HOLDER ESTIMATES OF HEAT KERNELS FOR JUMP TYPE DIRICHLET
FORMS

ALEXANDER GRIGOR’YAN AND ERYAN HU

ABSTRACT. Consider a regular Dirichlet form (€, F) without killing part on metric measure spaces
(M, d, i) satisfying doubling condition. We obtain the (local) Holder estimates of (Dirichlet) heat
kernels of (£, F) under the assumption: generalized capacity condition, Poincaré inequality, and
the tail estimate of jump kernel with a parameter ¢ € [2, o0]. In the case when p is Ahlfors-regular,
the range of the parameter ¢ can be relaxed to ¢ € [1, c0].
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1. INTRODUCTION AND MAIN RESULTS

Let (M, d) be alocally compact separable metric space and let u be a Radon measure on M with
full support. A triple (M, d, ) is called a metric measure space. Let (€, F) be a regular Dirichlet
form on L% := L?(M, i1). Let {P;};~0 be the heat semigroup in L? associated with (£, F), that is,
P, = e'*, t > 0, where L is the generator of (£, F).

Note that P, is a bounded self-adjoint operator in L%. If, for any ¢ > 0, the operator P; has an
integral kernel then the latter will be denoted by p;(x,y) and will be referred to as the heat kernel
of (£, F). The heat kernel coincides with the transition density of the Hunt process associated with
(&, F).

By the general theory of Dirichlet form, each function in F has a quasi continuous version (see
[5, Theorem 2.1.7, p. 75])). We always use its quasi continuous version for each function in F.

2020 Mathematics Subject Classification. Primary: 35K08 Secondary: 28A80, 60J35.

Key words and phrases. Heat kernel, Dirichlet form, doubling space.

AG was supported by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) - Project-ID
317210226 - SFB 1283, and by the Tsinghua Global Scholars Fellowship Program. EH was supported by National
Key R&D Program of China (No. 2022YFA1006000) and by the National Natural Science Foundation of China (Nos.
12171354 and 12571157).

1



2 A. GRIGOR’YAN AND E. HU

For a non-empty open subset 2 of M, let Cp(£2) denote the space of all continuous functions
with compact supports contained in €. Let F(€2) be a vector space defined by

F(Q) = the closure of F N Cp(£2) in the norm of /E(-) + | - |32,

where £(u) := £(u,u). By the theory of Dirichlet forms, (£, F(2)) is a regular Dirichlet form on
L%(Q) if (£, F) is a regular Dirichlet form on L?(M, 1) (see, for example, [5, Theorem 4.4.3]). In
this case, denote the heat semigroup of (£, F(Q)) by {P?}i~0. The integral kernel of {P};~¢
(should it exist) is denoted by p{!(z,y) and is referred to as the heat kernel of (£, F()) or the
Dirichlet heat kernel of (£, F) in 2.

In this paper, we are concerned with the Holder estimates of the (Dirichlet) heat kernel of (€, F)
under some mild assumptions.

For any € M and r > 0, denote an open metric ball by

B(z,r):={ye M :d(y,z) <r}
and its volume by
V(z,r) := u(B(x,r)).

We also use the following notation. For any set U C M and r > 0, denote by U, by the open
r-neighborhood of U, that is

U, = U B(z,r).

zelU

1.1. Main result for Ahlfors regular measures. In this subsection, we assume that (£, F) is
of pure jump type, that is, it is determined by a Radon measure j on (M x M)\ diag (called jump
measure),

E(u,v) = / /MxMw(x) — u()(w(@) - v@)di(z,y), ww € F. (1.1)

Fix a number o > 0, we assume that the metric measure space (M,d, u) is a-regular, that is,
the following condition (V) is satisfied.

Definition 1.1. We say that condition (V) is satisfied if for any metric open ball B(x,r) with
r € M and r > 0,

V(z,r) ~r®. (1.2)

Here and in the rest of the paper, ~ means the ration of both sides are bounded from above and
below by two uniform constants.
Fix another number 5 > 0, we assume that conditions (TJ)z and (PI)g are satisfied.

Definition 1.2. We say that condition (TJ)g is satisfied if there exists a kernel J : M x B(M)
[0, 00| such that dj(x,y) = J(x,dy)du(x) and, for all x € M and r > 0,

J(x,B(x,r)°) < <

=, (1.3)

where C' € [0, 00) is a constant independent of x, r.

For a measurable function v and a measurable set A, let u4 denote the mean of the function u

over A, that is,
5l
ug = —— [ udp ::][ uds,
1(A) Ja A

whenever the integral makes sense. For any ball B = B(x,r) and any a > 0, set

aB := B(z,ar).



HOLDER ESTIMATES OF HEAT KERNELS 3

Definition 1.3 (Poincaré inequality). We say that the Poincaré inequality (PI)s holds if there
exist constants C' > 0 and « € (0, 1] such that, for any ball B := B(xg,r) with g € M, r > 0 and
for any function v € F N L™,

A = < Cr° / /B ()~ u(w)di ), (1.4)

where C' € [0, 00) is a constant independent of xg, 7, u.
Let U C M be an open set, A be a Borel subset of U and § > 1 be a number. A R-cutoff function
of the pair (A,U) is any function ¢ in F such that
e 0 < ¢ <K pae. in M;
e ¢ >1 p-ae. in A;
e 9 =0 p-a.e. in U,
We denote by ®-cutoff (A, U) the collection of all F-cutoff functions of the pair (A, U).
Define a function space F’ by
Fli={v+a:veF, aeR}
that is, F’ is a vector space that contains F and constants.
Definition 1.4. We say that condition (Gcap)g is satisfied if there exist two numbers & > 1,C > 0

such that, for any v € F'NL> and for any pair of concentric balls By := B(xq, R), B := B(xo, R+7)
with 29 € M and 0 < R < R+ r < o0, there exists ¢ € R-cutoff(By, B) such that

C
£6,0) < 5 [ uldn. (1.5)
™ JB

We remark that the function ¢ in (Gcap)s may depend on w, but the constants &, C' are inde-
pendent of u, By, B.
Theorem 1.5. Let (£, F) be the reqular Dirichlet form in (1.1). Assume that (V), (TJ)g, (PI)s
and (Geap)g are satisfied. For any non-empty open set Q@ C M, the Dirichlet heat kernel pit(x,y)
of (€, F) in Q exists and is jointly continuous in (x,y,t) € Q x Q x (0,00). Besides, it satisfies the
following estimates.

(1) (On-diagonal upper estimates) For any z,y € Q and t > 0, we have

C
p?(xay) < W (1'6)

(2) (Local Hélder continuity) For any non-empty open subset U C Q and r > 0 with U, C ,
and for all v, €e U,y € Q and t > s > 0,

C <d(x,:r’)>’\+0(t—s)

Q R YW =~ N2
‘pt (CU,y) Py ('T ,y)} < ta/ﬂ tl/ﬁ AT Sa/ﬁ+1 ’ (17)

where the constants A € (0,1) and C > 0 depend only on the constants in the hypotheses.
In particular, when Q@ = M, we have for all xz,2',y € M, t > s >0,

C (d(x,x')>A C(t—s)

/
‘pt(xvy) _ps('x ay)‘ < W £1/8 W. (1.8)

Remark 1.6. Theorem 1.5 is also true for the Dirichlet form in (1.11), and its proof remains the
same.

Moreover, one can also consider the localized versions of (1.6), (1.7) and (1.8). Indeed, Let
R € (0,diam M]. Suppose that the lower bound in (V) is true for r < R and each radius r in
conditions (PI)z and (Geap)s is restricted to r < R. In this case, each term t'/8 and s'/# in
(1.6)-(1.8) shall be replaced by t'/# AR and s/ A R respectively. For example, (1.8) should be as

follows:
C d(xz,z") A C t—s
o / < — ’ S — .
|Pt(ﬂfyy) ps( ’y)‘ = ta/B A R” (tl//a’ /\R> + s/BARY s
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In fact, we have obtained a similar result in [1, Lemma 12.1, p. 447] for ultrametric spaces, while
in the present paper we consider general metric spaces. In [8, Lemma 7.1, p. 737], we obtained
a similar result to (1.6) and (1.7) but only for bounded open set @ with coefficients depending on
diam €2, so that the result can not be extended to unbounded ().

1.2. Main result for doubling measures. In this subsection, we generalize Theorem 1.5 from
Ahlfors regular measures to doubling measures, and from pure jump type Dirichlet forms to any
regular Dirichlet forms without killing part.

Recall that any regular Dirichlet form (£, F) in L? admits the following unique Beurling-Deny
decomposition (cf. [5, Theorem 3.2.1 and Theorem 4.5.2]):

E(u,v) = EB (u,v) + ED (u,v) + EF) (u, v), (1.9)

where EF) is the local part (or diffusion part) associated with a unique Radon measure dr&) (the
notions £ (u, v), dI'") (u, v) are instead denoted by £(9)(u,v), %d,u?u vy Tespectively in [5, see Eq.
(3.2.22) on p. 126]):

5(L)(u,v):/ dr ) (u, v),
M

EW) is the jump part associated with a unique Radon measure j defined on M x M \ diag:
ey = [ ula) - uw)e() - ou) i), (1.10)
M x M\diag

and finally, £5) is the killing part. We assume in this subsection that
E(u,v) = EF (u,v) + EY) (u, ). (1.11)

That is, £X) = 0. In this subsection, we also assume that there exists a non-negative measurable
function J : M x M — R such that

dj(z,y) = J(z,y)dp(z)du(y).

Definition 1.7 (Volume doubling condition). We say that a measure pu on (M,d) satisfies the
condition (VD) if there exists a constant C' > 1 such that, for all x € M and all r > 0,

Vix,2r) < CV(x,r). (1.12)

Condition (VD) implies that 0 < V(x,r) < oo for all » > 0. It is known that condition (VD)
is equivalent to the following: there exists a positive number « such that, for all z,y € M and all

O0<r<R<o,
(67
Vi, R) _ o (dzy)+ R\" (1.13)
Viy,r) r
where constant C' can be taken the same as in (VD).
Fix throughout in this subsection a parameter R € (0,diam M|, where diam M is the diameter
of M.

Definition 1.8 (Reverse volume doubling condition). We say that  satisfies the condition (RVD)
if there exist positive numbers C, o/ such that, for all x € M and for all 0 <r < R < R,

/

X‘f/((a;?l:)) S o1 <1:’>“ _ (1.14)

Let us fix a scaling function W : M x [0,00] — [0, 00] such that, for each x € M, the function
W (z,-) is strictly increasing, and W (z,0) = 0, W(x,00) = co. Assume also that there exist three
positive numbers C, 51, By (81 < B3) such that, for all 0 < r < R < oo and for all z,y € M with

d(z,y) <R,
c1 (f)ﬁl < m <C <f>ﬂ2. (1.15)

The readers can refer to [9, Example 2.1] for examples of W that depends on the space variable.
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For z € M, let w, be the inverse function of ¢t — W (x,t). Clearly, we have by (1.15) that, for
alze M andall0<r < R < o0

o (1)<t e ()

where wg(+) is the inverse function of W(z,-) for every x € M.
For a given number 1 < ¢ < oo, let ¢ be the Holder conjugate of ¢, that is,

so that ¢ =1if ¢ =00, and ¢ = 0 if ¢ = 1.
Definition 1.9 (L%tail estimate of jump kernel). For ¢ € [1, 00|, we say that condition (TJ,)w is
satisfied if (€, F) has the jump kernel J(z,y) such that, for all z € M and R > 0,
C
J Z,- ey < 7 )
1 (%, ) La(B(a,r)e) < Ve BT W R)

where C' € [0, 00) is a constant independent of z, R.

(1.17)

Note that (TJo)w is equivalent to that the jump kernel J satisfies the pointwise upper bound:

C
V(z,d(z,y))W(z,d(z,y))
The readers can refer to [9, Section 7] for examples of the jump kernel J that satisfies (TJ,)w for

some ¢ € [1,00), but does not satisfy the above pointwise upper bounds.
For a Borel measurable subset U C M and u € F', define the energy measure dl'y(u) by

dUy(u)(z) = dT™) (u, u)(2) + /M Ly (y)(u(@) — u(y))*dj(z,y)- (1.18)

J(z,y) <

Definition 1.10 (Poincaré inequality). We say that the Poincaré inequality (PI)y, holds if there
exist constants C' > 0 and x € (0, 1] such that, for any ball B := B(z, R) with 0 < R < R and for
any function v € F N L™,

/ = wp|2dp < CW (z, R)/ i (w), (1.19)
kB B
where I'p is defined in (1.18).

Definition 1.11 (Generalized capacity condition). We say that condition (Gcap)w is satisfied if
there exist two numbers & > 1, C' > 0 such that, for any v € F' N L and for any pair of concentric
balls By := B(zo, R), B := B(xo,R+ ) with zg € M and 0 < R < R+ r < R, there exists
¢ € R-cutoff (By, B) such that

2 C 2
£(u0.0) < sup g /B wdp. (1.20)

Recall that for a non-empty open subset U of M, the heat kernel (should it exist) of (£, F(U))
is denoted by {p¥ }1~0.
The following is our main result.

Theorem 1.12. Let (£,F) be a reqular Dirichlet form in L? without killing part. Assume that
conditions (VD), (RVD), (Gcap)w, (PL)w and (TJ,)w for some q € [2,+00] are all satisfied. Let
Q be any non-empty open subset of M. Then the Dirichlet heat kernel p?(x,y) is locally Holder
continuous. Moreover, for each t > 0 and x € €2,

9 C
Py (z,2) < Ve AT (1.21)
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and, for any non-empty open subset U C Q and r > 0 with U, C Q, and for all x,2’ € U, y € Q
andt > s >0,

1 n 1
\/V(x,wx(t/\rﬁ)/\ﬁ) \/V(x’,wxf(s/\rﬁ)/\ﬁ)

. ¢ d(x,x) Ay
\/V(y,wy(s)/\R)<<wx(tArﬁ)AR) T s >, (1.22)

where the constants A € (0,1) and C' > 0 depend only on the constants in the hypotheses.
In particular, when Q = M, we have for all x,2’,y € M andt > s > 0,

95 (z,y) — P (2, y)| <

1 1
pe(z,y) — ps(a, )| <
\/wax AR) \/V:B Wy (8) AR)

C d(z,2’) \* t—s
V@) AR <<%<f>AR) T ) -

Remark 1.13. Note that in the case when W (xz,r) = 7 for some 8 > 0 and R = diam M = oo,
conditions (PI)y and (Gcap)w become (PI)g and (Gceap)s respectively.

Since Theorem 1.5 is also true for the Dirichlet form in (1.11) (see Remark 1.6), in the rest of
the paper, we will always refer to (£, F) as defined in (1.11).

Holder estimates for heat kernels in doubling spaces were also obtained by Chen, Kumagai and
Wang under appropriate assumptions but assuming that W(x,t) = W (t) and that the jump kernel
J(x,y) satisfies the following pointwise upper bound (cf. [3])

C
TY) < P  d ) WG, y))

that is, (TJoo)w, which is of course much stronger than (TJ,)w for ¢ € [2,00]. In [4, Theorem
2.14], Cho and Kim obtained the Holder estimates for bounded caloric functions, whereas heat
kernels may be unbounded. So, the main novelties of our results are as follows:

e The jump kernel is required to satisfy a rather weaker assumption (TJq)w for ¢ € [2,00] in
Theorem 1.12, or (TJ)g in Theorem 1.5. In particular, our setting covers rather singular
cases;

e The set 2 can be any open set, including 2 = M;

e There is no restriction on the boundedness of heat kernels.

The structure of this paper. In Section 2, we introduce a new metric d, on (M,d) such that
under this new metric, the scaling function W (z, r) in each condition (TJy)w, (PI)w and (Geap)w
becomes W, (z,r) := B for some 8 > 0. In Section 3, we investigate various oscillation inequalities
of harmonic functions and heat semigroups, where the condition (TJy)y is explicitly used. It
follows from these results that each PtQ g has a (locally) Holder continuous version. In Section 4, we
construct (locally) Hélder continuous (Dirichlet) heat kernels by using the (local) Holder estimates
of P{*g’s. We will firstly prove Theorem 1.12 in Subsection 4.1 and then Theorem 1.5 in Subsection
4.2.

NOTATION. Letters ¢, C,C’,C1, Oy, etc. are used to denote positive numbers, depending on the
constants in the hypotheses, whose values may change at each occurrence.

2. CHANGE OF METRIC

Suppose that (VD) and (RVD) are satisfied in (M, d,p). In [11], the authors introduced a
new metric d, on M with the following properties: under this new metric d,, the measure p still
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retains the doubling property (or the reverse doubling property), while the scaling function W (z, R)
becomes independent of the point x. This type of change of metric was first used by Kigami in
[14]. Let us recall the construction and some properties of the new metric.

For any x,y € M, set W(z,y) := W(z,d(x,y)). Let

D(z,y) == W(z,y) + W(y,z),
Clearly, the quantity D(x,y) = 0 if and only if z = y, and is symmetric: D(z,y) = D(y,x). The
following proposition shows that D(x,y) is a quasi-metric on M.
Proposition 2.1 ([11, Proposition 6.1]). There exists a constant Cy > 1 such that for all x,y, z in
M,
D(z,y) < C1(D(x, 2) + D(z,y)).
Consequently, there exist two constants B, Co > 0 and a metric dy, on M such that
Cy 'du(,y)” < D(a,y) < W(z,y) < Codu(z,y)” (2.1)
for all x,y in M.
In the rest of the paper, the parameter § will be always referred to as the constant from Theorem
1.5 in the case when W (z, ) = r?, and the constant from Proposition 2.1 in the general case W (z, )

satisfying (1.15).
We have by (2.1)

LY, (z,y) < W(z,9)Y? < Ld,(z,y), =ye M, (2.2)

for some constant L > 1.
For any r > 0, let
B (z,7):={ye M :di(y,z) <r}
be an open ball under the new metric d,. Recall that for any x € M, the function w, is the inverse
function of ¢ — W (x,t).

Proposition 2.2 ([11, Proposition 6.2]). There exists a number Lo with Ly > L? > 1, where L > 1
is the same constant as in (2.2), such that the following properties are true.

(1) For all x € M and all T > 0,

B.(x,Ly'r) € B(z,w.(L™Prf)) € B.(a,r). (2.3)
(2) For allx € M and all R > 0,
B(z, Ly'R) C Bu(x, L7'W(x, R)/?) C B(z, R). (2.4)

Consequently, a subset of M is open under the metric d. if and only if it is also open under the
original metric d.

In the rest of the paper, we will always use the notation d, to denote the new metric defined in
Proposition 2.1.

For any x € M and any r > 0, let V,(z,7) be the volume of a ball B,(z,r) under the metric d,,
that is,

V:k(x’ T) = [L(B*(ZE, T))
Note that R is the diameter of M in [11], while in this paper, it can be smaller than diam M.
Proposition 2.3 ([8, Proposition 4.4]). Assume that (VD) is satisfied. Then the following state-
ments are true.

(1) Condition (VD) holds true: there exists a constant C > 0 such that, for all x € M and all
r >0,

Vi(z,2r) < CVi(z,r). (2.5)
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Consequently, there exists a constant c, > 0 such that for all z,y € M and all0 < s <r
with dy(z,y) <7,

V;(x,r) <C (i)a* '
Vi(y,s) = \s
(2) Assume in addition that (RVD) is satisfied. Then condition (RVD,) holds true: there exists
a constant o/, > 0 such that for all z € M and all 0 < s <r < W (z, R)Y/?,
Vi(z,r) 1 [T\
et (5T 2.6
AT R (26)

Definition 2.4. We say that condition (TJ) is satisfied for some 1 < ¢ < oo, if there exists a
non-negative function J such that

dj(z,y) = J(z,y)du(y)du(z) in M x M,
and, for any x € M and any r > 0,

C
1@, )| Lo B, (@) < V(o )8 (2.7)
where ¢ = q%l and C € [0, 00) is independent of z, 7.
It is proved in [11, Proposition 7.4(3)] that for any ¢ > 1,
(VD) + (TJg)w = (TJp). (2.8)

3. OSCILLATION INEQUALITIES

In this section, we show the Holder continuity of the heat solution, including the harmonic
function.

3.1. Harmonic functions and Green operator.

Definition 3.1. Let Q be an open subset of M. We say that a function u € F' is subharmonic
(resp. superharmonic) in € if

E(u, ) <0 (resp. E(u,p) >0) (3.1)

for any 0 < ¢ € F(2). A function u € F' is called harmonic in € if it is both subharmonic and
superharmonic in €.

We introduce condition (OSL,) that is called the oscillation lemma for harmonic functions on a
ball. This condition says that any harmonic function is locally uniformly Holder continuous.

Definition 3.2 (Oscillation lemma). We say that condition (OSL,) holds if there exist three posi-
tive constants o, € (0,1) and «y, C such that for any ball B, := B, (zq,) with 7 € (0, 0. W (20, R)'/#)
and any function u € F' N L%, which is harmonic in B,., we have for any p € (0, r],

~
oscu < C (8> (7“6 esup /
B, r B

ngB’I‘

c
(8

lu(y)|J (z,y)dy + HUHLN(B,~)> : (3.2)

We mention that constants o4,y and C' are independent of B, u, p.
It follows from [8, Lemma 5.19, p. 727] and [10, Proposition 3.1] that for all ¢ € [1, o],

(VD) + (RVD) + (Geap)w + (PT)w + (TJg)w = (OSL.). (3.3)
Let © C M be a non-empty open set. Note that if

G ::/ PMgdt € L®(Q)
0

then G*! can be extended to a bounded operator on L%((2) that satisfies the identity G = (£?)71,
see for example [13, Lemma 3.2, p. 1232]'. The function G%1 is called the mean exit time from
the set 2.

1Althoug;h this lemma was stated for the local Dirichlet form, its proof also holds for any regular Dirichlet form.
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Definition 3.3. We say that condition (EZX) holds, if there exist two constants d., C' > 0 such
that for all balls B, := B(zo,r) of radius r < §,W (o, R)"/5,

|GP+1]| . <Cr”.
It follows from [8, Proposition 4.7, Eq. (4.33) and Proposition 4.13] and Proposition 2.3 that
(VD) + (RVD) + (PDw = (EZ). (3.4)

3.2. Oscillation inequality for solutions of Poisson equation. We study the oscillation of
the weak solution of the Poisson-type equation on some domain by using (3.3). This property will
be used to show the Holder continuity of the heat kernel later on.
For a non-empty open set Q C M and f € L?(Q), we say that a function u € F solves weakly
the equation (called the Poisson-type equation)
Lu=f in ), (3.5)
if for any ¢ € F(2),
E(u,¢) = (f, ).
The following proposition is stated in [8, Proposition 6.6, p. 729].
Proposition 3.4 ([8, Proposition 6.6, p. 729]). Assume that u € F solves weakly the equation
(3.5) for some f € L*(Q). Let B be a non-empty open subset of €.
(1) If v € F solves weakly the equation Lv = f in B, then u — v is harmonic in B.
(2) If |GB1||p~ < oo, then u — GP f is harmonic in B.

The following gives the oscillation of the weak solution of the Poisson-type equation. Recall that

is the Holder conjugate of q.

Lemma 3.5. Assume that conditions (EL), (TJ}) for q € [1,00], (OSL) are all satisfied. Let Co >
1 and Q be any open subset of M containing a ball B, := B, (z0,7) of radius r € (0, CoW (zq, R)/?).
If the function u € F(Q) N L* solves weakly the equation (3.5) for f € L2(Q2) N L>(B.), then for
any0<p<r

P\ HuHLq’(Q) 8
< — R ——d oo o .
B*O(ggp)u <C (r> (V*(:co,r)l/‘/ + [ull ooy | + CrP N fll oo (B.)s (3.6)

where vy is the constant from condition (OSL.) and C is independent of By, u,$2,p, f, R. Conse-
quently,
(VD) + (RVD) + (TJy) + (Geap)w + (PI)w = inequality (3.6). (3.7)

Proof. Let 6, be the constant from (EX) and o, be the constant from (OSL,). We consider two
cases. B -
Case 1. r < (6, A o,)W (x0, R)/?. By condition (EZ), we have
1GB1|| 1 < CFP.

In particular, we have ||GP*1||z~ < co. From this, we see that

IGP fll oy < IGP U ool fllzoo (o) < CrP| fll oo (B.)- (3.8)
Consider the function
vi=u—GBf.
Clearly, we see that v € F(Q) N L. By Proposition 3.4, the function v is harmonic in B,. It
follows from condition (OSL,) that for any 0 < p <7r

P\
<C (7) ( BT
B*?ioc,p)v_ r) " %BMB*(

of) + lollz=(s.) ) - (3.9)
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Since u = 0 in Q¢ and GB* f = 0 in B¢, we obtain by Holder inequality, (VD,) and condition (T J9)
that

Tipp.(0) < eswp [ (ul)] +IG% 1)), 0)duty)
z€3 By v B{

1/q 1/q
esu u(y)|?d x,y)4d )
o ( / o) u(y)> ( / @ u(y)> (3.10)

1/q
[l Lo () esup (/ J(xvy)qdu(y)>
we2B. \JBa(z,r/)e

CH“HLq’(Q)
Vi@, r/4)V4 (r/4)8
C/HuHLq’(Q)
= Vilao, )M (r/4)P
Substituting this into (3.9), and using (VD,) and the fact that

IN

IN

(by (VD.))

[oll oo By < Nulloem) + IGP fllzoo ()

we obtain

P\ ||u”Lq’(Q) GB
< — —_— —|— 0o + *
B*(():Eﬁp)v ¢ (r) (V*(xo,r)l/q’ el (B) I !/

Therefore, we conclude by (3.11) and (3.8) that

|Lm(3*)> . (3.11)

osc u< osc v+ osc GPf
B*(I07p) B*(.’Eo,p) B*([L‘O’p)

;P\ HUHLq B, B.
<C (;) (W + llullpee gy + 1G7 fllrso(may | +201G7 fllLeo(s,)

n P\ HuHLq'(Q) 5
<c'(7) (Wﬂ\ullww*) + O = 5.);

thus showing (3.6).

Case 2 (64 A o)W (z0, R)YP <1 < CoW (20, R)/? with Cy > 1 when R < oo.

If p < 1(0. Ao )W (xg, R)Y/?, then, applying the result in Case 1 for 7/ := 5 (6. Ao )W (zg, R)Y/5
and using (VD.), we obtain that

.
P H ||Lq’(Q)
< C 7 + [ee] @ ,,./
B*c()igp)u < (6, A o)W (20, R)1/5> (‘/'*(xo’rl)l/q |l (Bx(z0,7"))

o

v Ml
-1 +o /2 1 Y LI ()
< (20 hon) TGO (coW(xO,R)l/ﬂ> <m(wo,r)1/Q’+‘|u||L°°(B*)

w\»a

- B8
(64 Aoy )W CCO,R)I/ﬁ> £l oo (B, (z0,))

+C7P)| fll oo 2

l[ull
<oy (e W e
<c"(7) <V*(x0,7")1/Q’+HUHL .y | + Cr Sl 5.,

which is (3.6).
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If p > (62 A o)W (o, R)'/? then, 5 < 53/6\1‘; Hence, by the fact that B, (zo,p) C By, we have

r\7 (p\? 3Coh T o\
B.Gop) <p> (7) pome, s (((5*/\0*)> (5) Mz,
which implies (3.6).

Finally, the implication (3.7) follows directly from (3.3) by using the facts that (VD) + (RVD) +
(PI) = (E*S) (see (3.4)) and (TJy) = (TJ3) (see (2.8)). O

3.3. Estimates for heat semigroup solutions. We derive the L>°(B)-estimate of the heat semi-
group solutions for a ball B. Note that by [8, Remark 4.16, p. 704], (VD) + (RVD) + (PI) implies
the so-called Faber-Krahn inequality. Then, under conditions (VD), (RVD), (PI), (Gcap)w and
(TJg)w for some ¢ € [2,+00], it is proved in [10, Theorem 2.10, Proposition 3.1 and Lemma 6.2]
that there exists a constant C' > 0 such that for any z € M and any 0 < t < W (z, R),
C 2
H-PtgHLOO(B(x,%wI(t))) < WHQHL% ge L, (3.12)

and, it is proved in [10, Theorem 2.10, Remark 6.8 and Corollary 6.4] that there exists a constant
C > 0 such that for any ¢ > 0 and for any ball B := B(z, R) of radius R > 0

C R 2 (W(z,R b7
Pl < s (v 1) (P o) Mol et )

Moreover, it is shown in [10, Remark 6.8] that, under (VD), (3.12) and (3.13) are equivalent.
In the following lemma, we give an alternative equivalence of (3.12).

Lemma 3.6. Suppose that (VD) and (3.12) are satisfied. Then, there exists a constant C' > 0 such
that for any t > 0 and B := B(x, R) with x € M and R > 0,

C R 2 (W(z,R 357
I1Pliecs (Eva) (TR ) gln, gzt @as
\/V )AR)V R)
If R = diam M, then the above inequality can be improved further as follows:
C Wz, RAR 2N
I Paglloe(s) < — () gl gt @)
V(@ (wa()) V R) A R)

Proof. Fix x € M, R > 0 and t > 0, set B := B(z, R). We divide the proof of (3.14) into four
cases.
Case 1: t < W(xz, R) and R < $w,(t). In this case, (3.14) following directly from (3.12) since

(we(H) AR)VR =w,(t), R<R and W(z,R) <t
Case 2: t < W(z, R) and 3w,(t) < R < R. In this case, we have
(we(t) NR)V R = w,(t) VR < 2R,
and then, by (VD),
V(x,R) > cV(x,2R) > ¢V (x, (we(t) ANR) V R).

Hence, (3.14) following from (3.13) and the above inequality. -

Case 3: t > W(z,R) and R < R (when R < co). In this case, we set to := 2W(x, R). Since
(3.14) is true for all t < W(x, R) and R < R by Cases 1 and 2, we can apply (3.14) for tp and R
and obtain that

1P:gll oo (B) = | Pro Pr—to 9l Lo ()

C R 2 W(x, R 281
(zz“) <<)“) NPitaglliz, g€ LA
\/V (ws(to) AR) V R)
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Moveover, we have ||Pi_¢,9]|r2 < ||gllz2 and by (1.16),
(we(to) AR)V R > ¢((we(2to)) AR)V R) = c¢(RV R) = c(wz(t) AR) V R),

W(z, R) < W (z, R) _ 9« W(z, R)
to  ~ 27'W(z, R) - t

+ 2.

Combining the above four inequalities, we obtain (3.14) in this case.
Case 4: t > 0 and R > R (when R < 00). Let B, := B(z,3R) for any z € B = B(z, R). Since
(3.14) is true for t > 0 and B, by the Cases 1-3, we can apply (3.14) for ¢t and B, and obtain that

C W(z, iR) 21
| Pgll oo (B.) < — — < tQ +1 gl 2
VV (e (w: () AR) V (271R))
c W(z,R 2%
< (FE ) hglin, ger?

V(z,27'R)

Moveover, since d(x,z) < R and R < R, by (VD) and the left inequality in (1.15), we have
1 1 V(z,R) C <R
<

V(z,27'R) V(z,R)V(2,271R) ~ V(z,R)
W(z,R) < cW(xz, R).

R)a TV, <wx<z§A R)V R) @)

Combining the above three inequalities, we obtain

C R\* (W(z,R 357
I1Pliis.) < —— (3) (") hale, ge 2
V(@ (we(t) ARV R)

Since B can be covered by at most countable balls like B, (3.14) follows from the above inequality.

It remains to prove (3.15). Note that if R > R when R = diam M < oo, then B(z, R) = M for all
z € M. Then, we have B = B(z, R) = B(x, R A\ (2R)). Hence, applying (3.14) for B(z, R A (2R)),
we obtain,

1Pl Lo () = 1Pegll Lo (B2, RACR)))
C

<
VV (@ (wa()) ARV (R A (2R)))

| <RA<2R>W)3 (WA GR)

R t

e

25 2
+1) lollzz g€ L2

Note that

(We()AR)V (RA(2R)) > (wz(t) AR)V (RAR) = (we(t) VR) AR,
and by the right inequality in (1.15),
W(z,RA (2R)) < W(x,2(RAR)) < cW(z, RAR).

Combinin& the above three inequalities, we obtain (3.15).
If R< R=diam M < oo, (3.15) follows directly from (3.14). O

Remark 3.7. In the proof of Theorem 1.12, we will not use (3.15). We prove it for its own
independent interest and for its possible future use.

We rewrite (3.14) and (3.15) under the new metric d..
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Corollary 3.8. Assume that (VD) and (3.12) are satisfied. Let g € L. Then, there exists a
constant C > 0 such that for any t > 0 and B, := By(z,r) with x € M and r > 0,

c (B z /B 201
IPiglo. < _ (=52 vn) (1) el a0
VVelo (AW @ B2 v )

Proof. Fix t > 0, z € M and r > 0. By (2.3) with r replaced by Lr and L((t A W (z, R))"/? v r)
respectively, we have

B.(x, Ly Lr) C B(x,w(r?)), (3.17)

and
Bulz, Ly ' L((t AW (2, R)YP v 1)) € B(z,wa((t AW (2, R)) V rP)). (3.18)

Combining the above two inequalities and applying (3.14) with R = w,(r?), we obtain

1Pegll oo (B, @05 1)) < 19N (B@r) — (by (3.17))
C

= \/V( ( ) AR)V we(rf)) )

( ) (Ml ﬂ>>+1)”iuguy
Vel W) Vi)

| (Wxg“ v 1>2 <f ; 1) Il
. C (by (3.18))

\/V*(a:, LalL((t AW (z, R)Y/B v r))

8 2 /B 267
(=2 1) () el ge

Finally, the inequality (3.16) follows by replacing r by LoL~'r in the above inequality and using
(VD) and (1.16). O

Lemma 3.9. Let U and ) be two open subsets of M. Let g € L*(Q0). Then for all t > 0,
10eP gl oo 1y < *|| /2||L2—>L°°(U)|| /49HL2 (3.19)

where 8tPth is the Fréchet derivative of the L%(Q)-valued function t Ptﬂg. Moreover, for all
t>s>0,

4( s)
179 — Pgll () < 1P all 2 oo (1) 1P5) 49 220 (3.20)

Proof. Since
Ptﬂgzpﬁpﬁrg
for any t > 0 and any r € (0,t), we have
at(Pth) = sz((?tPﬁrg).

From this and using the following general inequality (see [13, Lemma 5.4])
2
10:(Pi2,9) |2 () < mHP(?_r)/QQHH(Q) for any r € (0,1), (3.21)

we obtain that
100(P9) || oo o) = IPLOUPE o) ey < 1P p2os oo () 104 (P 9) | 120
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2
< HPy”LQ—wN(U) : ﬁHP((tzfr)ﬂgHLQ(Q)

Setting r = t/2 in the above inequality, we obtain (3.19).
It remains to show (3.20). For simplicity, let ¢ > s > 27 > 0. Then

1P — PPgll ooy = PR (P g — Pog)ll e
<[P g2 oo |1 PfLrg — s—T9HL2(Q)-
By (3.21), we see that

t—1
||Pt§1ﬂrg - PL‘?—T-QHLQ(Q) = H af(ng)dflle(Q)

t T 2
gH /29HL2(Q

(t—S) 1P, /29”L2(Q

IN

IN

Therefore, combining the above two inequalities, we conclude that

2(t

1P2g — PPyl ey < 1P 2o ooy —— || /29HL2

thus showing (3.20) by letting 7 = 3. O

3.4. Holder continuity of heat semigroup solutions. We derive that the heat semigroup
solutions are locally Hélder continuous.

Lemma 3.10. Let Q C M be a non-empty open set, and let u(x,t) = Pilg(x) for g € L*(Q).
Assume that conditions (VD), (RVD), (Gecap)w, (TJy)w for some q € [2,400], (P)w are all
satisfied. Then, for any xo € M and r > 0 so that By := Bi(xo,r) C , and for any t > 0 and
p >0 s0 that p < (t AW (zo, R))YP A7, we have

C p o
oseul-1) < ( ) oo, (22
e Yl (1AW (a0 B3 ) \EATV (oo, BN A ) T
where C' is a positive number depending only on constants in the hypothesis, and 0 is given by
VB
= . 3.23
YT B+ a2 (3.23)
Here ~y is the same as in Lemma 3.5.
In particular, if Q@ = M, then
C p 0
osc u(+t) < ( — > llgll z2- (3.24)
e VValao, (6 AW (o, B 1/5) \EAW (o, B2

Proof. By standard approximating arguments, it suffices to consider the case when g € L?(Q)N L.
In this case, we also have that u(-,¢) € L* for all ¢ > 0.

For any t > 0, the function u(-,t) belongs to dom(L%), is Fréchet differentiable with respect to
t in L?(Q), and satisfies weakly

du(-t) = —L%(-, 1),
that is, for any ¢ € F(Q) and ¢t > 0,

g(u('vt)7¢) - (£Qu('7t)a ¢) = _(atu(‘vt)ﬂb)'

By (3.19) (with U = B) and (3.16), we have dsu(-,t) € L*(B,) for any ¢t > 0.
Let
p<Ti=EAW(zo, R)YPAr<r
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and
r' € [p, 7] (3.25)
be a number to be specified later on. Note that under the assumption (3.25),
weo(M)P) <t and ()P <t (3.26)

Applying Lemma 3.5 (with the case when ¢ = 2) for the ball B,(x,r’) C Q and then using the fact
that |lul|z2(q) < [|9]lz2(q), we have for any ¢ >0

P\ 1wl z2(0
“("t)gc(() <”+||UHLOO<B*<M> 07 100 5.

B (x0,p) i Vk(l’o, 7,/)
P\ ”9”L2(Q) N
=¢ ((r,) <v<>+ .tz ) + ) 000 )
Moreover, we have, by (3.16) and (3.26),
C wao ((r")P 2/ ()8 257
lull Loo (B, (o)) < — ( 0(](%) )V1> <( t) +1> 91l 22
\/ Valao, (6 AW (a0, R))Y v 1)

o @

! 2 ! 281
< (2 ) ()
< lgl2(0
V Vi(xo, 1)
By (VD) and (3.25), we have
1 _ 1 Vi(xo, T) < c <1>a*/2‘
\/V;(.%'Q,?“/) \/V;(.CC(],T) \/V;(.To,?”,) B V;<(.’L'(),T) r
By (3.19) (with U = By(x0,7")), (3.16) and (3.26), we have

a3

"B 2/ (1B 557
10etull e (5, (o.0y) < —— <wx0(g) )V1> <(Tt) H) IW
VValao, (6 AW (a0, R))Y v 1)

C l9llz2(0)

VAT

Combining the above four formulas, we obtain

C ( p'yTa*/2 >+ C (r/)ﬂ

osc u(+,1t) £ ———
B (z0,p) (+1) \/WHQHL2(Q) (T/)'y+a*/2 W”QHLQ(Q) /
C p'YTa*/2 ,r/ 6
S e ez T\ T - 3.27
< \/WHQHL2(Q) ((r’)7+a*/2 + - ( )
Now choose 7’ such that
,O’YTO‘*/Q r! Jo]
(),

o BHax/2
7'/ = p'y+/3+a*/2 T HB+ax/2

that is,

With this choice of 7/, we have

, ol Btax/2 ol Btax/2
r = pw+ﬁ+a*/27—v+ﬁ+a*/2 > p’Y-‘-ﬂ-‘-a*/Z p’Y+ﬁ+a*/2 =p,
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Btoax/2 Y Btoax/2
r = pv+5+a*/277+5+a*/2 < rytBratbtes/2 =7 <

which shows that the assumption (3.26) is fulfilled.
Substituting this 7’ into (3.27), we obtain

C ,r,/ /8
osc u(-,t) < 7) <T> 9l 20

B (0,p) Vi(zo, T
(&) gl
T Ve \T o
which is exactly (3.22).
Finally, (3.24) follows directly from (3.22) by passing to the limit as r — oo. O

For any set U C M and r > 0, denote by U by the open r-neighborhood of U, that is

U = | Bulz,r). (3.28)

The following gives the locally Holder continuity of the heat semigroup solutions in an open subset.

Lemma 3.11. Let u(x,t) = Plg(z) for g € L*(Q). Assume that conditions (VD), (RVD),
(Geap)w, (TJg)w for some q € [2,+00], (PI)w are all satisfied. Then the following properties
are true.
(a) Foranyt >0, the function u(-,t) has a locally Héolder continuous version u(-,t) in Q2 with the
Holder exponent 6. Moreover, the function u(x,t) is jointly continuous in (x,t) € 2x (0, 00).
(b) For any open subset U of Q and any r > 0 with U} C Q, we have for all t > 0 and all
v eU,z € M with 2d.(z,z') < (t A\W(z, R)YP A,

c ( d*(mLx’)
\/V (t AW (z, R)V8 Ar) (t AW (z,R))VE AT

4
i, ) — ) lallzo G29)

Here 0 is given by (3.23), and the constant C' depends only on constants in the hypotheses.

In particular, in the case when Q@ = M, the function u(z,t) is jointly continuous in (x,t) €
M x (0,00) and satisfies for all z,2' € M and t > 0 with 2d,(z,2') < (t AW (z, R))Y/?,

¢ ( du(z,2")
\/V (t AW (2, R))V/5) \EATW (@, R)

0
|u(x,t) —u(z',t)| )1/ﬂ> gl 2 (3.30)

Proof. (a) By a standard argument, it follows from (3.22) that for any fixed ¢ > 0, u(-,t) has a
locally Holder continuous version u(-, t).

On the other hand, by (3.20) (with U = B,) and (3.16), we have for any ball B, := B,(zo,7)
with B, C Qand for allt > s> 7 > 0,

_ B 2
sup [i(z, 1) — iz, )| < Ct—s) <°"Io(r )y 1>
r€DB \/‘/*(:CO,(T/\ W(SC(),R))l/'B \/T‘) R
] 367
_ (7‘+1> 1 H9HL2(Q)7 (3.31)
T T

from which, we see that the function ¢ — u(x,t) is continuous in t € (0, 00) uniformly in x € B,.
Since the function x — u(x, t) is continuous in x € B, we conclude that @(z,t) is jointly continuous
n (z,t) € By x (0,00), and hence in (z,t) € Q x (0,00) since B, C Q is arbitrary.

(b) Note that for all x € U, By(z,r) C Q. If

p<T:=tAW( R)PAr,
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we obtain from Lemma 3.10,

- C P\
ose 1)< ——C— ()" ol
500 (,1) Voo \r 91l 22
For any 2’ € M with 2d.(z,2') < 7= (t AW (z, R))? Ar, we choose £ < % Then, taking
p = 2d.(z,2') + € in the above inequality, we have

~ ~ ~ C 2d,(x x’)+5>9
u(z,t) —u(z’,t)| < osc u(-,t) < . 2(0), 3.32
i) =) < oo (0 € s (B ) g, (332)
which implies (3.29) by letting ¢ — oo since ¢ is arbitrary.

Finally, (3.30) follows from (3.29) by passing to the limit as r — oo.

4. HOLDER CONTINUITY OF THE HEAT KERNEL

Let  be a non-empty open subset of M. Recall that P{? and p{*(x, y) denote the heat semigroup
and the heat kernel of the Dirichlet form (£, F(£2)), respectively. In this subsection, we shall show
that the heat kernel p? (z,y) is locally Holder continuous. In particular, when Q = M, the global
heat kernel is Holder continuous.

4.1. Proof of Theorem 1.12.

Lemma 4.1. Let (£, F) be a regular Dirichlet form in L? without killing part. Assume that con-
ditions (VD), (RVD), (Gcap)w, (PL)w and (TJy)w for some q € [2,400] are all satisfied. Let
Q be any non-empty open subset of M. Then the Dirichlet heat kernel pi*(z,y) is locally Hélder
continuous. Moreover, for each t > 0 and x € €2,

Q C
i (z,x) < V(z, (tAW(m,E))1/5)7

(4.1)

and, for any non-empty open subset U C Q and r > 0 with U} C Q, and for all z,2" € U, y € Q
and t > 5 > 0 with 2d,(z,2') < (t AW (x, R))Y? Ar,

1 |
\/V* (t AW (2, B))VE Ar) \/V (s AW (2!, R))\/5)

Iz, y) — p(a’,y)]

. C d (x x) 0 i — g
\/V*(ya(S/\W(y,E))l/ﬁ) <((t/\W(:c,R))1/ﬁM) +— > (4.2)

where 6 € (0,1) is defined in (3.23) and C > 0 depends only on the constants in the hypotheses.
In particular, when Q = M, we have for all z,2';y € M and t > s > 0 with 2d.(z,2’) <
(t AW (z, R)P,
1 1
Ipe(z,y) — ps(2',y)|
\/V* (t AW (z, RB))1/5) \/V (s AW (2!, R))V/F)

) c dy(z, ") 0 t_5> s
\/V*(y,(s/\W(y,R))l/ﬁ) (((tAW(x,R))l/B) T ) (4.3)

Proof. Fix an open subset U of  and fix a number r > 0 with U} C Q (where U} is defined in
(3.28)). By Lemma 3.11 and (3.29), for any g € L?(Q) and ¢ > 0, the function P{’g has a locally
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Holder continuous version, which we denote still by Pflg, that is, for all 2 € U, 2/ € M and all
t > 0 with 2d,(z,2") < (t A W(xjﬁ))l/ﬁ AT,

- - (i )9 ol (44)
n L2(Q) .
} t \/V (tAW (2, R)YP A7) (t AW (z,R))/B Ar ()

where C' > 0 is independent of Q, U, r, t, x, 2/, g.
By (3.16), we have for all t > 0 and all € B, (x¢,7) with 29 € M and 7 > 0,

1P g(2)| < |1 Pigll oo (B (2o
o Wy (7 5 /B 21
< _ (22 1) " (G4 ) ol @)
VValo, (t AW (20, R)VP v 7)

On the other hand, for all ¢ > s > 0 and all z € B,(zo,7) with z9 € M and 7 > 0, by (3.20) (with
U = B.(x0,7)) and (3.16), we have

_ 7B 2
Pg(x) — P2g(z)| < it —») Wao(T7) 4
e oA W0 7V ()
: (Tj + 1)261 ”g”f(m. (4.6)

Since P{f is continuous, using [7, Theorem 4.3 and Remark 4.5], it follows from (4.5) that the
followings are true (see also [6, Lemma 5.13, p. 506]):

(1) the Dirichlet heat kernel p{* exists pointwise for (z,y,t) € Q x Q x (0,00);
(2) both pf}(x,-) and p{}(-,x) are continuous in Q for every ¢t > 0 and every z € €;

(3) the following inequality holds:
8 > /B 367
sup  p’(x,7) < ¢ (wm(r )y 1) (Tt + 1) "
€ By (z0,7) \/‘/*(.TQ, (t A W($Oa R))l/ﬁ \V 7’) R

which implies (4.1) by taking 2o = « and r < (t A W (z, R))"/5.
We are to show (4.2). Indeed, fix a point y € Q. Setting g = p{*(-,y) in (4.4), we obtain from
(4.4) and (4.1) that for all z € U, 2/ € M, and t > 0 with 2d,(z,2’) < (t AW (z, R))"/? A,

c |
(t AW (@, B)VS Ar) \/Vily, (6 AW (5, R))1VP)

i (z,y) — ph(2', )|
\/V*

< dy(z, ") )0
(tAW (x, R)YBAr)
Renaming 2¢ by ¢ in the above inequality and using (VD.,), we obtain

C 1

P (2, y) — P (2, y)| < — =
VVala (¢ AW (@ RS A r) \JVily, (6 AW (5, R)YS)

< dy(z, ") )9
(tAW(z, R)YBAT)
Moreover, for 2’ € U, y € and t > s> 0, applying (4.6) with ¢ replaced by t — 5, s by 5, 2o
by 2/, x by 2/, 7 by (s AW (a2, R))"/# and g = p?/z(-,y), and using (VD,), we obtain
C(t—s wy (W(x',R 2
R ()
\/V* (s AW (2!, R))V/F)
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S S

C 1 t—s
- \/V (s AW (@' R)YE) [ Vily, (s AWy, R)YS) *

Adding up the above two inequalities, we obtain (4.2).
Finally, (4.3) follows from (4.2) by passing to the limit as r — oo. O

_ <s/\W(x/,R) +1>£1 \|P§/2(‘ay)HL2(Q)

Proof of Theorem 1.12. We need only to rewrite the inequalities in Lemma 4.1 in the original metric
d. And we only prove (1.23) since both (1.21) and (1.22) can be proved similarly.

We can choose n € (0,1) small enough such that by (2.2) and the left inequality in (1.15), if
d(z,2") < n(wz(t) A R), then,

do(z,2) do(z, )8 \° Wz, d(z,2')) \/°
(EAW (2, R)YP <W(x,wm(t) AR)) = (W(w we(t) /\R)>
o d(z,z’) PalP P/ <
<(Ganm) <o <s
On the other hand, by (2.3) with r = (t A W (z, R))"/?, (1.16) and (VD), we obtain that
Vi(z, (t A W(;U,R))l/ﬁ) > cV(z,wa (LP(t AW (2, R)))) > ¢V (z,ws(t) A R).

Similarly, we also have

Vil (s AW (z, R)YP) > V(2 ,wa(s) A R),
‘/*(yv (5 A W(yaﬁ))l/ﬂ) > C/V(y7wy(8) A R)

Plugging the above four inequalities into (4.3), we obtain for all z,2',y € M, t > s > 0 with
d(z,z") < n(w.(t) N R),

pe(,y) — ps(a,y)] < - = .
\/V(m Wx R \/V.T wx /\R)

: ¢ d(z,a') \P/8 t_8>
\/V(vay() )<<w$(t) ) )

which s (1.23) with A\ = 0,/8 = 72—
In the case when d(z,2’) > n(w:(t) A R), (1.23) follows directly from (1.21) and semigroup
property. ]

4.2. Proof of Theorem 1.5. One can not directly apply Theorem 1.12 to obtain Theorem 1.5,
because the condition (TJ)g in the hypothesis of Theorem 1.5 is much weaker than (TJ,)w for
some ¢ € [2,4+0c0] in the hypothesis of Theorem 1.12. However, since most part of the proof of
Theorem 1.5 is the same to that of Theorem 1.12, we only mention the differences between their
proofs.

We again start from the oscillation lemma for harmonic functions. Indeed, it follows from [8,
Lemma 5.19, p. 727] that under conditions (V), (TJ)g, (PI)s and (Gcap)g, we also obtain the
oscillation inequality (3.2). That is, there exist three positive constants o € (0,1) and ~, C such
that for any ball B, := B(xg,r) with » > 0 and any function v € F' N L*, which is harmonic in
B,., we have for any p € (0, 7],

P\ 7Y
oscu < C (%) (ﬂ esup / \u(y)\J<m,dy>+Huumm). (4.7)
p r xE%Br b

Using this inequality, we have the following lemma.
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Lemma 4.2. Assume that conditions (V), (TJ)s, (PI)g and (Gcap)s are all satisfied. Let Cy > 1
and ) be any open subset of M containing a ball B := B(xg,r) of radius r > 0. If the function
u € F(Q) N L*>® solves weakly the equation (3.5) for f € L*(Q) N L*°(B), then for any 0 < p <r

P\
osc w < C (L) ulle () + CroIIS (s, (4.8)
B(zo,p) r

where v is the constant from (4.7) and C is independent of B,u,Q, p, f.

Proof. Firstly, it follows from [8, Proposition 4.7, Eq. (4.33) and Proposition 4.13] that under
conditions (V) and (PI)g, the condition (EZ) holds for the case when W (z,r) = P, that is, there
exist two constants §, C' > 0 such that for all balls B := B(xq,r) of radius r > 0,

671, < .

Then, one can repeat the proof of Lemma 3.5 (for ¢ = 1) by using the above inequality, (4.7)
and (TJ)s instead of (EX), (OSL,) and (TJ7}) respectively. Note that (3.10) (for ¢ = 1 and ¢’ = 00)
is still true under condition (TJ)s even if the jump kernel J(z,y) does not exist. Hence, following
the proof of Lemma 3.5 (for ¢ = 1), we can obtain

P\ B
< - [ee] oo s
pose w< O (2)" (hullzwqo +ulliee) + Crl o).
which implies (4.8) since B C §. O

We also need the ultra-contractivity of the semigroup P; (a similar inequality to (3.13)). Indeed,
one can following the proof of [1, Lemmas 5.2 and 5.5]% to obtain that, under conditions (V) and

(PDg,
[Pl pespee < CE/CO >0, (4.9)
where the constant C' depends only on the constants in conditions (V) and (PI)g (see also 2,
Theorem 2.1] and [12, Lemma 3.7]). Moreover, by the symmetry and duality of P;, we have
1PN pisre = [Pl < OGP >0, (4.10)

Proof of Theorem 1.5. Firstly, we need to apply (4.9) and Lemma 4.2 instead of (3.14) and Lemma
3.5 respectively to obtain a similar oscillation result to Lemma 3.10.

Indeed, let  C M be a non-empty open set, and let u(x,t) = Pflg(x) € L> N L> for t > 0 and
g € L2(Q)NL>®. Let B := B(xg,r) with 29 € M and r > 0 such that

B c .
For any t > 0, note that the function u(-,t) satisfies weakly
dru(-,t) = —L%(-, 1),

where dyu(-,t) is Fréchet derivative of u(-,t) with respect to ¢ in L?(Q2). By (4.9) and (3.19) (with
U= M), we have dyu(-,t) € L°°(M) for any ¢t > 0.

Fix

pgrzztl/ﬂ/\rgr
and let
r' € [p,7] (4.11)

be a number to be specified later on. Applying (4.8), for the ball B(xg,r’) C €2, we have for any
t>0

P\
pose u(t) < C () ullz @ + () 10l -
Moreover, we have, by (4.9) and (4.10),

ullLoo() < N Prj2llnisre - 1Py2ll2—re - 9l ) < Ct_‘”/5||g||L1(Q).

2Although these two lemmas are proved on ultrametric spaces, their proofs still work for general metric spaces
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By (3.19) (with U = Q) and (4.10), we have

4
[0su]| oo () < ||Pt/2||L2aL°° NPyallp s r2llgll )

< Ct_a/ﬁ Mgl o)-

Combining the above three formulas, we obtain

osc u(-t) < Ot *Pg|lpq)

B(zo,p) (
6
< Ct|lg|l ) ( Tﬁ + ) (4.12)

%‘b

\_/

Now choose 7’ such that

that is,

With this choice of 7/, we have

/ ol B ol B

= prtBTAE > prtB prth = p,

’ o B B+
= prytBryts < TAtBTAHE =7 <)

which shows that the assumption (4.11) is fulfilled.
Substituting this 7’ into (4.12), we obtain

B
PQ < Or—/B < Ot=/B (B) v+
B&iﬁp) 9= - HQHLl(Q) > - HQHLl(Q)

Using the above two inequalities instead of (3.22) and following the proof of Lemma 3.11, we
obtain that for all £ > 0, each Ptﬂg has a locally Hélder continuous version, still denoted by Ptﬂg.
Moreover, the followings are true.

(1). For any ¢ > 0, the function Pflg is jointly continuous in (z,t) € Q x (0,00).
(2). For any open subset U of 2 and any r > 0 with U, C 0, we have for all ¢ > 0 and all z € U,
2’ € M with 2d(z,z') < tY/P Ar,

5
_ d(z,z") T
Q Q ! B )
|[Pg(w) = Pig(a’)] < Ct™/ (tl/ﬁ r 19121 ()- (4.13)
Moreover, using (3.20) with U = M and (4.10), we have
At — 5)
|PRg — PRg| < 1P s el Pl s o gy
< C(t —-s) 1

S = B 9l 21 ()

Finally, using the above two inequalities, and the following ultra-contractivity of P (by (4.9)
and (4.10)):

[Pl ispee <N Pijallpispe - [1Pallrepe < ct=e/P >0,
and following the proof of Lemma 4.1, we can finish the proof of Theorem 1.5 with

_ b
=15
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