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1 Homology theory of digraphs

In this Section we state the basic notions of homology theory for digraphs in the form
that we need in subsequent sections. This is a slight adaptation of a more general
theory from [5], [7]. A dual cohomology theory was developed from a different point
of view in [3], [4].

1.1 Paths and their boundaries

Let V be a finite set. For any p > 0, an elementary p-path is any (ordered) sequence
ig, ..., ip of p+ 1 vertices of V' that will be denoted simply by i...7, or by e;,_;,. Fix
a commutative ring K with unity and denote by A, = A, (V) = A, (V,K) the free
K-module that consist of all formal K-linear Combinations of all elementary p-paths.
Hence, each p-path has a form

v = E viorwe; o, Where viotr € K

G0%1.-ip

Definition. Define for any p > 1 the boundary operator 0 : A, — A,_; as follows.
We set

p
O€ig. iy 1 = Z (=D%e. 5.0, (1)
q=0

where 7, means omission of the index %,; then extend 0 to an arbitrary v € A, by
K-linearity.

For example, we have
Oeqy = ep—eq
aeabc = €bc — €qc T €ap-
It follows that, for a general p-path v,

p

8’0 i0...ip—1 E q lo dg—1kig...ip— 1 (2)

k q=0

where the index k is inserted between i,_; and ¢, (in case ¢ = 0 before iy and in
case ¢ = n after i,_1).
Set also A_; = {0} and define the operator 0 : Ag — A_; by 9 = 0.

Claim. 9%v =0 for any v € A, with p > 1.



Proof. For p =1 this is trivial. For p > 2 we have by (1)

p

Peiyi, = Z(_l)qaeio...z‘;...ip

= > (=" (Z(—l)Teio...a...@...ip+ > (=t eogAp>

q=0 r=0 r=q+1

_ _1\atr N _ _1\atr ~ ~

= E (—1) €. .igrip § (=1) A A
0<r<g<p 0<g<r<p

After switching ¢ and r in the last sum we see that the two sums cancel out, whence
9%¢;,..i, = 0. This implies 0*v =0 for all v € A,. =

Hence, the family of K-modules {A,} ., with the boundary operator 0 deter-
mines a chain complex

O0—ANg— .= Ay — A, — ... (3)

that will be denoted by A, (V) = A, (V,K).

Given a map f : V' — V' between two finite sets V' and V', define for any p > 0
the induced map

fer Ap(V) — A (V)
by the rule
f* (eiou.ip) = ef(io)...f(ip)a

extended by K-linearity to all elements of A, (V). It follows from (1) that df. = f.0,
that is, the following diagram is commutative

0 = M(V) « M) « o« La(V) « A(V) <
! ! ! ! |
0 = M(V) = M(V) « . = La(V) « L) «

where the horizontal arrows are given by 0 and the vertical arrows are given by f,.
Hence, the map f, is a morphism of chain complexes A, (V) and A, (V7).

1.2 Regular paths

Definition. An elementary p-path e;,. ;, on a set V' is called regular if i, # ig41
for all K =0,...,p — 1, and non-regular otherwise.

Let N, be the submodule of A, that is K-spanned by non-regular e;,. ;.

Claim. ON, C N,_;.

Proof. Since any v € N, is a linear combination of elementary non-regular paths
€io...i» 1b suffices to prove that if e;,. ;, is non-regular then aeio_,_ip is non-regular, too.



Indeed, for a non-regular path 7...7, there exists an index k such that ¢ = ix41.
Then we have

Oeiy.iy, = €iy.ip — Cigin.ip T -

k k+1
+ (= 1)" €.y ringingaciv + (=17 Cigooiy_rininganip (4)

+...+ (_1);0 eio._.i%l .

By i = ix41 the two terms in the middle line of (4) cancel out, whereas all other
terms are non-regular, whence Ode;, ;, € Np—;. m

Consider the quotient R, := A,/N,. Since N, C N,_1, the induced boundary
operator

0:Ry—Rp-1 (p>0)

is well-defined. This operator 0 is called the regular boundary operator. In what
follows 0 will always be the regular boundary operator.
Clearly, R, is linearly isomorphic to the space of regular p-paths:

R, = spang {eio_,_ip D g0 1S regular} (5)

For simplicity of notation, we will identify R, with this space, by setting all non-
regular p-paths to be equal to 0.

Then the regular 0 satisfies (1) as before but with the following adjustments: all
the terms in the right hand side of (1), that are non-regular, are set to be zero. For
example, for non-regular operator 0 : Ay — A; we have

Oeiji = €ji — e + €ij
whereas for the regular operator 9 : Ry — Ry
Oeiji = eji + eij.
We denote by R, (V') the regular chain complex
0—Rp— ... —Rp_1+—Rp+— ...

Consider a map f : V — V'’ between two finite sets V' and V’'. We know that
the induced map f. is a morphism of chain complexes A, (V') and A, (V’). If an
elementary path e;,._;, is non-regular then f, (eio._ip) is obviously also non-regular,
so that

fe(Np (V) C N, (V7).
Therefore, f, is well-defined on the quotient A,/N, so that we obtain the induced
map

fo i Rp (V) = Ry (V7). (6)
With identification (5) of R, we have the following rule for the map (6):
€f(io)...f(ip), it f(io)...f(ip) is Tegular,
f* (eio...ip) — f(i0)-..f(ip) ' (0) (P) ‘ (7)
0, if f(io)...f(ip) is non-regular.

Since f, commutes with 0, we see that (6) provides a morphism R.(V) — R.(V’)
of chain complexes.



1.3 The notion of a digraph

Definition. A directed graph (digraph) G = (V,E) is a couple of a set V', whose
elements are called the vertices, and a subset £ C {V x V' \ diag} of ordered pairs
of vertices that are called (directed) edges or arrows. The fact that (v,w) € E will
also be denoted by v — w.

In particular, a digraph has no edges v — v. We consider only finite digraphs,
that is, digraphs with a finite set of vertices.
We write

I

if either v = w or v — w.

Definition. A morphism from a digraph G = (V| E) to a digraph G' = (V' F’) is
amap f:V — V'’ such that

v=w on G implies f(v) =f(w) on G (8)
We will refer to such morphisms also as digraphs maps and denote them shortly by
f:G—G.

The set of all digraphs with digraphs maps form a category of digraphs.

The condition (8) is trivially true for v = w but for v — w it means that the
images f (v) and f (w) either coincide or f (v) — f (w). In other words, each arrow
in G goes to either a vertex or an arrow in G'.

1.4 Allowed and O-invariant paths on digraphs

Definition. Let G = (V, E) be a digraph. An elementary p-path ig...i, on V is
called allowed if iy, — iy for any k=0, ...,p — 1, and non-allowed otherwise. The
set of all allowed elementary p-paths will be denoted by E,.

For example, Fy =V and E; = E. Denote by A, = A, (G) the free K-module
spanned by the allowed elementary p-paths, that is,
A, = spang {eiomip L ig..dp € Ep} ) 9)

The elements of A, are called allowed p-paths. Clearly, all allowed elementary paths
are regular, which implies that A, C R,.
Note that the family of modules A, is in general not invariant for 9. For example,
in the digraph
1 2 3
o — 0 —— O
the 2-path eqo3 is allowed while

deaz = €23 — €13 + €12

is non-allowed.



Consider the following submodules of A,

Q,=Q0,(G) ={veA,:0ve A, 1}. (10)

Claim. (2, is 0-invariant, that is, 0, C Q,_1 for all p > 0.

Proof. Indeed, v € €, implies Ov € A,y and 0(0v) = 0 € A,_», whence
v € Qp—l. |
The elements of €2, are called 0-invariant p-paths. Hence, we obtain a chain

complex Q, = Q. (G) = Q, (G, K):

0 0

O<—QO<—Ql<3...<—Q 9 9

p—1 D

By construction we have Qy = A and €}y = A;, while in general 2, C A4,.
Let us define for any p > 0 the homologies of the digraph G with coefficients
from K by
H,(G,K) = H,(G) := H, (2 (G)) = ker 8|Qp/1m8|9

p+1°

The elements of ker d|q, are called closed paths and the elements of Im dlq ,, are
called exact.

Let us note that homology groups H, (G) (as well as the modules €2, (G)) can be
computed directly by definition using simple tools of linear algebra, in particular,

those implemented in modern computational software.

p+1

Example. Fix n > 3. Denote by S, a digraph with the vertex set Vg =
{0,...,n — 1} and with the set of edges Eg, that contains for any i € Vg, exactly
one of the edges i — i+ 1, i+ 1 — i (where n = 0), and no other edge. We refer to
S, as a cycle digraph.

The following 1-path on S,

w = Z Ci(i+1) — Z €(i+1)i (11)

{i€Sni—i+1} {i€Sn i+1—i}

lies in ©4(S,,) and is closed. We will refer to w as a standard 1-path on S,,. It is
possible to show that @ generates the space of all closed 1-paths in ©; (.S,), which
is therefore one-dimensional. The homology group H; (S,,K) is, hence, generated
by the homology class [w], provided this class is non-trivial. One can show that
[co] = 0 if and only if S, is isomorphic to one of the following two digraphs:

1 2

1 e — O
a triangle | 0N , orasquare | T, (12)
e — O 0 3

e —> O

so that in this case H; (S,,,K) = {0}. In the case of triangle, w is the boundary of
the 2-path eg1o € €25, and, in the case of square, w is the boundary of ep1o—ep32 € (2s.
If S,, is neither triangle nor square, then [w] is a generator of H; (S,,K) = K.
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Figure 1: Planar digraph with a nontrivial homology group H-

Example. Consider a digraph G as on Fig. 1.
A direct computation shows that H; (G,K) = {0} and H, (G,K) = K, where a
generating element of Hy (G) is

€124 + €234 + €314 — (€125 + €235 + €315) (13)

(this path is closed but not exact). It is easy to see that G is a planar graph but
nevertheless its second homology group is non-zero. This shows that the digraph
homologies “see” some non-trivial intrinsic dimensions of digraphs that are not nec-
essarily related to embedding properties.

Proposition 1 Let G be any finite digraph. Then any w € Qs (G,7Z) can be repre-
sented as a linear combination of the d-invariant 2-paths of following three types:

1. e;5; with i — j — i (a double edge in G);
2. ek withi — j — k and i — k (a triangle as a subgraph of G);

3. €ijk — €imk Withi — j —k, i = m —k, i /A k,i#k (a square as a subgraph

of G).

Proof. Since the 2-path w is allowed, it can be represented as a sum of elemen-
tary 2-path e;j; with ¢ — j — k multiplied with +1 or —1. If & = 7 then ¢, is a
double edge. If i # k and @ — k then e;j; is a triangle. Subtracting from w all double
edges and triangles, we can assume that w has no such terms any more. Then, for
any term e;j, in w we have @ # k and ¢ 4~ k. Fix such a pair ¢, k and consider any
vertex j with ¢ — j — k. The 1-path dw is the sum of 1-paths of the form

Deijr = €ij — €k, + Eji.

Since Ow is allowed but e;;, is not allowed, the term e;, should cancel out after we
sum up all such terms over all possible j. Therefore, the number of j such that e,
enters w with coefficient +1 is equal to the number of j such that e;j, enters in w
with the coefficient —1. Combining the pair with +1 and —1 together, we obtain
that w is the sum of the terms of the third type (squares). m
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Proposition 2 Let G and G’ be two digraphs, and f: G — G’ be a digraph map.
Then, for any p > 0,
f (2 (G)) € 9, (G), (14)

where f. is the induced map (6). Moreover, the map
fe i 2 (G) = 0 (G)
1s a morphism of the chain complezes
2.(G) — Q.(G"
and, consequently, a homomorphism of homology groups
H.(G) — H.(G"
that will also be denoted by f,.
Proof. Let us first show that
fo (A (G)) € A, (G

It suffices to prove that if e;, ;, is allowed on G then f, (eion_ip) is allowed on G'.
Indeed, if f (ip)...f (ip) is non-regular then we have by (7) that f. (e;,.;,) = 0 €
A, (G If f (ig) ... f (4p) is regular then f (i) # f (ig41) forall k = 0,...,p—1. Since
ir — ix+1 on G, by the definition of a digraph map we have either f (ix) — f (ix41)
on G" or f(ix) = f(igs1). Since the second possibility is excluded, we obtain
f(ix) — f(igy1) for all k, whence it follows that f, (eio.__,-p) = €f(io)...(iy) is allowed
on G'.

Now let us prove (14). For any v € €, (G) we have by (10) v € A, (G) and
ov € Ay_1 (G), whence

fe(v) € A (G') and O(f. (v)) = f. (Ov) € Ayt (G)

which implies f. (v) € Q,(G’) and, hence, (14). Since f, commutes with 0, we see
that f, is a morphism of Q, (G) and Q. (G').

Any morphism of chain complexes induces canonically homomorphism of homol-
ogy groups because f, maps closed paths to closed ones and exact paths to exact
ones. W

1.5 Cylinders

Definition. For two digraphs G = (V, E¢) and H = (Vi, Ey) define the Cartesian
product G [J H as a digraph with the set of vertices Vi x Vy and with the set of
edges as follows: for z,2" € Vi and v,y € Vy, we have (z,y) — (2/,y') in GO H
if and only if

either 2’ =z andy — 9, or x — 2’ and y =1/,

8



as is shown on the following diagram:

, (z,y") («'y")
y'e o e — °
7 7 7
(z.y) (=)
ye °
/0 .. e — .

For any digraph G consider its product G [ I with the digraph I = (e — e!).

Definition. The digraph G [ is called the cylinder over G and will be denoted
by G.

We shall put the hat” over all notation related to @, for example, ﬁp = R,,(CAJ)
and ﬁp = Qp(é).

By the definition of Cartesian product, the set of vertices of GisV=Vx {0,1}
and the edges of G are given by the rules:

1. (x,0) — (z,1) for all x € Vi (vertical edges);

2. (z,a) — (y,a) for all z — y in G and a € {0, 1} (horizontal edges).

The digraph G consists of two subgraphs G' x 0 and G x 1 both being isomorphic
to G. So, we identify G x 0 with G, that is, put (z,0) = z for all x € V' and denote
G x 1 by G’ using the notation (x,1) =: 2’ for all € V. Then, for x € V, we have
x — ', and, for all z,y € V', we have

r—yimnG&sr—yinGsr —y inG.

Define the operation of lifting paths from G to G as follows. Fix p > 0. If
U = €..i, then U is a (p + 1)-path in G defined by

P
ez/o\zp = (—1)k Cig.. il .1l - (15)
k=0

By K-linearity this definition extends to all v € A,, thus giving v € /AXPH. In the
case p = —1 define lifting of v =0 € A_; (G) by v =0 € A,.
For example, we have

€a = C€aa’
€aa’t’ — Eabl’

Caa'b'e — Cabb'c! t Cabee!

D
IS
S
o

I

(see Fig. 2).



Figure 2: The component eqy of the 3-path €.

If ig...ip is allowed in G' then, for any k, the path i...ixi},...1; is allowed in G:

i i il
k k+1 j
e — ° —_ e —— @
T )
0 ik Tk41
e — - — e — °

Hence, for any v € A, we have 0 € A,,1. Below we will prove that if v € €, then

v e Qpp.
For any path v in G define its image v’ in G’ by

/
(eio...ip) = €l
Lemma 3 (Product rule) For any p-path v on G with p > 0
00+ v =1 — 0. (16)

Proof. It suffices to prove (16) for v = €ig...i,- For p = 0 set v = ¢; so that
Ov =0 and ¥ = e;7 whence

aﬁ—i—%zei/—ei—i—O:v’—v.

For p > 1 we have

P
~ k
o = E (=1) aeio...iki;..‘i;
k=0
D l p
_ k o I+1 ~
= E (1) E (—1) Cigedyiilynity T § :(_1) Cio.indly..dl.il)
k=0 =0 1=k
_ kL AL ~
= E (1) Cigen iyl T § : (=1) Cioninily..d].ily
0<I<k<p 0<k<I<p
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and

—

. P
ov = ( (_1)l eio.‘.a...ip>
1=

P P -1
l k—1 k
= Z (1) [ Z (—1) Cogersiyonini.dl + Z (=1) Cioipily..d].i)
k=0

=0 k=l+1

_ N R ~
= (1) Cigeiyiilynity T E : (=1) Cioigily.dlnily”
0<i<k<p 0<k<I<p

[e=]

~

We see that in the sum 99 + Ov all the terms with k = | cancel out and we obtain

p

p
ov+0ov = E €i0...ik_1i;€...z‘;—g Cig..ixily .1,
k=0

k=0
/
= G — Cigdp =V U

[
Proposition 4 Ifv €, then v € (AZpH.

Proof. By definition, the condition v € €, is equivalent to v € A, and dv €
A,_1. We know already that in this case v € A,;1, and we need to prove that
Jv € .Zp. Indeed, if v € A, and v € A,_; then v’ and BN belong to ./Zl\p whence it
follows from (16) that also 0v € A\p. [

Example. The cylinder over the digraph I = (e — e!) is a square

1 T (17)

where 0" = 2 and 1’ = 3. Lifting a 0-invariant 1-path ey; € £2; we obtain a J-invariant
2-path on the square:

€01 = €001’ — €011 = €023 — €013-

The cylinder over the square (17) is a 3-cube that is shown in Fig. 3, where we
take ¢/ =1 + 4.

Lifting the 0-invariant 2-path v = egs3 — €913 we obtain a O-invariant 3-path on
the 3-cube:

U = epyay — €y + esy — (o1 — €012 + €01337)

= €0467 — €0267 + €0237 — €0457 T €0157 — €0137-

Defining further n-cube as the cylinder over (n — 1)-cube, we see that n-cube pos-
sesses a O-invariant n-path that is a lifting of a 0-invariant (n — 1)-path from (n — 1)-
cube and that is an alternating sum of n! elementary terms. One can show that this
n-path generates €2,, on n-cube (see [7]).

All homology groups of the n-cube are trivial as it will be shown below.

11



Figure 3: 3-cube

2 Homotopy theory of digraphs

In this Section we introduce a homotopy theory of digraphs and establish the re-
lations between this theory and the homology theory of digraphs, following [6]. A
similar homotopy theory for undirected graphs was earlier developed in [1].

2.1 The notion of homotopy

Fix n > 0. Denote by I,, any digraph whose the set of vertices is {0,1,...,n} and
the set of edges contains exactly one of the edges i — (i + 1), (i + 1) — 4 for any
i=0,1,...,n — 1, and no other edges. A digraph I, is called a line digraph.

Denote by Z,, the set of all line digraphs [,,. Clearly, there is only one digraph
in Zy — the one-point digraph. There are two digraphs in Z;: the digraph I with the
edge (0 — 1) and the digraph I~ with the edge (1 — 0).

Definition. Let G = (V, Eg) and H = (Vig, Ey) be two digraphs. Two digraph
maps f,g: G — H are called homotopic if there exists a line digraph I,, € Z,, with
n > 1 and a digraph map

F-GHI, - H

such that
Flaxo = [ and Flgxn =g (18)
In this case we shall write f ~ g. The map F' is called a homotopy between f and
g.
In the case n = 1 we refer to the map F' as an one-step homotopy between f and

1-ste
g and write f ~P g. In this case the identities (18) become
F|G><0 = f and F‘le =9,

which determine F' uniquely. The requirement, that F': G[J I, — H is a digraph
map, can be understood as follows. For I; there are only two choices: [} = I =
(0—1)or I} = I"* = (0« 1). Consider the case I; = I. Then G [J I is the

12



cylinder G considered in the previous section. Identifying G with the union two
sheets G and G’ as before, we see that F|g = f and F|g = ¢ are digraph maps.
For the vertical edges © — 2’ of G we have

F(z)=f(z) and F(z') =g (z)
so that the requirement F (x) =F (z') becomes
f#)=g(x) in B

Combining with the case I; = I, we obtain that f and g are one-step homotopic if
and only if

either f () =g (x) for all x € Vg or g (z) =f (z) for all z € V. (19)

Example. Consider the digraphs

1

G = O\ and H = %e— e
o — o

b

and the mappings f, g : Vo — Vg given by the table:

reVa|0]1]2

f(x) [alalbd
g(x) al|b|b

It is easy to see that both f and g are digraph maps from G to H. Moreover, f and

g are one-step homotopic, because f () =g (z) for all z € Vg.

It follows from definition of homotopy, that f,g : G — H are homotopic if and
only if there is a finite sequence of digraph maps f = fy, f1,..., fn = g from G to H
such that f; and f.; are one-step homotopic. It is obvious that the relation 7 ~”
is an equivalence relation on the set of all digraph maps from G to H.

Definition. Two digraphs G and H are called homotopy equivalent if there exist
digraph maps
f:G—H, ¢g:H—G (20)

such that
In this case we shall write G ~ H. The maps f and g as in (21) are called homotopy
imverses of each other.

A digraph G is called contractible if G ~ {*} where {x} is a single vertex digraph.
It follows from definition that a digraph G is contractible if and only if there is a
digraph map h : G — G such that the image of h consists of a single vertex and
h ~idg . Indeed, with H = {*} the mapping f in (20) is trivial and f o g = idy for
any choice of g. The mapping go f : G — G is any digraph map h : G — G whose

13



Figure 4: Star-like digraphs

image consists of a single vertex. Hence, we are left only to satisfy the requirement

hﬁldG

Example. A digraph G is called star-like (resp. inverse star-like) if there is a
vertex a € Vi such that a — z (resp. x — a) for all x € Vi \ {a} . if G is a (inverse)
star-like digraph, then the map h : G — G given by h(z) = a for all x € Vg is
one-step homotopic to idg. Indeed, for all x € V; we have

h(z)=a=z =idg ()

so that h and idg satisfy (19) and, hence, h ~ idg. Therefore, G is contractible.
For example, consider the digraph-simplex of dimension n, which is a digraph G
with the set of vertices {0,1,...,n} and the set of edges given by the condition

11— ] = 1<]

Then G is star-like and, hence, G is contractible. The digraph-simplex of dimension
1is e — o', the digraph-simplex of dimension 2 is the triangle

the digraph-simplex of dimension 3 is shown on the left panel on Fig. 4. In par-
ticular, the triangle is contractible. Another star-like digraph is shown on the right
panel of Fig. 4.

2.2 Retraction

A (induced) sub-digraph H of a digraph G is a digraph whose set of vertices is a
subset of that of G and the edges of H are all those edges of G whose adjacent
vertices belong to H.

Definition. Let G be a digraph and H be its sub-digraph. A retraction of G onto
H is a digraph map r : G — H such that 7|y = idy.

14



Let r : G — H be a retraction and let ¢ : H — G be the natural inclusion map.
By definition of retraction we have r o7 = Idg . Therefore, if

ior ~idg, (22)

then ¢ and r are homotopy inverses and we obtain that G ~ H. A retraction
r: G — H with the property (22) is called a deformation retraction.

Proposition 5 Let r : G — H be a retraction of a digraph G onto a sub-digraph
H such that

either x =r (x) for allx € Vg or r(x) =z for all x € Vg. (23)

Then r is a deformation retraction and, consequently, the digraphs G and H are
homotopy equivalent.

Proof. Set f = idg and g = i or. For any € Vg we have f (z) = = and
g (z) =ior(x) =r(x). The condition (23) means that f and g satisfy (19), whence

1-ste
f P g. Hence, we obtain (22) and, consequently, G ~ H. m

Example. Let us show that the square

Consider a retraction r : G — H given by
r(0)=r(2)=0 and r(1)=7r(3) = 1.

Clearly, it satisfies r (z) =z for all z € Vi and we conclude by Proposition 5 that
G ~ H. Since H is contractible, we obtain that G is also contractible.

Example. For any n > 1, consider the n-dimensional cube

M=J0Ia---01

n times

For example, I? is the square from (12) and I® is a 3-cube shown on Fig. 3. As in
the previous example, one constructs an obvious deformation retraction of I™ onto
I™7! thus proving that I™ ~ I"~!. By induction we obtain that all cubes I" are
contractible.
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2.3 Homotopy preserves homologies

Now we can prove the main result about connections between homotopy and ho-
mology theories for digraphs.

Theorem 6 Let G, H be two digraphs.
(1) Let f,g: G — H be two digraph maps. If f ~ g then the induced maps
fu: Hy(G)— Hy(H) and g.: H,(G) — H, (H)
of the homology groups are identical, that is, f. = g« in homologies.

(ii) If the digraphs G and H are homotopy equivalent, then all their homology
groups are isomorphic. Furthermore, if the homotopical equivalence of G and
H is provided by the digraph maps (20) then their induced maps f. and g.
provide mutually inverse isomorphisms of the homology groups of G and H.

Proof. (i) Let F': G[J 1, — H be a homotopy between f and g. It suffices to
treat the case n = 1 as the general case then follows by induction. Let [, = I =
(0 — 1) sothat G I; = GE I = G (the case I; = I~ can be treated similarly).
The maps f and g induce morphisms of chain complexes

Jar 9o 0(G) — Qu(H),

and F' induces a morphism

~

F.: Q.(G) — Q.(H).
As before, we identify G with G x 0 and set G’ = G x 1. For any path v € Q,(G)
considering as a path in G we have F (v) = f. (v) and F (v') = g. (V).
In order to prove that f. and g, induce the identical homomorphisms H, (G) —

H, (H), it suffices by [9, Theorem 2.1, p.40] to construct a chain homotopy between
the chain complexes €2, (G) and €2, (H), that is, the K-linear mappings

Ly : 2,(G) — i1 (H)

such that
8L,, + Lp_18 = g« — f*

(note that all the terms here are mapping from €, (G) to €2, (H)) as on the following
diagram:

Q1 (G) Li (@) — B (@)
p\ lf*lg* \p

Q1 (H) — @ (H) & Qi (H)
Let us define the mapping L, as follows

L,(v) = F, (v) foranyveQ,(G),
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where U € Qpﬂ(@) is the lifting of v to the graph G defined in Section 1.5. Using
OF, = F.0 (see Proposition 2) and the product rule (16) of Lemma 3, we obtain

(0L, + L, 10)(v) = O(F.(7)) + F.(0v)
= F.(90) + F.(0v)
= F.(00+ )
= F.(v' =)

g« (v) = [ (v).

(17) Let f: G — H and g : H — G be digraph maps such that
fog~idy, gof~idg. (24)

Then they induce the following mappings

H, (G) & H, (H) & H, (G) & H, (H).
By (i) and (24) we have f, o g, =id and g, o f. = id, which implies that f, and g.
are mutually inverse isomorphisms of H, (G) and H,(H). =

Example. If a digraph G is contractible, then all the homology groups of G are
trivial (that is, are those of {*}, that is, Hy = K and H, = {0} for all p > 1). For
example, all homology groups of star-like digraphs are trivial; in particular, this is
the case for all digraph simplexes, including triangle. Also, all cubes are contractible
and, hence, have all trivial homology groups.

Example. Let S, be a cycle digraph. If S, is triangle or square then S, is con-
tractible as was shown above. If S, is neither triangle nor square then as we know,
Hi(S,,K) = K and, hence, S, is not contractible by Theorem 6. In particular, this
is always the case when n > 5. Here are other examples of non-contractible cycles
with n = 3,4:

1 1.—).2
[ ]
o N, and ] L,
e — o 0 3

o — @

Let us show that two cycles S, and S, with n # m are not homotopy equivalent,
except for the case when one of them is a triangle and the other is a square. Assume
that S, and S, with n < m are homotopy equivalent. Then by Theorem 6 there is
a digraph map f : S, — S, such that f. : Hy (S,) — H; (S,,) is an isomorphism. If
homology groups H; (S,,) and H; (S,,) are not isomorphic then we are done. If they
are isomorphic, then they are isomorphic to K. Let w, € € (S,) be the generator
of closed 1-paths on S,, and w,, € Q; (S,,) be the generator of closed 1-paths on S,,,
as in (11). Then [w,] generates H; (S,), [wm] generates H; (S,,), and we should
have

fi ([wn]) = a (@]
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Figure 5: The digraph admits a deformation retraction onto a subgraph {1,3,4}

for some non-zero constant o € K. Consequently, we obtain

fu () = awp,,

which is impossible because f cannot be surjective by n < m, whereas w,, uses all
the vertices of S,,.

Example. Consider the digraph G as on Fig. 5.

Consider also its sub-digraph H with the vertex set Vi = {1,3,4} and a re-
traction r : G — H given by r(0) = 1, r(2) = 3 and r|y = id. Since 2=r (z)
for all x, by Proposition 5, we conclude that r is a deformation retraction, whence
G ~ H. Consequently, we obtain H; (G,K) = H; (H,K) =K and H, (G,K) = {0}
for p > 2.

Example. Let a,b be two vertices of a digraph G such that either a — b or b — a.
Denote by H the digraph that is obtained from G by removing a vertex a with all
adjacent edges. Assume that the map r : Vg — Vg given by

r(a) =0 and r|yg =idy

is a digraph map. We claim that in this case G ~ H. Indeed, r is a retraction from
G to H. If a — b then r satisfies z= 7 (z) and if b — a then r (z) =z for all x € V.
By Proposition 5 r is a deformation retraction, whence we obtain that G ~ H.
Consequently, all homology groups of G and H are the same. This is very similar to
the results about transformations of simplicial complexes by simple homotopy (see,
for example, [2]).

The requirement that r is a digraph map is equivalent to the following condition.

Vee Ve \{a,b} a—c=b—c and a<—c=b+—c. (25)
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Sor 3
N

5 5

2

Figure 6: The left digraph is contractible while the right one is not.

Two examples when (25) is satisfied are shown in the following diagram:

e c e
e ST
ae — | eb HW G ae «— | @b H| G
N N T
Wed o

On the contrary, the digraph G on following diagram

e C

'

ae «—— @b

does not satisfy (25). Moreover, this digraph is not homotopy equivalent to subgraph
H = (Co — ob) since G and H have different homology group H;.

The digraph on the left panel of Fig. 6 is contractible as one can successively
remove the vertices 5,4, 3,2 each time satisfying (25).

The digraph on the right panel of Fig. 6 is different from the left one only by
the direction of the edge between 1 and 3, but it is not contractible as its Hy group
is non-trivial (cf. (13)).

Consider one more example: the digraph G on Fig. 7.

Removing successively the vertices A, B, 8,9,6,7, which each time satisfy (25),
we obtain a digraph H with Vg = {0,1,2,3,4,5} that is homotopy equivalent to G
and, in particular, has the same homologies as G. The digraph H is shown in two
ways on Fig. 8. Clearly, the second representation of this graph is reminiscent of an
octahedron.

It is possible to show that H, (H,K) = {0} for p = 1 and p > 2 while H, (H,K) =
K. It follows that the same is true for the homology groups of GG. Furthermore, it is
possible to show that H, (G, K) is generated by the following 2-path

W = €p24 — €025 — €034 t €035 — €124 + €125 + €134 — €135,

that determines a 2-dimensional “hole” in GG given by the octahedron H. Note that
on Fig. 7 this octahedron is hardy visible.
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4 5 4

Figure 8: Two representations of the digraph H

2.4 Cylinder of a map

Let us give some further examples of homotopy equivalent digraphs.

Definition. Let G = (Vg, Eg) and H = (Vy, Eg) be two digraphs and f be a
digraph map from G to H. The cylinder Cs of f is the digraph with the set of
vertices Vo, = Vg U Vg and with the set of edges E, that consists of all the edges
from Eg and Eg as well as of the edges of the form = — f (z) for all z € V.

The inverse cylinder C} is defined in the same way except that the edge z — f ()
is replaced by f (z) — x.

For example, for f = idg we have C; = G [T where I = (e — o') and
C; =GO where I” = (o «— o).

Example. Let G be the digraph with vertices {0,1,2,3,4,5} and H is be the
digraph with vertices {a,b,c} as on Fig. 9. Consider the digraph map f: G — H
given by f(0)=f(1)=a, f(2) = f(3) =band f(4) = f(5) = c¢. The cylinder C;
of f is shown on Fig. 9.
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Figure 9: The cylinder of the map

Claim. For any digraph f: G — H

Proof. Indeed, the projection p : Cy — H defined by

2 x € Vy,
p(z) = f(z), eV,

is by Proposition 5 a deformation retraction of C; onto H, whence it follows that
Cy ~ H. The case of the inverse cylinder C; is similar. =

3 Fundamental group of a digraph

In this Section we define fundamental group of a digraph and describe theirs basic
properties. A based digraph G* is a digraph G with a fixed base vertex x € V5. A
based digraph map f : G* — H* is a digraph map f : G — H such that f (x) = x*.
Any line digraph I, € Z,, will always be considered as a based digraph with the base
point 0.

3.1 (C-homotopy and m,

Definition. A loop in a digraph G is any digraph map ¢ : I, — G with ¢ (0) =
¢ (n). A based loop on a based digraph G* is a loop ¢ : I, — G*, such that
¢(0) =¢(n) = *

Definition. A digraph map h : I, — I, is called shrinking if h(0) =0, h(n) = m,
and h (i) < h(j) whenever i < j (that is, if h as a function from {0,...,n} to
{0, ...,m} is monotone increasing).

It follows from the definition that h (i) < h(i+ 1) < h(i) + 1. The existence of
a shrinking map h : I, — I,, implies m < n. If n = m then h is a bijection.
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Figure 10: Two examples of based loops

Definition. Consider two based loops
¢: I, — G* and ¥: I, — G".

We say that there is one-step direct C-homotopy from ¢ to v if there exists a
shrinking map h : I,, — I, such that the map F': Vi, — Vi given by

Fl;,=¢ and F|,, =1, (26)

is a digraph map from Cj to G. If F'is a digraph map from C, to G then we refer
to an one-step inverse C-homotopy.

Remark. The requirement that F'is a digraph map is equivalent to the condition
¢ (i) = (h (7)) forall i€ I,. (27)

In turn, (27) implies that the digraph maps ¢ and 1 o h (from I,, to G) satisfy (19),
which yields ¢ >~ 1 o h.
If n =m then h =1id;, and an one-step C-homotopy is a homotopy.

Example. An example of one-step direct C-homotopy is shown in Fig. 11.

Note that the images of the loops ¢ and ¢ on Fig. 11 are not homotopic as
digraphs because they are cycles of different lengths 5 and 3. Nevertheless, the
loops ¢ and 1) are one-step C-homotopic.

Definition. Two based loops ¢, in G* are called C-homotopic if there exists a
finite sequence {%};:o of based loops in G* such that ¢, = ¢, ¢; = ¥ and, for any
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Figure 11: The loops ¢ : I5s — G and and ¢ : I3 — G are C-homotopic. Note that
$(0)=0(5)=x=v(0)=4(3).

k =0,..,1 —1, the loops ¢, and ¢, are related by an one-step direct or inverse
C-homotopy (either from ¢, to ¢, , or from ¢, ; to ¢,). We write in this case

c
¢~
Clearly, the C-homotopy is an equivalence relation. The C-homotopy class of a

based loop ¢ will be denoted by [¢]. We say that a loop ¢ is C-contractible if ¢ £ e,
that is, [¢] = [e].

Definition. Denote by m1(G*) the set of all equivalence classes [¢] for all bases
loops ¢ in G*.

Example. A triangular loop is a loop ¢ : I3 — G* with I3 = (0 — 1 — 2 < 3).

*=( e
Ch
Th 9(2)
Q
*=Q 1 2 3 G

Figure 12: A triangular loop ¢ is C-contractible.
The triangular loop is C-contractible because the following shrinking map
h:ly— Iy, h(k)=0forall k=0,..,3,

provides an inverse one-step C-homotopy between ¢ and e (see Fig. 12).

Example. A square loop is aloop ¢ : [y — G with I, = (0 - 1 — 2« 3« 4) . The
square loop can be C-contracted to e in two steps as is shown on Fig. 13.

In the case n > 5, a loop ¢ : I, — G* does not have to be C-contractible, which
is the case, for example, if ¢ is the natural map I,, — S,,.
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®=P(1) 92)-

o R

Figure 13: A square loop ¢ is C-contractible. Note that ¢ (0) = ¢ (4) = ¢ (0) =
vE) =

3.2 Local description of C~-homotopy

We prove here an equivalent description of C-homotopy using images of the loops.

Lemma 7 Let a,b be two vertices in a digraph G such that either a = b or a —
b — a. Then loop ¢ : I, — G*, such that ¢ (i) =a, ¢p(i+1)=0b, andi — i+ 1 in
I, is C-homotopic to a loop ¢': Il — G* where I! is obtained from I,, by changing
one edgei —i+1toi+1—1iand ¢ (j) = ¢ (j) forallj =0,...,n.

Proof. A C-homotopy between ¢ and ¢ is constructed in two one-step inverse
C-homotopies as is shown on the following diagram:

¢ Iy — G T — 141
a b
AN N

Vvl — G T — i+1 — i+2..
a a b
1 T

o: I, —G T — 1+1 .
a b

The subscript under each element of the line digraph indicates the value of the loop
on this element. m

Any digraph map ¢: I, — G determines a sequence 6, = {v;},_, of vertices of
G by v; = ¢ (i) . By the definition of a digraph map, we have for any i =0,...,n — 1
one of the following relations:

Vi = Vg1, Ui — Vi1, Uigl — U (28)

We consider the sequence 8, as a word over the alphabet Vi;. Any sequence {v;};_,
that satisfies (28) is the word of some digraph map ¢ : I,, — G.

Theorem 8 Two based loops ¢ : I, — G* and ¢ : I,, — G* are C'-homotopic if
and only if the word 8, can be obtained from 0, by a finite sequence of the following
transformations (or their inverses):
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(1) ...abc... — ...ac... where (a,b,c) is any permutation of a triple (vo, vy, vs) of
vertices forming a triangle in G:

V2
/.\

Ve — o¥

(and the dots “..” denote the unchanged parts of the words).
(3) ...abc... — ...adc... where (a,b,c,d) is any cyclic permutation (or an inverse
cyclic permutation) of a quadruple (vg,v1,va,v3) of vertices forming a square in G:

v3 PY .’U2

T T

Ve — U1

(1) ...abcd... — ...ad... where (a,b,c,d) is as in (ii).
() ...aba... — ...a... ifa — b or b — a.
(v) ..aa... — ...a...

Proof. Let us first show that if 6, = 0, then ¢ < . If, for any edge i — 7+ 1
(or i «— i+ 1) in [, we have also i — i+ 1 (resp. @ < i+ 1) in [, then [, = I,
and ¢ = v (although n = m, the line digraphs I,, and I,,, could a priori be different
elements of Z,,). Assume that, for some ¢, we have i — ¢+ 1 in [, but i < i+ 1 in
I,,,. Then, by Lemma 7, we can change the edge ¢ — ¢+ 1 in I, to i < ¢ + 1 while

c
staying in the same C-homotopy class of ¢. Arguing by induction, we obtain ¢ ~ ).
We write 0, ~ 8, if 0, can be obtained from 604 by a finite sequence of trans-
formations (i) — (v) (or inverses to them). Let us show that 6, ~ 6, implies that

o) < . For that we construct for each of the transformations (i) — (v) a C-homotopy
between ¢ and ).

(1) Assume that a — ¢ (the case ¢ — a is similar). Then either b — c or a — b
(otherwise we would have got a — ¢ — b — a which is excluded by a triangle
hypothesis). The C-homotopies in the both cases are shown on the diagram:

I, c I, —

)

a a c ..
| N | RN
1, a b — c.. I, a — b —

C...

Each position here corresponds to a vertex in a cylinder Cp, or C;, (that is, in I,, or 1,,,)
and shows its image (a, b or ¢) under the map ¢ resp. 1. The arrows and undirected
segments shows the edges in the cylinder Cj, or C, (in particular, horizontal arrows
and segments show the edges in I, and I,,;). The undirected segments, such as a —b
and ¢ — b, should be given directions matching those on the digraph G.

(74) Assume a — d and b — ¢. Then we have the following C-homotopy:

I,
AN

a — b — ¢
| | |
Iy a a — d C...
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which shows that the loops with the words ...abc... and ...aadc... are C-homotopic.
Then we use the transformation ...aa... to ...a... as in (v). Other cases are treated
similarly.
(73i) Assume a — d. Then we have b — ¢, and the C-homotopy is shown on the
diagram:
L, .. e @ —  d

/o RN
I, .. a — b — ¢ — d

Note that if @ — b then also d — ¢, and if b — a then also ¢ — d.
(1v) Assuming a — b we obtain the following C-homotopy:

I, ooa ...
LN
L, ... a — b «— a.
(v) Here is the required C-homotopy:
1, .. a
i
L, ... a — a

Before we go to the second half of the proof, observe that the transformation
..abc... — ..ac... (29)

of words is possible not only in the case when a,b, ¢ come from a triangle as in (7)
but also when a,b,c form a degenerate triangle, that is, when there are identical
vertices among a, b, ¢ while distinct vertices among a, b, ¢ are connected by an edge.
Indeed, in the case a = b we have by (v)

abc = aac ~ ac,
in the case a = ¢ we have by (iv) and (v)
abc = aba ~ a ~ ac,

and in the case b = ¢ by (v)
abc = acc ~ ac.

Now let us prove that ¢ £ ¥ implies 04 ~ 0,. It suffices to assume that there
exists an one-step direct C-homotopy from ¢ to ¢ given by a shrinking map h :
1, — I,,. Set

0¢ = Qpa1...Qy and Qw = boblbm

where a;,b; € Vi and ag = by = a,, = b, = *. For any i = 0,...,n set j = h (i) and
consider two words

AZ‘ = agal...aibj and BZ = bobl...bj.
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We will prove by induction in ¢ that A; ~ B; for all ¢ = 0,...,n. If this is already
known, then for ¢ = n we have j = m and

aoal...anbm ~ boblbm

Since a,b,, = ** ~ x = a,, it follows that 6, ~ 0.

For i = 0 we have Ay = agby = *x ~ x = by = By. Assuming that A; ~ B;, let
us prove that A;;; ~ B;;1. Let us consider a structure of the cylinder Cj, over the
edge between i and ¢ + 1 in [,,. Set as before j = h (i) and consider two cases.

Case 1. h(i+ 1) = j. In this case we have B; = B;;; and the following structure
in Cp:

bj
/N
a; - Qjy1
Note that each arrow on Cj transforms either to an arrow between the vertices of
G or to a vertex. Then we obtain by (29) and by the induction hypothesis that

A7;+1 = Qpaq...A;—1 (liaz‘+1bj ~ apay...A;—1 aibj = Az ~ Bz = Bi+1-
N—— ~—~

Case 2. h(i+ 1) = j + 1. Then we have the following fragment of Cp,:

bj — bin
T T . (30)
a; — Q41
Let us show that in this case
(liai+1bj+1 ~ aibjbj+1. (31)

Indeed, if all the vertices a;, a;;1,b;,bj11 are distinct, then they form a square and
(31) follows by transformation (ii). Consider various cases of equal vertices in the
diagram (30).

In the case a;11 = b; (31) is an equality, and in the case a; = b, the relation
(31) follows by transformation (iv):

aiai+1bj+l ~ Q; = 0541 ~~ aibjbj+l-

In the case a; = b; the triple a;, a;11, b1 is a triangle or a degenerate triangle, and
we obtained from (29) and (v)

az’az’Jrlijrl ~ aiijrl ~ aiaiijrl = aibjijrh

and the case a;11 = b;41 is similar. Finally, if a; = a;11 then similarly by (v) and
(29) we obtain
aiai—l—lbj—I—I = aiaibj—H ~ aibj-I—l ~ aibjbj-‘,—la

and the case b; = b is similar.
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It follows from (31) that

Ajp1 = apay...a; aiaiJrlijrl ~ apa1-..Aj—1 @ibjbjﬂ = Aiijrl ~ Biijrl = B,
N—— N——

which proves the induction step. m

Remark. Note that the transformation (7i7) was not used in the second half of the
proof, so (7i7) is logically not necessary in the statement of Theorem 8. Note also
that (i7i) can be obtained as composition of (ii) and (iv) as follows:

abed ~ aded ~ ad.

However, in applications it is still convenient to be able to use (iii).

Example. 1. A triangular loop ¢ on Fig. 12 is contractible because for a =
¢(O),b=¢(1),c=¢(2) we have

0y = abca ~ aca ~ a,

where we have used transformations (¢) and (iv).
2. A square loop ¢ on Fig. 13 is contractible because if a, b, ¢, d are vertices of
the square then
0y = abcda ~ ada ~ a,

where we have used (7i¢) and (iv).

3. Consider a cyclic digraph S5 as follows

C
AN
‘g — o
with the base vertex « = a and a loop ¢ : I3 — S3 where

I;i=0—-1—-2-23)

and ¢ (0) =¢(3) =a, (1) =b, ¢(2) = c. We have 0, = abca. It is clear that this
word does not allow any of the transformations of Theorem 8, which implies that ¢
is not C'-contractible.

4. Consider the loops ¢ and ¥ on Fig. 11, that were proved above to be C-
homotopic. It is shown on Fig. 14 how to transform 6, to 6, using the word
transformations of Theorem 8.

3.3 Group structure in 7,

For any I, € Z, define a line digraph fn € 1, as follows:

i—jinl, & (n—i)— (n—j)in I,
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Figure 14: Transforming a 5-cycle 64 to a 3-cycle 0, using successively ()~ (the
inverse of (4)), (i), (i) and (7).

For any two line digraphs I,, and [,,, define the line digraph I,, V I, € Z,,.,,, that is
obtained from I,, and I,, by identification of the vertices n € I,, and 0 € I,,.

Definition. (i) For any digraph map ¢ : I,, — G define its inversion by
o I, -G
o(i) = o(n—1i).
(1) For two digraph maps ¢ : I,, — G and ¢ : I, — G with ¢ (n) = 1 (0) define
their concatenation by

Qb\/@/} : In\/]m—>G
oV Y(i) = {W’)’ 0<i<n

(i —mn), n<i<n+m.

Clearly, if ¢ is a based loop then qAb is also a based loop. If ¢ and 1 are based
loops then ¢ V 1 is always defined and is also a based loop.
Now we can define a product in m (G*) as follows.

Definition. For any two based loops ¢, 1) in G* define the product of the equivalence
classes [¢] and [¢] by

[9] - Y] = [V Y], (32)
Lemma 9 The product in w1 (G*) is well defined.

29



Proof. Let ¢, ¢', 1,1’ be loops of G* and let

b, vy (33)
We must prove that
OVY SV, (34)

It suffices to consider only the case when the both C-homotopies in (33) are one-step
C-homotopies. Then we have

SV Y@V

because one-step C-homotopy between ¢ and ¢ easily extends to that between ¢ V1)
and ¢’ V9. In the same way we obtain

FV gV,

whence (34) follows. m

Lemma 10 For any loop ¢: I, — G* we have ¢ V & < e.
Proof. Let 04 = vy...v,,. Then 9&5 = Up...09 and

Qqﬁv& = V... Up—1UnUp—_1...Ug.

Using successively the transformations aba — a and aa — a of Theorem 8, we

~ C
obtain that 6,4 ~ * whence ¢ V ¢ ~ e follows. ®

Theorem 11 Let G, H be digraphs.

(1) The set m(G*) with the product (32) and neutral element [e] is a group. It
will be referred to as the fundamental group of a digraph G*.

(11) Any based digraph map f : G* — H* induces a group homomorphism

f o m(G*) — m(HY)
f(el) = [fodl

which depends only on homotopy class of f.
(7i1) Let G, H be connected. If G ~ H then the fundamental groups m (G*) and
w1 (H*) are isomorphic (for any choice of the base vertices).

Proof. (i) This follows from Lemmas 9 and 10, since the product in m(G*)
satisfies the associative law, the class [e] € m1(G™) satisfies the definition of a neutral
element, and [@] is the inverse of [¢] for any [¢] € 71 (G*).

(17) Let ¢ : I, — G* and ¢ : I,, — G* be C-homotopic. Let us show that
fo¢ and f o are C-homotopic in H*. It suffices to prove this for one-step C-
homotopy, for example, for direct C'-homotopy. In this case there is a shrinking map
h: I, — I, such that

¢ (i) =1 (h(i)) forallie I,
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It follows that

that is,
fop= fou.

Hence, the map f is well defined on 7 (G™).
The map f: m(G*) — m1(H*) is a homomorphism because

fe) =[foe] =[]

and, for any two loops ¢, in G*,

Fol- W) = flovyl)=[feoloVvi)
= [(fo@)V(foy)]
= S - f (D)

If f and g are homotopic then also f o ¢ ~ go ¢, whence f o ¢ < g o ¢ and, hence,

f([¢]) = g([¢])-
(1ii) Let f : G — H and g : H — G be homotopy inverses maps, that is,

fog~idy and go f~idg. (35)

Consider a special case when f (%) = % and g (*) = * (the general case requires some
additional argument). By (#i) we have group homomorphisms

T (G L my (H) % 7 (GF) L my (H).
It follows from (35) and (4¢) that on this diagram
fog=1idr g+ and go f =idg (),

which implies that f and g are mutual inverses and, hence, isomorphisms. =

3.4 Application to graph coloring

An an illustration of the theory of digraph homotopy, we give here a new proof
of the classical lemma of Sperner, using the notion the fundamental group and C-
homotopy.

Consider a triangle ABC' on the plane R? and its triangulation 7. The set of
vertices of T' is colored with three colors 1, 2,3 in such a way that

e the vertices A, B, C are colored with 1,2, 3 respectively;

e cach vertex on any side of ABC' is colored with one of the two colors of the
endpoints of the side (see Fig. 15).
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Figure 15: A Sperner coloring

The classical lemma of Sperner says that then there exists in 7" a 3-color triangle,
that is, a triangle, whose vertices are colored with the three different colors.

To prove this, let us first modify the triangulation 7" so that there are no vertices
on the sides AB, AC, BC' except for A, B,C. Indeed, if X is a vertex on AB then
we move X a bit inside the triangle ABC. This gives rise to a new triangle in the
triangulation 7" that is formed by X and its former neighbors, say Y and Z, on the
edge AB (while keeping all other triangles). However, since all XY, Z are colored
with two colors, no 3-color triangle emerges after that move. By induction, we
remove all the vertices from the sides of ABC.

The triangulation 7" can be regarded as a graph. Let us make it into a digraph G
by choosing the direction on the edges as follows. If the vertices a,b are connected
by an edge in T then choose direction between a, b using the colors of a,b and the
following rule:

1—2 2—-3 3—1

151, 252, 353

(36)

Assume now that there is no 3-color triangle in 7. Then each triangle from 7" looks

in G like

/N or 7N\ or /NN

in particular, each of them contains a triangle in the sense of Theorem 8.
Consider a 3-loop ¢ : I3 — G* with the word 04 = ABCA. Using the transfor-
mation (iz7) of Theorem 8 and the partition of GG into the triangle digraphs, we can

contract the word ABC' A to an empty word. Hence, ¢ Le.
Consider the cycle digraph S3 with the vertices a, b, ¢ as follows

C3

7N (37)

a — b
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where the vertex a is colored by 1, b by 2 and ¢ by 3. Define a map f : G — S3 by
the rule that f (x) has the same color in S5 as z in G.
By the choice of directions on the edges of GG, f is a digraph map. The loop fo¢
on S3 has the word
0. = abca,
which is not contractible on S3 as we have seen above. However, by Theorem 11,
f induces homomorphism of 7; (G) to 7 (S3). Therefore, ¢ £ e implies that also

c
f o ¢ >~ e, which contradicts the previous observation.

4 Hurewicz theorem

One of our main results is the following discrete version of Hurewicz theorem.

Theorem 12 For any based connected digraph G* we have an isomorphism
m1(G") /[m(G"), m(G")] = Hi(G, Z)

where [m1(G*), 71 (G*)] is a commutator subgroup.

Proof. The proof is similar to that in the classical algebraic topology [8, p.166].
For any based loop ¢: I, — G* of a digraph G*, define a 1-path x(¢) on G as
follows: x(¢) =0 for n =0, 1,2, and for n > 3

X)) = D ooy — D Calrns (38)

{iri—it1} {i:i+1—i}

where the summation index ¢ runs from 0 to n — 1. It is easy to see that the 1-
path x (¢) is allowed and closed and, hence, determines a homology class [x (¢)] €
H, (G,7Z). Let us first prove that, for any two based loops ¢: I, — G* and ¢: I, —
G*,
c
o=~v = [x(@)] =) (39)
Note that any based loop with n < 2 is C-homotopic to trivial. For n > 3, it

c
is sufficiently to check (39) assuming that ¢ ~ 1) is given by an one-step direct
C-homotopy with a shrinking map h : I, — [,,,. Set

¢ =1oh:I,—G*

and observe that by (38) x (¢') = x (¥) . It remains to show that [x (¢)] = [x (¢')].
By Remark 3.1 the digraph maps ¢ and ¢, acting from I,, to G, are homotopic.
Denote by S,, the digraph that is obtained from [,, by identification of the vertices
0 and n (that is, S, is a cycle digraph as defined before). Then ¢ and ¢’ can be
regarded as digraph maps from S, to GG, and they are again homotopic as such.
Consider the standard homology class [w] € H; (S,,) given by (11). Comparing
(11) and (38), we see that

¢. (@) = x(p) and ¢ (w) = x(¢).
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On the other hand, by Theorem 6 we have [¢, ()] = [¢. ()], which finishes the
proof of (39).
Hence, x determines a map

X : Wl(G*) - Hl(G7 Z)> X*[¢] - [X(¢)]

The map x, is a group homomorphism because, for based loops ¢, ¢ and the neutral
element [e] € m; (G*), we have x,([¢]) = 0 and

X([0]- W) = xullovyl) = Ix(e V)
= [ (@) + x(¥)] = x(@)] + x(¥)] = x.([9]) + x.([¥])-

Since the group H;(G,Z) is abelian, it follows that
[m(G),m1(G)] € Kerx..

Now let us prove that y, is an epimorphism. Define a standard loop on G as
a finite sequence v = {uv;},_, of vertices of G such that vy = v, and, for any k
=0,...,n—1, either vy — vy Oor V441 — vi. For a standard loop v define an 1-path

Wy = Z Copvprr Z Copvpa (40)

{kvg—vry1} {kvg41—vk }

and observe that w, is allowed and closed. The 1-paths of the form (40) will be
referred to as standard paths. Consider an arbitrary closed 1-path

w = anem—k € (G, Z).
k

Since Ow = 0 and Je;; = e; — ¢;, the path w can be represented as a finite sum of
standard paths. Hence, in order to prove that y, is an epimorphism, it suffices to
show that any standard 1-path o, is in the image of y. Note that the standard loop
v determines naturally a based loop ¢ : I, — G by ¢ (i) = v;. Since the digraph G
is connected, there exists a based path f : I, — G* with f(s) = vg. Thus we obtain
a based loop

FVOV [ Dogyn — G

It follows directly from our construction, that x(f V ¢ Vv f ) = w,, and hence Y, is
an epimorphism.
We are left to prove that

Ker x, C [mi(G"), m1(G™)].

For that we need to prove that, for any loop ¢ : I,, — G*, if x,([¢]) =0 € H,(G,Z),
then [¢] lies in the commutator [71(G*),71(G*)]. In the case n < 2 any loop ¢ is
C-homotopic to the trivial loop. Assuming in the sequel n > 3, we use the word
645 = vovy...v, where v; = ¢ (7).

Consider first the case, when y(¢) = 0 € Q4(G). Since the digraph G is con-
nected, for any vertex v; there exists a based digraph map v, : I,,, — G* with ;(p;) =
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v;. If v; = v; for some i, j then we make sure to choose ¢; and v, identical. For
¢ = 0 and ¢ = n choose v, to be trivial loop e : [y — G*. For any ¢« = 0,....,n — 1
define the digraph maps ¢;: I= — G by the conditions ¢,;(0) = v;, ¢,(1) = v;4; and
consider the following loop

7:¢0V¢0V1L1\/¢1\/¢1\/1Z’2\/¢2V¢2V"'V{%—1V¢n—1v¢n—1\/¢n (41)

(see Fig. 16).

Figure 16: Loop 9, V ¢, V &Hl

Using transformation (iv) of Theorem 8 (similarly to the proof of Lemma 10),
we obtain that

c
YV O V.V, =0
On the other hand, it follows from (41) that

1

AT

n

7]

-
I
o

Consider for some i = 0,...,n — 1, such that ¢+ — ¢ 4+ 1, the vertices a = v; and
b= v;41. If a = b then the loop ¥, V ¢, \/QZPrl is C-homotopic to e. Assume a # b, so
that @ — b. Then the term e, is present in the right hand side of the identity (38)
defining x (¢). Due to x (¢) = 0, the term e, should cancel out with —e,, in the
right hand side of (38). Therefore, there exists 7 =0,...,n — 1 such that j + 1 — 7,
vj+1 = a and v; = b. It follows that

7/Jj \4 ¢j \% {ﬂjﬂ = ¢i+1 N &51 v &i;
and that the loops
[1/11 Vo,V QZ}i—i—l] and [wj \ ¢j \ QZ}j-i-l (42)

are mutually inverse. Therefore, [v] is a product of pairs of mutually inverse loops,
which implies that [y] = [¢] lies in the commutator of 7.
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Now consider the general case, when x (¢) € ; (G) is exact, that is, x(¢) = dw
for some w € Q9(G). Recall that by Proposition 1 any 2-path w € s can be
represented in the form

N
w = Z /ijO'j
j=1

where N € N, x;, = +1 and o, is one of the following 2-paths: a double edge, a
triangle, a square. Further proof goes by induction in N. In the case N = 0 we have
w = 0 which was already considered above.

In the case N > 1 choose an arbitrary index ¢ = 0, ...,n — 1 such that the vertices
a=¢(i) and b = ¢ (i + 1) are distinct. Assume for certainty that i — i + 1 and,
hence, a — b (the case i +1 — i can be handled similarly). Then e, enters x (¢)
with the coefficient 1. Since

N
X (¢) = 0w = Z k;00;,
j=1

there exists o; such that do; contains a term kjey,. Fix this [ and define a new loop
¢’ as follows.

If 0, is a double edge a, b, a, then consider a loop ¢ that is obtained from ¢ :
I,, — G* by changing one edge ¢ — ¢+ 1in I,, to ¢ — ¢ + 1. Then by Lemma 7 we
have ¢’ < .

Let o; be a triangle with the vertices a, b, c. Noticing that

consider a loop ¢ such that

(see Fig. 17).

Figure 17: Loops ¢ and ¢’ in the case when o, is a triangle.

If 0; is a square with the vertices a, b, ¢, d, then we define a loop ¢’ so that

0y = ...adch.
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By Theorem 8, we have in the both cases ¢’ < ¢ and, hence, [¢'] = [¢].
By construction, x (¢') contains no longer the term e,,. On the other hand, we
will prove below that, for some k = +1,

X (¢') = x (¢) — Ko (43)

Comparing the coefficients in front of ey, in the both parts of (43), we obtain the
identity 0 = 1 — kK, whence k = k;. It follows from (43) with k = &, that

X (&) = x(¢) — 0 (ko) = 0w — 0 (Kyoy) = O,

w’ == Z C;0;.
L
By the inductive hypothesis we conclude that [¢'] lies in the commutator [m1(G*), 71 (G*)],

whence the same for [¢] follows.
We are left to prove the identity (43). If o, is a double edge a, b, a then

X <¢/) - X (gb) = —€pa — €ap = _aeaba = —80'1.

where

If 0, is a triangle
c

7N\

a — b

then we obtain a cycle digraph S3 with the vertices a, b, ¢, and if g; is a square

d — ¢

a — b

then we obtain a cycle digraph S, with the vertices a, b, ¢, d. Let @ be the standard
l-path on S5 in the first case and that on Sy in the second case (see (11)). Then it
is easy to see that

X (0) = x(¢) =,

and (43) follows from the observation that do; = £w. =

References

[1] Eric Babson, Helene Barcelo, Mark de Longueville, and Reinhard Laubenbacher,
Homotopy theory of graphs, Journal Algebr. Comb. 24 (2006), 31-44.

[2] Marshall M. Cohen, A course in simple-homotopy theory, Berlin, New York:
Springer-Verlag, 1973.

[3] Aristophanes Dimakis and Folkert Miiller-Hoissen, Differential calculus and
gauge theory on finite sets, J. Phys. A, Math. Gen. 27 (1994), no. 9, 3159-3178.

37



, Discrete differential calculus: Graphs, topologies, and gauge theory, J.
Math. Phys. 35 (1994), no. 12, 6703-6735.

Alexander Grigor’yan, Yong Lin, Yuri Muranov, and Shing-Tung Yau, Homolo-
gies of path complexes and digraphs, Math arXiv: 1207.2834v4 (2013).

, Homotopy theory for digraphs, Pure and Applied Mathematics Quar-
terly 10 (2014), 619-674.

Alexander Grigor'yan, Yuri Muranov, and Shing-Tung Yau, Graphs associated
with simplicial complezes, Homology, Homotopy, and Applications 16 (2014),
295-311.

Allen Hatcher, Algebraic Topology, Cambridge University Press, 2002.

S. MacLane, Homology, Die Grundlehren der mathematischen Wissenschaften.
Bd. 114. Berlin-Gottingen-Heidelberg: Springer-Verlag, 522 pp. , 1963.

38



	Homology theory of digraphs
	Paths and their boundaries
	Regular paths
	The notion of a digraph
	Allowed and -invariant paths on digraphs
	Cylinders

	Homotopy theory of digraphs
	The notion of homotopy
	Retraction
	Homotopy preserves homologies
	Cylinder of a map

	Fundamental group of a digraph
	C-homotopy and 0=x"01191
	Local description of C-homotopy
	Group structure in 0=x"01191
	Application to graph coloring

	Hurewicz theorem

