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1 Introduction

Let M be a non-compact connected Riemannian manifold and let p be the Riemannian
measure on M. For each non-empty open subset 2 C M, denote by A(Q2) the first eigen-
value of the Dirichlet problem in §2 for the Laplace-Beltrami operator A. The Faber-Krahn
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inequality is a lower bound on A(f2) in terms of the volume u(€2) as follows:
Q) > A (), (1.1)

where A is a non-negative function on (0, +o00). The function A is called the Faber-Krahn
function of an open set U C M if (1.1) holds for all Q@ C U. Since \(Q2) decreases
on expansion of 2, we will always assume that the Faber-Krahn function is monotone
decreasing.

Recall that the classical Faber-Krahn theorem states that, for any open set Q C RY,

A(2) > A(B),

where B is the Euclidean ball with volume u(B) = u(€2). It is easy to see that A\(B) =
cN,u(B)*2/ N Hence, according to the definition given above, RY has the Faber-Krahn
function

A(w) = ey v 2N,

This paper describes how Faber-Krahn inequalities and Faber-Krahn functions behave
under removal of a compact set with smooth boundary (Section 2.2, Proposition 2.1 and
Theorem 2.4) and under gluing of several non-compact manifolds (Section 3, Theorem
3.3). This is somewhat a technical goal but these results should prove useful in various
situations. In particular, they extend (in a sense) those of [2] where a Sobolev inequality
for the exterior of certain compact domains in RY was proved.

One specific application of these cutting and gluing results is presented in detail in
Section 4. It concerns with the problem of estimating of the heat kernel on a manifold
with ends. To describe more precisely this application, let us assume that M is geodesically
complete and let K C M be a compact set with smooth boundary such that M \ K has k
connected components Ff1, ..., Ey. The sets F; are called the ends of M with respect to
K.

Furthermore, in many cases each end F; can be considered as the exterior of a compact
set with smooth boundary in another complete manifold M;. In this case we say that M
is a connected sum of My, ..., M}, and write

(see Section 3.1 for a careful definition).

Now, suppose that each M; is a non-compact complete manifold for which we have a
good heat kernel upper bound. What information can we obtain for the heat kernel on
the connected sum M?

The study of the relationships between heat kernel bounds and functional inequalities
(such as Faber-Krahn inequalities and others) has been an active area of research during
the past decades (see, e.g., [4], [21], [8], [11]). In view of the previous experience is natural
to attack the above question about heat kernel bounds on connected sums of manifolds
by using the Faber-Krahn inequalities, which is done in this paper.

We obtain fairly satisfactory heat kernel bounds that are easy to apply in some cases.
For example, let us consider the special case when each end FEj; is the exterior of a compact
with smooth boundary in a non-compact complete manifold M; with non-negative Ricci



curvature. Let Vj(z,7) be the volume of the geodesic ball in M; of radius r and center
x € M;. For any r > 0, set
Viin(r) = min V;(o;,7),

1<i<k

where o; € OF; is a fixed reference point. In this situation we prove that, for all ¢ > 0,

C
< —F-—-. .
S S "
(see Theorem 4.5). The estimate (1.2) is used in our paper [13] as a key ingredient for
obtaining two-sided estimates of p (t,x,y) for the full range z,y € M and ¢t > 0 in the
above setting. In particular, it follows from [13] that (1.2) is sharp, that is, has a matching
lower bound, provided each manifold M; is non-parabolic.

We denote by the letters ¢, C, ¢/, C" etc positive constants whose values can change at
each occurrence.

2 Cutting Faber-Krahn inequalities

In this section we show that the Faber-Krahn inequality is roughly preserved under the
removal of a compact set with smooth boundary.

2.1 FK-functions

Let (M, g) be a non-compact Riemannian manifold possibly with boundary! §M. Fix a
positive smooth function ¢ on M and consider a Radon measure g on M defined by

d:u = O'2d/,l,07

where p is the Riemannian measure on M. The couple (M, pu) is called a weighted
manifold. The operator
Lu = o 2div(c?V u)

is defined on functions u € C? (M) is called the Laplace operator of (M, x). In particular,
in the case 0 = 1 it coincides with the Laplace-Beltrami operator of the Riemannian
manifold M. The operator £ obviously satisfies the Green formula for all u,v € C° (M)

/uﬁvd,u:—/(Vu,Vv)du:/ Luvdp,
M M M

although in the case of non-empty boundary dM we have to assume in addition that
and v satisfy the Neumann boundary condition on d M.

It follows that £ is symmetric with respect to measure p and admits the Friedrichs
extension that is a self-adjoint operator in L? (M, 1) that will be denoted also by £ (cf.

11)).

'We use the symbol § to denote the boundary of a “manifold with boundary” M as opposed to the
symbol O that denotes the topological boundary of a subset. Note that the topological boundary 0M
of a “manifold with boundary” M is always empty. It would be preferable to use another term for M,
for example, the border, and to call M a “manifold with border” but, unfortunately, the confusing term
“manifold with boundary” is commonly used and cannot be easily changed.




Let d(x,y) be the geodesic distance between = and y. Let B(x,r) be the open geodesic
ball of radius r around x. We say that the Riemannian manifold (1, g) is complete if the
metric space (M, d) is complete. It is known that the completeness of M is equivalent to
the fact that all geodesic balls B (z,r) are precompact.

For any region Q C M, we denote by A(£2) the first Dirichlet eigenvalue for the operator
L in Q. More precisely, ,

A(Q) := inf MV—(;;]d,u
$eC () [ d°dp

Note that if M has a boundary then, topologically, {2 can contain points of M as interior
points. At those points, the test function ¢ does not necessarily vanish. Therefore, in this
case, \(Q2) is the smallest eigenvalue of £ in  satisfying the Dirichlet condition on 0
and the Neumann condition on M N Q. Nonetheless, we will always refer to A(2) as the
Dirichlet eigenvalue, in order not to overload the terminology.

Definition. Let U be an open subset of M. We say that a non-negative function A(v)
on (0,00) is a Faber-Krahn function (FK-function) for U (or we say that U admits a
FK-function A) if A is non-increasing on (0,00) and, for any precompact open subset €2
of U,

A(Q) > A(u(92)). (2.1)

Clearly, A = 0 is always a FK-function but, of course, only positive FK-functions are
of interest. It can happen that M itself has a positive FK-function, that is, (2.1) holds
for all precompact open subsets Q of M. For example, in the case M = RY the classical
Faber-Krahn theorem implies that RY has the FK-function

A(v) = co 2N (2.2)

where ¢ = ¢(N) > 0. It follows by a compactness argument that, for any weighted
manifold M of dimension N, any precompact open set U C M admits the FK-function

A (v) = cgv 2N (2.3)
with some constant ¢y > 0 that depends on U.
It is known that any Cartan-Hadamard manifold of dimension N admits the FK-

function (2.2) but with a different value of ¢ (see [15]).
The fact that M has the FK-function (2.2) is equivalent to the Nash inequality:

o 2(142/N 4/N
vfecEon), [fIZY <o ( / |Vf|2du) TH
and, in the case N > 2, to the Sobolev inequality
VFECTIN, [y <C [ VS

(see [1], [14])).



Let M be complete non-compact manifold that covers a compact manifold. Fix some
reference point xp and set V' (r) = p (B (29, 7)). It follows from the isoperimetric inequality
of [3, Theorem 4], that M has the FK-function

where the function r(v) is determined by the equation Cv = V (r) and ¢, C' are positive
constants depending only on M. The same result holds for any non-compact connected
real unimodular Lie group M of dimension N equipped with an invariant Riemannian
metric.

Let us consider two explicit examples of the volume growth function on a covering
manifold M.

Example. If, for large 7, V (r) > Cr”, where v is a positive constant, then r(v) < Cv'/¥
and
A(v) = co™ " (2.4)

for large v.
If there exists 0 < o < 1 such that, for large r,

V (r) > exp (er®), (2.5)
then r(v) < C(logv)Y/* and .
Afv) = W, (2.6)

for large v. In all cases for small v we have

A (v) = cv 2N,

Example. In the case of Lie group M as above there are two possibilities for the volume
growth function: either V (r) =< r¥ for a positive integer v or log V' (r) =< r. In the first case
we obtain that M has the FK-function (2.4). In the second case, either M is amenable

and then, for large v,
c

A =
(v) log? v

or M is non-amenable and then, for large v, A (v) = ¢ > 0 (see [17]).
Example. Let us give one more example of different type. Let M = R™ x K where K is

a compact Riemannian manifold of dimension N —n. Then M admits the FK-function

v*2/N, v <1,
A =ef U 0T
(see [5]).

On the other hand, for a general manifold one cannot expect to have a positive FK-
function. The following notion is more flexible.

Definition. Let (B,v) — A(B,v) be a non-negative function where B = B(x,r) varies
among all geodesic balls of M and v € (0,400). We say that A is a relative FK-function



for (M, u) (RFK-function) if v — A (B,v) is a FK-function of the ball B; that is, the
function v — A(B,v) is non-increasing in v and, for any ball B in M and for any open set
QCB,

A() = A(B, p(€2)). (2.7)

A complete non-compact manifold M always admits a RFK-function of the from
A(B,v) = a(B)v= 2N (2.8)

where N = dim M and a(B) > 0 (cf. (2.3)), which follows from the fact that B is
precompact. An important class of manifolds for which a(B) can be estimated explicitly, is
the class of complete manifolds with non-negative Ricci curvature, p being the Riemannian
measure. For such a manifold one has

a(B) = p(B)2u(B)?/", (2.9)

where p(B) is the radius of B (cf. [7, Theorem 1.4 and Theorem 2.1], [16], [18]).

2.2 Cutting a manifold

Let (M, u) be a non-compact connected weighted manifold of dimension N. Let us fix a
compact set K C M that is the closure of a non-empty open set with smooth boundary?
such that M \ K is connected. Consider the set

M= M\ K

as a manifold with boundary dM™* = M LU 0K. We will equip with the superscript * all
the notation related to M*; in particular, M* is endowed with the measure p* = u|pz+.

By construction M* is complete and connected. Denote by d* the geodesic distance
on M* and by B* (z,r) geodesic balls in M*. Obviously, we have d* (z,y) > d(z,y) for
all x,y € M*, which implies the inclusion

B* (z,r) C B(x,r) (2.10)

of the balls, for all x € M™* and r > 0.

The connectedness of M \ K implies that there is a precompact open subset U of M
with smooth boundary such that K C U and U \ K is connected (for example, U can be
taken as a ball of large enough radius centered at K). The set U is used in all statements
in this section.

Our goal is to provide a lower bound for the Dirichlet eigenvalue A*(Q2*) for open sets
QO C M* in terms of such quantities on M. If Q* is disjoint with K then Q* is also an
open subset of M and we have A" (Q*) = A (2*) and there is nothing to do. However, if
Q*NK = Q*NIK is non-empty then \* (2*) is the first eigenvalue of the operator £* = £
in Q* with the Dirichlet condition on 92* and the Neumann condition on

IM* N =(MNQ*)U(OKNQY),



M NQ - |
the Neumann boundar

[ SM'=5M U oK

1

Figure 1: The eigenvalue problem for \* (Q*)

as on Fig. 1.

Consider the set Q = Q*\ 0K that is an open subset of M and observe that A (2) is the
first eigenvalue of £ in © with the Dirichlet condition on 9 = 9Q*U (0K N Q*) and the
Neumann condition on §M N . Hence, A (2) in comparison with \* (2*) has additional
piece of the Dirichlet boundary which implies that

A(Q) > M\ ().

Therefore, obtaining a lower bound for A\* (2*) is a non-trivial task, that will be discussed
in this section.

2.3 Non-parabolic case

To illustrate some technique that can be used for obtaining lower bounds for A* (2*), we
treat first the case when the weighted manifold (M, p) is non-parabolic (see [10] for a
detailed discussion of this notion). The crucial property that we will use is the following.
A weighted manifold (M, i) is non-parabolic if and only if for any open precompact set U
there exists a constant Cy;(U) (which is called the non-parabolicity constant of U in M),
such that

VieCR(M / Pdu < Cy(U / IV fdu. (2.11)

Given two subsets A € B of M, we say that a function ¢ is a cutoff function of thg pair
ABif ¢ €C(M),0<¢<1,supp¢ C B and ¢ =1 in an open neighborhood of A.

Proposition 2.1 Let (M, i) be a non-parabolic. Under the above assumptions there exists
a constant ¢ > 0 such that, for any open subset Q¥* C M*,

A (QF) > emin (A (Q),1), (2.12)

2if M is a manifold with boundary then we assume in addition that K and §M are disjoint



where Q = Q*\OK. The constant ¢ depends only on d (K,0U) and on the non-parabolicity
constant Cpr+ (U \ K).

Proof. Observe that the manifold M* is also non-parabolic (cf. [6]). Let ¢ a cutoff
function of the pair K,U. Set
Cyp = sup V)2
U

Clearly, by choosing ¢ appropriately, Cy4 can be bounded from above in terms of d (K, 0U).
The restriction ¢|ar+ also denote by ¢. For any function f € C°(Q*), we have f = fi1 + fa
where

fi=fo, fo=f(1-9)
(cf. Fig. 2).

Support of f(1-¢)

N N

] Support of f

Figure 2: Functions f¢ and f (1 — ¢)

Since (M*, p*) is non-parabolic, we have C* := Cj« (U \ K) < oo and, hence,

[ Apawzcr [ vspan=ct [ (vsfan (2.13)
U\K M+ Q
Note that
[vnpan < 2 [ ViR Rau+ [ £2190R
Q Q Q
<

2 (/ \Vf|2d,u+0¢/ |f|2dﬂ> .
Q U\K
Substituting here (2.13), we obtain

/Q|Vf12du§2(1+C*C¢)/Q\Vf|2du.

The same estimate holds for fs:
2 ( [iwstasc, | !f\zdu)
Q U\K

|1Vt
Q
2(1+C*C¢)/ |V f|2dpu.
Q

IN

IN

8



The function fo is compactly supported in the set Q = Q* \ K C M and thus

2 1 2
| < 55 [ 98P

Using again the non-parabolicity of (M*, u*), we obtain

[ fan= [ pau<c [ 9aPd=ct [ [9hPd
Q U\K M~ Q

Combining all the above estimates, we obtain
/fzdu < 2(/ f%du+/f22du>
Q Q
< 20" [ VAPt 5 [ VAP
B Q A () Ja
1
4 C*+—> 1+C*C /Vde,
(0 5 ) A+ Co) [ 1V sPan
which implies (2.12). m

2.4 FK-functions in balls

Now we pass to the case of a general (=possibly parabolic) manifold (M, ). The main

result of this section will be Theorem 2.4 below.

Instead of the non-parabolicity constant we will use the following three local versions

of the Poincaré inequality. Let W C M be a precompact open set.

/ gPdu < C/ Vgl dp.
w w

2. If W has smooth boundary and connected, then, for any g € W1 (W),

[ g-mwransc [ [woPan
w w

1. For any g € W3 (W)

1
where m = —p Jar gdpe.

3. Moreover, if in the case 2

p(g <0)>—p (W)

/ gidMSC/ Vgl dp
w w

then also

(cf. [7, Theorem 1.2]).

In all cases the constant C' depends only on the intrinsic geometry of W.

(2.14)

(2.15)

(2.16)



Lemma 2.2 Let U be a precompact open subset of M with smooth boundary such that
K Cc U and U\ K is connected. There exists a constant ¢ > 0 such that for any open
subset Q* C M* := M \ K, we have

A Q%) > emin(A(Q*UU),1). (2.17)
The constant ¢ depends only of the local geometry of K and U.

Proof. Note that Q is an open subset of M. If Q* N 9K = () then the Neumann
boundary condition on 9K N Q* is void, and we obtain

() =A(Q) > A(Q).
Consider a general case when 2* N 9K is non-empty. Set
Q=0Q"UU.

We shall prove that, for any function f € C2° (Q2¥),

2 1 2
/Q*f dM§C<)\(Q)+1)/Q*Nf‘ du, (2.18)

which then implies (2.17) with ¢ = (2C)~". Let us extend f to a function in C° (M*) by
setting f = 0 outside *. Set
1

T UONE) Sk

Jdp

and f = f — m. Since the function f is smooth in U \ K, we obtain by the Poincaré
inequality (2.15) in U \ K

Pdp < Cp / VI du. (2.19)
U\K U\K

Choose an open subset V' of M with smooth boundary such that K € V€ U. Let h
be the harmonic function in V such that h = f on OV; set h = h — m. Fix a function
¢ € C* (V) such that ¢ = 1 in a neighborhood of K.

The function (1 — ¢) f vanishes in a neighborhood of K and, hence, can be smoothly
extended to the whole M by setting it to be 0 on K. Since the functions h and (1—1¢) f
are defined in V' and have the same boundary values on 9V, the Dirichlet principle yields

/V’V}VL‘Q dug/v‘v<(1—<p)f>‘2 dpu.

On the other hand, we have
LIv(a=-ap) a - /V\K\v(u—so)f)f dy
Ce /U\K (F " ‘vff) -

10

IN



Support Ofl?(l-(p)

Figure 3: Set Q* and function f (1 — ¢)

where C, depends only on the function . Combining with (2.19) and using Vf: Vf,
we obtain

[Fa-onf mecacn | wita

whence )
/ IVh? d,u,:/ (vﬁ‘ dp < C¢(1+Cp)/ VI dp. (2.20)
1% v U\K
Consider in €2 the function
| h inV,
|l f mQ\V.

Since g € W¢ (2), we obtain by (2.20)

lgllz2@) < AT IVglZ2@) <A@ (1+Cp (1+Cp)) /Q\K VI dp. (221)
On the other hand, we have

||f||L2(Q\K) < H9HL2(Q\K) +1f - 9HL2(V\K) < ”gHL2(Q) +1f - h||L2(V\K)' (2.22)
Consider the function f —h in V* =V'\ IO( on the manifold M*. This function vanishes

on 9V = 9*V*, so that f —h € W§ (V*). Hence, using the Poincaré inequality (2.14) in
V* and (2.20), we obtain

1 = Bl < Cﬁa/ 1V (f — h)[2 dp
V\K
< 20p [ (ViPdurac [ vaPa
V\K V\K

< 20}3(1+C¢(1+CP))/

IVfI? dp,
U\K

11



where the constant C depends only on the intrinsic geometry of V*.
Finally, combining (2.21)-(2.22) we obtain

1 Z2nm < 2M9l72) +21F = PlT20nm)
2
< <— + 40;) (14+C,(1+ Cp))/ IVFI? du,
A(Q) Q\K
which is equivalent to (2.18). m

Lemma 2.3 Let U be a precompact open subset of M with smooth boundary such that
K C U and U\ K is connected. There exists a constant ¢ > 0 such that for any open
subset O C M™* := M \ K with

p () < sp(U\K) (2.23)

N | —

the following inequality holds:
A* (9%) > ¢ min </\(Q), " (Q*)—2/N) , (2.24)
where Q@ = Q* \ OK. The constant ¢ > 0 depends only of the local geometry of K and U.

Proof. Fix an open neighborhood V of K such that V' C U, and a cutoff function v
of the pair V, U, that is, a function ¢ € C2° (U) such that 0 <1 <1 and 9|y = 1. For any
f e (92), we have

2 2 _ 2
[ Pae<e [ g0t diez [ (0-0) 0 e (2.25)
(1 —)f is supported in Q C M, we have
[a=o e < x| [9i-0 0P a
Q Q
< 2@ [ (P19 +VE (- 0)?) dn

IA

CypA(©) ™! /fzdwr/g\vf!2 du |

U\K

where we have used the boundedness of ¢ and |V .
Since ¥ f is supported in U, the first term on the right hand side of (2.25) can be
bounded, by using the Faber-Krahn inequality in U, as follows:

[ 1o du

IN

Crien ()Y /U IV ()2 dy

IN

ConCon @) | [ P+ | 91 du
UK

12



Support of f(1-y)

O* —
Support of fy
Figure 4: Set Q*
Hence, we obtain
P < Cy (N o+ Crun( @) | [ Pt [V ], (220)
Q K Q
By hypothesis (2.23), we have
1
p{f=0NUNK) 2 Sp(U\K).

Applying the Poincaré inequality (2.15) to fi and f_, we obtain

/ fPdp < Cp /U » IV dp. (2.27)

U\K

Therefore, (2.26) yields
| s o (M Coen @) -G [ VI d,
Q* QO*

whence (2.24) follows. m

Theorem 2.4 Let K be a compact subset of M with smooth boundary such that M* =
M\ K is connected. There exist constants ¢ € (0,1) and P,Q > 1 such that any ball
B* (z,R) in M* admits the Faber-Krahn function

vi— A*(v) == cA(Qu), (2.28)

where A is the Faber-Krahn function of the ball B (z, PR) in M.

13



As we see from the proof, the constants ¢, P, ) depend only on the intrinsic geometry
of some precompact neighbourhood of K but, of course, they do not depend on z, R.

Proof. Since M \ K is connected, there exists a precompact open neighborhood U of
K such that U \ K is connected. Let Q* be an open subset of a ball B*(z, R) in M*; set
v = p (Q2*). To prove (2.28), we have to show that

AF(2F) > cA(Qu). (2.29)
Set Q@ = Q* \ 0K and so that Q is a subset of M. Moreover, by (2.10) we have
Q C B(z, R).

Let us consider the following cases.

Case 1. Assume that B(z, R) does not intersect K. Then A*(Q*) and A(Q2) are the
eigenvalues of the same boundary value problem, whence by (FK) in B(x, PR) and by
the monotonicity of A(-)

N(9) = AQ) > A(v) > A(Q). (2.30)

Case 2. Assume that B(z, R) C U. By the Euclidean Faber-Krahn inequality in

U\ Kc M*, it follows that
() > o2V,

We are left to verify that in this case
A(v) < Co2/N, (2.31)

Indeed, since v < u(B(x, R)), then there is a ball B(y,r) C B(z, R) with u(B(y,r)) = v.
Its eigenvalue \(B(y,r)) is comparable to that of the Euclidean ball of the Euclidean

volume v, that is,
C~ 2N < \(B(y,r)) < Co?/N. (2.32)

Note that B(y,r) lies in U so that the constant C' in (2.32) depends only on the intrinsic
geometry of U. Therefore,

A(v) < X(B(y,7)) < Co= /N, (2.33)

whence

A (Q%) > eA(v). (2.34)
Case 3. Assume that B (x, R) intersects K and B (z, R) is not contained in U. Then

2R > d(K,U°) (2.35)
which implies that
U C B(z,PR) (2.36)
where diam U
P:=1+ 2W (2.37)

14



Indeed, since B (z, R) intersects both K and U¢, then
9R = diam B (z, R) > d (K, U°).
If 2/ € B(z,R) N K then
U C B(2/,diamU) C B(z, R+ diamU).
By (2.35) and (2.37) we have

diam U
R+diamU < R4+ ———=2R= PR
+diamU < +d(K,UC) )
whence (2.36) follows.
Consider two subcases.
Case 3a: let v < 2 (U \ K). Then we obtain by Lemma 2.3

A" ()

v

¢ min ()\ (Q) ,1)72/N>

cmin (A (v) ,0_2/N> .

V

Note that in this case (2.31) is satisfied because, as in Case 2, we can choose a ball
B (y,r) C U C B (z, PR) such that

p(B(yr) =v,
whence (2.33) follows. Hence, we obtain
A*(Q%) > cA (v) > eA(Qu).
Case 3b: let v > 14 (U \ K). Then Lemma 2.2 yields
A*(QF) > ecmin(A(Q*UU),1).

Since by (2.36)
Q"UU C B(z,PR),

we have
AQUU) > A(p QT Ul)).
Since )
* M
QU <v+pU)<v+ ——-="—"20=Cv
where )
7
C=14+2————"—,
n(U\K)
we obtain
A(QTUU) > A(Cv)
and, hence,
A () > ecmin (A (Cv), 1) (2.38)

15



Note that o
A(Cv) <A (EM(U\K)> =: Ly.

If Lo <1 then we obtain from (2.38)
A* () > A (Co).
If Ly > 1 then it follows that

A () > = min (A (Cv), Lo) > —A (Cw),
LO LO

which finishes the proof. m

2.5 Relative FK-function

Corollary 2.5 Assume that we are in the setting of Theorem 2.4.
(a) If M admits the FK-function A (v) then M* admits the FK-function

A* (1) = A (Qu).,

where ¢, > 0 are the constants from Theorem 2.4.
(b) If M admits the RFK-function A(B,v) then M* admits the RFK-function

A*(B* (z, R) ,v) = cA(B(z, PR), Qu), (2.39)
where ¢, P, Q) are the constants from Theorem 2./.

Proof. Clearly, it suffices to proof (b). By Theorem 2.4, any ball B* (z, R) in M*
admits a FK-function
v cA (B (z, PR),Qu),
which means, that (2.39) is the RFK-function of M*. m

Example. Consider the case M = RY, ; being the Lebesgue measure. Then M has
the FK-function A(v) = cv=?N and by Corollary 2.5 M* has the FK-function A*(v) =
dv=2/N_ In particular, this implies the Nash inequality on M*:

0O A ¥ 2(142/N 4/N
viecrory, WY < ([ wka) iy
and, in the case N > 2, also the Sobolev inequality
VFECTOr). Iy <C [ VSR

The Sobolev inequality in M* = RN \ K (in fact, in a greater generality as far as the
regularity of 0K is concerned) was proved in [2]. The same conclusion holds, of course, for
Cartan-Hadamard manifolds and, more generally, for any Riemannian manifold M with
the FK-function A(v) = cv=2/V.
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Example. Let M be a complete non-compact manifold with non-negative Ricci curvature
and p its Riemannian measure. Then M admits the RFK-function

AB,v) = — (u(3)>2/N7

(%

where ¢ > 0 (cf. [7], [19]). Theorem 2.4 yields that M* admits the same RFK-function
but with a different value of ¢. Some versions of the Nash and Sobolev inequalities hold in
this case as well — see [18], [20]. Besides, this RFK-function implies a certain upper bound
of the heat kernel in M* with the Neumann boundary condition om 0K (cf. Section 4.1).
Two sides estimates of the heat kernel with the Dirichlet boundary condition on 0K are
also available — see [12].

3 Gluing FK-functions

The purpose of this section is to obtain the RFK-function on the connected sum of man-
ifolds My, ..., M}, assuming that the RFK-functions are known for each M;. The main
result is Theorem 3.3.

3.1 Manifolds with ends

Let M be a Riemannian manifold. We say that an open set £ C M is an end if E is
connected, F is not relatively compact and OF is compact (note that such an end may
correspond to more than one asymptotic ends). Let K be a compact set with smooth
boundary such that M \ K has k connected components E1, ... E) and each F; is an end.
If M has a boundary 6 M, then we always assume that dM does not intersect K. We
describe such a situation by writing

k
M=|]|| E.
=11K

The closure E; will be regarded as a manifold with boundary dE; that consists of two
disjoint pieces: the topological boundary JF; that lies on 0K and the rest that lies on
oM. Clearly, K can also be regarded as a manifold with boundary dK = 0K. We will
always assume that all sets E; are disjoint.

Since we are not interested in the effects of the specific geometry of K, we will some-

k

times omit K from the notation introduced above and write M = | | E;. Furthermore, in
i=1

many cases, each F; can be considered as the exterior of a compact in another manifold

M;. In this case we also write

k
M=| | M;
=1

and refer to M as a connected sum of the manifolds M; (see Fig. 5).

Here M; may be a manifold with boundary and, in particular, M; = E; is allowed here.
If M; is a manifold with boundary, then we always assume that its boundary dM; is the
disjoint union of two pieces &, and & where &; = () or &; = OE;, and §; = M N E;.
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Figure 5: The manifold M that is a connected sum of M;’s

Example. A specific realization of R™ | |R" is obtained as follows:
M=@®\E) | ®\B),

where K = S"~! x [~1,1] is equipped with an appropriate metric. Here B" is the unit
closed ball in R and S"~! is the (n — 1)-dimensional sphere.

We assume that M is equipped with a measure p on M with smooth density o2, and
that each M; is equipped with a measure u; with smooth densities o7 so that o; = o on
E;. We will equip with a subscript ¢ the names of all the objects related to the manifold
M;. In particular, we will denote geodesic balls in M; by B;(x,r). Note that a ball B in
M that is contained in F; is at the same time a ball in M;. Moreover, for such a ball B
we have u(B) = p;(B;).

3.2 The main results

Let M be the connected sum of My, ..., M} as described in Section 3.1. The goal of this
section is to obtain a RFK-function A for M in terms of given RFK-functions A; on M;,
i > 1. Set rg := diam K and fix Fy — an open set in M with smooth boundary such that

KQTO - EO C K37’0)

where K. is an open r-neighborhood of K. Since Fjy is a precompact open subset of M,
it has the Faber-Krahn function

—2/N

v , it v <y
A = _ , 3.1
o(v) C{ N i 0> v (3.1)

where N = dim M and vy = pu (Eyp) .
Given the RFK-function A;(B,v) on M;, i = 1,..., k, define the function

A(B,v) := min ot Ai(Bi(y, 3p(B)),v), (3.2)
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where v > 0, B is a ball in M, and p(B) is the radius of B. Now, define the function
A(B,v) as follows:

Ao(’l)>, if B C Fy;
A(B,v):= ¢ ANi(B,v), if BCE;,i>1, but B¢ Ey; (3.3)

A(B,v), otherwise.

Proposition 3.1 Assume that each of the manifolds M;,i = 1,...,k, is connected, non-
compact, complete, and

E;=M;. (3.4)

Assume also that, for each i, the weighted manifold (M;, ;) admits the RFK-function A;.
Then the manifold M = | |, M; admits the RFK-function

(B,v) — cA(B,v), (3.5)

where A is defined by (3.3) and the constant ¢ > 0 depends only on the intrinsic geometry
of a precompact neighbourhood of K.

Proof. Fix a ball B = B(z, R) C M, an open set Q C B, a test function f € C§°(€2).
We need to prove that

/ VFPdu > eA(B,v) / Py, (3.6)
Q Q

where v := p(£2). Consider the following cases.

Case 1. Assume that B C E; for some i > 0 (if B is contained in both Ey and Ej,
j > 1, then take i = 0). If i > 1 then the Faber-Krahn inequality in B = B;(x, R) C E;
gives

[V dn = aiBe) [ P =50 [ P (3.7)
Q Q Q
If ¢ = 0, then the ball B = By(x, R) has the FK-function Ag (v) and we obtain

/ VP du > Aov) / Fdu = A(B,v) / .
Q Q Q

In particular, if R < 7o then this case applies. Indeed, if x € K, then B(x, R) C
Ky, C Ey. If x ¢ K,,, then z € E;, for some ¢ > 1, and B(x, R) is contained in the same
E;.

Cases 2,3: preliminary remarks. In the next cases 2 and 3, we assume that
B = B(z, R) is not contained in any Fj;,i > 0. In particular, we have R > ry. Let us set
Q; = QN E,; for i > 1 and observe that the restriction of f to €; belongs to C5° (€2) on
the manifold M; because non-zero values of f on 0€; lie on OE; = 6M; (here we use the
assumption that M; = E;). Set

1; ::/ f2dp,i>1, and I :/ f2dpu.
Q; K

19



Observe that i
I = / f2du. (3.8)
i=0 Q

Case 2 (“main case”). Fix some positive € < % to be specified later on, and assume
that, for some ¢ > 1,

I >¢ / fdu. (3.9)
Q

Then the ball B has a non-empty intersection with F;, but it is not contained in FE; by
the aforementioned assumption. Thus, B intersects 0F;. Let y be a point in BN JFE;. We
claim that

Q, C Bi(y, 3R). (3.10)
Indeed, y € B(z, R) implies that B(y,2R) D B(x, R) D €. Next,

B(y,2R) N E; C B;(y,2R + diam 0E;) C B;(y,3R),
because diam 0F; < ryp < R, whence
Q; C B(y, 2R) ﬂEZ‘ - Bi(y, 3R).

(see Fig. 6).

Figure 6: Illustration to the case 2

Now we can apply the Faber-Krahn inequality in €; in the ball B;(y,3R) C M;, which

yields by (3.9)
vt
Q

v

/ V2 du > As (Bi(y, 3R), 1 () / Py
Q Q;

i

Y

eNi(Bi(y,3R),v) | f2%.
/
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To conclude (3.6), we are left to verify that
Ai(Bi(y,3R),v) > A(B,v). (3.11)
Indeed, since B is not contained in any Ej,j > 0, we have

A(B,v) A(B,v) < Ai(Bi(y,3R),v),

whence (3.11) follows.
Case 3. Assume that (3.9) is not satisfied for any i > 1. Then we have

/ fldu=IL+ .. +1I, < k:s/ fPdu, (3.12)
M\K Q

and by (3.8)
/ frdp=1o > (1— ks)/ Fdpu. (3.13)
K Q

Since 1 — ke > 0, we see that the intersection K N B is non-empty. Fix a point y € K N B;
then we have B C B(y,2R). Observe that K C B(y,r¢) and B(y, 1) C Ep where r; := 2r(.
Choose a function ¢ € C§°(B(y,r1)) such that ¢|p(yr,) = 1. Clearly, ¢ can be chosen in

the way that

Vo[ < SRGH (3.14)

r —To

(see Fig. 7).

Figure 7: Illustration to the case 3.

Since f¢ € C5° (2N B (y,r1)), we obtain by the Faber-Krahn inequality in Ey
[ IV G0 dn = 80 (@0 Blu.r)) [ (F0) = 2o ) [ (F0dn (315)
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On the other hand,

IV (fo)I> <2|Vf]> ¢ +2f% V|

whence by (3.14) and (3.12)

[IvGora < 2 [1viPedu+2 [ 7190 au
< 2/\Vf|2du+200/ f2du
M\K
< 2/\Vf|2du+200k€/f2dﬂ. (3.16)
Since by (3.13)
[ Gordnz [ Pa=a-r) [ . (3.17)
M K M
we obtain by putting together (3.15), (3.16), (3.17), that
1
[Vt ducore [ Pan = 5 [ 1950 (3.18)
1 2
> 5o [ (76 du
> M) [ P (3.19)
Note that, by (3.1), m :=inf Ag > 0. Choose £ > 0 so small that
1—
Coke < kem.

Then the second term on the left hand side of (3.18) is absorbed by the right hand side of
(3.19), and we obtain

/|Vf|2du > Ay (v)/f2du.

We are left to show that
Ao(v) > cA(B,v). (3.20)

We have in this case, by (3.3),

A(B,v) = A(B,v).

Therefore, (3.20) will follow from the following lemma, which will finish the proof of
Proposition 3.1. =

Lemma 3.2 If B = B(x, R) is not contained in any E;, i > 0, then
Yo >0, A(B,v)<CA(v), (3.21)

where the constant C depends on the intrinsic geometry of a precompact neighborhood of
K.
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Proof. Taking into account definition (3.2) of A, it suffices to verify that, for some
i>1and y e 0FE;,
Al(BZ(y, 3R), ’U) < CAo(U) (3.22)

In fact, (3.22) holds for any ¢ > 1 and y € JE;. So, fix some i > 1 and y € OF;.
Consider first the case when

v <y = Vi(y,ro).

Then, for some r < rg, we have
v = ‘/z(ya T)'

Set = B;(y,r) and observe that Q@ C B;(y,r9) C Bi(y,3R), because R > 1. Therefore,
by the Faber-Krahn inequality in B;(y, 3R),

A(Q) > Ai(Bi(y, 3R),v).

On the other hand, the ball 2 may vary only within a compact region around 9F; C 0K,
which means that its first eigenvalue is comparable to that of the ball of the same volume

in RY. In other words,
AQ) =< v N,

whence we obtain

Ai(Bi(y,3R),v) < Co~ %N,
Assume now v > v1. Since A; is non-increasing in v, we conclude
Al(Bl(ya 3R)7 U) S A’L(Bl(ya 3R)7 Ul) S CUIQ/N-

Combining the two cases, we obtain

2Nt o<
Ai(Bi(y,3R),0) < c{”zm’ Lo
oN , if v>u
o\ 2N
< ¢ <1+U—°> Ag(v)
1
= C”A()(U),

which was to be proved. m
Our next goal is to state and prove the main result: an extension of Proposition 3.1
where we do not assume any more that E; = M;. The statement will be very similar to
that of Proposition 3.1, but we must modify the definition (3.3) of the function A. Fix
some constants P, ) > 1 and set, for any ball B C M and v > 0,
A (B,v) := min inf A;(Bi(y,3Pp(B : 3.23
(B,v):= min_inf Ai(Bi(y,3Pp(B)), Qv) (3.23)
where p(B) is the radius of B, and B; denotes geodesic balls in M;. Fix also a constant
¢ > 0 and set

Ao(v), if B C Ey;
A(B,v):=<{ Ai(B,v), if BCE;,i>1, but B¢ Ey; (3.24)
A" (B,v), otherwise,

We can now state and prove our main result.
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Theorem 3.3 Assume that each of the manifolds M;,i = 1,...,k, is connected, non-
compact, and complete. Assume also that, for each i, the weighted manifold (M;, p;) admits
the RFK-function A;. Then the connected sum M = | |, M; admits the RFK-function A
defined by (3.23)—(3.24) for some P,Q > 1 and ¢ > 0.

Proof. We denote by B; (x,r) the geodesic balls in M; and by B} (x, R) — the geodesic
balls in E; considered as a manifold. By Corollary 2.5 (cf. (2.39)), the manifold E; admits
the RFK-function

A (B} (z,R),v) = c\i(B; (z, PR) ,Quv) (3.25)

Let us choose ¢ so small and P, ) so large that they serve all F;, ¢ > 1.

Obviously, M is a connected sum of the manifolds E;, which allows us to use Proposi-
tion 3.1 to compute a RFK-function of M. Let B = B (z, R) be a geodesic ball in M. If
B C FE;, 1> 1, then B is also a ball in M; and, hence, B admits the FK-function

v— Ni(B,v) = A(B,v).
If B C Ey then B admits the FK-function
Ao (v) =A(B,v).

Assume now that B does not lie in any E;, ¢ > 0. Using Proposition 3.1 (cf. (3.2)) and
(3.25), we obtain that B admits a FK-function

in inf A*(B;
v o min inf i (Bi(y,3R),v)

e . : f Az BZ y P R
oin, inf cAi(Bi(y, 3PR)), Qu)

= A (B,v) =A(B,v),

which finishes the proof. m

3.3 Specific RFK-functions

We derive here consequences of Theorem 3.3 in two special cases as in Theorems 3.4 and
3.5 below. We keep the notation and hypotheses introduced in Section 3.1. The hypotheses
of Theorem 3.3 are also assumed to hold.

Theorem 3.4 Assume that each manifold M; admits the FK-function A;(v). Then there
exist constants ¢ > 0,0 > 1 such that M = L]f:1 M; admits the FK-function

A (v) = ¢ min A;(Qu). (3.26)

1<i<k
Proof. Indeed, each M; has the RFK-function
(va) = A (U) )

and by Theorem 3.3 M has the RFK-function A (B,v) given by (3.23)-(3.24). Given a
precompact open set 2 C M, choose a ball B containing €2 so large that B not contained
in any F;. Setting v = 1 (£2), we obtain by Theorem 3.3

A(Q) > A (B,v) =cA™(B,v) = ¢ min A;(Qu) =A(v),

1<i<k
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which was to be proved. m
Example. Assume that each M; has the FK-function

U_2/N, v <1,

A; (U) =G { 072/ni’ v>1, (327)

where N is the common topological dimension of all M; and n; can be called the dimension
at infinity of M;. Then M = |_|f:1 M; admits the FK-function

U_Q/N, v <1,
v > 1,

NORR

where n = min;<;<f n;, which follows immediately from (3.26).

Example. Assume that each M; satisfies the Nash inequality
2(142/n; 4/n;
viecrn. I <o ( [ 9sta) 1" (3.28)
for some n; > 0. Then M = |_|i-€:1 M; satisfies the Nash inequality

viecron, W0 <c ([ ik i

with 7 = min;<;<;n;. This follows from Theorem 3.4 and from the equivalence between
the Faber-Krahn inequality and the Nash inequality that was mentioned in Section 2.1.

Note also that a sufficient condition for (3.28) is the Faber-Krahn inequality with the
FK-function (3.27) with n; > N.

Our next result concerns the case of certain “nice” RFK-functions. Fix a > 0. We say
that a weighted manifold (M, u) satisfies condition (RFKa) if there exists ¢ > 0 such that
M has the RFK-function

A(B,v) = cp(B)~? <@)a, (3.29)

where p(B) is the radius of the ball B. As we have already mentioned in Section 2.1, a
complete non-compact Riemannian manifold with non-negative Ricci curvature satisfies
(RFK«) with o = 2/N where N = dim M.

Note that if M satisfies (RFKa) for some a > 0 then M satisfies also (RFK/3) for
any 0 < 8 < «. Indeed, replacing in (3.29) the value of a by a smaller value 3 reduces
the right hand side in the case v < p (B). Since for any open set @ C B we have always
v:=p(Q) < p(B), we obtain that the inequality A (2) > A (B,v) will continue to hold
after replacing a by 3 (the values of A (B, v) for v > p(B) do not matter).

It is known [8, Proposition 5.2] that if M is a complete manifold satisfying (RFKa)
then M satisfies the following volume regularity property: there exists a constant C' such

that
, u(B) p(B) \*°
VB C B, M(B’)SC< > . (VR)
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In particular, fixing B, letting r(B’) — 0 and using u(B') =< p(B’)N, we obtain from
(VR) that 2/a > N and, hence,
a <2/N.

Now we assume that, for each i = 1, ..., k, M; is a complete non-compact manifold that
satisfies (RFKa;) for some «; > 0. For any ball B; (x,r) in M; set

Vi(z,r) = p; (Bi (z,7)) .
For any i fix a reference point o; € OF; and set for any r > 0

Vinin(r) = min Vi (o3, 7). (3.30)

For any ball B = B(x,r) in M set

F(B) = F(x,r) = { wB), it BcBizl, (3.31)

Viin(r), otherwise.

Theorem 3.5 Assume that each M; satisfies (RFKa;) for some oy > 0. Then M =
LI%_, M; admits the RFK-function

£y

A(B,v) = c¢p(B)~2 < »

where oo = min o, ¢ > 0 and F is defined in by (3.30)-(3.31).

Proof. Since o; < «, we see that each M; satisfies (RFK«), that is, M; has the

RFK-function Vi (yor) N
c i\Y,T
A (Bi(y,r),v) = 5 | ———

(B ). 0) = 5 (1)

By Theorem 3.3, M admits the RFK-function A given by (3.23)-(3.24). It follows from
(3.23) that, for any ball B (x,r) in M,

A(Bv) = min nf Ai(Bi(y,3Pr),Qv)

c «
_ ¢ . inf Vi(y,3P —a 32
. [1I§nz‘1£k yé%EiV(y 3 T):| v (3.32)

Let us show that for any y € OF;
Vi(y,3Pr) > cVj (o).

Indeed, if r is large enough (compared to ro) then B (y,3Pr) D B (o0;,r), whereas for a
bounded range of r we have

‘/i(y73PT)XT‘Nth£(OiaT)‘

Hence, we obtain from (3.32)

el c o  —«
A (B,v) > T_QVmin (r)* v~
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Substituting this estimate into (3.24) yields

v/, if BC Ey;
A(B,v) > cq r 2 (u(B)/v)*, if BCE;,i>1, but B¢ Ey; (3.33)
772 (Viin () /v)®,  otherwise.

If B C Eg and v < pu(B), then we obtain by a < 2/N and u (B) < Or" that
0N = e (u(B) [0)*N = er T (u(B) f0)°.

Therefore, in the right hand side of (3.33) the first and second line can be combined as
follows:

2 (uB)/)*, i BCEi20
- s (3] =
A(B,v) > C{ 772 (Viin () /v)®,  otherwise,

- o (R

which finishes the proof. m

4 Upper bound of the heat kernel

In this section we obtain upper bounds of the heat kernel on the connected sum M =
|_|f:1 M. Each M; is a complete, connected, non-compact weighted manifold, that satisfies
a certain Faber-Krahn type inequality. By using the results of Section 3, we will derive a
Faber-Krahn inequality on M. By [8], this Faber-Krahn inequality on M implies certain
heat kernel upper bounds. We will also show how to obtain upper bounds for the heat
kernel on M starting from upper bounds on the heat kernel of each M;.

There are two main types of assumptions on M;, under which the above scheme works:

(A) Each M; satisfies (RFKa), that is, admits a relative Faber-Krahn function of the
form (3.29).

(B) Each M, admits a uniform Faber-Krahn function A;(v).

4.1 Faber-Krahn inequalities and heat kernel upper bounds

This section contains some preliminary material borrowed mainly from [8]. Let (M, p)
be a complete connected weighted manifold. For any ball B (z,r) in M set V (z,r) =
w (B (z,r)). Denote by p; (x,y) the heat kernel on M, that is, the minimal positive fun-
damental solution to the heat equation % = Ly on M. If M has the boundary § M then
the heat kernel satisfies the Neumann boundary condition on 6 M.

Proposition 4.1 ([8, Theorem 5.2]) Assume that M has the RFK-function

A(B(z,R),v) = a(x, R)v™?, (4.1)
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where o > 0 and a(xz, R) is an arbitrary positive function of x and R. Then, for all
z,y € M and t,R > 0,

x ¢ ex _E@.y)
plt ’y)gmin(t,m)é@@,R)a(y,R))i p< Dt > (4.2)

for some C,D > 0 (in fact, D is any constant > 4 and C = C (o, D) ).

In particular, if M satisfies (RFKa), that is, has the RFK-function

AB ) 0) = 5 (L2

then (4.1) is satisfied with
c

a(z,R) = ﬁV(:U,R)O‘ :
Substituting this into (4.2) and setting R = v/f, we obtain
C d?
p(t,z,y) < exp < (g;y)> : (4.3)

V@ VOV (5, VD)

Recall that (RFKa) implies the volume regularity condition (VR). Using the latter to
estimate the ratio V (z,v/t) /V (y,V/t), one obtains from (4.3)

c & (2, y)
p(t,x,y) < m exp <_T> . (4.4)

For x = y we obtain the diagonal upper estimate
C
V(e Vi)

The volume regularity condition (VR) implies trivially the volume doubling condition: for
all x € M and R > 0,

p(t,x,z) < (DUE)

V(z,2R) < CV(z, R). (VD)

In particular, we obtain the implication
(RFKa) = (VD) + (DUE).
It turns out that the converse is also true.

Proposition 4.2 ([8, Proposition 5.2]) For any complete manifold M, the following
equivalence holds:
(VD) + (DUE) < (RFKa) for some a > 0. (4.5)
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For the rest of this section, we consider the case when the manifold (M, u) admits
a uniform FK-function A(v). We assume that A(v) is non-increasing positive continuous

function on (0, 00), such that
dv
— < 00. 4.6
iy <= o)

For example, the hypothesis (4.6) holds if A(v) < v~¢ for small v (where € > 0).
Given such a function A, we associate with it a function F (¢) defined for any ¢t > 0 by

means of the following identity:
F (%) dv e
t = . .
L D

The integral in (4.7) converges by (4.6). Due to the fact that A is non-increasing, the
integral (4.7) takes arbitrarily large values so that F (¢) is defined for all ¢ > 0. Clearly, F
is positive, continuous, increasing and limy_, F () = 0.

Proposition 4.3 ([8, Theorem 2.1]) If (M, p) admits a uniform FK-function A satisfying
(4.6), then the following upper bound of the heat kernel holds, for all x,y € M, t > 0,

p(t,z,y) < (4.8)

C
Fct)
Proposition 4.4 (]9, Theorem 1.1]) Let us assume that the heat kernel on (M, 1) satisfies
the upper estimate (4.8), where [ (t) is a positive increasing function on (0,00) (not nec-
essarily given by (4.7)). Assume in addition that the function F (t) satisfies the following
reqularity property:

F(vt1) F (yt2)

> 1 and all to > t1 >0, <C . 4.9
for some ~ and all tg > t; ri =% Fim (4.9)
Then, for all x,y € M and t > 0, we have
C d*(z,y)
t < — — . 4.10
p(t,z,y) < ) exp( Dt ) (4.10)

Remark. Condition (4.9) does not restrict the growth of the function f. If f is of at
most polynomial volume growth in the sense that f (yt) < CF (t), for some v > 1 and for
all ¢ > 0, then (4.9) holds, due to the hypothesis that F is increasing. If F is of at least
polynomial volume growth in the sense that F (vt)/F (t) is increasing, for some v > 1, then
(4.9) holds with C = 1.

4.2 Case of a relative Faber-Krahn inequality

Throughout this section, we will assume that a weighted manifold M is the connected
sum of My, ..., M} as was explained in Section 3.1, where all M; are connected, complete,
non-compact.

Assume as in Section 3.3 that each M; satisfies (RFKa), that is, admits the RFK-

function
Ai(B,v) = R(JCB)2 <“i5)B)> : (4.11)
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where ¢ and « are positive constants (we can always take ¢ and « to be so small that they
serve M; for all ¢ = 1,...,k). Recall the following notation from Section 3.3: Viin (1) is
defined by (3.30), that is,
Vmin = in V; iy
(r) i= min Vifoy.1)

and F(x,r) is defined by (3.31), that is,

V(z,r), if B(z,r)C E;i>1,

Fw,r)= { Viin(7), otherwise. (4.12)

Note that if B (z,7) C Eg then V (z,7) ~ ¥ ~ Vi, () so that the condition 4 > 1 in the
first line of (4.12) can be replaced by i > 0.

Theorem 4.5 Assume that each M; satisfies (RFK«). Then the heat kernel on M =
|_|f:1 M; satisfies for all x,y € M and t > 0 the following estimate:

C d?(x,y)
(t,z,y) < exp | —————— |, (4.13)
N FTVGrTG p< vt >

for some C, D > 0. Consequently, we have for all t > 0

C
sup pt(,Y) < —FF~=- 4.14
zyeK ! ( ) Vmin (\/E) ( )

Proof. By Theorem 3.5, M admits the RFK-function
A(B(.’I;, R)v ’U) = b(l’, R)v_aa

where
b(z,R) = cR™*F*(z, R). (4.15)
Hence, Proposition 4.1 yields, for all z,y € M and all t > 0, R > 0,
C d*(z,
p(taxuy) < 1 1 €xp <_%) .
min(t, R?)« (b(z, R)b(y, R))>

By choosing R = v/t and by substituting b from (4.15), we obtain (4.13).

The estimate (4.14) is a trivial consequence of (4.13) as in the case € K we have by
(4.12) F (z,7) = Vipin (7). m

By using (3.31), the estimate (4.13) can be written in a more explicit form as follows.
For x € E;, y € Ej;, where i,j > 0 and d = d(x,y), we have

—Vminl(\/%)’ if B(z,vt) ¢ E; and B(y,vt) ¢ Ej,
o 2 N wlz)wz = i B(z,Vt) C E; and B(y,Vt) ¢ Ej,
p(t,z,y) < Cexp (——) B W . .
Dt \/Vmin(x{i)\/(y,\/i)’ B(x,v/t) ¢ E; and B(y,vt) C Ej,
Nk B(x,Vt) C E; and B(y,Vt) C Ej.

(4.16)

If we assume 0 < t < 7“(2), then B(z, \/f) is necessarily contained in one of E;, ¢ > 0.
Therefore, we obtain the following
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Corollary 4.6 Referring to Theorem 4.5, we have, for any t € (0,73] and all z,y € M,

C d*(x,y)
(t,z,y) < exp | ————— | . (4.17)
T Ve p< Dt >

Combining Theorem 4.5 with Proposition 4.2, we obtain the following result.

Corollary 4.7 Assume that each M; satisfies (VD) and (DUE). Then the heat kernel
on M = |_|,’f:1 M; satisfies the upper bound (4.13).
4.3 Case of a “flat” Faber-Krahn inequality

Let us assume that each M;, i = 1,...,k, admits a positive FK-function A;(v) satisfying
(4.7). For each i define the function F;(t) for t > 0 by

dv
= / oA (o) (4.18)

Theorem 4.8 Under the above assumptions the heat kernel on M = |_|f:1 M; satisfies,
forallx,y € M and all t > 0,

C
ta,y) < : 4.19
p(t @,y) Fe) (4.19)
for some positive constants C,c, where
F(t):= min, Fi(t). (4.20)
Moreover, if F satisfies the regularity condition (4.9), then
c d*(z,y)
t < — — 4.21
p(t,z,y) < ) eXp< Di (4.21)
for all x,y € M and all t > 0.
Proof. By Theorem 3.4 M admits the FK-function
A = in A . 4.22
(v) := ¢ min Ai(Qv) (4.22)
Let us define the function F by
F(t) J
v
t= . 4.23
/ vA(v) (423)
0
By Proposition 4.3, the heat kernel p(¢,xz,y) on M satisfies, for all z,y € M, t > 0,
C
t,x,y) < =< . 4.24
pny) < s (1.2
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Hence, the estimate (4.19) will follow if we prove that
F(t) > cfF (ct), (4.25)

for some ¢ > 0. Indeed, (4.22) and (4.23) yield

i=1
and N N N
F(t) J p F@ J p QF@®) J
v v v
e < =
« / vA(v)Z/ @) / vh(v)
0 =1 0 =1 0
Therefore, for some i = 1,2, ...k,
QF (1)

which implies by (4.18) and (4.20),
QF (t) > Fi(d't) > F(c't),

and (4.25) follows.
Finally, if F satisfies the regularity property (4.9), then (4.21) follows from (4.19) by
Proposition 4.4. m

Example. Assume that each A; is given by

v_Q/N, v <1,
aw) =e{ Vol V5T (4.26)

Then, by (4.18),
N2 <,

Fi®) X{ 2 g >1, 0
which obviously satisfies (4.9). By (4.20), we obtain

N2 <1
t x b — b}
F(t) { 2t >1,
where n = min;>; n;. This function satisfies the regularity property (4.9).

Example. Assume that M consists of two ends, with the FK-functions, given for large v

as follows:
Ai(v) = v/

and
Az (v) = c(logv)' 2,
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where v1,v9 > 1. Then we have, for large enough ¢,
Fl(t) = !

and
Fa(t) =exp ((at + b)l/w) , a>0.

Obviously, we obtain [ (t) = F 1(¢) for large ¢.

We say that a continuously differentiable function f : (0,00) — (0, 00) satisfies (REG)
if it has the following two properties.

e f(0)=0, f(co) =00, f/ >0 and f'/f is monotone decreasing;
e there exist € > 0 such that the function g = f’/f satisfies

g(t2) > eg(ty) for all 0 < t1 < to < 2t.

By [8, Theorem 2.2] the following is true. If the heat kernel p (¢, z,y) on a complete
non-compact manifold satisfies for all x € M and t > 0 the inequality

p(t,m,az) S N

f@)’

where f satisfies (REG) then M has the FK-function A (v), where A is uniquely determined
from f by the identity

1
t

with some 6 = § (¢) > 0.

Corollary 4.9 Assume that heat kernel of each M; satisfies for all t > 0 the estimate

1
Sup p’b(tv‘rvx) S N

zeM,; fl(t) ’

where f; satisfies (REG). Then the heat kernel on M = |_|f:]L satisfies
C
p t) x7y S ) 427
(o) < 5 (1.27)

where f(t) = minj<;<y, fi (t). Moreover, if f satisfies in addition the regularity condition
(4.9), then
c d*(z,y)
t < — - 4.28
p(t,z,y) < e eXP( Di (4.28)

for all x,y € M and all t > 0.

33



Proof. By [8, Therem 2.2] each M; has the FK-function A; that satisfies

fi(6t)
dv
t—
vA;(v)
0
By Theorem 4.8 we obtain
(t2.) <
9 :B, —_ )
P Y F(ct)

where

F(t):= 1I£ii£k fi(6t),

which is equivalent to (4.27). m
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