 (Y). Let us define the coefficients
(5?/ S {0, ]., —1} by

Deg= Y 0%ey. (5.15)

2/ €R(X)

Also, if € P, (X) then set e, = (—1)?T". Using (5.14) and the product rule (2.7) we obtain

ow = Z (Oez) a® + ezey (0a”) = Z Z (5Iem/a + Z eper0a”.

zeP(X) z€P(X) z’€R(X) zeP(X

Switching in the double sum the notations x and z’ and interchanging the summation signs,
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we obtain

ow = Z Z 5,emax/+ Z ex€r0a”

2ER(X) 2/€P(X) z€P(X)

= Z €x Z §%a" + e,0a” (5.16)

2€P(X) o' €P(X)

+ ) e Z 5% | . (5.17)

z€R(X)\P(X) z’eP(X

Note that any elementary path of the full expansion of the sum (5.17) has a non-allowed
X-part, while that of (5.16) has the allowed X-part. Therefore, there is no cross cancellation
between the elementary paths of (5.16) and (5.17). Since their sum Ow is allowed, it follows
that the sum (5.17) consisting only of non-allowed paths, must vanish.

On the other hand, since dw € Q. (Z), we have analogously to (5.14) a representation

~T
ow = E egsa”

zeP(X)

where a® € A, (Y). Comparison with (5.16) yields

Z 5z,a + .0

x'eP(X)

Since a” € A, (Y), it follows that da® € A, (Y), which proves that a® € Q, (Y).

The second identity in (5.12) is proved similarly. m

Let V be a finite set. If u € R, (V) and = € R, (V) then we denote by u* € K the
coefficient of z -component of u if n = m and set ¥ = 0 € K if n # m. Let us introduce in
A, (V) the K-scalar product as follows: for all u,v € A, (V) we put

Z u®v?, (5.18)
zeP(V)

where as before u” and v”* are the coefficients of the components of u and v, respectively. If
K = R then [,] is a proper scalar product, but for a general field K there is no positivity
property (in fact, it can happen that [u,u] = 0). Set also

Qfg‘ (V)={ue A, (V) : [u,v] =0forall v e Q,(V)}. (5.19)

If K =R then Q}f is an orthogonal complement of €, in A, and A, = Q, @ Qﬁ.

For a general K, this is not true, as €2, and sz may have a non-trivial intersection.
However, for any field K, it is still true that

dim Q, + dim Q;; = dim A4,
(see [13, Lemma 6.1]).

Lemma 5.14 Ifu € Q (X) andv € Ay (Y) then uwv € QF (Z) where r = p+q+1. Similarly,

if ue Ay (X) and v € QF (V) then uv € Q- (Z).
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Proof. To prove the first claim, we need to show that [uv,w] = 0 for any w € Q, (Z).
By Lemma 5.13, w is a sum of the joins ¢t where ¢ € Q4 (X) and ¢ € A, (Y'). Hence, it
suffices to prove that

[uv, p1h] = 0, (5.20)

assuming that ¢ € Q, (X) and ¢ € Ay (V). If p' + ¢ + 1 # r then uv and ¢t do not have
common elementary paths in their expansions, and (5.20) is trivially satisfied. Assuming
P +q¢ +1=r, we obtain

o, o] = > (W) (p) = Y Tty
2€P.(Z) x€Py(X),yePq(Y)

If p’ # p then ¢* = 0 and again (5.20) holds trivially. Finally, if p’ = p and, hence, ¢’ = g,
then we obtain

[uv, pp] = Z u®p” Z VWY = [u, o] [v,9] =0,

zePp(X) yePy(Y)

because [u, ¢| = 0 by assumption u € sz (X). The second claim is proved similarly. =

5.5 Proof of the Kiinneth formula for join

The main technical part of the proof of Theorem 5.5 is contained in the following theorem.

Theorem 5.15 Let P (X) and P (Y') be two reqular path complexes and let P (Z) = P (X) x
P (Y) be their join. Then any O-invariant path w on Z admits a representation in the form

k
w= Zuwi (5.21)
i=1

for some finite k, where u; and v; are O-invariant paths on X and Y, respectively.

The proof of Theorem 5.15 will be given at the end of Section 6.5 because it is similar to
the proof of an analogous property for Cartesian products of path complexes (Theorem 6.12
below).

Proof of Theorem 5.5. Let us first show how (5.5) and (5.6) follow from (5.4). By
definition (5.4) means that

0, (2) = D (2, (X) @9, (Y)),
{p>0,>—1:p+q=r}

whence (5.5) follows by changing p — 1 to p. The isomorphism (5.4) of the chain complexes
Qe (Z) and Q, (X) @ Q¢ (V) implies that their homologies are also isomorphic. On the other
hand, by the Kiinneth theorem (5.3), we obtain

He (2, (X) @ QW (Y)) 2 He (2, (X)) ® He (2 (Y)),

whence

H, (Q (Z)) = He (2 (X)) @ He (Q (V).

More explicitly this means that, for any r > —1,

H@2) =@ (Hy ()@ 5 (2 (1))
=@ (X)) H, W),

{p.a>—1:p+g=r—1}
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Since the homology group H_ (£2,) is always trivial, the condition p,q > —1 can be replaced
here by p,q > 0. Finally, using that H, (Q2e (X)) = flp (X) and H, (26 (Y)) = ﬁq (Y) are
the reduced homologies, we obtain (5.6).

Now we concentrate on the proof of (5.4). We use the graded spaces {Re}, {Ae}, {0}
associated with the path complexes P (X),P (Y) and P (Z). If {W,} is one of these spaces
then set

Wa (X,Y) = W!(X) @ W. (Y).

Then (5.4) can be restated as follows:
e (Z) 2 Qe (X,Y).
To prove this, we will construct explicitly a mapping
d:0,(X,Y)—Q,(2)

that will be isomorphism of linear spaces and will commute with the boundary operator 9.
Consider first a larger the chain complex

Re (X,Y) =R, (X) ®Ra (Y)
and define for any r > —1 the linear mapping
$:R, (X,Y) — R, (Z)
as follows: for all u € R}, (X) and v € Ry (Y) with p+q =, set
@ (u®v) = uv,

where wv is the join of v and v on Z (note that X and Y are subsets of 7).
It follows from Lemma 2.2 that, for u,v as above,

9 (uwv) = (Ou) v + (—1)P udv. (5.22)

Here the operator 0 is the boundary operator on R, (Z), but in the expressions du and Ov
it coincides with the boundary operators on R, (X) and Re (Y'), respectively. By (5.2) we
have for the operator 0 on Re (X,Y)

0(u®v)=(0u) ®@v+(-1)"u® Jv.
The comparison with (5.22) shows that the following diagram is commutative:

R (X,Y) £ R.(X)Y)

l<1> l@
Re1(2) & R.(2)

Hence, the mapping ® is a homomorphism of chain complexes Ro (X,Y) and R, (Z).

Let us verify that ® is in fact a monomorphism. Indeed, the basis in R, (X,Y) consists
of all elements of the form e, ® e, where z € R, (X),y € Ry (Y) with p+ ¢ = r. Since
P (e; ® ey) = eyy and all such paths ey, are linearly independent in R, (Z), we see that @ is
injective.

Next, observe that

¢ (-Ar (X7Y)) = A (Z) :
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Indeed, the basis in A, (X,Y") consists of all elements of the form e, ®e, where z € R, (X) ,y €
R, (Y) with p 4+ ¢ = r, while the basis in A, (Z) consists of the paths e,, with the same set
of x,y, whence the claim follows. In particular, the linear spaces A, (X,Y) and A, (Z) are
isomorphic.

Finally, let us prove that, for all » > —1,

®(Q, (X,Y))=Q,(2),
which will finish the proof of (5.4). The inclusion
@ (2 (X,Y)) €9 (2)

is trivial because by Proposition 5.4 u € , (X) and v € Q,(Y) with p + ¢ = r imply
uv € Q. (Z) . The opposite inclusion

® (2, (X,Y)) 29 (2)

follows from Theorem 5.15. Indeed, any w € €, (Z) admits a representation in the form
w = Z U;V;
i

where u; and v; are d-invariant paths on X and Y, respectively. It follows that

0] (Zui@’%) :Zuivi =w
% A

and, hence, w € ® (2, (X,Y)). =m

6 Cartesian product of path complexes

In this section we slightly redefine the sequence {R,, (V')} of spaces of regular paths on a finite
set V. Namely, instead of the previous convention R_; = span {e}, we set now R_; = {0}.
In other words, the index n has now the range n > 0 instead of n > —1 in Section 5.

All path complexes in this section are regular, and we always use a regular standard chain
complex {€2,},~ given in (3.7) and the associated homology groups {H,}, -

6.1 Cross product of paths

Given two finite sets X, Y, consider their Cartesian product Z = X X Y. Let z = z921...2, be
a regular elementary r-path on Z, where z, = (zp, yx) with xx € X and y; € Y. We say that
the path z is step-like if, for any k = 1, ..., 7, either xx_1 = x or yr_1 = yi. In fact, exactly
one of these conditions holds as z is regular.

Any step-like path z on Z determines by projection regular elementary paths x on X and
y on Y. More precisely, x is obtained from z by taking the sequence of all X-components
of the vertices of z and then by collapsing in it any subsequence of repeated vertices to one
vertex. The same rule applies to y. By construction, the projections x and y are regular
elementary paths on X and Y, respectively. If the projections of z = 2y...2, are x = xg...x,
and y = yo...yq then p+ g =r (cf. Fig. 12(left)).

Every vertex zy = (;,y;) of a step-like path z can be represented as a point (4,5) of Z>
so that the whole path z is represented by a staircase S () in Z? connecting the points (0,0)
and (p,q). Define the elevation L (z) of the path z as the number of cells in Z2 below the
staircase S (z) (the shaded area on Fig. 12(right)).
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Z=(Xp.Yg)  (0.9) 9)
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2o=(X0,0) Xi Xp (0.0) (p.0)

Figure 12: Left: a step-like path z and its projections x and y. Right: a staircase S (z) and
its elevation L (z) (here L (z) = 30).

Definition 6.1 Given paths u € R, (X) and v € R, (Y) with some p,q > 0, define a path
u X v on Z by the following rule: for any step-like elementary (p + ¢)-path z on Z, the
component (u x v)* is defined by

(ux v)? = (=1)X&) y*y, (6.1)

where x and y are the projections of z onto X and Y, respectively, and u* and vY are the
corresponding components of u and v. For non-step-like paths z set (u x v)* = 0.
The path u x v is called the cross product of w and v. It follows that u x v € Rpy4(Z).

For given elementary regular p-path x on X and g-path y on Y, denote by II, , the set of
all step-like paths z on Z whose projections on X and Y are x and y, respectively. It follows
from (6.1) that

o xey= Y (—1)Pe.. (6.2)

Zenz,y

It is not difficult to see that the cross product is associative.

Example 6.2 Let us denote the vertices of X by the letters a,b,c,... and the vertices of Y
by the integers 0,1,2,... so that the vertices of Z can be denoted as chessboard fields, for
example, a0, bl etc. Then we have

€abec X €012 = €q0b0cOclc2 — €a0b0blcle2 T €a0b0blb2c2

+€a0alblcle2 — €aalblb2e2 + €a0ala2b2¢2

as one can see on Fig. 13.

From now on and throughout this section we use the regular boundary operator 9 acting
on the chain complex {R,}, -, (note the difference with Section 5 where we used {R,},,~_;)-

It turns out that the boundary operator O satisfies the product rule with respect to the
cross product.

Proposition 6.3 (Product rule) If ue R, (X) and v € Ry (Y) where p,q > 0, then
O(uxv)=(0u) xv+ (=1)Pux (0v). (6.3)

The proof of this statement is rather involved and can be found in [13, Prop. 4.4].
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Figure 13: The staircase a0b0blclc2 has elevation 1. Hence, e opopicic2 enters the product
eabe X €o12 With the negative sign.

6.2 Path homologies of Cartesian product

Definition 6.4 Given two finite sets X and Y with path complexes P (X) and P (Y), re-
spectively, define on the set Z = X x Y a path complex P (Z) as follows: the elements of
P (Z) are step-like paths on Z whose projections on X and Y belong to P (X) and P (Y),
respectively. The path complex P (Z) is called the Cartesian product of the path complexes
P(X) and P(Y) and is denoted by P (X)OP (V).

In short: a step-like path z on Z is allowed if and only if its projections on X and Y are
allowed. In particular, if  and y are elementary allowed paths on X and Y, respectively,
then all the paths z € Il ,, are allowed on Z. It clearly follows from (6.2) that

ueA,(X) andve A (Y) = uxveAd,q,(2).
Furthermore, the following is true.
Proposition 6.5 Ifu € Q,(X) and v € Qu(Y) then u x v € Qpy4(Z).

Proof. Indeed, Ou and dv are allowed, whence also Ou x v and u x v are allowed, whence
0 (u x v) is allowed by the product rule (6.3). It follows that u x v € 2,14, (Z). =

The next theorem is one of the main results of this paper. It gives a complete description
of 0-invariant paths on Z.

Theorem 6.6 Let P (X) and P (Y) be two reqular path complexes. Then for their Cartesian
product P (Z) = P (X)OP (Y) the following isomorphism of chain complezes holds:

e (Z) = Qe (X) ® N (Y) (6.4)
where the mapping Qe (X) @ Qe (Y) — Qo (Z) is given by u @ v — u X v.

A more detailed version of (6.4) is the following: for any r > 0,

%22 P ( BX)eQY)). (6.5)

{p,q>0:p+q=r}

Consequently, we obtain the Kiinneth formula

Ho(Z)= H,(X)® H, (Y), (6.6)
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that is, for any r > 0,

H(2)=2 @ (H(X)eH/(Y)). (6.7)
{r,q>0:p+q=r}

The proof of Theorem 6.6 will be given in Section 6.5 after a necessary preparation in Section
6.4. Before that we consider some examples of Cartesian products.

Let X be a digraph. For simplicity of notation, we denote the set of vertices of X by
the same letter X, and the set of edges denote by Ex. Given two digraphs X and Y, their
Cartesian product is the digraph Z = XUOY where the set of vertices of Z is the Cartesian
product of the sets of vertices of X and Y, while the set E; of edges is defined as follows:
(z,y) — («',y) if and only if either x — 2’ and y = ¢/, or y — ¢/ and = = 2/

, (z.y) (')

y [ [ ] e [

T T T
(z,y) (')

y. e [ ] e [ )

Y i x .. s — e

Clearly, any allowed path on Z is step-like, and its projections onto X and Y are also allowed.
Hence, the path complex of the digraph Z is the Cartesian product of the path complexes of
the digraphs X and Y.

Example 6.7 Let Z = XY where X is a 3-cycle and Y is a square, that is,

b 2. e .3
X = 0N\ and Y= 7 T
leg «— of

o® —
We have
Qo (X) = span{eq, ep, ec}, Q1 (X) = span {eu, €pc, €cat, Qp (X) = {0} for p>2

and

Qo (Y) = span{egp,e1,ea,e3}t, Q1 (Y) =span{ep,e1s, €23, €02},

Q2(Y) = span{eps —eo2s}, Qq(Y)={0} forq>3.
Hence, we obtain by (6.5)

Q3(2) =M (X)@Q2(Y)
and
Q3 (Z) = span {eqp X (€013 — €023) , €be X (€013 — €023) , €ca X (€013 — €023)} -

Similarly one computes 2, (Z) for other values of r.
By Proposition 4.3, we have

Hy (X) =span{eq + epc + €ca}, Hp(X) = {0} for p>2
and
Hy (Y) =span{eg}, Hy(Y)={0} forall g > 1.
By (6.7) we obtain
H,(Z) = H, (X) ® Ho (Y)
and
Hy (Z) =span{(eq + €pe + €ca) X €0} -
It follows also from (6.7) that H, (Z) = {0} for all r > 2.
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6.3 Cylinders and cubes
For any digraph X, the cylinder over X is the digraph

Cyl X := XO {% — o'}

Assuming that the vertices of X are enumerated by 0,1,...,n — 1, we can enumerate the
vertices of Cyl X by 0,1, ...,2n — 1 using the following rule: (x,0) is assigned the number z,
while (x,1) is assigned x + n.

Every regular p-path v on X has two copies on Cyl X: v = v X €9 and v(q) = v X e1.
Moreover, v gives rise to the following (p + 1)-path on Cyl X: V(o1) = v X eq1, that is called
lifting of v. For example, if v = e;,.;, then

P
V(01) = €ig...ip, X €01 = Z (—1)p_k €ip...ix (ig+n)...(ip+n) - (6.8)
k=0

By Proposition 6.5, if v is d-invariant, then v(gy, v(1), v(o1) are also d-invariant.
Proposition 6.8 For any digraph X and for any r > 0, we have
Q. (Cyl X) =2 Q. (X)® Q. (X) D Qo1 (X),

where the isomorphism is given by the map u,v,w — wug) + vy + wor), for u,v € (X)
and w € Q,_1 (X). Furthermore, we have

H, (CylX) = H, (X),
where the isomorphism is given by the map u — wu() for u € Hy (X).
Proof. All claims follow directly from Theorem 6.6 and the knowledge of €2, and H, of
the digraph Y = {"e — o'}, m
Define for any non-negative integer n the n-cube digraph by

Cube,, = CylCube,_1, Cubey = {0}.

For example, Cube; = {’e — o'} Cube; is a square:

2. — .3
7 i
lg — ol

and Cubes is shown in Fig. 14.

Lifting a 0-invariant 1-path v; = ep; on 1-cube, we obtain the following 0-invariant 2-path
on 2-cube: v = eg13 — egog. Lifting further v, we obtain the following O-invariant 3-path on
the 3-cube:

V3 = €457 — €0157 + €0137 — €0467 1+ €0267 — €0237-

We obtain by induction a O-invariant n-path v, on Cube, that is a lifting of a d-invariant
(n — 1)-path v,—1 on Cube,,_1. It is easy to see that v, is an alternating sum of n! elementary
terms, corresponding to partitioning of a geometric n-cube into n! simplexes. It follows from
Proposition 6.8 that 2, (Cube,) = span(v,) so that the path v, represents the n-cube.
Proposition 6.8 also implies that homology groups of Cube,, are trivial except for Hy.
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Figure 14: A 3-cube

6.4 Some properties of J-invariant paths on products

Here we prove some lemma needed for the proof of Theorem 6.6. Given a regular path
complex P (V) on a finite set V', we consider the spaces R, (V), A, (V) and Q, (V) with
n > 0, as well as their direct sums Rq (V), Ae (V), Qo (V).

In all statements we consider two regular paths complexes P (X), P (Y') and their Carte-
sian product P (Z) = P(X)OP (Y) where Z = X x Y.

Lemma 6.9 Any path w € Q4 (Z) admits a representation

w = Z ™ (e X ey) (6.9)

zeP(X), yeP(Y)

with some coefficients ¢ € K (only finitely many coefficients are non-vanishing). Further-
more, the coefficients ¢*¥ are uniquely determined by w.

Proof. Let us first show the uniqueness of ¢*¥, which is equivalent to the linear indepen-
dence of the family {e, x e,} across all z € P(X) and y € P (Y). Indeed, assume that, for

some scalars ¢*Y,
Z ey x ey =0,
z€P(X),yeP(Y)
and prove that ¢®¥ = 0 for any couple z,y as in the summation. Fix such a couple z,y and
choose one z € II, ,. Then by (6.1)

(emz X e /)Z = (_1)L(Z) 9 2/ =z and y/ =,
Y 0, otherwise,

which implies that
4

S eney| =
z'€P(X),y’€P(Y)

and, hence, ¢*¥ = 0.

Let us show existence of the representation (6.9) for any w € Q,(Z) and any r > 0.
As before, for any elementary r-path z on Z, w?® denotes the e,-coordinate of w. If z is an
elementary r’-path with ' # r then set w* = 0. For any z € P(X) and y € P (Y) choose
some z € I, , and set

¢ = (=1)FE) 7, (6.10)
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Let us first show that the value of ¢*¥ in (6.10) is independent of the choice of z € II, ;. Set
z = ig...ip. Let k be an index such that one of the couples iy_1ig, ixiry1 is vertical and the
other is horizontal. If ix_1 = (a,b) and i, = (a/,V) where a,a’ € X and b,b’ € Y, then i
is either (a’,b) or (a,b’). Denote the other of these two vertices by i, as, for example, on the
diagram:

by U Tt
° ° N
b lg—1 i
° ° — e
[l
)
Jr ° — e
a a’

Replacing in the path z = ig...i, the vertex i; by ¢}, we obtain the path 2’ = ig...i5_19}ig41...0r
that clearly belongs to Il , and, hence, is allowed. Since the (r — 1)-path ig...i5—17k11...0r is
regular but non-allowed (as it is not step-like), while dw is allowed, we have

(8w)io...ik,1ik+1.--ir = 0. (611)

On the other hand, we have by (2.4)

(aw)io---ik—1ik+1---ir

(]

k—1
(Z 0 im— 1 Jim 1T (6.12)

J€Z \m=0

+( 1) ’LUZO Af— 1j’lk+1 Sy (613)
r+1

4 Z 0 =1kt 11 i “). (6.14)
m=k+2

All the components of w in the sums (6.12) and (6.14) vanish since they correspond to
non-allowed paths, while w is allowed. The path ig...ix_1jigs1...i, in the term (6.13) is also
non-allowed unless j = i or j = i) (note that i; and 7} are uniquely determined by ij_;
and ij,1). Hence, the only non-zero terms in (6.12)-(6.14) are w0-#-1tkik+1ir = 1p* and
W' ik-1iik 1t — 42 Combining (6.11) and (6.12)-(6.14), we obtain

0=w®+w.
Since L (2') = L (z) £ 1, it follows that
(—1)EE) ' = (—1)FE) 2, (6.15)

The transformation z — 2’ described above, allows us to obtain from a given z € Il

in a finite number of steps any other path in II, ,. Since the quantity (—1)L(Z) w? does not

change under this transformation, it follows that it does not depend on a particular choice

of z € I, which was claimed. Hence, the coefficients ¢*¥ are well-defined by (6.10).
Finally, let us show that the equality (6.9) holds with the coefficients ¢*¥ from (6.10). By

(6.2) we have
er X €y = Z (1)@ e,

ZGHz,y
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Using (6.10) we obtain

Z ™ (ep X ey) = Z v Z 1)@ e

zeP(X), yeP(Y) zeP(X), yeP(Y) z€lly y

— Z Z w?e,

z€P(X), yeP(Y) z€llz y

= g we, = w,

2€P(2)

which finishes the proof. m

Corollary 6.10 Any path w € Q4 (Z) admits representations

Z ex X a® Z b X ey (6.16)

zeP(X yeP(Y)

where a® € Q¢ (Y) and bY € Qq (X) are uniquely determined.

Proof. It follows from (6.9) that

w = E er X a*

z€P(X)

where

a® = Z e, € Ag(Y).

yeP(Y)

It is obvious that a® are uniquely determined as so are the coefficients ¢®. Let us show that,
in fact, a® € Qq (Y). Let us define the coefficients 05, € {0,1,—1} by

Dep = Y 0% ey (6.17)

2/ €R(X)

Also, if € P, (X) then set ¢, = (—1)”. We have by the product rule (6.3) and by (6.17)

ow = Z Oey X a® + egep X 0a”
zeP(X)
— Z Z 5€x'><a+ Z Eglr X 0a”
z€P(X)z'eR(X) z€P(X)
= Z Z 5,ex><a + Zaxexxaa
z€R(X) 2’ eP(X) zeP(X

= Z er X Z 62,0 + e,0a” (6.18)

zeP(X) z’'eP(X)

+ Y x| Y oha” . (6.19)

zeR(X)\P(X) z'eP(X)

Every elementary path on Z that is present in the full expansion of the sums (6.18) and (6.19)
has the X-projection equal to z. Since in (6.18) z is allowed, while in (6.19) — not, there is
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no cross cancellation of the elementary paths in (6.18) and (6.19). Since every elementary
path in (6.19) is non-allowed, while the sum Ow of (6.18) and (6.19) is allowed, we see that
the sum in (6.19) vanishes.

On the other hand, since Ow € Qq (Z), we have by Lemma 6.9 a representation

~T
ow = er X a®,
z€P(X)

where a® € A, (V). Comparison with (6.18) shows that

at = Z 8%,a" + ,0a”.
z'eP(X)

Since a® € A, (Y), it follows that da® € A, (Y), which proves that a® € Q4 (V). The second
identity in (6.16) is proved similarly. =

In the next lemma we use the K-scalar product [-,-] of paths that was introduced in
Section 5.5 (see (5.18) and (5.19)).

Lemma 6.11 Ifu € Q3 (X) and v € Ay (Y) then uxv € Q- (Z) where r = p+q. Similarly,

if ue A, (X) andvGQj(Y) then u x v € Q- (Z).

Proof. We need to prove that, for any w € Q, (Z),
[u x v,w] =0, (6.20)

assuming that u € - (X) (the second claim is proved similarly). We have:

[uXv,w] = Z (ux v)*w?
z€P-(Z)
= Z (—1)L(Z) u*vYw® (x,y are projections of z)
z€P-(Z)

- Z Z Z (—1)L(z) uFvYw?.

TP (X) uely(Y) 2€llay

By Corollary 6.10, the path w is a sum of the terms ¢ X ) where p € Qq (X) and ¢ € Aq (Y),
so that it suffices to prove (6.20) for w = ¢ x 1. Let ¢ € Q,(X) and, hence, ¢y € Ay (Y).
Then we have by (6.1)

w? = (=) Ty

[u x v,w] = Z Z Z u vy,

TE€P(X) yEPy(Y) 2€1Lz y

and, hence,

Since

Z u®p” = [u,p] =0,

zEPH(X)

we obtain (6.20). If ¢ € Q,y with p’ # p, then w® = 0 for any z € I, , with z € P, (X), and
(6.20) is trivially satisfied. m
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6.5 Proof of the Kiinneth formula for product

Here we prove Theorem 6.6. The major part of the proof of Theorem 6.6 is contained in the
following theorem 6.12 that is similar to Theorem 5.15 for join. Since the proofs of Theorems
6.12 and 5.15 are practically identical, we have preferred to give a detailed proof of Theorem
6.12 for the product and sketch of the proof of Theorem 5.15 for join at the end of this section.

Theorem 6.12 Let P (X) and P (Y) be two reqular path complexes and let P (Z) = P (X)OP (Y)
be their Cartesian product. Then any O-invariant path w on Z admits a representation in
the form

k
w= ZUZ X v (6.21)
i=1

for some finite k, where u; and v; are O-invariant paths on X and Y, respectively.

Proof. The representation (6.21) is simple in a special case when the path complexes
P(X) and P(Y) are perfect, that is, when all allowed paths are O-invariant. Indeed, by
Lemma 6.9, any w € Q, (Z) admits a representation in the form (6.9), where e, and e, are
allowed paths on X and Y, respectively. By the assumption of the perfectness of P (X) and
P (Y), the paths e, and e, are J-invariant, so that (6.9) implies (6.21).

For arbitrary path complexes P (X) and P (Y), the previous argument does not work
since e; x e, does not have to be 0-invariant. Hence, we need a more elaborate strategy.
Given two subspaces U C A, (X) and V C A, (Y), denote by U x V the subspace of A, (2)
that is spanned by all products u x v with w € U and v € V. For any r > 0 set

0 (Z)= ) 9 (X)xQ(YV), (6.22)
ptq=r

that is, Q, (Z) is the space of paths on Z that is spanned by all paths of the form u x v where
u € Q,(X) and v € Q4 (Y) with some p,q > 0 such that p+ ¢ = r. By Proposition 6.5, we
have u x v € Q, (Z) whence it follows that

Q. (2)Cc Q. (2).

The existence of the representation (6.21) is equivalent to the opposite inclusion, that is, to
the identity

Clearly, it suffices to show that
dim Q, (Z) < dimQ, (Z). (6.23)

Consider also the space N
A(Z)= ) A (X)x A (Y).

ptq=r

By definition of the cross product, all the paths in er (Z) are allowed, that is,

A, (2) C A (2).

By Lemma 6.9, any path from €, (Z) is a linear combination of paths e, x e, with allowed
x,1y, which means that

0 (Z)C A (2).
In particular, we have also

Q. (2) C A (Z).
Fix some triple p, ¢, with p + ¢ = r and consider the spaces (cf. (5.19)):
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e O (X) — an orthogonal complement of ), (X) in A, (X);
o QqL (Y) — an orthogonal complement of Q, (Y) in A, (Y);
e QL (Z) — an orthogonal complement of €, (Z) in A, (Z) (warning: not in A, (Z)!)

Consider first the case when the field K is R or Q. In this case, a linear space with a K-
scalar product is represented as a direct sum of a subspace with its orthogonal complement.
For each u € A, (X) consider a decomposition

u=uqg+uyL (6.24)

where ug € Q,(X) and u; € Qlf (X), and a similar decomposition v = vq + v, for v €
Ay (V). Then we have

UXV=UQ XVQ+UQ XV +UQ XV +U] XV].

Here uq x vq € §~2r (Z), while by Lemma 6.11 all other terms in the right hand side belong
to Q- (Z), whence it follows that

uxveQ (Z)+Qk(2).
Since .ZT (Z) is spanned by the products u x v where u, v are allowed, we obtain that
A,(2)=9.(2)+ 9} (2).
Comparing with the decomposition
A (2) =0 (Z2) 20 (2),

we obtain (6.23).
Consider now the most general case of an arbitrary field K. Let us introduce the following
notation:

a, = dimA,(X), a, =dim A, (Y), a, = dim A, (Z),
wp = dimQ,(X), wy=dimQy(Y), w, =dimQ, (Z),

and observe that
dim Qlf (X) = ap —wp, dim Qj (V) = ag — wg, dimQt (2) = a, — w,. (6.25)

Let us prove that

a, = Z apay. (6.26)

ptq=r
Indeed, A, (X) is spanned by all elementary paths e, with z € P, (X) and A, (Y') is spanned
by all elementary paths e, with y € P, (Y). Therefore, A, (Z) is spanned by all products
ez X ey where x,y as above are considered for all possible p,q such that p +¢ = r. The
number of such products e, X e, is equal to the right hand side of (6.26), so that the identity
(6.26) follows from the linear independence of the family {e; x e,} (cf. Lemma 6.9).
It follows from the above argument that

dim (A, (X) x Ay (Y)) = apay (6.27)
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and that B
A (Z) = D (A (X) x A (Y)). (6.28)

ptq=r

Before we can proceed further, let us prove two claims about properties of subspaces of
A, (X) and A, (Y).
Claim 1. For any two subspaces U C A, (X) and V C A, (Y), we have

dim (U x V) =dim U dim V. (6.29)

Indeed, let w1, us, ..ur be a basis in U and vy, ...v; be a basis in V. Then U x V' is spanned
by all products u; x vj, so that
dim (U x V) < kl. (6.30)

Let us complement the basis {u;} to a basis in A, (X) by adding additional paths ], ..., u},,
and, similarly, complement {v;} to a basis in A, (Y') by adding v}, ...,v},. Set U’ = span {u]}

and V' = span {U;} . Then

Ay (X)x A(Y)=U+U)x (V+V)=UxV+UxV' +U xV+U xV', (6.31)
whence by (6.27) and (6.30) we have

dim (U x V) 4+ dim (U x V') +dim (U" x V) +dim (U" x V') (6.32)

apag <
< kl+K +EI+ET.

The right hand side here is equal to (k + k') (I + ') = apaq, which implies that we must have
the equality case in (6.32), in particular, dim (U x V') = ki, which proves (6.29).
Claim 2. For any two subspaces U C A, (X) and V C A, (Y), we have

(U x Ay (V)N (A (X) x V) =U x V. (6.33)

Indeed, it follows from Claim 1, that the sum at the right hand side of (6.31) is direct
and, hence,
UxA,(Y)=Ux (VaV)=UxV)d (UxV)
and
Ay (X)xV=UaU)xV=UxV)® (U xV),

whence (6.33) follows.
By Lemma 6.11, we have

QL (X)x A, (Y) CQF (2)

T

and
-

Ay (X) x Q7 (Y) C QO (2)

so that
> @ (X) % Ay (1) + (4 (X) x 0 (V)] € 9 (2) (6.34)
ptq=r

(see Fig. 15).
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Oy (X) X Ay (1) + A, (X) x O () AA2)

Figure 15: Space A, (Z) and its subspaces Q1(Z), Ap(X) x Ay(Y) (two instances), and
Qj(X) X Ag(Y) + Ap(X) x QqL(Y).

Note that the space in the square brackets in (6.34) is a subspace of A, (X) x A, (Y). It
follows from (6.28) that the sum »_ in (6.34) is direct, which implies an inequality

Y dim [(Q; (X) x Ag (V) + (A (X) x QF (Y))] < dim QL (2). (6.35)
p+q=r
By Claim 2, the subspaces Q. (X) x Ay (Y) and A, (X) x Q7 (Y) have intersection Q- (X) X
Qg (Y), whence
dim [ (2 (X) x Ay (V) + (A (X) x 0 (V)]

= dim(Q (X) x Ag (V) + dim(A, (X) x Q (V) — dim(;;

- (X) x Q7 (Y)).(6.36)

Using (6.25), we obtain that the right hand side of (6.36) is equal to
(ap — wp) ag + ap (ag — we) — (ap — wp) (ag — wq) = apag — wWpwg.

Substituting this into (6.35) yields

E (apag — wpwq) < ar —wr,
pa=r

which together with (6.26) implies that
wy < Z Wpwq.
ptg=r
Finally, we are left to observe that, by (6.22),
Z wpwq = dim Q. (2),
pta=r

which finishes the proof of inequality (6.23). m
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Proof of Theorem 6.6. The isomorphism (6.6) follows from (6.4) and the abstract
Kiinneth theorem (5.3), so we only need to prove (6.4). Consider the tensor product of the
graded linear spaces

Ao (X,Y) i= A (X) @ As (V)

and a linear mapping
A (X)Y)— A (2)

defined on the basis by
D (e, @ey) =€z X €y

for all z € P, (X) and y € P, (Y) with p+ ¢ = r. In fact, we have
® (A (X,Y)) = A, (2)

where A, (Z) is defined in (6.28). It follows from the argument in the proof of Theorem 6.12
that the mapping ® is injective.
Consider now the tensor product of the chain complexes

Qe (X,Y) :=Q¢ (X) @ Qe (YV),
that is, set for any r > 0

Q,(X,Y) = D (€ (X) @ Qg (Y))
{r,q¢>0:p+q=r}

and define the boundary operator 9 on Q, (X,Y’) by (5.2). It follows from the definition of
® and 2, (Z) that N
Q. (X,Y)=Q,.(2).
Since by Theorem 6.12 N
0 (2)=9,(2), (6.37)

we obtain that the mapping ® provides a linear isomorphism of the spaces Q4 (X,Y) and
Qe (Z). Moreover, ® commutes with 9, which follows from (5.2) and the product rule of
Proposition 6.3. Hence, ® is an isomorphism of the chain complexes Q4 (X,Y") and Q4 (2),
which finishes the proof. m

Proof of Theorem 5.15. The proof of Theorem 5.15 is obtained from the proof of
Theorem 6.12 by “search and replace” operation. Indeed, we need only to make the following
changes in the proof of Theorem 6.12:

e Remove everywhere the sign x of cross product, so that the cross product u x v of two
paths v on X and v on Y will be replaced by their join uv. The same applies to the
cross product U x V of subspaces U C A, (X) and V C A, (Y): it is replaced by the
join UV that is by the space spanned by all joins wv with u € U and v € V.

e Replace everywhere A, (X) by A}, (X) and Q, (X) by @}, (X).
e Replace the (implicitly used) range p > 0, ¢ > 0 of the parameters p,q by p > 0,q > —1.

Let us verify that after these changes the proof remains valid. For that we only need to
trace the places where the properties of the cross product were used and replace them by the
corresponding properties (and references) of join. Here is the list of the properties of cross
product that were used in the proof of Theorem 6.12, and their replacements for join.
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1. fue Ay (X) and v € Ay (Y) then u x v € Aptq (Z), which follows immediately from
the definition of the cross product. The same property is true for join: if u € .A;, (X)
and v € Ay (Y) then uv € A,4, (Z), which is also a trivial consequence of the definition.

2. Proposition 6.5: if u € Q, (X) and v € Q4 (Y) then u x v € Q44 (Z). It should be
replaced by Proposition 5.4: if u € ;, (X) and v € Qg (Y) then uv € Q14 (Z).

3. Lemma 6.9: any path w € Q, (Z) is a unique linear combination of the products e, x ey,
where z is an allowed path on X and y — that on Y. It should be replaced by the
following property of join: any path w € A, (Z) is a unique linear combination of joins
ezey With x and y as above, which is a trivial consequence of the definition of join of
path complexes.

4. Lemma 6.11: if u € Q[f (X) and v € A, (Y) then u x v € Qlﬁq (Z). It should be

replaced by Lemma 5.14: if u € Q;f' (X) and v € Ay (Y) then uv € Q;q_q (Z2).

By these observations we finish the proof. m
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