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Abstract

Let G = (V, E) be a locally finite graph, whose measure u(x) have positive lower bound, and A be
the usual graph Laplacian. Applying the mountain-pass theorem due to Ambrosetti-Rabinowitz,
we establish existence results for some nonlinear equations, namely Au + hu = f(x,u), x € V.
In particular, we prove that if 4 and f satisfy certain assumptions, then the above mentioned
equation has strictly positive solutions. Also, we consider existence of positive solutions of the
perturbed equation Au + hu = f(x,u) + €g. Similar problems have been extensively studied on
the Euclidean space as well as on Riemannian manifolds.
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1. Introduction

Let G = (V,E) be a locally finite graph, where V denotes the vertex set and E denotes the
edge set. We say that a graph is locally finite if for any x € V, there are only finite y’s such
that xy € E. For any edge xy € E, we assume that its weight w,, > 0 and that w,, = wy,. Let
u 'V — R* be a finite measure. For any function u : V — R, the u-Laplacian (or Laplacian for
short) of u is defined as

1
Bu) = = 2 Wy ((y) = u(x)). (1)

Here and throughout this paper, y ~ x stands for any vertex y with xy € E. The associated
gradient form reads

1
Lu,v)(x) = 20 Z Wiy ((y) = u(x)(v(y) = v(x)). 2)

y~x
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Write I'(u) = I'(u, u). We denote the length of its gradient by

1/2
1
IVul(x) = VT@)(x) = | 5—= > W (u(y) —u(x)*| . 3)
i Z =)
For any function g : V — R, an integral of g over V is defined by
f gdu = )" u(0g(x).
v

xeV

Let C.(V) be the set of all functions with compact support, and W'2(V) be the completion of

C.(V) under the norm
1/2
llullwr2qyy = ( f (IVul* + uz)dﬂ) :
v

Clearly W'2(V) is a Hilbert space with the inner product

(u,v) = f(F(u, v) +uv)du, Vu,ve WI’Z(V).
v

Let A(x) > hy > O for all x € V. We define a space of functions

H = {u e W) : f hdu < +oo} (4)
Vv

with a norm

1/2
lull e = ( f (IVal + huz)du) : 5)
v
Obviously 7 is also a Hilbert space with the inner product

(U, Vyp = f(F(u, V) + huv)du, Yu,v e .
1%

Leth:V —- Rand f: VxR — R be two functions. We say that u : V — R is a solution of
the equation
—Au+ hu = f(x,u) (6)

if (6) holds for all x € V. We shall prove the following:

Theorem 1. Let G = (V, E) be a locally finite graph. Assume that its weight satisfies Wy, = Wy,
forally ~ x € V, and that its measure ((x) > pmin > Oforallx € V. Leth : V — R be a function
satisfying the hypotheses

(H1) there exists a constant hy > 0 such that h(x) > ho forall x € V;

(Hy) 1/h e LY(V).

Suppose that f : VX R — R satisfy the following hypotheses:

(F1) f(x, ) is continuous in s, f(x,0) = 0, and for any fixed M > 0, there exists a constant Ay
such that maxgejom) f(x,5) < Ay forall x € V;

(F7) there exists a constant 0 > 2 such that for all x € V and s > 0,

0<6OF(x,s) = Hfs f(x,0dt < sf(x, s);
0

(F3) limsup,_,, 2% < ) = inf et Jy VUl + huydpe

52
Then the equation (6) has a strictly positive solution.
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There are other hypotheses on £ and f such that (6) has a positive solution. In particular, we
shall prove the following:

Theorem 2. Let G = (V, E) be a locally finite graph. Assume that its weight satisfies wy, = Wy,
forally ~ x € V, and that its measure ((x) > pmin > Oforallx € V. Leth : V — R be a function
satisfying (H) and

(H}) h(x) — +oo as dist(x, xg) — +oo for some fixed xo € V.

Suppose that f : VX R — R satisfy (F;), (F3), and

(F1) for any s, t € R, there exists some constant L > 0 such that

[f(x,8)— f(x,0)] < Lls—1t forall xeV,;
Then the equation (6) has a strictly positive solution.

We also consider the perturbation of (6), namely
—Au+ hu = f(x,u) + €g, @)

where € > 0, g € 5", the dual space of .7 defined by (4). Concerning this problem, we shall
prove the following:

Theorem 3. Let G = (V, E) be a locally finite graph. Assume that its weight satisfies Wy, = Wy,
forally ~ x € V, and that its measure ((x) > pmin > Oforallx € V. Leth : V — R be a
function satisfying (Hy) and (H,), and f : VX R — R be a function satisfying (F1), (F3), and
(F). Suppose that g € S’ satisfies g(x) > 0 for all x € V and g £ 0. Then there exists a
constant € > 0 such that for any 0 < € < €y, the equation (7) has two distinct strictly positive
solutions.

Theorem 4. Let G = (V, E) be a locally finite graph. Assume that its weight satisfies Wy, = Wy,
forally ~ x € V, and that its measure (x) > pmin > Oforallx € V. Leth : V — R bea
function satisfying (Hy) and (H}), and f : V X R — R be a function satisfying (I'\), (F2), and
(F3). Suppose that g € ' satisfies g(x) > 0 for all x € V and g # 0. Then there exists a
constant €, > 0 such that for any 0 < € < €, the equation (7) has two distinct strictly positive
solutions.

This kind of problems have been extensively studied in the Euclidean space, see for examples
Alama-Li [4], Adimurthi [1], Adimurthi-Yadava[2], Adimuthi-Yang [3], Alves-Figueiredo [5],
Cao [7], Ruf et al [8, 9], Ding-Ni [10], do Oetal [11, 12, 13, 14], Jeanjean [16], Kryszewski-
Szulkin [17], Panda [18], Yang [19, 20], and the references therein. For the Riemannian manifold
case, we refer the reader to [15, 21, 22, 23].

The method of proving Theorems 1-4 is to use the critical point theory, in particular, the
mountain-pass theorem. Though this idea has been used in the Euclidean space case and Rie-
mannian manifold case, the Sobolev embedding in our setting is quite different from those cases.
This let us assume different growth conditions on the nonlinear term f(x, u). Our results closely
resemble that of [14, 3, 19, 20, 21].

The remaining part of this paper is organized as follows: In Section 2, we prove two Sobolev
embedding lemmas. In Sections 3 and 4, we prove Theorems 1 and 2 respectively. Finally, we
prove Theorems 3 and 4 in Section 5.
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2. Sobolev embedding

Let J# be defined by (4) and (5). To understand the function space .7#’, we have the following
compact Sobolev embedding:

Lemma 5. If u(x) > pmin > 0 and h satisfies (Hy) and (Hy), then ¢ is weakly pre-compact and
HC is compactly embedded into L1(V) for all 1 < g < +oo. Namely, if uy is bounded in 7, then
up to a subsequence, there exists some u € ¢ such that up to a subsequence, u, — u weakly in
FC and u, — u strongly in LY(V) for any fixed g with 1 < g < +oo.

Proof. Suppose p(x) > pmin > 0. It is easy to see that W'2(V) < L*(V) continuously.
Hence interpolation implies that W!>(V) < L4(V) continuously for all 2 < g < co. Suppose
u; is bounded in 7. Since h satisfies (H;), there holds # < W!2(V) continuously. Noting
that W'2(V) is reflexive (every Hilbert space is reflexive), we have up to a subsequence, u; — u
weakly in 7. In particular,

klimfhukgadpthugod,u, Yo € C(V).

This leads to limy_, . ux(x) = u(x) for any fixed x € V. We now prove u; — u in LI(V) for all
2 < g < oo. Since uy, is bounded in 57 and u € 2, there exists some constant Cy such that

f h(uy — u)’du < Cj. (®)
1%

Let xo € V be fixed. For any € > 0, in view of (H>), there exists some R > 0 such that

1
f —du < €.
dist(x,x9)>R h

Hence by the Holder inequality,

f | — uldu
dist(x,xp)>R

1
— %Iuk — uldu
\fc:ist(x,xo)>R \//;

1 1/2 1/2
(o s
dist(x,x9)>R h dist(x,x9)>R
VCie. ©)

Moreover, we have that up to a subsequence,

IA

IA

lim lux — uldu = 0. (10)

k=00 Jdist(x,x0)<R

Combining (9) and (10), we conclude

lim inff |ux — uldu = 0.
14

k—+00

In particular, there holds up to a subsequence, u; — u in L'(V). Since

1
lug — ullz=vy < f g — uldu,
lﬁmin 1%



there holds for any 1 < g < +oo,

1 q
f g = ulfedy < — ( f g —uldu) :
v ul v
min

Therefore, up to a subsequence, u; — u in LY(V) forall 1 < g < +c0. ([

Lemma 6. If u(x) > pmin > 0 and h satisfies (Hy) and (H}), then F is weakly pre-compact
and F€ is compactly embedded into L1(V) for all 2 < q < +oco. Namely, if uy is bounded in 7,
then up to a subsequence, there exists some u € J such that uy — u weakly in 7 and u; — u
strongly in L4(V) for all 2 < g < +oo.

Proof. We only stress the difference from Lemma 8. By (H), h(x) — +oo as dist(x, xg) —
+00, there exists some R > 0 such that

2C
h(x) > =L when dist(x, xo) > R.
€

This together with (8) gives

f (g — u)dy < —— huy — w)dy < e. (11)
dist(x,x0)>R 2C1 Jdisitx,x0)>R

Moreover, there holds up to a subsequence

f h(u — u)*du — 0
dist(x,x9)<R

lim inff hlu, — ulzd,u =0.
v

k—+00

Hence

Since the remaining part of the proof is completely analogous to that of Lemma 8, we omit the
details here. (]

3. Proof of Theorem 1
3.1. Weak solution
We first define a weak solution u € 7 of the equation (6). If there holds

f (T(us @) + hug) dyt = f FCrudu, Ve A,
14 14

then u is called a weak solution of (6). Note that C.(V) is the set of all functions on V with
compact support and it is dense in .7Z. If u is a weak solution, then integration by parts gives

f(—Au + hu) pdp = ff(x, wedp Vo € C(V). (12)
14 v
For any fixed y € V, taking a test function ¢ : V — R in (12) with

—A _ =
o) = { ; u(y) + hy)u@) = f, u(y)). i;tﬁ

we have
—Au(y) + h(y)u(y) — f(y,u(y)) = 0.

Since y is arbitrary, we conclude the following:
5



Proposition 7. If u € 7 is a weak solution of (6), then u is also a point-wise solution of (6).

This proposition implies that we can use the variational method to solve (6).

3.2. A reduction

For the proof of Theorem 1, we shall make the following reduction: We can assume f(x, s) =
0 for all s < 0. Moreover, we only need to find a nontrivial weak solution of (6).

For this purpose, we follow do Oetal [11, 14] (see also [3, 19, 20]). Let

0, flx,5) <0

R ={ F8), f(x) 2 0.

If u € 27 is a nontrivial weak solution of
—Au+hu=f(x,u) on V, (13)

where h satisfies (H;) and (H>), and f satisfies (F|) — (F3). Here and in the sequel, we say that
u is a nontrivial solution if u # 0. Testing the above equation by the negative part of u, namely
u_ = min{u, 0}, we have

f (Vu_|* + hu®)du = f u_flx, udu < 0.
\%4 \%4

In view of (H;), we have by the above inequality that u_ = 0. Applying the maximum principle
to (13), we have that u(x) > 0 for all x € V. This together with the hypothesis (H>) leads to
f(x,u) > 0. Hence f(x,u) = f(x,u) and u is a strictly positive solution of (6). Therefore, without
loss of generality, we can assume f(x, s) = O for all s < 0 in the proof of Theorem 1, and we
only need to prove that (6) has a nontrivial weak solution.

3.3. Functional framework

We define a functional on .77 by
1
J(u) = 3 f(IVMI2 + hi)dy — fF(x, u)dp, (14)
v 14
where h satisfies (H;) and (H»), F(x,s) = fos f(x,t)dt is the primitive function of f, and f
satisfies (F), (F») and (F3). We need to describe the geometry profile of J. Firstly we have

Lemma 8. There exists some nonnegative function u € 7€ such that J(tu) — —oo as t — +co.

Proof. By (F»), there exist positive constants c¢; and ¢, such that F(x, s) > ¢ s? — ¢, for all
(x,5) € VX[0,+00). Let xg € V be fixed. Take a function



Then we have

2 2
Jaw = 5N pVHE) + SC0)h() = 100 F 0,1

X~X0

2 2
= Y HOOIVUP() + SCo)h(x0) = (o) + o)

<
X~X0
- -0
as t — +oo, since 6 > 2 and V is locally finite. O

Secondly we have the following:

Lemma 9. There exist positive constants 6 and r such that J(u) > 6 for all functions u with
||, = 1, where || - || s# is defined as in (5).

Proof. By (F3), there exist positive constants 7 and o such that if |s| < o, then

A -
F(x,s) < ITTSZ.

By (F>), we have F(x, s) > 0 for all s > 0. Note also that F(x, s) = 0 for all s < 0. It follows that
if |s| > o, then

1
F(x,s) < —3s3F(x, s).
©

For all (x, s) € V X R, there holds
Ay - 1
F(x,s) < l—Ts2 + —3s3F(x, s).
2 0

In view of Lemma 5, for any function u with [lul|» < 1, we have that ||u||z=v) < Csllull» and
llullz3¢vy < Csllull » for constants C and C3, and that

f u3F(x,u)d,u£( max F(x,s)) f lulPdu < Callull,,
14 \%4

(x,5)eVx[0,C3]

where (F1) is employed, and C, is some constant depending only on C, C;, C3, and Ac,. Hence
we have for any u with ||ul|,» < 1,

1 2 /11 -7 2 C4 3
J(u) Sl = — fvu dp — Q—3llulljf

1 /11 -7 P C4 3
(5 By )Ilullﬁo - Ellullﬂ

\%

T C4 2
(2—/11 - QTIIMII%)IIMII%.

Setting » = min{1,70°/(41,C4)}, we have J(u) > 7r?/(4A;) for all u with |lull,» = r. This
completes the proof of the lemma. O



Lemma 10. If h satisfies (H,) and (H,), f satisfies (F1) and (F,), then J satisfies the (PS),
condition for any ¢ € R. Namely, if (uy) C S is such that J(uy) — ¢ and J'(uy) — 0O, then there
exists some u € J¢ such that up to a subsequence, u, — u in .

Proof. Note that J(u;) — ¢ and J'(u;) — 0 as k — +co are equivalent to

1
Sl - f Flxupdu = ¢ + o(1) (15)
\%4

(e, @) = j;f(x, uk)wd#' = ox(Dllglle, Vee . (16)

Here and in the sequel, ox(1) — 0 as k — +oo. Taking ¢ = u; in (16), we have

el 2 = ff(x, wurdp + ox(Dllukll - a7
\%

In view of (H,), we have by combining (15) and (16) that

ity = 2 f Fle ud)du + 2¢ + o(1)
V

IA

% ff(X, uugdp + 2¢ + ox(1)
Vv

2
= gllukllzjf + or(Dllull e + 2¢ + 0(1).

Since 6 > 2, iy is bounded in J7. By (H}) and (H;), the Sobolev embedding (Lemma 5) implies
that up to a subsequence, u; — u weakly in JZ, u; — wu in L4(V) for any 1 < g < +oo. It follows
that

fv f(x,ukxuk—u)du‘sc fv it — uldie = oy(1).

Replacing ¢ by u; — u in (16), we have
(U, u = ) = fvf(x, ) — wdp + or(Dllug — ull e = 0x(1). (18)
Moreover, since u; — u weakly in 57, there holds
U, e — u) e = 0x(1).
This together with (18) leads to ||ux — u|| ;2 = 0x(1), or equivalently u; — u in 7. O

3.4. Completion of the proof of Theorem 1

proof of Theorem 1. By Lemmas 8, 9 and 10, J satisfies all the hypothesis of the mountain-
pass theorem: J € C'(JZ,R); J(0) = 0; J(u) > & > 0 when |lull ¢ = r; J*) < 0 for some
u* € J with ||u*|| > r; J satisfies the Palais-Smale condition. Using the mountain-pass
theorem due to Ambrosetti-Rabinowitz [6], we conclude that

¢ = min max J(u)
vell uey



is the critical point of J, where
I'={y e C(0,1], ) : y(0) = 0,y(1) = u"}.

In particular, there exists some u € ¢ such that J(u) = c¢. Clearly the Euler-Lagrange equation
of u is (6), or equivalently, u is a weak solution of (6). Since

Jw)y=c>06>0,

we have that u # 0. Recalling the previous reduction (Section 3.2), we finish the proof of the
theorem. O

4. Proof of Theorem 2

The proof of Theorem 2 is analogous to that of Theorem 1. The difference is that hypotheses
(H>) and (F) are replaced by (H)) and (F) respectively. Let J : 7 — R be defined by (14).
The geometry of the functional J is described as below.

Lemma 11. If h satisfies (H,) and (H)), f satisfies (F|) and (F3), then J satisfies the (PS).
condition for any ¢ € R. Namely, if (u;) C F€ is such that J(uy) — ¢ and J'(uy) — 0, then there
exists some u € J such that up to a subsequence, u, — uin €.

Proof. Similar to the proof of Lemma 10, it follows from J(u;) — ¢ and J'(u;) — O that (15)
and (16) holds, and u; is bounded in 5#. By (H,) and (H}), the Sobolev embedding (Lemma 6)
implies that uy — u weakly in J2°, uy — uin LI(V) for any 2 < g < +oco. By (F}), we have

Lf Qe i)l = 1f (s ) = f (o, O)] < L.

Hence
f fuu = wdi| < L f ot — w0l
v v
1/2 12
< L(f uidy) (f 1778 —Lt|2d/1)
1% v
= Ok(l).
Taking ¢ by ux — u in (16), we have
(g, U — W) = ff(x, wi)(uy — wydp + or(D)llug — ull 52 = or(1). (19)
1%

On the other hand, we have by u; — u weakly in S that (u, u; — u) ;» = 0x(1). This together
with (19) leads to u; — u in F7. ([l

Proof of Theorem 2. By Lemmas 8, 9 and 11, J satisfies all the hypothesis of the mountain-
pass theorem: J € C'(J#Z,R); J(0) = 0; J(u) = & > 0 when |lullr = 7; J(u) < 0 for some
uy € J€ with |luyll,» > r; J satisfies the Palais-Smale condition. Using the mountain-pass
theorem due to Ambrosetti-Rabinowitz [6], we conclude that

¢ = min max J(u)
vell uey



is the critical point of J, where
I'={y e C(0,1], ) : y(0) = 0,7(1) = u}.

In particular, (6) has a weak solution u € 7. Noting that J(u) = ¢ > § > 0, we know that

u is nontrivial. In view of the previous reduction (Section 3.2), this completes the proof of the
theorem. ]

5. Positive solutions of the perturbed equation

In this section, we prove Theorems 3 and 4. In view of (7), when e > 0, g > Oand g # O,
similarly as in Section 3.2, we can assume f(x, s) = 0 for all s € (—c0,0]. Moreover, we only
need to find two distinct weak solutions in each case. Indeed if u is a weak solution of (7) with
€>0,g>0and g # 0, then obviously u # 0, and thus the maximum principle implies that u is
a strictly positive point-wise solution of (7).

5.1. Proof of Theorem 3
To prove Theorem 3, we define a functional on 7 by

1
i) = 3 - f Flx, u)dy - f qud,
\4 %4

where € > 0 and g € 5#”. The geometric profile of J is described by the following two lemmas.
Lemma 12. For any € > 0, there exists some u € 7 such that J.(tu) — —co as t — +oo.
Proof. An obvious analog of the proof of Lemma 8. ]

Lemma 13. There exists some € > 0 such that if 0 < € < €, there exist constants r. > 0 and
6¢ > 0 such that J.(u) > 6 for all u € I with %rg < |lullsz < 2re. Furthermore, ro — 0 as
e — 0.

Proof. By (F3), we can find positive constants 7 and o such that for all (x, s) € V X R, there
holds

A — 3
F(x,s) < 1—Ts2 + S—F(x, s).
2 o’

For any u € J¢ with |lul|,» < 1, we have by Lemma 5 that ||u|z~, < C for some constant C,
and that there exists another constant (still denoted by C) such that

1 -7
Jw) 2 Sl - Sl - Clludl, — ellgllelulle
2 244
T
= Ml 5=l = Cllud = ellgllee ). (20)
21,
Take
N TE min 1 72
rE = 6’ € = _’ E = _’ .
T T 47 6422(4C + gl )?

Then if 0 < € < €, we have J.(u) > 6. for all u € S with %re < |lul| 5 < 2r.. Obviously re — 0
ase — 0. [l

We now prove that J, satisfies the Palais-Smale condition.
10



Lemma 14. Let € € R be fixed. If h satisfies (H)) and (H,), f satisfies (F\) and (F»), then J¢
satisfies the (PS). condition for any ¢ € R. Namely, if (v;) C 2 is such that J.(vy) — ¢ and
JL(vi) = O, then there exists some v € F€ such that vy — vin J.

Proof. Clearly, the hypotheses Je(ux) — ¢ and J.(ux) — 0O are equivalent to the following:
1
3 f(IVvklz + hvi)du - f F(x,vi)du — efgvkdy —c as ko +oo, 21
v v v

< ealiglle, Yoe A, (22)

\ f (T ) + hvip)du — f FOnvowdi — € f gods
14 Vv 174

where ¢, — 0 as k — +o00. Taking ¢ = vy in (22), we have

Ivill%, = ff(X, Vivrdu + Efgvkdﬂ + o (D[l -
v v

In view of (F3), this together with (21) leads to

IIVkII?% 2c+2 f F(x,vi)du + 2¢ f gvidu + or(1)
14 14

IA

2
2e+ 5 ff(X, Vi)vidp + 2€fgvkd# +ox(D)
v v

2 1
2c+ EIIVkIIZﬂ + 26(1 - g)fgwcdﬂ + op(Dlvill e + 0x(1)
v

IA

2 1
2c+ EHVkHZ;f + (26(1 - 5) llglle + Ok(l)) Vel + ox(L).

Since 6 > 2, we can see from the above inequality that v, is bounded in 5#. By Lemma 5, there
exists some v € 7 such that up to a subsequence, vy — v weakly in J#, and v, — v strongly in
Li(V) forany 1 < g < +o0. Taking ¢ = v; — v in (22), we have

Vi Vi = Vo = ff(x, Vi) (Vi — v)du + Efg(vk = v)du + o (Dlvi = vllse. (23)
v v
Since vy — v weakly in 57 and g € 7, there holds

lim gk —v)du = 0. 24)
1%

k—+o00

In view of (H), we can see that | f(x, v¢)| < C for some constant C since vy is uniformly bounded.
Hence we estimate

ff(x, Vi) (v — V)d/l’ < Cf lvi = vidp = ox(1). (25)
v v
Inserting (24) and (25) into (23), we obtain

Vi Vi = V) = o(1). (26)
Moreover, it follows from vy — v weakly in JZ that (v, vy — v) 5 = 0x(1). This together with
(26) leads to vy — v in J#, and ends the proof of the lemma. Il

For the first weak solution of (7), we have the following:
11



Proposition 15. Let €) be given as in Lemma 13. When 0 < € < €, (7) has a mountain-pass type
solution uyy verifying that J(up) = cp, where ¢y > 0 is a min-max value of J..

Proof. By Lemmas 12, 13 and 14, J, satisfies all the hypothesis of the mountain-pass the-
orem: J. € CY(H#,R); J.(0) = 0; J.(u) > 6. > 0 when |lullr = re; Je(i) < O for some
it € S with ||ii]| ;» > re. Using the mountain-pass theorem due to Ambrosetti-Rabinowitz [6],
we conclude that

cy = minmax J(u)
vell uey

is the critical point of J,, where
I'={yeC(0,1],52) : y(0) = 0, (1) = @}.
In particular, (7) has a weak solution uy, € 52 verifying J(u) = cp; > 6 > 0. O

Lemma 16. Assume h satisfies (H) and (H), g # 0 and (F) holds. There exist 19 > 0 and
v € I with |Vl = 1 such that J.(tv) < 0 for all 0 < t < 1. Particularly

inf  J.(u) <O.

[luell 22 <70

Proof. We first claim that the equation
-Av+hv=g in V 27

has a solution v € J#. To see this, we minimize the functional

1
Jo(v) = = f(leI2 +hv2)dvg - fgvd,u.
2y 14

For any v € JZ, we have

[

Hence J, has a lower bound on s#. Denote

1
< llglloeVlle < ZIIVII?# +llgll - (28)

A = inf o).

Take vy € J such that J,(vi) — A,. In view of (28), v is bounded in .77. Then by the Sobolev
embedding (Lemma 5), we can find some v € # such that vy — v weakly in J#. Hence

[Vl < Liminf [lvill = A,
k—+00

and v is a minimizer of J,. The Euler-Lagrange equation of v is exactly (27). Since g # 0, it
follows that

f gvdp = VI3, > 0. (29)
\4

Secondly, we consider the derivative of J.(¢v) as follows.

d
d—Je(tv) = IIIVIIZ% - ff(x, tvyvdu — Efgvd,u. 30)
t v12 v



Since f(x,0) = 0, we have by inserting (29) into (30),

d
E‘JE(IV) i <0.

This gives the desired result. (]

The second weak solution of (7) can be found in the following way.

Proposition 17. Let €, > 0 be given as in Lemma 13. Let €, 0 < € < €, be fixed. Then there
exists a function uy € I with ||lug|| # < 2re such that

Je(ug) = ce = inf Je(u),

lluell s <2
where r¢ is given as in Lemma 13, and c. < 0. Moreover, u is a strictly positive solution of (7).

Proof. Let €, 0 < € < €, be fixed. In view of (20), J. has a lower bound on the set
By, ={u € A : lull e < 2re}.
This together with Lemma 16 implies that

ce= inf J.(u) <O.

llull 52 <2re

Take a sequence of functions (u;) C 5 such that ||ug|| ;2 < 2re and J(uy) — cc as k — +oo. It
follows from Lemma 5 that up to a subsequence, 1, — uy weakly in 5 and u; — ug strongly in
Li(V) forall 1 < g < +o0. In view of (F), there exists some constant C such that

|[F(x, ug) = F(x, up)| < Clug — u,

which leads to
lim F(x,w)du = f F(x, up)du. 3D
1% v

k—+0c0

Since u; — up weakly in 72, we obtain

lluolle < likm sup [luell. (32)
—+00
and
lim gurdy = fguod,u. 33)
k—+o00 174 174

Combining (31), (32), and (33), we obtain [|uo||,» < 2re and

Je(up) < limsup Je(uy) = ce.

k—+00

Therefore u is the minimizer of J. on the set 8,,.. By Lemma 13, we conclude that
llecoll o < 7e/2.
For any fixed ¢ € C.(V), we define a smooth function { : R — R by

{@) = Je(uo + 1)
13



Clearly, there exists a sufficiently small 71 > 0 such that uy + ¢ € By, forallt € (-7, 7). Hence
£(0) = minse(—q, 1) {(¢), and thus £’(0) = 0, namely

f (T'(uo, ) + huoyp) du — f J(x, uo)pdp — € f gpdu = 0.
v v 4
This implies that u, is a weak solution of (7). This completes the proof of the proposition. [

Completion of the proof of Theorem 3. Let uy and ugy be two solutions of (7) given as in
Propositions 15 and 17 respectively. Noting that J.(uy;) = cp > 0 and J.(up) = ce < 0, we finish
the proof of Theorem 3. (]

5.2. Proof of Theorem 4

Proof of Theorem 4. The proof is completely analogous to that of Theorem 3. We only stress
their essential differences. During the process of finding the mountain-pass type solution, we use
Lemma 6 instead of Lemma 5, and use (H), (H}), (F{) and (F3) to prove that J. satisfies the
Palais-Smale condition. We only need to concern (25): By (F}), we have

Lf Qe wol = 1f(x, ue) = f(x,0)] < Llugl,

which together with the Holder inequality implies that

1/2 1/2
< L(f u,%dy) (f ogy, — ulzd,u) = or(1).
v v

While during the process of finding the solution of negative energy, we need to prove (31) by
(F}) instead of (F1), namely

fv S ) (e — w)dp

f (P - Feou)di| < L f k. — ol max ) o)
1% 1%
1/2 1/2
< L(f(u,% + ué)d,u) (f |y — uolzd,u)
1% 1%
= or(D).
We omit the details, but leave it to the interested readers. O
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