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Abstract. Consider a regular Dirichlet form (E ,F) without killing part on metric measure spaces
(M,d, µ) satisfying doubling condition. We obtain the (local) Hölder estimates of (Dirichlet) heat
kernels of (E ,F) under the assumption: generalized capacity condition, Poincaré inequality, and
the tail estimate of jump kernel with a parameter q ∈ [2,∞]. In the case when µ is Ahlfors-regular,
the range of the parameter q can be relaxed to q ∈ [1,∞].
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1. Introduction and main results

Let (M,d) be a locally compact separable metric space and let µ be a Radon measure on M with
full support. A triple (M,d, µ) is called a metric measure space. Let (E ,F) be a regular Dirichlet
form on L2 := L2(M,µ). Let {Pt}t>0 be the heat semigroup in L2 associated with (E ,F), that is,
Pt = etL, t > 0, where L is the generator of (E ,F).

Note that Pt is a bounded self-adjoint operator in L2. If, for any t > 0, the operator Pt has an
integral kernel then the latter will be denoted by pt(x, y) and will be referred to as the heat kernel
of (E ,F). The heat kernel coincides with the transition density of the Hunt process associated with
(E ,F).

By the general theory of Dirichlet form, each function in F has a quasi continuous version (see
[5, Theorem 2.1.7, p. 75])). We always use its quasi continuous version for each function in F .
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2 A. GRIGOR’YAN AND E. HU

For a non-empty open subset Ω of M , let C0(Ω) denote the space of all continuous functions
with compact supports contained in Ω. Let F(Ω) be a vector space defined by

F(Ω) = the closure of F ∩ C0(Ω) in the norm of
√
E(·) + ‖ · ‖2

L2 ,

where E(u) := E(u, u). By the theory of Dirichlet forms, (E ,F(Ω)) is a regular Dirichlet form on
L2(Ω) if (E ,F) is a regular Dirichlet form on L2(M,µ) (see, for example, [5, Theorem 4.4.3]). In
this case, denote the heat semigroup of (E ,F(Ω)) by {PΩ

t }t>0. The integral kernel of {PΩ
t }t>0

(should it exist) is denoted by pΩ
t (x, y) and is referred to as the heat kernel of (E ,F(Ω)) or the

Dirichlet heat kernel of (E ,F) in Ω.
In this paper, we are concerned with the Hölder estimates of the (Dirichlet) heat kernel of (E ,F)

under some mild assumptions.
For any x ∈M and r > 0, denote an open metric ball by

B(x, r) := {y ∈M : d(y, x) < r}

and its volume by

V (x, r) := µ(B(x, r)).

We also use the following notation. For any set U ⊂ M and r > 0, denote by Ur by the open
r-neighborhood of U , that is

Ur =
⋃
x∈U

B(x, r).

1.1. Main result for Ahlfors regular measures. In this subsection, we assume that (E ,F) is
of pure jump type, that is, it is determined by a Radon measure j on (M ×M) \ diag (called jump
measure),

E(u, v) =

∫∫
M×M

(u(x)− u(y))(v(x)− v(y))dj(x, y), u, v ∈ F . (1.1)

Fix a number α > 0, we assume that the metric measure space (M,d, µ) is α-regular, that is,
the following condition (V) is satisfied.

Definition 1.1. We say that condition (V) is satisfied if for any metric open ball B(x, r) with
x ∈M and r > 0,

V (x, r) ' rα. (1.2)

Here and in the rest of the paper, ' means the ration of both sides are bounded from above and
below by two uniform constants.

Fix another number β > 0, we assume that conditions (TJ)β and (PI)β are satisfied.

Definition 1.2. We say that condition (TJ)β is satisfied if there exists a kernel J : M ×B(M) 7→
[0,∞] such that dj(x, y) = J(x, dy)dµ(x) and, for all x ∈M and r > 0,

J(x,B(x, r)c) ≤ C

rβ
, (1.3)

where C ∈ [0,∞) is a constant independent of x, r.

For a measurable function u and a measurable set A, let uA denote the mean of the function u
over A, that is,

uA :=
1

µ(A)

∫
A
udµ =: −

∫
A
udµ,

whenever the integral makes sense. For any ball B = B(x, r) and any a > 0, set

aB := B(x, ar).
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Definition 1.3 (Poincaré inequality). We say that the Poincaré inequality (PI)β holds if there
exist constants C > 0 and κ ∈ (0, 1] such that, for any ball B := B(x0, r) with x0 ∈M , r > 0 and
for any function u ∈ F ∩ L∞,∫

κB
|u− uκB|2dµ ≤ Crβ

∫∫
B×B

(u(x)− u(y))2dj(x, y), (1.4)

where C ∈ [0,∞) is a constant independent of x0, r, u.

Let U ⊂M be an open set, A be a Borel subset of U and κ ≥ 1 be a number. A κ-cutoff function
of the pair (A,U) is any function φ in F such that

• 0 ≤ φ ≤ κ µ-a.e. in M ;
• φ ≥ 1 µ-a.e. in A;
• φ = 0 µ-a.e. in U c.

We denote by κ-cutoff(A,U) the collection of all κ-cutoff functions of the pair (A,U).
Define a function space F ′ by

F ′ := {v + a : v ∈ F , a ∈ R},
that is, F ′ is a vector space that contains F and constants.

Definition 1.4. We say that condition (Gcap)β is satisfied if there exist two numbers κ ≥ 1, C > 0
such that, for any u ∈ F ′∩L∞ and for any pair of concentric balls B0 := B(x0, R), B := B(x0, R+r)
with x0 ∈M and 0 < R < R+ r <∞, there exists φ ∈ κ-cutoff(B0, B) such that

E(u2φ, φ) ≤ C

rβ

∫
B
u2dµ. (1.5)

We remark that the function φ in (Gcap)β may depend on u, but the constants κ,C are inde-
pendent of u,B0, B.

Theorem 1.5. Let (E ,F) be the regular Dirichlet form in (1.1). Assume that (V), (TJ)β, (PI)β
and (Gcap)β are satisfied. For any non-empty open set Ω ⊂ M , the Dirichlet heat kernel pΩ

t (x, y)
of (E ,F) in Ω exists and is jointly continuous in (x, y, t) ∈ Ω×Ω× (0,∞). Besides, it satisfies the
following estimates.

(1) (On-diagonal upper estimates) For any x, y ∈ Ω and t > 0, we have

pΩ
t (x, y) ≤ C

tα/β
. (1.6)

(2) (Local Hölder continuity) For any non-empty open subset U ⊂ Ω and r > 0 with Ur ⊂ Ω,
and for all x, x′ ∈ U , y ∈ Ω and t ≥ s > 0,∣∣pΩ

t (x, y)− pΩ
s (x′, y)

∣∣ ≤ C

tα/β

(
d(x, x′)

t1/β ∧ r

)λ
+
C(t− s)
sα/β+1

, (1.7)

where the constants λ ∈ (0, 1) and C > 0 depend only on the constants in the hypotheses.

In particular, when Ω = M , we have for all x, x′, y ∈M , t ≥ s > 0,∣∣pt(x, y)− ps(x′, y)
∣∣ ≤ C

tα/β

(
d(x, x′)

t1/β

)λ
+
C(t− s)
sα/β+1

. (1.8)

Remark 1.6. Theorem 1.5 is also true for the Dirichlet form in (1.11), and its proof remains the
same.

Moreover, one can also consider the localized versions of (1.6), (1.7) and (1.8). Indeed, Let
R ∈ (0, diamM ]. Suppose that the lower bound in (V) is true for r < R and each radius r in

conditions (PI)β and (Gcap)β is restricted to r < R. In this case, each term t1/β and s1/β in

(1.6)-(1.8) shall be replaced by t1/β ∧R and s1/β ∧R respectively. For example, (1.8) should be as
follows: ∣∣pt(x, y)− ps(x′, y)

∣∣ ≤ C

tα/β ∧Rα
(
d(x, x′)

t1/β ∧R

)λ
+

C

sα/β ∧Rα
t− s
s

.
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In fact, we have obtained a similar result in [1, Lemma 12.1, p. 447] for ultrametric spaces, while
in the present paper we consider general metric spaces. In [8, Lemma 7.1, p. 737], we obtained
a similar result to (1.6) and (1.7) but only for bounded open set Ω with coefficients depending on
diam Ω, so that the result can not be extended to unbounded Ω.

1.2. Main result for doubling measures. In this subsection, we generalize Theorem 1.5 from
Ahlfors regular measures to doubling measures, and from pure jump type Dirichlet forms to any
regular Dirichlet forms without killing part.

Recall that any regular Dirichlet form (E ,F) in L2 admits the following unique Beurling-Deny
decomposition (cf. [5, Theorem 3.2.1 and Theorem 4.5.2]):

E(u, v) = E(L)(u, v) + E(J)(u, v) + E(K)(u, v), (1.9)

where E(L) is the local part (or diffusion part) associated with a unique Radon measure dΓ(L) (the

notions E(L)(u, v), dΓ(L)(u, v) are instead denoted by E(c)(u, v), 1
2dµ

c
〈u,v〉 respectively in [5, see Eq.

(3.2.22) on p. 126]):

E(L)(u, v) =

∫
M
dΓ(L)(u, v),

E(J) is the jump part associated with a unique Radon measure j defined on M ×M \ diag:

E(J)(u, v) =

∫∫
M×M\diag

(u(x)− u(y))(v(x)− v(y))dj(x, y), (1.10)

and finally, E(K) is the killing part. We assume in this subsection that

E(u, v) = E(L)(u, v) + E(J)(u, v). (1.11)

That is, E(K) ≡ 0. In this subsection, we also assume that there exists a non-negative measurable
function J : M ×M 7→ R such that

dj(x, y) = J(x, y)dµ(x)dµ(y).

Definition 1.7 (Volume doubling condition). We say that a measure µ on (M,d) satisfies the
condition (VD) if there exists a constant C ≥ 1 such that, for all x ∈M and all r > 0,

V (x, 2r) ≤ CV (x, r). (1.12)

Condition (VD) implies that 0 < V (x, r) < ∞ for all r > 0. It is known that condition (VD)
is equivalent to the following: there exists a positive number α such that, for all x, y ∈ M and all
0 < r ≤ R <∞,

V (x,R)

V (y, r)
≤ C

(
d(x, y) +R

r

)α
, (1.13)

where constant C can be taken the same as in (VD).
Fix throughout in this subsection a parameter R ∈ (0,diamM ], where diamM is the diameter

of M .

Definition 1.8 (Reverse volume doubling condition). We say that µ satisfies the condition (RVD)
if there exist positive numbers C,α′ such that, for all x ∈M and for all 0 < r ≤ R < R,

V (x,R)

V (x, r)
≥ C−1

(
R

r

)α′
. (1.14)

Let us fix a scaling function W : M × [0,∞] → [0,∞] such that, for each x ∈ M , the function
W (x, ·) is strictly increasing, and W (x, 0) = 0, W (x,∞) =∞. Assume also that there exist three
positive numbers C, β1, β2 (β1 ≤ β2) such that, for all 0 < r ≤ R < ∞ and for all x, y ∈ M with
d(x, y) ≤ R,

C−1

(
R

r

)β1

≤ W (x,R)

W (y, r)
≤ C

(
R

r

)β2

. (1.15)

The readers can refer to [9, Example 2.1] for examples of W that depends on the space variable.
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For x ∈ M , let ωx be the inverse function of t 7→ W (x, t). Clearly, we have by (1.15) that, for
all x ∈M and all 0 < r ≤ R <∞

C−1

(
R

r

)1/β2

≤ ωx(R)

ωx(r)
≤ C

(
R

r

)1/β1

, (1.16)

where ωx(·) is the inverse function of W (x, ·) for every x ∈M .
For a given number 1 ≤ q ≤ ∞, let q′ be the Hölder conjugate of q, that is,

q′ :=
q

q − 1

so that q′ = 1 if q =∞, and q′ =∞ if q = 1.

Definition 1.9 (Lq-tail estimate of jump kernel). For q ∈ [1,∞], we say that condition (TJq)W is
satisfied if (E ,F) has the jump kernel J(x, y) such that, for all x ∈M and R > 0,

‖J(x, ·)‖Lq(B(x,R)c) ≤
C

V (x,R)1/q′W (x,R)
, (1.17)

where C ∈ [0,∞) is a constant independent of x,R.

Note that (TJ∞)W is equivalent to that the jump kernel J satisfies the pointwise upper bound:

J(x, y) ≤ C

V (x, d(x, y))W (x, d(x, y))
.

The readers can refer to [9, Section 7] for examples of the jump kernel J that satisfies (TJq)W for
some q ∈ [1,∞), but does not satisfy the above pointwise upper bounds.

For a Borel measurable subset U ⊂M and u ∈ F ′, define the energy measure dΓU (u) by

dΓU (u)(x) := dΓ(L)(u, u)(x) +

∫
M

1U (y)(u(x)− u(y))2dj(x, y). (1.18)

Definition 1.10 (Poincaré inequality). We say that the Poincaré inequality (PI)W holds if there
exist constants C > 0 and κ ∈ (0, 1] such that, for any ball B := B(x0, R) with 0 < R < R and for
any function u ∈ F ∩ L∞, ∫

κB
|u− uκB|2dµ ≤ CW (x0, R)

∫
B
dΓB(u), (1.19)

where ΓB is defined in (1.18).

Definition 1.11 (Generalized capacity condition). We say that condition (Gcap)W is satisfied if
there exist two numbers κ ≥ 1, C > 0 such that, for any u ∈ F ′∩L∞ and for any pair of concentric
balls B0 := B(x0, R), B := B(x0, R + r) with x0 ∈ M and 0 < R < R + r < R, there exists
φ ∈ κ-cutoff(B0, B) such that

E(u2φ, φ) ≤ sup
x∈B

C

W (x, r)

∫
B
u2dµ. (1.20)

Recall that for a non-empty open subset U of M , the heat kernel (should it exist) of (E ,F(U))
is denoted by {pUt }t>0.

The following is our main result.

Theorem 1.12. Let (E ,F) be a regular Dirichlet form in L2 without killing part. Assume that
conditions (VD), (RVD), (Gcap)W , (PI)W and (TJq)W for some q ∈ [2,+∞] are all satisfied. Let
Ω be any non-empty open subset of M . Then the Dirichlet heat kernel pΩ

t (x, y) is locally Hölder
continuous. Moreover, for each t > 0 and x ∈ Ω,

pΩ
t (x, x) ≤ C

V (x, ωx(t) ∧R)
, (1.21)
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and, for any non-empty open subset U ⊂ Ω and r > 0 with Ur ⊂ Ω, and for all x, x′ ∈ U , y ∈ Ω
and t ≥ s > 0,

∣∣pΩ
t (x, y)− pΩ

s (x′, y)
∣∣ ≤
 1√

V (x, ωx(t ∧ rβ) ∧R)
+

1√
V (x′, ωx′(s ∧ rβ) ∧R)


· C√

V (y, ωy(s) ∧R)

((
d(x, x′)

ωx(t ∧ rβ) ∧R

)λ
+
t− s
s

)
, (1.22)

where the constants λ ∈ (0, 1) and C > 0 depend only on the constants in the hypotheses.
In particular, when Ω = M , we have for all x, x′, y ∈M and t ≥ s > 0,

∣∣pt(x, y)− ps(x′, y)
∣∣ ≤
 1√

V (x, ωx(t) ∧R)
+

1√
V (x′, ωx′(s) ∧R)


· C√

V (y, ωy(s) ∧R)

((
d(x, x′)

ωx(t) ∧R

)λ
+
t− s
s

)
. (1.23)

Remark 1.13. Note that in the case when W (x, r) = rβ for some β > 0 and R = diamM = ∞,
conditions (PI)W and (Gcap)W become (PI)β and (Gcap)β respectively.

Since Theorem 1.5 is also true for the Dirichlet form in (1.11) (see Remark 1.6), in the rest of
the paper, we will always refer to (E ,F) as defined in (1.11).

Hölder estimates for heat kernels in doubling spaces were also obtained by Chen, Kumagai and
Wang under appropriate assumptions but assuming that W (x, t) = W (t) and that the jump kernel
J(x, y) satisfies the following pointwise upper bound (cf. [3])

J(x, y) ≤ C

V (x, d(x, y))W (d(x, y))
,

that is, (TJ∞)W , which is of course much stronger than (TJq)W for q ∈ [2,∞]. In [4, Theorem
2.14], Cho and Kim obtained the Hölder estimates for bounded caloric functions, whereas heat
kernels may be unbounded. So, the main novelties of our results are as follows:

• The jump kernel is required to satisfy a rather weaker assumption (TJq)W for q ∈ [2,∞] in
Theorem 1.12, or (TJ)β in Theorem 1.5. In particular, our setting covers rather singular
cases;
• The set Ω can be any open set, including Ω = M ;
• There is no restriction on the boundedness of heat kernels.

The structure of this paper. In Section 2, we introduce a new metric d∗ on (M,d) such that
under this new metric, the scaling function W (x, r) in each condition (TJq)W , (PI)W and (Gcap)W
becomes W∗(x, r) := rβ for some β > 0. In Section 3, we investigate various oscillation inequalities
of harmonic functions and heat semigroups, where the condition (TJ2)W is explicitly used. It
follows from these results that each PΩ

t g has a (locally) Hölder continuous version. In Section 4, we
construct (locally) Hölder continuous (Dirichlet) heat kernels by using the (local) Hölder estimates
of PΩ

t g’s. We will firstly prove Theorem 1.12 in Subsection 4.1 and then Theorem 1.5 in Subsection
4.2.

Notation. Letters c, C,C ′, C1, C2, etc. are used to denote positive numbers, depending on the
constants in the hypotheses, whose values may change at each occurrence.

2. Change of metric

Suppose that (VD) and (RVD) are satisfied in (M,d, µ). In [11], the authors introduced a
new metric d∗ on M with the following properties: under this new metric d∗, the measure µ still
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retains the doubling property (or the reverse doubling property), while the scaling function W (x,R)
becomes independent of the point x. This type of change of metric was first used by Kigami in
[14]. Let us recall the construction and some properties of the new metric.

For any x, y ∈M , set W (x, y) := W (x, d(x, y)). Let

D(x, y) := W (x, y) +W (y, x),

Clearly, the quantity D(x, y) = 0 if and only if x = y, and is symmetric: D(x, y) = D(y, x). The
following proposition shows that D(x, y) is a quasi-metric on M .

Proposition 2.1 ([11, Proposition 6.1]). There exists a constant C1 ≥ 1 such that for all x, y, z in
M ,

D(x, y) ≤ C1(D(x, z) +D(z, y)).

Consequently, there exist two constants β, C2 > 0 and a metric d∗ on M such that

C−1
2 d∗(x, y)β ≤ D(x, y) �W (x, y) ≤ C2d∗(x, y)β (2.1)

for all x, y in M .

In the rest of the paper, the parameter β will be always referred to as the constant from Theorem
1.5 in the case when W (x, r) = rβ, and the constant from Proposition 2.1 in the general case W (x, r)
satisfying (1.15).

We have by (2.1)

L−1d∗(x, y) ≤W (x, y)1/β ≤ Ld∗(x, y), x, y ∈M, (2.2)

for some constant L ≥ 1.
For any r > 0, let

B∗(x, r) := {y ∈M : d∗(y, x) < r}
be an open ball under the new metric d∗. Recall that for any x ∈M , the function ωx is the inverse
function of t 7→W (x, t).

Proposition 2.2 ([11, Proposition 6.2]). There exists a number L0 with L0 ≥ L2 > 1, where L > 1
is the same constant as in (2.2), such that the following properties are true.

(1) For all x ∈M and all r > 0,

B∗(x, L
−1
0 r) ⊂ B(x, ωx(L−βrβ)) ⊂ B∗(x, r). (2.3)

(2) For all x ∈M and all R > 0,

B(x, L−1
0 R) ⊂ B∗(x, L−1W (x,R)1/β) ⊂ B(x,R). (2.4)

Consequently, a subset of M is open under the metric d∗ if and only if it is also open under the
original metric d.

In the rest of the paper, we will always use the notation d∗ to denote the new metric defined in
Proposition 2.1.

For any x ∈M and any r > 0, let V∗(x, r) be the volume of a ball B∗(x, r) under the metric d∗,
that is,

V∗(x, r) := µ(B∗(x, r)).

Note that R is the diameter of M in [11], while in this paper, it can be smaller than diamM .

Proposition 2.3 ([8, Proposition 4.4]). Assume that (VD) is satisfied. Then the following state-
ments are true.

(1) Condition (VD∗) holds true: there exists a constant C > 0 such that, for all x ∈M and all
r > 0,

V∗(x, 2r) ≤ CV∗(x, r). (2.5)
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Consequently, there exists a constant α∗ > 0 such that for all x, y ∈ M and all 0 < s ≤ r
with d∗(x, y) ≤ r,

V∗(x, r)

V∗(y, s)
≤ C

(r
s

)α∗
.

(2) Assume in addition that (RVD) is satisfied. Then condition (RVD∗) holds true: there exists

a constant α′∗ > 0 such that for all x ∈M and all 0 < s ≤ r < W (x,R)1/β,

V∗(x, r)

V∗(x, s)
≥ C−1

(r
s

)α′∗
. (2.6)

Definition 2.4. We say that condition (TJ∗q) is satisfied for some 1 ≤ q ≤ ∞, if there exists a
non-negative function J such that

dj(x, y) = J(x, y)dµ(y)dµ(x) in M ×M,

and, for any x ∈M and any r > 0,

‖J(x, ·)‖Lq(B∗(x,r)c) ≤
C

V∗(x, r)1/q′rβ
, (2.7)

where q′ = q
q−1 and C ∈ [0,∞) is independent of x, r.

It is proved in [11, Proposition 7.4(3)] that for any q ≥ 1,

(VD) + (TJq)W ⇒ (TJ∗q). (2.8)

3. Oscillation inequalities

In this section, we show the Hölder continuity of the heat solution, including the harmonic
function.

3.1. Harmonic functions and Green operator.

Definition 3.1. Let Ω be an open subset of M . We say that a function u ∈ F ′ is subharmonic
(resp. superharmonic) in Ω if

E(u, ϕ) ≤ 0 (resp. E(u, ϕ) ≥ 0) (3.1)

for any 0 ≤ ϕ ∈ F(Ω). A function u ∈ F ′ is called harmonic in Ω if it is both subharmonic and
superharmonic in Ω.

We introduce condition (OSL∗) that is called the oscillation lemma for harmonic functions on a
ball. This condition says that any harmonic function is locally uniformly Hölder continuous.

Definition 3.2 (Oscillation lemma). We say that condition (OSL∗) holds if there exist three posi-

tive constants σ∗ ∈ (0, 1) and γ, C such that for any ballBr := B∗(x0, r) with r ∈ (0, σ∗W (x0, R)1/β)
and any function u ∈ F ′ ∩ L∞, which is harmonic in Br, we have for any ρ ∈ (0, r],

osc
Bρ

u ≤ C
(ρ
r

)γ (
rβ esup

x∈ 3
4
Br

∫
Bcr

|u(y)|J(x, y)dy + ‖u‖L∞(Br)

)
. (3.2)

We mention that constants σ∗, γ and C are independent of Br, u, ρ.
It follows from [8, Lemma 5.19, p. 727] and [10, Proposition 3.1] that for all q ∈ [1,∞],

(VD) + (RVD) + (Gcap)W + (PI)W + (TJq)W ⇒ (OSL∗). (3.3)

Let Ω ⊂M be a non-empty open set. Note that if

GΩ1 :=

∫ ∞
0

PΩ
t 1Ωdt ∈ L∞(Ω)

then GΩ can be extended to a bounded operator on L2(Ω) that satisfies the identity GΩ = (LΩ)−1,
see for example [13, Lemma 3.2, p. 1232]1. The function GΩ1 is called the mean exit time from
the set Ω.

1Although this lemma was stated for the local Dirichlet form, its proof also holds for any regular Dirichlet form.
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Definition 3.3. We say that condition (E∗≤) holds, if there exist two constants δ∗, C > 0 such

that for all balls B∗ := B(x0, r) of radius r < δ∗W (x0, R)1/β,∥∥GB∗1∥∥
L∞
≤ Crβ.

It follows from [8, Proposition 4.7, Eq. (4.33) and Proposition 4.13] and Proposition 2.3 that

(VD) + (RVD) + (PI)W ⇒ (E∗≤). (3.4)

3.2. Oscillation inequality for solutions of Poisson equation. We study the oscillation of
the weak solution of the Poisson-type equation on some domain by using (3.3). This property will
be used to show the Hölder continuity of the heat kernel later on.

For a non-empty open set Ω ⊂ M and f ∈ L2(Ω), we say that a function u ∈ F solves weakly
the equation (called the Poisson-type equation)

Lu = f in Ω, (3.5)

if for any φ ∈ F(Ω),
E(u, φ) = (f, φ).

The following proposition is stated in [8, Proposition 6.6, p. 729].

Proposition 3.4 ([8, Proposition 6.6, p. 729]). Assume that u ∈ F solves weakly the equation
(3.5) for some f ∈ L2(Ω). Let B be a non-empty open subset of Ω.

(1) If v ∈ F solves weakly the equation Lv = f in B, then u− v is harmonic in B.
(2) If ‖GB1‖L∞ <∞, then u−GBf is harmonic in B.

The following gives the oscillation of the weak solution of the Poisson-type equation. Recall that

q′ =
q

q − 1
,

is the Hölder conjugate of q.

Lemma 3.5. Assume that conditions (E∗≤), (TJ∗q) for q ∈ [1,∞], (OSL∗) are all satisfied. Let C0 ≥
1 and Ω be any open subset of M containing a ball B∗ := B∗(x0, r) of radius r ∈ (0, C0W (x0, R)1/β).
If the function u ∈ F(Ω) ∩ L∞ solves weakly the equation (3.5) for f ∈ L2(Ω) ∩ L∞(B∗), then for
any 0 < ρ ≤ r

osc
B∗(x0,ρ)

u ≤ C
(ρ
r

)γ ( ‖u‖Lq′ (Ω)

V∗(x0, r)1/q′
+ ‖u‖L∞(B∗)

)
+ Crβ‖f‖L∞(B∗), (3.6)

where γ is the constant from condition (OSL∗) and C is independent of B∗, u,Ω, ρ, f, R. Conse-
quently,

(VD) + (RVD) + (TJq) + (Gcap)W + (PI)W ⇒ inequality (3.6). (3.7)

Proof. Let δ∗ be the constant from (E∗≤) and σ∗ be the constant from (OSL∗). We consider two
cases.

Case 1. r < (δ∗ ∧ σ∗)W (x0, R)1/β. By condition (E∗≤), we have

‖GB∗1‖L∞ ≤ Crβ.
In particular, we have ‖GB∗1‖L∞ <∞. From this, we see that

‖GB∗f‖L∞(B∗) ≤ ‖G
B∗1‖L∞‖f‖L∞(B∗) ≤ Cr

β‖f‖L∞(B∗). (3.8)

Consider the function
v := u−GB∗f.

Clearly, we see that v ∈ F(Ω) ∩ L∞. By Proposition 3.4, the function v is harmonic in B∗. It
follows from condition (OSL∗) that for any 0 < ρ ≤ r

osc
B∗(x0,ρ)

v ≤ C
(ρ
r

)γ (
rβT 3

4
B∗,B∗

(|v|) + ‖v‖L∞(B∗)

)
. (3.9)
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Since u = 0 in Ωc and GB∗f = 0 in Bc
∗, we obtain by Hölder inequality, (VD∗) and condition (TJ∗q′)

that

T 3
4
B∗,B∗

(v) ≤ esup
x∈ 3

4
B∗

∫
Bc∗

(|u(y)|+ |GB∗f(y)|)J(x, y)dµ(y)

≤ esup
x∈ 3

4
B∗

(∫
Bc∗

|u(y)|q′dµ(y)

)1/q′ (∫
Bc∗

J(x, y)qdµ(y)

)1/q

(3.10)

≤ ‖u‖Lq′ (Ω) esup
x∈ 3

4
B∗

(∫
B∗(x,r/4)c

J(x, y)qdµ(y)

)1/q

≤
C‖u‖Lq′ (Ω)

V∗(x, r/4)1/q′(r/4)β

≤
C ′‖u‖Lq′ (Ω)

V∗(x0, r)1/q′(r/4)β
. (by (VD∗))

Substituting this into (3.9), and using (VD∗) and the fact that

‖v‖L∞(B∗) ≤ ‖u‖L∞(B∗) + ‖GB∗f‖L∞(B∗),

we obtain

osc
B∗(x0,ρ)

v ≤ C
(ρ
r

)γ ( ‖u‖Lq′ (Ω)

V∗(x0, r)1/q′
+ ‖u‖L∞(B∗) + ‖GB∗f‖L∞(B∗)

)
. (3.11)

Therefore, we conclude by (3.11) and (3.8) that

osc
B∗(x0,ρ)

u ≤ osc
B∗(x0,ρ)

v + osc
B∗(x0,ρ)

GB∗f

≤ C ′
(ρ
r

)γ ( C‖u‖Lq′ (Ω)

V∗(x0, r)1/q′
+ ‖u‖L∞(B∗) + ‖GB∗f‖L∞(B∗)

)
+ 2‖GB∗f‖L∞(B∗)

≤ C ′′
(ρ
r

)γ ( ‖u‖Lq′ (Ω)

V∗(x0, r)1/q′
+ ‖u‖L∞(B∗)

)
+ Crβ‖f‖L∞(B∗),

thus showing (3.6).

Case 2. (δ∗ ∧ σ∗)W (x0, R)1/β ≤ r < C0W (x0, R)1/β with C0 ≥ 1 when R <∞.

If ρ < 1
3(δ∗∧σ∗)W (x0, R)1/β, then, applying the result in Case 1 for r′ := 1

2(δ∗∧σ∗)W (x0, R)1/β

and using (VD∗), we obtain that

osc
B∗(x0,ρ)

u ≤ C

(
ρ

1
2(δ∗ ∧ σ∗)W (x0, R)1/β

)γ ( ‖u‖Lq′ (Ω)

V∗(x0, r′)1/q′
+ ‖u‖L∞(B∗(x0,r′))

)

+ C

(
1

2
(δ∗ ∧ σ∗)W (x0, R)1/β

)β
‖f‖L∞(B∗(x0,r′))

≤ (2(δ∗ ∧ σ∗)−1C0)γ+α∗/2C ′
(

ρ

C0W (x0, R)1/β

)γ ( ‖u‖Lq′ (Ω)

V∗(x0, r)1/q′
+ ‖u‖L∞(B∗)

)
+ C ′rβ‖f‖L∞(B∗)

≤ C ′′
(ρ
r

)γ ( ‖u‖Lq′ (Ω)

V∗(x0, r)1/q′
+ ‖u‖L∞(B∗)

)
+ C ′rβ‖f‖L∞(B∗),

which is (3.6).
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If ρ ≥ 1
3(δ∗ ∧ σ∗)W (x0, R)1/β, then, r

ρ ≤
3C0
δ∗∧σ∗ . Hence, by the fact that B∗(x0, ρ) ⊂ B∗, we have

osc
B∗(x0,ρ)

u =

(
r

ρ

)γ (ρ
r

)γ
osc

B∗(x0,ρ)
u ≤ 2

(
3C0

(δ∗ ∧ σ∗)

)γ (ρ
r

)γ
‖u‖L∞(B∗),

which implies (3.6).
Finally, the implication (3.7) follows directly from (3.3) by using the facts that (VD) + (RVD) +

(PI)⇒ (E∗≤) (see (3.4)) and (TJ2)⇒ (TJ∗2) (see (2.8)). �

3.3. Estimates for heat semigroup solutions. We derive the L∞(B)-estimate of the heat semi-
group solutions for a ball B. Note that by [8, Remark 4.16, p. 704], (VD) + (RVD) + (PI) implies
the so-called Faber-Krahn inequality. Then, under conditions (VD), (RVD), (PI), (Gcap)W and
(TJq)W for some q ∈ [2,+∞], it is proved in [10, Theorem 2.10, Proposition 3.1 and Lemma 6.2]

that there exists a constant C > 0 such that for any x ∈M and any 0 < t < W (x,R),

‖Ptg‖L∞(B(x, 1
2
ωx(t))) ≤

C√
V (x, ωx(t))

‖g‖L2 , g ∈ L2, (3.12)

and, it is proved in [10, Theorem 2.10, Remark 6.8 and Corollary 6.4] that there exists a constant
C > 0 such that for any t > 0 and for any ball B := B(x,R) of radius R > 0

‖Ptg‖L∞(B) ≤
C√

V (x,R)

(
R

R
∨ 1

)α
2
(
W (x,R)

t
+ 1

) α
2β1

‖g‖L2 , g ∈ L2. (3.13)

Moreover, it is shown in [10, Remark 6.8] that, under (VD), (3.12) and (3.13) are equivalent.
In the following lemma, we give an alternative equivalence of (3.12).

Lemma 3.6. Suppose that (VD) and (3.12) are satisfied. Then, there exists a constant C > 0 such
that for any t > 0 and B := B(x,R) with x ∈M and R > 0,

‖Ptg‖L∞(B) ≤
C√

V (x, (ωx(t) ∧R) ∨R)

(
R

R
∨ 1

)α
2
(
W (x,R)

t
+ 1

) α
2β1

‖g‖L2 , g ∈ L2. (3.14)

If R = diamM , then the above inequality can be improved further as follows:

‖Ptg‖L∞(B) ≤
C√

V (x, (ωx(t) ∨R) ∧R)

(
W (x,R ∧R)

t
+ 1

) α
2β1

‖g‖L2 , g ∈ L2. (3.15)

Proof. Fix x ∈ M , R > 0 and t > 0, set B := B(x,R). We divide the proof of (3.14) into four
cases.

Case 1: t < W (x,R) and R < 1
2ωx(t). In this case, (3.14) following directly from (3.12) since

(ωx(t) ∧R) ∨R = ωx(t), R < R and W (x,R) < t.

Case 2: t < W (x,R) and 1
2ωx(t) ≤ R < R. In this case, we have

(ωx(t) ∧R) ∨R = ωx(t) ∨R ≤ 2R,

and then, by (VD),

V (x,R) ≥ cV (x, 2R) ≥ cV (x, (ωx(t) ∧R) ∨R).

Hence, (3.14) following from (3.13) and the above inequality.
Case 3: t ≥ W (x,R) and R < R (when R < ∞). In this case, we set t0 := 1

2W (x,R). Since

(3.14) is true for all t < W (x,R) and R < R by Cases 1 and 2, we can apply (3.14) for t0 and R
and obtain that

‖Ptg‖L∞(B) = ‖Pt0Pt−t0g‖L∞(B)

≤ C√
V (x, (ωx(t0) ∧R) ∨R)

(
R

R
∨ 1

)α
2
(
W (x,R)

t0
+ 1

) α
2β1

‖Pt−t0g‖L2 , g ∈ L2.
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Moveover, we have ‖Pt−t0g‖L2 ≤ ‖g‖L2 and by (1.16),

(ωx(t0) ∧R) ∨R ≥ c((ωx(2t0) ∧R) ∨R) = c(R ∨R) = c(ωx(t) ∧R) ∨R),

W (x,R)

t0
≤ W (x,R)

2−1W (x,R)
= 2 ≤ W (x,R)

t
+ 2.

Combining the above four inequalities, we obtain (3.14) in this case.
Case 4: t > 0 and R ≥ R (when R <∞). Let Bz := B(z, 1

2R) for any z ∈ B = B(x,R). Since
(3.14) is true for t > 0 and Bz by the Cases 1-3, we can apply (3.14) for t and Bz and obtain that

‖Ptg‖L∞(Bz) ≤
C√

V (z, (ωz(t) ∧R) ∨ (2−1R))

(
W (z, 1

2R)

t
+ 1

) α
2β1

‖g‖L2

≤ C√
V (z, 2−1R)

(
W (z,R)

t
+ 1

) α
2β1

‖g‖L2 , g ∈ L2.

Moveover, since d(x, z) < R and R ≤ R, by (VD) and the left inequality in (1.15), we have

1

V (z, 2−1R)
=

1

V (x,R)

V (x,R)

V (z, 2−1R)
≤ C

V (x,R)

(
R

R

)α
=

C

V (x, (ωx(t) ∧R) ∨R)

(
R

R

)α
,

W (z,R) ≤ cW (x,R).

Combining the above three inequalities, we obtain

‖Ptg‖L∞(Bz) ≤
C√

V (x, (ωx(t) ∧R) ∨R)

(
R

R

)α
2
(
W (x,R)

t
+ 1

) α
2β1

‖g‖L2 , g ∈ L2.

Since B can be covered by at most countable balls like Bz, (3.14) follows from the above inequality.
It remains to prove (3.15). Note that if R > R when R = diamM <∞, then B(z,R) = M for all

z ∈M . Then, we have B = B(x,R) = B(x,R ∧ (2R)). Hence, applying (3.14) for B(x,R ∧ (2R)),
we obtain,

‖Ptg‖L∞(B) = ‖Ptg‖L∞(B(x,R∧(2R)))

≤ C√
V (x, (ωx(t) ∧R) ∨ (R ∧ (2R)))

·
(
R ∧ (2R)

R
∨ 1

)α
2
(
W (x,R ∧ (2R))

t
+ 1

) α
2β1

‖g‖L2 , g ∈ L2.

Note that

(ωx(t) ∧R) ∨ (R ∧ (2R)) ≥ (ωx(t) ∧R) ∨ (R ∧R) = (ωx(t) ∨R) ∧R,

and by the right inequality in (1.15),

W (x,R ∧ (2R)) ≤W (x, 2(R ∧R)) ≤ cW (x,R ∧R).

Combining the above three inequalities, we obtain (3.15).
If R < R = diamM <∞, (3.15) follows directly from (3.14). �

Remark 3.7. In the proof of Theorem 1.12, we will not use (3.15). We prove it for its own
independent interest and for its possible future use.

We rewrite (3.14) and (3.15) under the new metric d∗.
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Corollary 3.8. Assume that (VD) and (3.12) are satisfied. Let g ∈ L2. Then, there exists a
constant C > 0 such that for any t > 0 and B∗ := B∗(x, r) with x ∈M and r > 0,

‖Ptg‖L∞(B∗) ≤
C√

V∗(x, (t ∧W (x,R))1/β ∨ r)

(
ωx(rβ)

R
∨ 1

)α
2
(
rβ

t
+ 1

) α
2β1

‖g‖L2 . (3.16)

Proof. Fix t > 0, x ∈ M and r > 0. By (2.3) with r replaced by Lr and L((t ∧W (x,R))1/β ∨ r)
respectively, we have

B∗(x, L
−1
0 Lr) ⊂ B(x, ωx(rβ)), (3.17)

and
B∗(x, L

−1
0 L((t ∧W (x,R))1/β ∨ r)) ⊂ B(x, ωx((t ∧W (x,R)) ∨ rβ)). (3.18)

Combining the above two inequalities and applying (3.14) with R = ωx(rβ), we obtain

‖Ptg‖L∞(B∗(x,L
−1
0 Lr)) ≤ ‖Ptg‖L∞(B(x,R)) (by (3.17))

≤ C√
V (x, (ωx(t) ∧R) ∨ ωx(rβ))

·
(
ωx(rβ)

R
∨ 1

)α
2
(
W (x, ωx(rβ))

t
+ 1

) α
2β1

‖g‖L2

=
C√

V (x, ωx((t ∧W (x,R)) ∨ rβ))

·
(
ωx(rβ)

R
∨ 1

)α
2
(
rβ

t
+ 1

) α
2β1

‖g‖L2

≤ C√
V∗(x, L

−1
0 L((t ∧W (x,R))1/β ∨ r))

(by (3.18))

·
(
ωx(rβ)

R
∨ 1

)α
2
(
rβ

t
+ 1

) α
2β1

‖g‖L2 , g ∈ L2.

Finally, the inequality (3.16) follows by replacing r by L0L
−1r in the above inequality and using

(VD) and (1.16). �

Lemma 3.9. Let U and Ω be two open subsets of M . Let g ∈ L2(Ω). Then for all t > 0,

‖∂tPΩ
t g‖L∞(U) ≤

4

t
‖PΩ

t/2‖L2→L∞(U)‖PΩ
t/4g‖L2(Ω), (3.19)

where ∂tP
Ω
t g is the Fréchet derivative of the L2(Ω)-valued function t 7→ PΩ

t g. Moreover, for all
t ≥ s > 0,

‖PΩ
t g − PΩ

s g‖L∞(U) ≤
4(t− s)

s
‖PΩ

s/2‖L2→L∞(U)‖PΩ
s/4g‖L2(Ω). (3.20)

Proof. Since
PΩ
t g = PΩ

r P
Ω
t−rg

for any t > 0 and any r ∈ (0, t), we have

∂t(P
Ω
t g) = PΩ

r (∂tP
Ω
t−rg).

From this and using the following general inequality (see [13, Lemma 5.4])

‖∂t(PΩ
t−rg)‖L2(Ω) ≤

2

t− r
‖PΩ

(t−r)/2g‖L2(Ω) for any r ∈ (0, t), (3.21)

we obtain that

‖∂t(PΩ
t g)‖L∞(U) = ‖PΩ

r ∂t(P
Ω
t−rg)‖L∞(U) ≤ ‖PΩ

r ‖L2→L∞(B∗)‖∂t(P
Ω
t−rg)‖L2(Ω)
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≤ ‖PΩ
r ‖L2→L∞(U) ·

2

t− r
‖PΩ

(t−r)/2g‖L2(Ω).

Setting r = t/2 in the above inequality, we obtain (3.19).
It remains to show (3.20). For simplicity, let t > s ≥ 2τ > 0. Then

‖PΩ
t g − PΩ

s g‖L∞(U) = ‖PΩ
τ (PΩ

t−τg − PΩ
s−τg)‖L∞(U)

≤ ‖PΩ
τ ‖L2→L∞(U)‖PΩ

t−τg − PΩ
s−τg‖L2(Ω).

By (3.21), we see that

‖PΩ
t−τg − PΩ

s−τg‖L2(Ω) =
∥∥∫ t−τ

s−τ
∂ξ(P

Ω
ξ g)dξ

∥∥
L2(Ω)

≤
∫ t−τ

s−τ

2

ξ
‖PΩ

ξ/2g‖L2(Ω)dξ

≤ (t− s) 2

τ
‖PΩ

τ/2g‖L2(Ω).

Therefore, combining the above two inequalities, we conclude that

‖PΩ
t g − PΩ

s g‖L∞(U) ≤ ‖PΩ
τ ‖L2→L∞(U)

2(t− s)
τ

‖PΩ
τ/2g‖L2(Ω),

thus showing (3.20) by letting τ = s
2 . �

3.4. Hölder continuity of heat semigroup solutions. We derive that the heat semigroup
solutions are locally Hölder continuous.

Lemma 3.10. Let Ω ⊂ M be a non-empty open set, and let u(x, t) = PΩ
t g(x) for g ∈ L2(Ω).

Assume that conditions (VD), (RVD), (Gcap)W , (TJq)W for some q ∈ [2,+∞], (PI)W are all
satisfied. Then, for any x0 ∈ M and r > 0 so that B∗ := B∗(x0, r) ⊂ Ω, and for any t > 0 and

ρ > 0 so that ρ ≤ (t ∧W (x0, R))1/β ∧ r, we have

osc
B∗(x0,ρ)

u(·, t) ≤ C√
V∗(x0, (t ∧W (x0, R))1/β ∧ r)

(
ρ

(t ∧W (x0, R))1/β ∧ r

)θ
‖g‖L2(Ω), (3.22)

where C is a positive number depending only on constants in the hypothesis, and θ is given by

θ =
γβ

γ + β + α∗/2
. (3.23)

Here γ is the same as in Lemma 3.5.
In particular, if Ω = M , then

osc
B∗(x0,ρ)

u(·, t) ≤ C√
V∗(x0, (t ∧W (x0, R))1/β)

(
ρ

(t ∧W (x0, R))1/β

)θ
‖g‖L2 . (3.24)

Proof. By standard approximating arguments, it suffices to consider the case when g ∈ L2(Ω)∩L∞.
In this case, we also have that u(·, t) ∈ L∞ for all t > 0.

For any t > 0, the function u(·, t) belongs to dom(LΩ), is Fréchet differentiable with respect to
t in L2(Ω), and satisfies weakly

∂tu(·, t) = −LΩu(·, t),
that is, for any φ ∈ F(Ω) and t > 0,

E(u(·, t), φ) = (LΩu(·, t), φ) = −(∂tu(·, t), φ).

By (3.19) (with U = B∗) and (3.16), we have ∂tu(·, t) ∈ L∞(B∗) for any t > 0.
Let

ρ ≤ τ := (t ∧W (x0, R))1/β ∧ r ≤ r
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and
r′ ∈ [ρ, τ ] (3.25)

be a number to be specified later on. Note that under the assumption (3.25),

ωx0((r′)β) ≤ t and (r′)β ≤ t. (3.26)

Applying Lemma 3.5 (with the case when q = 2) for the ball B∗(x, r
′) ⊂ Ω and then using the fact

that ‖u‖L2(Ω) ≤ ‖g‖L2(Ω), we have for any t > 0

osc
B∗(x0,ρ)

u(·, t) ≤ C

(( ρ
r′

)γ ( ‖u‖L2(Ω)√
V∗(x0, r′)

+ ‖u‖L∞(B∗(x0,r′))

)
+ (r′)β ‖∂tu‖L∞(B∗(x0,r′))

)

≤ C

(( ρ
r′

)γ ( ‖g‖L2(Ω)√
V∗(x0, r′)

+ ‖u‖L∞(B∗(x0,r′))

)
+ (r′)β ‖∂tu‖L∞(B∗(x0,r′))

)
.

Moreover, we have, by (3.16) and (3.26),

‖u‖L∞(B∗(x0,r′))≤
C√

V∗(x0, (t ∧W (x0, R))1/β ∨ r′)

(
ωx0((r′)β)

R
∨ 1

)α
2
(

(r′)β

t
+ 1

) α
2β1

‖g‖L2(Ω)

≤ C√
V∗(x0, r′)

(
ωx0((r′)β)

R
∨ 1

)α
2
(

(r′)β

t
+ 1

) α
2β1

‖g‖L2(Ω)

≤ C√
V∗(x0, r′)

‖g‖L2(Ω).

By (VD∗) and (3.25), we have

1√
V∗(x0, r′)

=
1√

V∗(x0, τ)

√
V∗(x0, τ)√
V∗(x0, r′)

≤ c√
V∗(x0, τ)

( τ
r′

)α∗/2
.

By (3.19) (with U = B∗(x0, r
′)), (3.16) and (3.26), we have

‖∂tu‖L∞(B∗(x0,r′))
≤ C√

V∗(x0, (t ∧W (x0, R))1/β ∨ r′)

(
ωx0((r′)β)

R
∨ 1

)α
2
(

(r′)β

t
+ 1

) α
2β1‖g‖L2(Ω)

t

≤ C√
V∗(x0, τ)

(
ωx0((r′)β)

R
∨ 1

)α
2
(

(r′)β

t
+ 1

) α
2β1‖g‖L2(Ω)

t

≤ C√
V∗(x0, τ)

‖g‖L2(Ω)

t
.

Combining the above four formulas, we obtain

osc
B∗(x0,ρ)

u(·, t) ≤ C√
V∗(x0, τ)

‖g‖L2(Ω)

(
ργτα∗/2

(r′)γ+α∗/2

)
+

C√
V∗(x0, τ)

‖g‖L2(Ω)
(r′)β

t

≤ C√
V∗(x0, τ)

‖g‖L2(Ω)

(
ργτα∗/2

(r′)γ+α∗/2
+

(
r′

τ

)β)
. (3.27)

Now choose r′ such that
ργτα∗/2

(r′)γ+α∗/2
=

(
r′

τ

)β
,

that is,

r′ = ρ
γ

γ+β+α∗/2 τ
β+α∗/2

γ+β+α∗/2 .

With this choice of r′, we have

r′ = ρ
γ

γ+β+α∗/2 τ
β+α∗/2

γ+β+α∗/2 ≥ ρ
γ

γ+β+α∗/2 ρ
β+α∗/2

γ+β+α∗/2 = ρ,
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r′ = ρ
γ

γ+β+α∗/2 τ
β+α∗/2

γ+β+α∗/2 ≤ τ
γ

γ+β τ
β+α∗/2

γ+β+α∗/2 = τ ≤ r,

which shows that the assumption (3.26) is fulfilled.
Substituting this r′ into (3.27), we obtain

osc
B∗(x0,ρ)

u(·, t) ≤ C√
V∗(x0, τ)

(
r′

τ

)β
‖g‖L2(Ω)

≤ C√
V∗(x0, τ)

(ρ
τ

) γβ
γ+β+α∗/2 ‖g‖L2(Ω),

which is exactly (3.22).
Finally, (3.24) follows directly from (3.22) by passing to the limit as r →∞. �

For any set U ⊂M and r > 0, denote by U∗r by the open r-neighborhood of U , that is

U∗r =
⋃
x∈U

B∗(x, r). (3.28)

The following gives the locally Hölder continuity of the heat semigroup solutions in an open subset.

Lemma 3.11. Let u(x, t) = PΩ
t g(x) for g ∈ L2(Ω). Assume that conditions (VD), (RVD),

(Gcap)W , (TJq)W for some q ∈ [2,+∞], (PI)W are all satisfied. Then the following properties
are true.

(a) For any t > 0, the function u(·, t) has a locally Hölder continuous version ũ(·, t) in Ω with the
Hölder exponent θ. Moreover, the function ũ(x, t) is jointly continuous in (x, t) ∈ Ω×(0,∞).

(b) For any open subset U of Ω and any r > 0 with U∗r ⊂ Ω, we have for all t > 0 and all

x ∈ U , x′ ∈M with 2d∗(x, x
′) < (t ∧W (x,R))1/β ∧ r,∣∣ũ(x, t)− ũ(x′, t)

∣∣ ≤ C√
V∗(x, (t ∧W (x,R))1/β ∧ r)

(
d∗(x, x

′)

(t ∧W (x,R))1/β ∧ r

)θ
‖g‖L2(Ω). (3.29)

Here θ is given by (3.23), and the constant C depends only on constants in the hypotheses.

In particular, in the case when Ω = M , the function ũ(x, t) is jointly continuous in (x, t) ∈
M × (0,∞) and satisfies for all x, x′ ∈M and t > 0 with 2d∗(x, x

′) < (t ∧W (x,R))1/β,∣∣ũ(x, t)− ũ(x′, t)
∣∣ ≤ C√

V∗(x, (t ∧W (x,R))1/β)

(
d∗(x, x

′)

(t ∧W (x,R))1/β

)θ
‖g‖L2 . (3.30)

Proof. (a) By a standard argument, it follows from (3.22) that for any fixed t > 0, u(·, t) has a
locally Hölder continuous version ũ(·, t).

On the other hand, by (3.20) (with U = B∗) and (3.16), we have for any ball B∗ := B∗(x0, r)
with B∗ ⊂ Ω and for all t > s ≥ τ > 0,

sup
x∈B∗

|ũ(x, t)− ũ(x, s)| ≤ C(t− s)√
V∗(x0, (τ ∧W (x0, R))1/β ∨ r)

(
ωx0(rβ)

R
∨ 1

)α
2

·
(
rβ

τ
+ 1

) α
2β1 ‖g‖L2(Ω)

τ
, (3.31)

from which, we see that the function t 7→ ũ(x, t) is continuous in t ∈ (0,∞) uniformly in x ∈ B∗.
Since the function x 7→ ũ(x, t) is continuous in x ∈ B∗, we conclude that ũ(x, t) is jointly continuous
in (x, t) ∈ B∗ × (0,∞), and hence in (x, t) ∈ Ω× (0,∞) since B∗ ⊂ Ω is arbitrary.

(b) Note that for all x ∈ U , B∗(x, r) ⊂ Ω. If

ρ < τ := (t ∧W (x,R))1/β ∧ r,
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we obtain from Lemma 3.10,

osc
B∗(x,ρ)

ũ(·, t) ≤ C√
V∗(x, τ)

(ρ
τ

)θ
‖g‖L2(Ω).

For any x′ ∈M with 2d∗(x, x
′) < τ = (t∧W (x,R))1/β ∧ r, we choose ε < τ−2d∗(x,x′)

2 . Then, taking
ρ = 2d∗(x, x

′) + ε in the above inequality, we have

|ũ(x, t)− ũ(x′, t)| ≤ osc
B∗(x,ρ)

ũ(·, t) ≤ C√
V∗(x, τ)

(
2d∗(x, x

′) + ε

τ

)θ
‖g‖L2(Ω), (3.32)

which implies (3.29) by letting ε→∞ since ε is arbitrary.
Finally, (3.30) follows from (3.29) by passing to the limit as r →∞.

�

4. Hölder continuity of the heat kernel

Let Ω be a non-empty open subset of M . Recall that PΩ
t and pΩ

t (x, y) denote the heat semigroup
and the heat kernel of the Dirichlet form (E ,F(Ω)), respectively. In this subsection, we shall show
that the heat kernel pΩ

t (x, y) is locally Hölder continuous. In particular, when Ω = M , the global
heat kernel is Hölder continuous.

4.1. Proof of Theorem 1.12.

Lemma 4.1. Let (E ,F) be a regular Dirichlet form in L2 without killing part. Assume that con-
ditions (VD), (RVD), (Gcap)W , (PI)W and (TJq)W for some q ∈ [2,+∞] are all satisfied. Let
Ω be any non-empty open subset of M . Then the Dirichlet heat kernel pΩ

t (x, y) is locally Hölder
continuous. Moreover, for each t > 0 and x ∈ Ω,

pΩ
t (x, x) ≤ C

V∗(x, (t ∧W (x,R))1/β)
, (4.1)

and, for any non-empty open subset U ⊂ Ω and r > 0 with U∗r ⊂ Ω, and for all x, x′ ∈ U , y ∈ Ω
and t ≥ s > 0 with 2d∗(x, x

′) < (t ∧W (x,R))1/β ∧ r,

∣∣pΩ
t (x, y)− pΩ

s (x′, y)
∣∣ ≤
 1√

V∗(x, (t ∧W (x,R))1/β ∧ r)
+

1√
V∗(x′, (s ∧W (x′, R))1/β)


· C√

V∗(y, (s ∧W (y,R))1/β)

((
d∗(x, x

′)

(t ∧W (x,R))1/β ∧ r

)θ
+
t− s
s

)
, (4.2)

where θ ∈ (0, 1) is defined in (3.23) and C > 0 depends only on the constants in the hypotheses.
In particular, when Ω = M , we have for all x, x′, y ∈ M and t ≥ s > 0 with 2d∗(x, x

′) <

(t ∧W (x,R))1/β,

∣∣pt(x, y)− ps(x′, y)
∣∣ ≤
 1√

V∗(x, (t ∧W (x,R))1/β)
+

1√
V∗(x′, (s ∧W (x′, R))1/β)


· C√

V∗(y, (s ∧W (y,R))1/β)

((
d∗(x, x

′)

(t ∧W (x,R))1/β

)θ
+
t− s
s

)
. (4.3)

Proof. Fix an open subset U of Ω and fix a number r > 0 with U∗r ⊂ Ω (where U∗r is defined in
(3.28)). By Lemma 3.11 and (3.29), for any g ∈ L2(Ω) and t > 0, the function PΩ

t g has a locally
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Hölder continuous version, which we denote still by PΩ
t g, that is, for all x ∈ U , x′ ∈ M and all

t > 0 with 2d∗(x, x
′) < (t ∧W (x,R))1/β ∧ r,∣∣PΩ

t g(x)− PΩ
t g(x′)

∣∣ ≤ C√
V∗(x, (t ∧W (x,R))1/β ∧ r)

(
d∗(x, x

′)

(t ∧W (x,R))1/β ∧ r

)θ
‖g‖L2(Ω). (4.4)

where C > 0 is independent of Ω, U , r, t, x, x′, g.
By (3.16), we have for all t > 0 and all x ∈ B∗(x0, r) with x0 ∈M and r > 0,∣∣PΩ

t g(x)
∣∣ ≤ ‖Ptg‖L∞(B∗(x0,r))

≤ C√
V∗(x0, (t ∧W (x0, R))1/β ∨ r)

(
ωx0(rβ)

R
∨ 1

)α
2
(
rβ

t
+ 1

) α
2β1

‖g‖L2(Ω). (4.5)

On the other hand, for all t > s > 0 and all x ∈ B∗(x0, r) with x0 ∈M and r > 0, by (3.20) (with
U = B∗(x0, r)) and (3.16), we have∣∣PΩ

t g(x)− PΩ
s g(x)

∣∣ ≤ C(t− s)√
V∗(x0, (s ∧W (x0, R))1/β ∨ r)

(
ωx0(rβ)

R
∨ 1

)α
2

·
(
rβ

s
+ 1

) α
2β1 ‖g‖L2(Ω)

s
. (4.6)

Since PΩ
t f is continuous, using [7, Theorem 4.3 and Remark 4.5], it follows from (4.5) that the

followings are true (see also [6, Lemma 5.13, p. 506]):

(1) the Dirichlet heat kernel pΩ
t exists pointwise for (x, y, t) ∈ Ω× Ω× (0,∞);

(2) both pΩ
t (x, ·) and pΩ

t (·, x) are continuous in Ω for every t > 0 and every x ∈ Ω;
(3) the following inequality holds:

sup
x∈B∗(x0,r)

pΩ
t (x, x) ≤ C√

V∗(x0, (t ∧W (x0, R))1/β ∨ r)

(
ωx0(rβ)

R
∨ 1

)α
2
(
rβ

t
+ 1

) α
2β1

,

which implies (4.1) by taking x0 = x and r < (t ∧W (x,R))1/β.

We are to show (4.2). Indeed, fix a point y ∈ Ω. Setting g = pΩ
t (·, y) in (4.4), we obtain from

(4.4) and (4.1) that for all x ∈ U , x′ ∈M , and t > 0 with 2d∗(x, x
′) < (t ∧W (x,R))1/β ∧ r,∣∣pΩ

2t(x, y)− pΩ
2t(x

′, y)
∣∣ ≤ C√

V∗(x, (t ∧W (x,R))1/β ∧ r)

1√
V∗(y, (t ∧W (y,R))1/β)

·
(

d∗(x, x
′)

(t ∧W (x,R))1/β ∧ r

)θ
.

Renaming 2t by t in the above inequality and using (VD∗), we obtain∣∣pΩ
t (x, y)− pΩ

t (x′, y)
∣∣ ≤ C√

V∗(x, (t ∧W (x,R))1/β ∧ r)

1√
V∗(y, (t ∧W (y,R))1/β)

·
(

d∗(x, x
′)

(t ∧W (x,R))1/β ∧ r

)θ
.

Moreover, for x′ ∈ U , y ∈ Ω and t ≥ s > 0, applying (4.6) with t replaced by t − s
2 , s by s

2 , x0

by x′, x by x′, r by (s ∧W (x′, R))1/β and g = pΩ
s/2(·, y), and using (VD∗), we obtain

∣∣pΩ
t (x′, y)− pΩ

s (x′, y)
∣∣ ≤ C(t− s)√

V∗(x′, (s ∧W (x′, R))1/β)

(
ωx′(W (x′, R))

R
∨ 1

)α
2
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·
(
s ∧W (x′, R)

s
+ 1

) α
2β1 ‖pΩ

s/2(·, y)‖L2(Ω)

s

≤ C√
V∗(x′, (s ∧W (x′, R))1/β)

1√
V∗(y, (s ∧W (y,R))1/β)

t− s
s

.

Adding up the above two inequalities, we obtain (4.2).
Finally, (4.3) follows from (4.2) by passing to the limit as r →∞. �

Proof of Theorem 1.12. We need only to rewrite the inequalities in Lemma 4.1 in the original metric
d. And we only prove (1.23) since both (1.21) and (1.22) can be proved similarly.

We can choose η ∈ (0, 1) small enough such that by (2.2) and the left inequality in (1.15), if
d(x, x′) < η(ωx(t) ∧R), then,

d∗(x, x
′)

(t ∧W (x,R))1/β
=

(
d∗(x, x

′)β

W (x, ωx(t) ∧R)

)1/β

≤ c
(

W (x, d(x, x′))

W (x, ωx(t) ∧R)

)1/β

≤ c′
(

d(x, x′)

ωx(t) ∧R

)β1/β

< c′′ηβ1/β <
1

2
.

On the other hand, by (2.3) with r = (t ∧W (x,R))1/β, (1.16) and (VD), we obtain that

V∗(x, (t ∧W (x,R))1/β) ≥ cV (x, ωx(L−β(t ∧W (x,R)))) ≥ c′V (x, ωx(t) ∧R).

Similarly, we also have

V∗(x
′, (s ∧W (x,R))1/β) ≥ c′V (x′, ωx(s) ∧R),

V∗(y, (s ∧W (y,R))1/β) ≥ c′V (y, ωy(s) ∧R).

Plugging the above four inequalities into (4.3), we obtain for all x, x′, y ∈ M , t ≥ s > 0 with
d(x, x′) < η(ωx(t) ∧R),

∣∣pt(x, y)− ps(x′, y)
∣∣ ≤

 1√
V (x, ωx(t) ∧R)

+
1√

V (x′, ωx′(s) ∧R)


· C√

V (y, ωy(s) ∧R)

((
d(x, x′)

ωx(t) ∧R

)θβ1/β

+
t− s
s

)
,

which is (1.23) with λ = θβ1/β = γβ1
γ+β+α∗/2

.

In the case when d(x, x′) ≥ η(ωx(t) ∧ R), (1.23) follows directly from (1.21) and semigroup
property. �

4.2. Proof of Theorem 1.5. One can not directly apply Theorem 1.12 to obtain Theorem 1.5,
because the condition (TJ)β in the hypothesis of Theorem 1.5 is much weaker than (TJq)W for
some q ∈ [2,+∞] in the hypothesis of Theorem 1.12. However, since most part of the proof of
Theorem 1.5 is the same to that of Theorem 1.12, we only mention the differences between their
proofs.

We again start from the oscillation lemma for harmonic functions. Indeed, it follows from [8,
Lemma 5.19, p. 727] that under conditions (V), (TJ)β, (PI)β and (Gcap)β, we also obtain the
oscillation inequality (3.2). That is, there exist three positive constants σ ∈ (0, 1) and γ, C such
that for any ball Br := B(x0, r) with r > 0 and any function u ∈ F ′ ∩ L∞, which is harmonic in
Br, we have for any ρ ∈ (0, r],

osc
Bρ

u ≤ C
(ρ
r

)γ (
rβ esup

x∈ 3
4
Br

∫
Bcr

|u(y)|J(x, dy) + ‖u‖L∞(Br)

)
. (4.7)

Using this inequality, we have the following lemma.
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Lemma 4.2. Assume that conditions (V), (TJ)β, (PI)β and (Gcap)β are all satisfied. Let C0 ≥ 1
and Ω be any open subset of M containing a ball B := B(x0, r) of radius r > 0. If the function
u ∈ F(Ω) ∩ L∞ solves weakly the equation (3.5) for f ∈ L2(Ω) ∩ L∞(B), then for any 0 < ρ ≤ r

osc
B(x0,ρ)

u ≤ C
(ρ
r

)γ
‖u‖L∞(Ω) + Crβ‖f‖L∞(B), (4.8)

where γ is the constant from (4.7) and C is independent of B, u,Ω, ρ, f .

Proof. Firstly, it follows from [8, Proposition 4.7, Eq. (4.33) and Proposition 4.13] that under
conditions (V) and (PI)β, the condition (E∗≤) holds for the case when W (x, r) = rβ, that is, there

exist two constants δ, C > 0 such that for all balls B := B(x0, r) of radius r > 0,∥∥GB1
∥∥
L∞
≤ Crβ.

Then, one can repeat the proof of Lemma 3.5 (for q = 1) by using the above inequality, (4.7)
and (TJ)β instead of (E∗≤), (OSL∗) and (TJ∗1) respectively. Note that (3.10) (for q = 1 and q′ =∞)

is still true under condition (TJ)β even if the jump kernel J(x, y) does not exist. Hence, following
the proof of Lemma 3.5 (for q = 1), we can obtain

osc
B(x0,ρ)

u ≤ C
(ρ
r

)γ (
‖u‖L∞(Ω) + ‖u‖L∞(B)

)
+ Crβ‖f‖L∞(B),

which implies (4.8) since B ⊂ Ω. �

We also need the ultra-contractivity of the semigroup Pt (a similar inequality to (3.13)). Indeed,
one can following the proof of [1, Lemmas 5.2 and 5.5]2 to obtain that, under conditions (V) and
(PI)β,

‖Pt‖L2→L∞ ≤ Ct−α/(2β), t > 0, (4.9)

where the constant C depends only on the constants in conditions (V) and (PI)β (see also [2,
Theorem 2.1] and [12, Lemma 3.7]). Moreover, by the symmetry and duality of Pt, we have

‖Pt‖L1→L2 = ‖Pt‖L2→L∞ ≤ Ct−α/(2β), t > 0. (4.10)

Proof of Theorem 1.5. Firstly, we need to apply (4.9) and Lemma 4.2 instead of (3.14) and Lemma
3.5 respectively to obtain a similar oscillation result to Lemma 3.10.

Indeed, let Ω ⊂ M be a non-empty open set, and let u(x, t) = PΩ
t g(x) ∈ L2 ∩ L∞ for t > 0 and

g ∈ L2(Ω) ∩ L∞. Let B := B(x0, r) with x0 ∈M and r > 0 such that

B ⊂ Ω.

For any t > 0, note that the function u(·, t) satisfies weakly

∂tu(·, t) = −LΩu(·, t),
where ∂tu(·, t) is Fréchet derivative of u(·, t) with respect to t in L2(Ω). By (4.9) and (3.19) (with
U = M) , we have ∂tu(·, t) ∈ L∞(M) for any t > 0.

Fix
ρ ≤ τ := t1/β ∧ r ≤ r

and let
r′ ∈ [ρ, τ ] (4.11)

be a number to be specified later on. Applying (4.8), for the ball B(x0, r
′) ⊂ Ω, we have for any

t > 0

osc
B(x0,ρ)

u(·, t) ≤ C
( ρ
r′

)γ
‖u‖L∞(Ω) + (r′)β ‖∂tu‖L∞(Ω) .

Moreover, we have, by (4.9) and (4.10),

‖u‖L∞(Ω) ≤ ‖Pt/2‖L1→L2 · ‖Pt/2‖L2→L∞ · ‖g‖L1(Ω) ≤ Ct−α/β‖g‖L1(Ω).

2Although these two lemmas are proved on ultrametric spaces, their proofs still work for general metric spaces
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By (3.19) (with U = Ω) and (4.10), we have

‖∂tu‖L∞(Ω) ≤
4

t
‖Pt/2‖L2→L∞ · ‖Pt/4‖L1→L2‖g‖L1(Ω)

≤ Ct−α/β−1‖g‖L1(Ω).

Combining the above three formulas, we obtain

osc
B(x0,ρ)

u(·, t) ≤ Ct−α/β‖g‖L1(Ω)

(( ρ
r′

)γ
+

(r′)β

t

)
≤ Ct−α/β‖g‖L1(Ω)

(( ρ
r′

)γ
+

(
r′

τ

)β)
. (4.12)

Now choose r′ such that ( ρ
r′

)γ
=

(
r′

τ

)β
,

that is,

r′ = ρ
γ

γ+β τ
β

γ+β .

With this choice of r′, we have

r′ = ρ
γ

γ+β τ
β

γ+β ≥ ρ
γ

γ+β ρ
β

γ+β = ρ,

r′ = ρ
γ

γ+β τ
β

γ+β ≤ τ
γ

γ+β τ
β+
γ+β = τ ≤ r,

which shows that the assumption (4.11) is fulfilled.
Substituting this r′ into (4.12), we obtain

osc
B(x0,ρ)

PΩ
t g ≤ Ct−α/β

(
r′

τ

)β
‖g‖L1(Ω) ≤ Ct−α/β

(ρ
τ

) γβ
γ+β ‖g‖L1(Ω).

Using the above two inequalities instead of (3.22) and following the proof of Lemma 3.11, we
obtain that for all t > 0, each PΩ

t g has a locally Hölder continuous version, still denoted by PΩ
t g.

Moreover, the followings are true.

(1). For any t > 0, the function PΩ
t g is jointly continuous in (x, t) ∈ Ω× (0,∞).

(2). For any open subset U of Ω and any r > 0 with Ur ⊂ Ω, we have for all t > 0 and all x ∈ U ,

x′ ∈M with 2d(x, x′) < t1/β ∧ r,

∣∣PΩ
t g(x)− PΩ

t g(x′)
∣∣ ≤ Ct−α/β

(
d(x, x′)

t1/β ∧ r

) γβ
γ+β

‖g‖L1(Ω). (4.13)

Moreover, using (3.20) with U = M and (4.10), we have

‖PΩ
t g − PΩ

s g‖L∞ ≤
4(t− s)

s
‖PΩ

s/2‖L2→L∞‖PΩ
s/4‖L1→L2‖g‖L1(Ω)

≤ C(t− s)
s

· 1

sα/β
· ‖g‖L1(Ω).

Finally, using the above two inequalities, and the following ultra-contractivity of PΩ
t (by (4.9)

and (4.10)):

‖Pt‖L1→L∞ ≤ ‖Pt/2‖L1→L2 · ‖Pt/2‖L2→L∞ ≤ Ct−α/β, t > 0,

and following the proof of Lemma 4.1, we can finish the proof of Theorem 1.5 with

λ :=
γβ

γ + β
.

�
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