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Additional problems are marked by *

In all Exercises €2 is an open subset of R".

Let .

ij=1
be a uniformly elliptic operator in ) with measurable coefficients. For any a > 0
consider the following Dirichlet problem

{ Lu — au = —f weakly in (, (28)

u € Wy?(Q).

By Exercise 10 this problem has a unique solution u for any f € L?(2). Hence, define
the resolvent operator R, : L*(Q) — L*(Q) as follows: if f € L?(Q2) then R,f is equal
the solution u of (28). Prove the following properties of R,,.

(a) R, is a bounded linear operator in L?(Q) and ||R,| < 1/a.

(b) R, is a self-adjoint operator in L?(12).
Under the hypotheses of Exercise 30 prove the following properties of the resolvent
operator R,.

(a) R, is a positive definite operator in L?(€2).

(b) If © is bounded then R, is a compact operator in L?*().

Hint: Use the compact embedding theorem.

Consider a non-divergence form operator

Lu = z”: a;; () Oiju + z”: b;0;u

ij=1 i=1

in a bounded domain §2 of R™. Assume that (a;;) is uniformly elliptic with the ellipticity
constant A and that b; are bounded: for some constant b

Z |b;| < b pointwise in ().
i=1
Let u € C*(Q) N C (Q) be a classical solution of the Dirichlet problem

Lu=-1 inQ
u=0 on 0f).
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34.

Let D be the diameter of 2. Prove that

supu < Cyexp (CeD),
Q

where C] and Cy are constants depending on A\ and b.

Hint: Use the same approach as in Exercise 2: compare u with a function

v(z) = —aexp (yz1) + B
with appropriate constants «, 3,y and apply the comparison principle.

Under the hypotheses of Exercise 32, assume that the diameter D of €2 is small enough,

namely,

n
D < o (29)

Prove that
supu < AD?%.
Q

Hint: Assuming that the origin belongs to €2, compare u with a function
v(r)=—alzl*+
with appropriate constants «, § and apply the comparison principle of Exercise 2.

* Consider a ball Bg in R", n > 2, and assume that a function v € C? (Bg) N C (ER)
solves the classical Dirichlet problem

Au = —fin Bp,
u=0 on 0Bg.

(a) Prove that, for any ¢ € (n/2, 00|,
[l oo < MLF (30)

where M = CR?*™/% and C is a constant depending on n, ¢.
(b) Prove that the estimate (30) cannot hold for ¢ < n/2 with any finite M.

Hint: Use the representation
u(@) = [ G(z,y)f(y)dy, (31)
Br
where G (x,y) is the Green function of the ball Bg. Use also that
1

wa (0 =2) J& —y["

G(z,y) <

and

1 1 1
GOY = <\yl"‘2 - RH) . (33)



