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Abstract

The purpose of this note is to give elementary (accessible to 1st year stu-
dents) proofs of three formulas mentioned in the title.

1 Wallis product
Theorem 1 We have forn € N

(27n!)?

(2 )‘ ~ /TN as n — Q.
n).

An equivalent formulation:

. (2-4-..-2k) o7
b (35 - (2k— 1) (2k+1) 2

™
In:/ sin” x dx.
0

We prove the following properties of I,,.

Proof. Set for alln € Z,

(a) I,—y > I, > 0. Since for 0 < 2 < 7 we have 0 < sinz < 1, it follows that

0 <sin"z < sin" !z,

which implies 0 < I, < I,,_1.
(b) Iy = 7 and I; = 2. Indeed, we have

IO:/ dr =7m and 1'1:/ sinzdr = — [cos x]y = 2.
0 0



(c) I, = "T’lln,g for n > 2, which is proved by integrations by parts:

™ ™
I, = / sin"” x dx = —/ sin" ! zd cos x
0 0

™

. — ™ . —

= —[sm" 1:rcosx]0+/ cosxdsin™ ! x
0

T
= (n—1 cos? zsin® 2 x dx
( )
0

= (n—1) /07r (1 — gin? yc) sin” 2 x dx
= (n—1)(In-2— 1),

whence I, = ”T’lln,g follows.
(d) lim,,_,o 72— = 1. It follows from (c) and (a), that

—_n
In—l

n—1 I, I,
= < <1
n In—2 A

Since "T_l — 1, we obtain that % — 1 asn — oo.
(e) For any k € Z,
2.4 .. (2k)
3:5-...-(2k+1)

1-3-..-(2k—1)
2.4 .- (2k)

12k+1 =2 and ng =T

Induction in k. For k = 0 these identities are satisfied by (b).
Induction step from k — 1 to k. Assuming that

2.4. .- (2k—2)

Lop 1 =2
ATy s 2k — 1)

we obtain by (c)

2k o, 24 (2k—2)(2)
2%k +1 T35 (2k—1)- 2k+1)

I2k+1 -

The second identity for Io; is proved similarly.
(f) In-1l, = 2.1t follows from (e), that

1-3-..-(2k—1) 2-4-..-(2k)  2rm
2-4-..-(2k) 35 (2k+1) 2k+1

Ly lop1 =7
which proves I,,_11,, = 27” for n = 2k + 1. For the case n = 2k we have similarly

L1150, =2

. 7T =

4...-2k—2) 1-3-..-(2k—1) 2r
5....-(2k—1) 2.4-..-(2k) 2%

2.
3.

(9) I, ~ /2. It follows from (f), that

n




whence
[g I

2r/n I,

T 2
I, = / sin” xdx ~ \/—W. (3)
0 n

Finally, let us prove (1). For n = 2k + 1 we have by (g)
2-4-..-(2k) | 2w
2 ~ )
3-5-...-(2k+1) 2k +1

2.4 .. (2k) m

3:5-...-(2k—1) 2
The left hand side is equal to

— 1,

and I? ~ 22 Tt follows that

whence

(2k +1) ~ V7k.

(2-4- .- (2k))? (2kk!1)*

35 (2k—1)-2-4-...-2k  (2k)!

whence (1) follows. m

2 Stirling formula

Theorem 2 We have forn € N

n! ~V2mn (E>n as n — oo. (4)
e

Proof. The asymptotic identity (4) is equivalent to

\/27rn(ﬂ)n
— —1 asn — o9,
n!
which is equivalent to
Vern (2)"
1HL(€)—>0 as n — 00,
n!
that is
(11 +1n> (In1+In2+..+1nn) —1 !
—Inn+nln— ) —(In n w.+Inn) —In as n — oo.
2 e V2T
We first prove that
. n 1
lim (nln—— <ln2—|—ln3+...+ln(n—1)+§lnn)> (5)
n—oo €

exists and is finite, and then we compute the value of the limit.
Consider the function f () on [1,00) defined by the following conditions:

3



1. f(n)=1Inn foralln e N
2. for x € [n,n+ 1], f (z) is a linear function.
By the concavity of In x, we see that
f(z) <Ilnz forall z > 1.

It follows that "
an ::/ (Inx — f(z))dz, neN,
1

is a non-negative monotone increasing sequence. We have
" n
/ Inzdr=nlnn-n+1l=nln—-+1
1

and

/jf(x)dx Y AT r I P AURD AU

k=1 7k k=1

1
= 1n2+...+ln(n—1)—|—§lnn.
Hence, we obtain
n 1
apb=nln—+1-— (1n2+...+1n(n—1)+§1nn> :
e

Hence, the existence of the limit (5) is equivalent to existence of the limit lim,, ., a,,.
Since {a,} is increasing, the limit does exist but we need still to show that it is finite.
For that write

n—1 g1
_— Inx — d
a / (inz — f () do
0o /~c+11 ;
< nr —
< Z/k (nz— f(x))da
- k+1 ko Ink+In(k+1)
= ) ((k+1Dn —kln—— 5 )

(

((k+1)1n(k+1)—klnk—%lnk—%ln(kJrl)—l)
S ((m%) (ln(k:—l—l)—lnk)—l)

((m%) ln(l—i-%) —1).

)

1 1 1 1 1
111 1+E :E—2—k‘2+%+0 E ask—>oo,

4



whence
1 1 1 1 1 1 1
<k+§>ln<1—|—g>—1 = <k+§) (E_% %4—0(1{:3))—1
k) d) ()
2k = 3k2 2k 4k2? k2
1 1
- 12k2+0<ﬁ)

1
12k2

> ((s+3)m(1+5) )

is convergent as it is equivalent to the convergent series # It follows that the
sequence {a,} is bounded and, hence, lim a,, exists and is finite.
Consequently, the limit (5) exists. It follows that also the following limit exists

A

n—0o0 n!

as k — o0.

Hence, the series

and is a positive number. That is, for some constant ¢ > 0,

n! ~ cyn (E> : (6)
e
To determine ¢, compute

(2"71!)2 (2nc\/ﬁ (%)n)Q B 2920y n2np—2n
(2n)! cV2n (2?")2n V2 22p2ne—2n

/2~ VA,

whence ¢ = +/27. Substituting ¢ into (6), we obtain (4). =

= C

SIE

By Theorem 1 we conclude

3 Gauss integral

Theorem 3 We have

/ e dy = V.

Proof. Consider for any n € N the function

1

T



3%

It is known that the sequence { <1 +

to e*”. Hence, the sequence {f, ()} is monotone decreasing and converges to e~

Since
1

fn(x) < fi(z) = 1522

n
) } is monotone increasing and converges
neN

72

and f; is integrable on R, we obtain by the dominated convergence theorem that

/ fn (x)dz — / e dx
On the other hand,

IR e e O e

The change y = cott, t € (0,7) yields

dt
o sin’t (1 + COSQt

sin? t

T [ 2
/ sin?" 2 tdt ~ T \/E as n — oo,
0 2n — 2 n

/_Zfﬂx)dwﬁ

which together with (7) finishes the proof. m

/ fu(2) di = v/

By (3), we have

which implies

\/_/ sin?" 2 tdt.

(7)



