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Abstract

The goal of this paper is the spectral analysis of the Schrodinger type operator
H = L+ YV | the perturbation of the Taibleson-Vladimirov multiplier L = % by
a potential V. Assuming that V belonges to a certain class of potentials we show
that the discrete part of the spectrum of H may contain negative energies, it also
appears in the spectral gaps of L. We will split the spectrum of H in two parts:
high energy part containing eigenvalues which correspond to the eigenfunctions
located on the support of the potential V, and low energy part which lies in
the spectrum of certain bounded Schrédinger type operator acting on the Dyson
hierarchical lattice.

We pay special attention to the class of sparse potentials. In this case we
obtain precise spectral asymptotics for H provided the sequence of distances
between locations tends to infinity fast enough.

We also obtain certain results concerning localization theory for H subject
to (non-ergodic) random potential V. Examples illustrate our approach.
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1 Introduction

The spectral theory of nested fractals similar to the Sierpinski gasket, i.e. the spectral
theory of the corresponding Laplacians, is well understood. It has several important
features: Cantor-like structure of the essential spectrum and, as result, the large num-
ber of spectral gaps, presence of infinite number of eigenvalues each of which has infinite
multiplicity and compactly supported eigenstates, non-regularly varying at infinity heat
kernels which contain an oscillating in log ¢ scale terms etc., see [16], [12] and [7].

The spectral properties mentioned above occur in the very precise form for the
Taibleson-Vladimirov Laplacian ¢, the operator of fractional derivative of order a.
This operator can be introduced in several different forms (say, as L?-multiplier in the
p-adic analysis setting, see [39]) but we select the geometric approach [13], [28], [27],
31, [4], [5] and [6].

1.1 The Dyson hierarchical model

Let us fix an integer p > 2 and consider the family {II, : r € Z} of partitions of the set
X = [0, 00| such that each II, consists of all intervals I = [kp”, (k+1)p"[, k =0,1,....
We call r the rank of the partition II, (respectively, the rank of the interval I € II,).
Each interval of rank r is the union of p disjoint intervals of rank (r — 1). Each point
x € X belongs to a certain interval I,.(x) of rank 7, and intersection of all intervals

I.(z) is {z}.

Definition 1.1 Let B be the family of all intervals [kp", (k + 1)p"[. The hierarchical
distance d(x,y) is defined as the length |I| of the minimal interval I € B which contains
both = and y.

It is easy to see that the function (x,y) — d(x,y) is non-degenerate, symmetric
and for arbitrary x,y and z,

d(z,y) < max{d(z, 2),d(z,y)},
i.e. d(z,y) is an ultrametric on X. It has the following properties:

e The ultrametric d(x,y) majorizes the Euclidean metric |z — y| but these two
metrics are not equivalent. Indeed, by the very definition, d(z,y) > |z — y| for
all z,y € X whereas d(1 —¢,1) =pforall 0 <e < 1.
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Figure 1: Comparison of two metrics: d (z,y) > |z — y|

e (X,d) is a complete locally compact non-compact and separable metric space. In
this metric space the set of all open balls coincides with the set of all intervals
I € B. Next property says that (X,d) is a totally disconnected metric space.’

e Each open ball B in (X,d) is a closed compact set, each point = of B can be
regarded as its center, any two balls either do not intersect or one is a subset of
another etc.

e The Borel o-algebra generated by the ultrametric d(z,y) coincides with the clas-
sical Borel o-algebra generated by the Euclidean metric.

Definition 1.2 Let us fiz a parameter £ €]0,1[. The hierarchical Laplacian L we
introduce following [30] as a linear combination of “elementary Laplacians”

+o00 1

Lhe) = 3 (=mw | f@) = s [ gam |- (1)
I (z)

r=—00

The series in (1.1) diverges in general but it is finite and belongs to L*(X,m) for
any f € L*(X,m) which takes constant values on intervals of any fixed rank r.

The operator L admits a complete system of compactly supported eigenfunctions.
Indeed, let I be an interval of rank 7, and I3, I, ..., I, be its subintervals of rank r — 1.
Set A(r) = k"' and consider p functions

1; 1[

fL,’ == — T
L] |1

L i=1,2,...,p.

Each function f;, belongs to the domain of the operator L and satisfies the equation

LfIi = )\(r>flz

n particular, (X, d) is homeomorphic to the punctured Cantor set {0,1}*°\{o}, see a survey on
totally disconnected metric spaces in [5, Section 1].
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The eigenspace H(I) = span{f;,} has dimension p — 1 because ) . f;, = 0. The
eigenspaces H(I) and H(I") are orthogonal provided I # I’, and

L*(X,m) =P (@H([)) .

reZ \I€ll,

In particular, L is an essentially self-adjoint operator having a pure point spectrum.
Clearly each eigenvalue \(r) = "' has infinite multiplicity, whence Spec(L) coincides
with its essential part Specess(L).

We shell see below that writing x = p~® the operator L can be identified with
the Taibleson-Vladimirov operator ©¢, the operator of fractional derivative of order «
defined as L:-multiplier in the p-adic analysis setting [41], [21].

According to [4] the operator L can be represented as a hypersingular integral
operator acting in L?(0, c0),

L) = / (F(2) — £(3)) J(x,y)dy

where
k1 —1 1

T=rfp ey
The Markov semigroup (e~ )¢ is symmetric and admits a continuous heat kernel
p(t,z,y). ? The function p(t,x,y) can be estimated as follows

J(z,y) =

t

3
Ay g -

p(t,x,y) < [

The function p(t) := p(t,z,x) does not depend on z. By [30, Proposition 2.3|, it can
be represented in the form
p(t) =t A(log, 1), (1.3)

where A(7) is a continuous non-constant a-periodic function, see also an extended
version of this result in [7]. In particular, in contrary to the classical case (symmetric
stable densities), the function t — p(t) does not vary regularly.

There are already several publications on the hierarchical Laplacian acting on a
general ultrametric measure space (X, d,m), see [2], [1], [28], [27], [3], [4], [5], [6].
By the general theory developed in [3], [4] and [5], any hierarchical Laplacian L acts
in L?>(X,m) as essentially self-adjoint operator having a pure point spectrum. This
operator can be represented in the form

Lf(z) = / (f(2) — F()) T (. y)dm(y). (1.4)

X

2The function (x,y) — p(t,z,y) is continuous (and even locally Lipschitz continuous) w.r.t. the
ultrametric d(z,y) but it is discontinuous w.r.t. the Euclidean metric |z — y|

3 We write f < g if the ratio f/g is bounded from above and from below by positive constants for
a specified range of variables. We write f ~ g if the ratio f/g tends to identity.



The Markov semigroup (e 'f);~o admits with respect to m a continuous transition
density p(t,z,y). It turns out that in terms of certain (intrinsically related to L)
ultrametric d,,
1/d*(:1,‘,y)

Hew)= [ N (15)

0

1/d«(x,y)
Pt y) =t / N(z, 7) exp(—tr)dr, (16)

0

where N (z,7) is the so-called spectral function related to L (will be defined later).

1.2 Outline

Let us describe the main body of the paper. In Section 2 we introduce the notion of
homogeneous hierarchical Laplacian L and list its basic properties: the spectrum of
the operator L is pure point, all eigenvalues of L have infinite multiplicity and com-
pactly supported eigenfunctions, the heat kernel p(¢, x,y) exists and it is a continuous
function having certain asymptotic properties etc. As a special example we consider
the case X = Q,, the ring of p-adic numbers endowed with its standard ultrametric
d(z,y) = |r —yl, and the normed Haar measure m. The hierarchical Laplacian L
in our example coincides with the Taibleson-Vladimirov operator ©¢, the operator of
fractional derivative of order a, see [39], [41], and [21]. The most complete source for
the basic definitions and facts related to the p-adic analysis is [20] and [38].

The Schrodinger type operator H = L+V with hierarchical Laplacian L was studied
in [14], [28], [30], [31], [10], [25], [26] (the hierarchical lattice of Dyson) and in [41], [40],
[21] (the field of p-adic numbers). In the next sections we consider the Schrédinger type
operator acting on a homogeneous ultrametric space X. We assume that the potential
V' is of the form V = Zail B;, Wwhere B; are balls which belong to a fixed horocycle 'H

(i.e. all B; have the same diameter). The main aim here is to study the set Spec(H).
Under certain assumptions on V' (e.g. V(x) — 0 at infinity w etc.) we conclude that
the set Spec(H) is pure point (with possibly infinite number of limit points). We split
the set Spec(H) in two disjoint parts: the first part consists of the point A = 0 and the
eigenvalues of the operator L which correspond to the horocycle ‘H (with compactly
supported eigenfunctions) and the second part is the closure of a countably infinite set
= of eigenvalues of the operator H (with non-compactly supported eigenfunctions). In
the case of sparse potential V, i.e. when d(B;, B;) — oo fast enough we specify the

structure of the set =. In this connection we would like to mention here pioneering
works of S. Molchanov [28], D. Krutikov [23], [24], and N. Kochubei [21].

In the last section we consider the potential V' of the form V = Zai (w)lp,, where
oi(w), w € (Q, F, P), are i.i.d. random variables, and embark on the localization the-
ory. More precisely, we show that if the sequence of (non-random) distances d(B;, B;)
between locations tend to infinity fast enough then the spectrum of H is pure point
for P-a.a. w € (.

In the case when X is discrete, L is the Dyson Laplacian, B; are singletons and V'
is ergodic the localization theorem appeared first in the paper of Molchanov [28] (o;(w)



are Cauchy random variables) and later (under more general assumptions on o;(w))
in the papers of Kritchevski [26] and [25]. The proof of this theorem is based on the
self-similarity of H. This approach is not applicable to the case of (random) sparse
potentials.

The proof of the localization theorem for (random) sparse potentials presented in
this paper is based on the abstract form of Simon-Wolff criterion [37] for pure point
spectrum, technique of fractional moments, decoupling lemma of Molchanov and Borel-
Cantelli type arguments, see [1], [27].

2 Preliminaries

2.1 Homogeneous ultrametric space

Let (X, d) be an ultrametric space. Recall that a metric d is called an ultrametric if it
satisfies the ultrametric inequality

d(xz,y) < max{d(z,z),d(z,y)},

that is stronger than the usual triangle inequality. Henceforth we assume that the
ultrametric space (X, d) is separable, non-compact and proper, that is, each d-ball is a
compact set.

For any x € X and r > 0 let B, (z) = {y € X : d(z,y) <7} be a closed ball. The
basic consequence of the ultrametric property is that B, (x) is an open set for any
r > 0. Moreover, each point y € B, () can be regarded as its center, any two balls
of the same radius are either disjoint or identical etc. See a survey part in paper [5,
Section 1] and references therein.

To any ultrametric space (X, d) one can associate in a standard fashion a tree 7.
The vertices of the tree are metric balls, the boundary 07 can be identified with the
one-point compactification X U {w}. We refer to [5, Section 1] for a treatment of the
association between ultrametric space (X, d) and the tree 7 of its metric balls.

Definition 2.1 Let m be a Radon measure on X. The triple (X, d, m) we call a homo-
geneous ultrametric measure space if the group of isometries of (X,d) acts transitively
on X and if the measure m is invariant w.r.t. the action of this group.

The following remarkable result is due to M. Del Muto and A. Figa-Talamanca, see
paper [11, Section 2].

Theorem 2.2 Any homogeneous ultrametric measure space (X, d, m) can be identified
with certain locally compact Abelian group & equipped with a translation invariant
ultrametric 0 and the Haar measure m.

For example, the set X = [0, +oo[ equipped with the ultrametric structure gener-
ated by p-adic intervals can be identified with Q,, the ring of p-adic numbers.

The identification in Theorem 2.2 is not unique. One possible way to define the
identification is to choose the sequence {a,} of forward degrees associated with the tree
of balls 7. This sequence is two-sided if X is non-compact and perfect, it is one-sided
if X is compact and perfect, or if X is discrete. In the 1st case we identify X with €2,
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the ring of a-adic numbers, in the 2nd case with A, C €2, the ring of a-adic integers,
and in the 3rd case with the discrete group [Q, : Ay] ~ Zy, @ Zg, @ ..., the week sum
of cyclic groups Z,,. We refer the reader to [17] for the comprehensive treatment of
special groups Q,, A, and Z,, & Zg, & ....

2.2 Homogeneous hierarchical Laplacian

Let (X, d,m) be a homogeneous ultrametric measure space. Let B be the set of all
open balls, B (z) C B the set of all balls centred at z, and C' : B — (0, 00) a function
satisfying the following conditions

1. m(A) =m(B) < C(A4) = C(B),
2. M(B):= Y. CO(T) < oo,

TeB: BCT

3. SUppep(r) A(B) = oo for any non-isolated z.

The class of functions C(B) satisfying these conditions is reach enough. For exam-
ple, let us fix @ > 0 and for any two nearing neighboring balls B C B’ set

C(B) =m(B)™* —m(B')"*,

then

Definition 2.3 Let C' : B — (0,00) be as above, we define the homogeneous hierar-
chical Laplacian L pointwise as

L) = 3 C(B) ﬂ@—zéﬁ/ﬂmz. (2.1)

BeB(x)

Let D be the set of all compactly supported locally constant functions. * The series
in (2.1) diverges in general but for f € D it belongs to C.o(X) N L*(X, m). Moreover,
the operator L admits a complete in L?(X,m) system of eigenfunctions

]-B 1B’

h:mm_mwy

(2.2)

where the couple B C B’ runs over all nearest neighboring balls. The eigenvalue
corresponding to fp is the number A(B’) defined at condition 2.

In particular, we conclude that L : D — L?*(X,m) is an essentially self-adjoint
operator. Each eigenvalue A\(B) has infinite multiplicity so Spec(L) is pure point and
coincides with its essential part.

The intrinsic ultrametric d,(x,y) is defined as follows

0 when z =y

d(z,y) := { 1/Mzxz Ay) when z#vy ’ (2:3)

4The set D is a dense subset in each of the Banach spaces Coo(X) and LP(X,m), 1 < p < cc.
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where x A y is the minimal ball containing both x and y. In particular, for any open

ball B, we have
1

ANB) = ——. 2.4

(B) diam,(B) 24)

The spectral function T — N(T), see equation (1.5), is defined as a left-continuous
step-function having jumps at the points A(B), and

N(A(B)) = 1/m(B).

The volume function V(r) is defined by setting V(r) = m(B) where the ball B has
d.-radius r. It is easy to see that

N(r)=1/V(1/71). (2.5)
The Markov semigroup P; = e~*L admits a continuous density p(t, z,y) with respect to
m, we call it the heat kernel. The function p(t, z,y) can be represented in the form given
by equation (1.6). Respectively, the Markov generator L admits the representation
given by equations (1.4) and (1.5).

The resolvent operator (L + AX)~', A > 0, admits a continuous strictly positive
kernel R(A, x,y) with respect to the measure m. The resolvent operator is well defined
for A = 0, i.e. the Markov semigroup (P;);~o is transient, if and only if for some
(equivalently, for all) x € X the function 7 — 1/V(7) is integrable at co. Its kernel
R(x,y) := R(0,z,y), called also the Green function, is of the form

+oo
dr
= | ——,r=d(z,y). 2.
Reg) = [ 507 = da) (2.
Under certain Tauberian conditions equation (2.6) takes the form
r

R = ——, r=d.(x,y). 2.7
(,9) = gy 7= k) 27)

For all these facts we refer the reader to [3], [4], and [5].

2.3 Subordination

Let & : R, — R, be an increasing homeomorphism. For any two nearest neighboring
balls B C B’ we define

C(B) = (1/m(B)) — ¢ (1/m(B)). (2.8)
The following properties hold true:

(i) M(B) = ®(1/m(B)). In particular, the hierarchical Laplacians Le and L;, are
related by the equation Lg = ®(Ly).”

(ii) du(z,y) =1/ (1/m(z A y)),

°In the case ®(7) is a Bernstein function the association Ly = ®(L;4) has been studied in the
well-known Bochner’s subordination theory [15].




(iii) V(r) <1/®7'(1/r). Moreover, V(r) < 1/®'(1/r) whenever both ® and &' are
doubling and m(B’) < em(B) for some ¢ > 0 and all neighboring balls B C B'.
In turn, this yields the heat kernel estimates

e <tmind o7 (1) oem (g ) @9

2.4 L’-multipliers

As a special case of the general construction consider X = @Q,, the ring of p-adic
numbers equipped with its standard ultrametric d(z,y) = |z — y|,. Remined that the
ultrametric space (Q,,d) and the ultrametric space ([0,00),d) with non-Euclidean d
(the Dyson’s model) are isometric.

Let m be the normed Haar measure on the Abelian group Q, and F : f — ]?the
Fourier transform acting in L*(Q,, m). It is known, see [38], [41], [21], that F : D — D
is a bijection.

Let ® : R, — R, be an increasing homeomorphism. The self-adjoint operator
®(D) we define as L?—multiplier, that is,

~

B(D)f(€) = (¢, (€), €€, (2.10)

By [4, Theorem 3.1], ®(®) is a homogeneous hierarchical Laplacian. The eigenvalues
A(B) of the operator (D) are of the form

A(B) = @ (%) . (2.11)

Let p(t,z,y) be the heat kernel associated with the operator ®(®). Assume that
both ® and ®~! are doubling, then equation (2.9) applies. Since for any z,y € Q,,
m(z A y) = |z — yl, we obtain

1 1 1 1
p(t,z,y) <t-min{ -1 <—> , P , (2.12)
t t) |z —yl, \lr—vyl,

The Taibleson-Vladimirov operator ®¢ is L?-multiplier, it can be written as a hyper-
singular integral operator

0%f(x) =

1 _
/) {ff)dm(y), (2.13)
Po(=a) Jo, |y —=l,
where I'y(2) = (1 — p*')(1 — p~#) ! is the p-adic Gamma-function, see [41, VIIL.2 ].
The heat kernel p, (¢, x,y) of the operator D admits two-sided bounds
t

tl/a + ’I’ _ y’p)l+a'

(2.14)

pa(t’x?y) = (

In particular, the Markov semigroup (e~ ), is transient if and only if & < 1. In the
transient case the Green function R, (z,y) is of the form

1 1
Raolx,y) = .
R P

For all facts listed above we refer the reader to [3], [4] and [5].

(2.15)
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3 Schrodinger type operators

3.1 Preliminary results

Let (X,d,m) be a homogeneous ultrametric measure space and L a homogeneous
hierarchical Laplacian acting on (X, d, m). Identifying (X, d) with a locally compact
Abelian group (say, X = Q) one can regard —L as a translation invariant isotropic
Markov generator. By (1.4), the operator L : D — L*(X,m) is of the form

Lf(z) = / (F(z) = F()J(x — y)dm(y). (3.16)

Qv

or equivalently, in terms of the Fourier transform F : g — g,

~

Lf(6) = L(8) - [(0), 6 € Q,, (3.17)

where E(Q) is a negative definite function [9]. By the Lévy-Khinchin formula,

() = / [1 = Re (b, 0Y].J(h)dm(h). (3.18)
Qp

Let V' be a real measurable function. Consider the Schrodinger type operator
Hu=Lu+V - u,ueD. (3.19)

Our goal is to show that under certain mild conditions on V' one may associate a
self-adjoint operator H with the equation (3.19).

Theorem 3.1 Assume that V' is locally bounded. Then the following is true:

(i) The operator H = L +V is essentially self-adjoint.5

(i1) Assume that V(x) — 400 as x — w. Then the operator H has a compact
resolvent. Consequently, the spectrum of H is discrete.

(1ii) Assume that V(x) — 0 as © — w. Then the essential spectrum of H coincides
with the spectrum of L. Thus, the spectrum of H is pure point and the negative part of
the spectrum consists of isolated eigenvalues of finite multiplicity.

Proof. (i) As the potential V is locally bounded H : D — L*(X,m) is a well-defined
symmetric operator. Let us choose an open ball O which contains the neutral element
and write equation (3.16) in the form

Lf(z) = / n / (@) — Fo + )] (y)dm(y)

= Lof(l') + Locf<.’lj'>

We have Hf = Lof 4+ Lo-f + V f, where the operator V is the operator of mul-
tiplication by the function V(x). The operator Lo.f = J(O°)(f — a * f), where

6Recall that, for the classical Schrédinger operator H = —A +V in R™, this statement is not true,
unless V satisfies a certain lower bound, see [8, Chapter II, Theorem 1.1 and Example 1.1].
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a(y) = J(y)loe(y)/J(O°), is a bounded symmetric operator in L*(X,m) (as f — a* f
is the operator of convolution with probability measure a(y)dm(y)) and thus does not
influence self-adjointness. As Lo is minus Lévy generator it is essentially self-adjoint
(one more way to make this conclusion is that the matrix of the operator L is diagonal
in the basis {fg} of eigenfunctions of the operator L, see [22]).

For any ball B which belongs to the same horocycle ‘H as O we denote $Hp the
subspace of L?(X,m) which consists of all functions f having support in B. Since O
is a subgroup of the Abelian group X and each ball B € H is a coset (i.e. belongs
to the quotient group [X : O]), we conclude that $p is an invariant subspace of the
symmetric operator Hp = Lo + V. Moreover, by symmetry $g reduces Hop.

The ultrametric space X can be covered by a sequence of non-intersecting balls
B,, (recall that due to the ultrametric property two balls of the same diameter either
coincide or do not intersect). This leads to the orthogonal decomposition

L(X,m) = 95,

where each $p  reduces Hp. The restriction of the essentially self-adjoint operator Lo
to its invariant subspace $)p, is an essentially self-adjoint operator, while the restriction
of the operator V' is bounded. Thus Hy is essentially self-adjoint as orthogonal sum of
essentially self-adjoint operators Hp ., the restriction of Hp to g, .

(72) The proof is similar to the one for the Schrédinger operators given in [41,
Theorem X.3]; the main tools are boundedness from below of the operator H and the
Riesz-Rellich compactness criteria for subsets of L?(X,m).

(i7i) Let us show that the operator V' is L—compact. Then, by [18, Theorem
IV.5.35], the essential spectrums of the operators H and L coincide. Recall that
L—compactness means that if a sequence {uw,} is such that both {w,} and {Lu,}
are bounded then there exists a subsequence {u/} C {u,} such that the sequence
{Vul} converges.

1. Denote v, = Lu, + u,. By assumption the sequence {v,} is bounded and
U, = Riv, = r1 *xv,. It follows that the quantity

([t m- un<x>|2dm<x>)l/2 <lolls [ I+ 1) = n(@ldn(e)

tends to zero uniformly in n as h tends to the neutral element. Thus, the sequence
{u,} consists of equicontinuous on the whole in L?(X,m) functions. The same is true
for the sequence {Vu,}. Indeed, for any ball B which contains the neutral element we
write

1/2
(/ [V (x + R)un(z 4+ h) — V(2)u,(x)]? dm(x)) <IT+II+111,

where

=V (/ |t (x4 h) = u, ()] dm<:v)> " )

1/2
17 = Jun]l» ( / rv<x+h>—v<x>\2dm<x>) ,
111 = a2 sup [V(z + 1) — V().

reBe°
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Clearly I,I1 and III tend to zero uniformly in n as h tends to the neutral element
and B " X.

2. The sequence {Vu, } consists of functions with equicontinuous L?*(X,m) integrals
at infinity. Indeed, for any ball B which contains the neutral element we have

/ Vi (@) 2 dm() < [Jun] 2 sup [V ()] — 0
Bt,

reBe°

uniformly in n as B 7~ X.

Thus, the sequence {Vu,} is bounded in L*(X,m), consists of equicontinuous on
whole in L?(X,m) functions with equicontinuous L?*(X,m) integrals at infinity. By
the Riesz-Kolmogorov criterion of compactness in L?*(X,m), the set {Vu,} is compact,
whence it contains a convergent subsequence {Vu! }, as claimed. m

In the case when the ultrametric measure space (X, d, m) is countably infinite the
statement (ii) of Theorem 3.1 can be complemented as follows.

Theorem 3.2 Assume that (X, d, m) is countably infinite. Then the following state-
ments are equivalent:

(i) The operator H has a discrete spectrum.
(ii) |V(x)| tend to infinity as r — w.

Proof. (i) = (i) : Since X is discrete L is a bounded symmetric operator, let us
set d := ||L||. Suppose that |V (z)| tend to infinity as  — w. Then for every given
interval I = [a,b] and its neighborhood I’ = [a —d — 1,b + d + 1] there exist a finite
set A of points x such that V(z) € I'. Let us choose v ¢ I’ and define the operator
H' = L + V' where @) if vdA

i V() it x
V(x).—{ v if zeA

The resolvent of the operator V' : u(x) — V(z)u(z) is analytic inside of I" and, as a
result, the resolvent of H' is analytic inside of I. Indeed, it is straightforward to show
that

d
/ 1| _ I -1
LV =D = [|(V' = AD)'L|| < a1 b

for any A € I. It follows that the operator
H — A= V"= A)(E+L(V' =)™

is invertible. This in turn implies that the operator H' has no spectrum inside the
interval I. But the difference H — H’ is an operator of finite rank. Hence the operator
H has (in the same interval I) not more than finite number of eigenvalues, see Lemma
3.12 below. Thus we have already proved that the spectrum of H is discrete.

(1) = (i7) : Suppose that the operator H has a discrete spectrum. Then clearly
the spectrum of H? is also discrete. Let E; < Ey < --- be the eigenvalues of H2. Then
by Courant’s min — max principle

E, = ¢mhzlpn max{ (v, H*) : ¥ € span(r, ..., ), ¢l = 1}. (3.20)

Tyeesy
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Assume that |V (z)| does not tend to +00 as  — w. Then there exists a sequence
{z,} C X such that |V (z,)| < C for some C' > 0 and all n > 1. It follows that

(v, H*) < 2(d* + C?), Y € 5pan(0y,,0ay, Ous, ---), |[0] = 1. (3.21)

Equations (3.20) and (3.21) imply that the interval [0,2(d? + C?)] contains at list one
limit point of the sequence {F,}, i.e. the essential spectrum of H? (equivalently of H)
is not empty. This fact contradicts the discreetness of the spectrum of H? (or H). This
proves the second part of the theorem. m

The class I In the continuous case the situation is not so obvious. Let us consider
a class class IC of potentials V' of the form

V=> a(B)]ls,

BeH

where H is any fixed horocycle in the tree of balls. For a potential V' € IC let us select
the following Hilbert subspaces of L*(X,m) :

e L, =span{lp: B € H}
o Lp=span{fr:T & B}

o L_=I*X,m)oL,=HLs

BeH

The following three lemmas can be proved by inspection.

Lemma 3.3 The linear spaces L., Lg and L_ are invariant subspaces for both oper-
ators H and L. Let H,,Hp and H_(resp. Ly, Lg and L_) be the restriction of the
operator H (resp. L) to L., Lp and L_ respectively. The following properties hold
true:

(1) H=H, ®H_,
(ZZ) HB:LB+O<B),

(iti) H- = @ (Lp + (B)).

BeH

Remind that Lfp = A(B’)fp for any open ball B. As B converges to a single-
ton \(B’) — +oo whence Lp has discrete spectrum. By the homogeneity property
Spec(La) is the same for all A € H. Let us set

o Sy = Spec(Ly),
e Ry : =Range(V).
Lemma 3.4 In the introduced notation
Spec(H_) = Sy + Ry

In particular, the operator H_ has a pure point (not necessary discrete) spectrum.

13



Let us choose in each ball B € ‘H an element ag and consider a discrete ultrametric
space (X',m/,d’) with X' = {ap : B € H} induced by (X, m,d).

Lemma 3.5 The operator L, can be identified with certain hierarchical Laplacian
L’ acting on (X',m/,d'), respectively the operator H, can be identified with certain
Schridinger type operator H' = L' + V' with potential V' ="+, V(a)d,.

Theorem 3.6 For a potential V € K the statements (i) and (ii) of Theorem 3.2 are
related by the implication (i) = (ii). The inverse implication (ii) = (i) holds true
if and only if the set Sy + Ry has no accumulating points.

Proof. If we assume that Spec(H) is discrete, then the operator H, (whence the op-
erator H') has a discrete spectrum. Applying Theorem 3.2 we conclude that |V (z)| —
+o0, i.e. (i) = (i7) as claimed.

If the sequence {o(B) : B € H} contains a subsequence o(By) — —oo then it may
well happen that the set Spec(H_) = &3+ will contain a number of accumulating
points, i.e. Spec(H) in this case is not discrete. In particular, (i) = (i) if and only
if the set G4 +9Ry has no accumulating points. m

3.2 Rank one perturbations

In this section we assume that the homogeneous ultrametric measure space (X, d, m) is
countably infinite. In this case X can be identified with a countable Abelian group G
equipped with an increasing sequence {G,, }nen of finite subgroups such that NG,, = {0}
and UG, = G. Each ball in G is a set of the form g + G, for some g and n.

As an example one can consider the group G = Z(p1)® Z(p2) & .. ., the weak sum
of cyclic groups, equipped with the sequence of its subgroups

Gn=Z(p)®ZL(p2) & ... 8 ZL(p,) ® {0} & ....

Let L be a homogeneous hierarchical Laplacian. We study spectral properties of
the Schrodinger type operator H = L + V with potential V(z) = —od,(x), o > 0.
Clearly H can be written in the form

Hf(x)=Lf(x) —o(f,0a)0q(x),

that is, H can be regarded as a rank one perturbation of the operator L. In this
connection let us recall an abstract form of the Simon-Wolff theorem [37, Theorems 2
and 2’] about pure point spectrum of rank one perturbations.

The Simon-Wolff criterion Let A be a self-adjoint operator with simple spectrum
on a Hilbert space H, and let ¢ be a cyclic vector for A, that is, {(A—X)"'p | Im A >0}
is a total set for H. By the spectral theorem, H is unitary equivalent to L*(R, ) in
such a way that A is multiplication by z with cyclic vector ¢ = 1. Here pq is the
spectral measure of ¢ for A. Let H = A+ o(¢p, ) be a rank one perturbation of the
operator A. Set

F(z) = /(;1:— y) 2duo(y —hmH (x +ie)l ’190“2.

14



Theorem 3.7 Fiz an open interval Ja,b[. The following are equivalent:
(1) For a.e. o, H has only pure point spectrum in |a,b|.
(i1) For a.e. x €la,b[, F(z) < oo.

In general, if Hy is the closed subspace generated by vectors {(A—AI)"1p [Im A >0},
then its orthogonal complement (Hy)™ is an invariant space for H and H = A on (H,)*.
Thus, the extension from the cyclic to general case is clear.

The function ¢ = ¢, is not a cyclic vector for L because the operator L has many
compactly supported eigenfunctions ¢ having support outside of a. Indeed, for any
such ¢, for all A € C with Im A >0 and for some eigenvalue )\, we will have

(L = N84, 0) = (84, (L — AI)1¢) = (84, (A — A)"100) = 0.

We use the Krein type identity below to show that the spectrum of the operator
H = L — 0/, is pure point for all 0. Let ¢(x) = R(\, z,y) be the solution of the
equation

Lip(x) = Mp(x) = 0, (x).
Let ¥y (z) = Ry (A, x,y) be the solution of the equation

Hipy (x) — My (x) = 0, ().

Notice that L and H are symmetric operators whence both (z,y) — R(\, z,y) and
(z,y) — Ry (A, x,y) are symmetric functions.

Theorem 3.8 In the notation introduced above

oR(\ x,a)R(A, a,y)

Rv(\z,y) =R\ x,y)+ I —oR(Naa) (3.22)
R\, a,
and ROA )
Ry (A a,0) = UR’&’O; ot (3.24)
Proof. We have
Lipy (z) — My (2) = by(x) + 00a(2)¢v ()
= 0y(z) + 0da(x) v (a).
It follows that
Yy (x) = R\, z,y) + oty (a)R(\, z, a). (3.25)

Setting = a in the above equation we obtain

Yy (a) = R\ a,y) + oy (a)R(A, a,a)

or

Yy (a)(1 —oR(N a,a)) = R(A a,y).

Since ¥y (a) = Ry (A, a,y) we obtain equation (3.24). In turn, equations (3.24) and
(3.25) imply (3.22) and (3.23). =
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Theorem 3.9 The operator H = L —0d, has a pure point spectrum which consists of
at most one negative eigenvalue and countably many positive eigenvalues with accumu-
lating point 0.

The operator H has precisely one negative eigenvalue A\ if and only if o > 0 and
one of the following two conditions holds: (i) the semigroup (e *F);~q is recurrent,
(ii) the semigroup (e 'F);sq is transient and R(0,a,a) > 1/o. If it is the case, then
Spec(H) consists of numbers

AT <0< <A1 <AL <A <o < A< A] < g
Otherwise Spec(H) consists of numbers
0 <o <A1 <AL <A <o < A < AT < Ap
If 0 <0, then Spec(H) consists of numbers
0 < < Apg1 <AL <A < <A AT <A < AT

The eigenvalues A\ are at the same time eigenvalues of the operator L. All A\ have
infinite multiplicity and compactly supported eigenfunctions, the eigenfunctions of the
operator L, whose supports do not contain a.

The eigenvalue A, (resp. A7, X7 ) is the unique solution of the equation

R(A a,a) =1/0

in the interval |Apip1, Ai[ (resp. | — 00,0], JA1,4+00]). Each A] (resp. A7, A7) has
multiplicity one and non-compactly supported eigenfunction Yy (x) = R(A], x,a) (resp.

b (x) = RN, ,a), ¥y (2) = RON, 2,a) ).

Figure 2: The roots {A7} of the equation R (), a,a) = 1/0. The dashed graph corre-
sponds to a recurrent case, the solid graph — to the transient case.
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Proof. Let T(X) be the tree of balls associated with the ultrametric space (X, d).
Consider in Y(X) the infinite geodesic path from atow : {a} = By & B1 & ... & By &
. The series below converges uniformly and in L2

= (ot ~atin) (st i) * =t 0

Notice that all fp, are eigenfunctions of the operator L, i.e. Lfp, = AN Bit1)fn, =
Me+1/B,- By definition R(\, z,y) = (L — A\)7'4,(x) whence we obtain

R(/\>ava) )\ _)\fBo( ) _)\fB1<a>+

Y - A (m&%) - m<21>>

" )\21—)\ (m(lBl) - m(;ﬂ) T

or in the final form

R(\, aa) iA = (g ) (3.27)

Since A — R(A\, a,a) is an increasing function, the equation

1—0R(\a,a) =0, o+#0, (3.28)
has precisely one solution A{ lying in each open interval |Agi1, Ag| ,
)\k:—i-l < )\g < )\k, k= 1,2,... .

Claim 1 All numbers A are eigenvalues of the operator H. Indeed, the function
P(z) = R(\, x,a) with A = A satisfies the equation

Hip(z) — Mp(x) = Lp(x) — Ap(x) — 00a(2)(2)
= Lyp(x) = M (x) — 0da(2)9(a)
= Lip(x) = Mp(x) = da(x) = 0.

Claim 2 All numbers )\, are eigenvalues of the operator H. Indeed, for any ball B
which does not contain a but belongs to the horocycle Hy_; we have

Hfp = Lf= S5

When o > 0 there may exist one more eigenvalue \? < 0, a solution of the equation
(3.28). Indeed, A — R(\, a,a) is an increasing function, continuous on the interval
| —00,0]. Since R(\,a,a) — 0 as A — —oo and R(\,a,a) — R(0,a,a) < +00 as
A — —0, equation (3.28) has unique solution A = A% < 0 in the cases (7) and (éi).The
proof of the theorem is finished. m
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Example 3.10 The Dyson’s Laplacian. Consider the set X={0,1,2,...} equipped with
the counting measure m and with the set of partitions {II, : r = 0,1, ...} each of which
consists of all rank r intervals I, = {z € X : kp" <z < (k+1)p"}. The set of partitions
{I1,} generates the ultrametric structure on X and the hierarchical Laplacian

D) = Y (1= | o) = s [ | k=

r=1

where the sum is taken over all rank r intervals I,(x) containing x.

The operator D% admits a complete system of compactly supported eigenfunctions.
Indeed, let I be an interval of rank r, and Iy, I, ..., I, be its subintervals of rank r — 1.
Let us consider p functions

1;

7

— 11
m(L;)  m(I)’

fli - 221,2,7])

Each function fi, belongs to the domain of the operator D* and

D fr, = K" fr,.

When I runs over the set all p-adic intervals the set of eigenfunctions fr, forms a
complete system in L*(X,m). In particular, D is essentially self-adjoint operator
having pure point spectrum

Spec(D*) = {0} U {x"' :r € N}.

Clearly each eigenvalue N\, = k"~ has infinite multiplicity. Let us compute the value
R(A) :=R(A,0,0) of the resolvent kernel for D*. By equation (3.27), we have

Ay, 1
R(A) = ZAk — = - 1)Zm-

k>1 k>1

In particular, R(0) = +o00 if and only if a > 1, otherwise

p—1 1 p—1
R(0) = — .
P ;pk(l—a) p— pa

Consider the operator H = D* — 06y, 0 > 0. Let us compute the number Neg(H)
of negative eigenvalues of the operator H counted with their multiplicity. By Theorem
3.9, the operator H has at most one negative eigenvalue. It has exactly one negative
eigenvalue if and only if either a > 1 or0 < a <1 and o > (p —p®)(p — 1)L, If we
denote the set of pairs («, o) which satisfy the above conditions by X and by Qy = RZ\Q
its complement, we obtain

1 df(a,o) e
Neg(H)—{o if (0, 0) € O

which is shown on the picture below.
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Figure 3: Sets 2y and €2

3.3 Finite rank perturbations

As in the previous section the ultrametric measure space (X, d, m) is countably infinite
and homogeneous. For convenience, we assume that m(B) = diam(B) for any non-
singleton ball B.

Let L be a homogeneous hierarchical Laplacian. We study spectral properties of the
Schrodinger type operator H = L 4+ V' with potential V(z) = — Zfil 0i0a,(x), 07 > 0.
Clearly H can be written in the form

Hf(.?f) = Lf(ilf) - Zo_i(fa 5ai)5ai($>7

that is, H can be regarded as rank N perturbation of the operator L. Throughout this
section we use the following notation

o R(\ z,y) is the solution of the equation Li(x) — Mp(x) = d,(x). We set
(>‘a 77 ( ()\,ZU7CL1'))£\L1, and R()HE)?E)) = (R()‘aaﬁai))gj:l'

)=
e Ry(A z,y) is the solution of the equation Hw(x) — Mp(x) = dy(x). We set
Rv(\2,7a@) = (Ry(\2,0;))Y,, and Ry(\, @, @) = (RV()\,aj,ai))ijzl.

e ¥ :=diag(o; :i=1,...,N).
Theorem 3.11 The following properties hold true:

1. The set Spec(H) is pure point, its essential part Specess(H) coincides with the set
Spec(L) = {0} U { A}, its discrete part Specy(H) in each open interval lying in
the complement of Spec(L) consists of at most N distinct points, solutions of the
equation

det(S' =R\, @, @) = 0. (3.29)
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2. For each k € N there exists 6 > 1 such that min,.; d(a;, a;) > & implies that the
operator H has precisely N distinct eigenvalues in each open interval (Asi1, As):
1 < s < k. Moreover, there exists precisely N distinct negative eigenvalues of the
operator H provided one of the following two conditions is satisfied:

(2.1) The semigroup (e~*) g is recurrent.

(2.2) The semigroup (e X is transient and all 1/0; < R(0,a,a). 7

The proof of the first part of Theorem 3.11 is based on the Weyl’s theorem on
the essential spectrum of compactly perturbed symmetric operators, see [18, Theorem
IV.5.35], and on the following lemma.

Lemma 3.12 Let A and B be two symmetric bounded operators and H = A + B.
Assume that B is of rank N operator. Let (a,b) be an interval lying in the complement
of the set Spec(A). Then the set Spec(H)N(a,b) consists of at most N distinct points.

Proof. By the Weyl’s essential spectrum theorem Specess(H) coincides with the set
Specess(L) = {0}U{Ar}. Hence the set Spec(H)N(a,b) may contain only finite number
of eigenvalues each of which has finite multiplicity. Consider the case N = 1, that is,
the operator B is of the form

Bf = O_I(fa fl)fl-

Let A € (a,b) and let f be a non-trivial solution of the equation Hf — Af = 0. Then
f can be written in the form

f=—o(f, fi)Rxfa (3.30)
where Ry = (A — \)~! is the resolvent operator. It follows that (f, fi) # 0 and

(f, f1) = —o1(f, ) (Ba 1, fr),
or
UI(RAfly fl) +1=0. (331)
The function ¢(N\) = (Ryf1, fi) is strictly increasing on the interval (a,b). Indeed,
applying the resolvent identity we get

do(A
WO _ (R3i. ) = IRl > 0,

It follows that equation (3.31) has at most one solution lying in the interval (a,b).
Assume that equation (3.31) has a solution, denote it A.. Then (3.30) implies that the
vector f, := Ry, fi/||Rx. f1|| satisfies the equation

Hf. — M\f. = 0.

Thus the operator H has at most one eigenvalue in the interval (a, b).
Without loss of generality we may provide the induction from N =1 to N = 2.
Thus assuming that the perturbation operator B is of the form

Bf = o1(f, fi) fi + oa(f, f2) f2

"Thanks to the homogenuity assumption R(),a,a) does not depend on a
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we set
Af=Af+a(f, A
and

Hf = Af+os(f, f2) fo

Observe that the operator A’ may have in the interval (a,b) at most one eigen-
value A,. The corresponding eigenspace is one-dimensional, call it (f.), where f, :=
Ry, fi/ || Rx. fill- Let us consider two cases.

First case: Assume that fo L f,. Then Hf, = A’ f, = A\ f,, i.e. A, is an eigenvalue
of the operator H. It follows that the orthogonal complement ( f*>L is a joint invariant
subspace of the operators H and A’ and that these operators being restricted to ( f*)L,
call them H, and A’|, satisfy

H,f= A f+oy(f, f2) fo

The operator A’ has no eigenvalues in the interval (a,b). Hence, by what we have
already shown in the first part of the proof, the operator H, has at most one eigenvalue
in the interval (a,b). It follows that the operator H has at most two eigenvalues in the
interval (a, b).

Second case: Assume that f, and f, are not orthogonal. Let Ry := (H — AI)~! and
R) := (A" — AXI)™! be the resolvent operators. The following identity holds true

02<R,)\f7 f2)< ,)\f27g)
1+ o2(R) f2, fa)

(Raf,9) = (R\f,9) — (3.32)

for any f,g and A # A, lying in (a,b). Using the spectral resolution formula for the
operator A’ the fact that its spectral function F) in (a,b) has the only jump at A = A,
and that the value of the jump AFE), is the operator of orthogonal projection on the
subspace (f.) we get

(R\f, f) = % +0:(1) (3.33)
and
(R\f, f2) = —(fAf)_(‘]; ) 4 0,0 (3.34)

where O;(1) are analytic functions. Substituting asymptotic equations (3.33) and (3.34)
in equation (3.32) we get analyticity of the function A — (R,f,f) at A = A,. In
particular, this shows that A = ), is not an eigenvalue of H.

On the other hand A, splits the interval (a,b) in two parts (a, A.) and (A, b) each
of which does not contain eigenvalues of the operator A’. Then, as we have already
shown, each of these intervals contains at most one eigenvalue of the operator H. Since
A« is not an eigenvalue of the operator H, the number of distinct eigenvalues of H in
the interval (a, b) is at most two. The proof of the lemma is finished. m

Proof of Theorem 3.11 (second part): Let A € Specy(H) and let ¥ (z) be the
corresponding eigenfunction, i.e.

H(x) — \p(x) = 0.
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We have N
Lip(x) = () = 3 oith(ai)d, ()

or applying to this equation the resolvent operator (L — \)~! we get
N
Y(x) =) oibla)R(A z,a;). (3.35)
i=1

Taking consequently = = aq,as,...,ay in equation (3.35) we obtain a homogeneous
system of NN linear equations with N variables

N
Y(a;) = onb(a)R(N, 4, as) (3.36)
i=1
or in the vector form
U =R\, a2V, (3.37)

where U = (¢(a;) : i = 1,...,N). The system (3.37) has a non-trivial solution if and
only if

det(X' —R(\, 7, @) =0. (3.38)
Observe that the variable z := R(\,a;,a;) does not depend on a;, and its range is
the whole interval | — 0o, o[ when A takes values in each of open interval |Agi1, Ag[.

Equation (3.38) can be written as characteristic equation
det(A —2I) =0 (3.39)

where 2 = (a;;)]\;_, is symmetric N x N matrix with entries

B 1/o; for i=j
% = { —R(\ ai,a;) for i#j (3.40)

Let us compute R(A, a;,a;). For any two neighboring balls B C B’ let us denote

1 1

AB) =By mE)

Remember that we normalize m so that m(B) = diam(B) for any non-singleton ball

B whence for such B,
1 1

- diam(B)  diam(B')’
Let a; A a; be the minimal ball which contains both a; and a;. Following the same line
of reasons as in the proof of equation (3.27) we obtain

A(B)

A(B) (3.41)

;) = _ 42
R(A, ai,a;) E NB) =\ (3.42)
B: a;€B
Similarly, for all 7 # j we get
d(a;,a;)™! A(B)
RO\, a;,a;) = — % n 2 3.43
( ]) )\(al A (Ij) - A B aiz)\(;jCB)\(B) - A ( )
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Let A > A(a; A a;). Equations (3.41), (3.43) and the fact S C T'= A(S) > A(T) imply
that

d(a;,a;)™"
Na.a:) = it _ E
R( » Gy Cl]) )\ — )\(al A Clj)

B: ai)\ajCB

d(a;,a;)™* 1
TA M@ A ) A= Aa A ay) > AB)

B: ai)\a]-CB

1 1 1
= - > 0.
A —Aa; A aj) (d(ai, a;) diam(a; A aj)’)
Hence for A > A(a; A a;) we obtain

d((li, aj)_l

A, a;,a; .
0 <R\ a;,a5) < Y= Aa L)

(3.44)

Notice that A\(B) — 0 as diam(B) — co. Let us fix k£ and let us consider A > Ay ;.
Let us choose § > 1 such that if min;.; d(a;,a;) > 0 then A(a; A a;) < A\;/2. Then for
all i # j we get A — A(a; A aj) > A\;/2 and thus

2 (9
RO i, a)] < 51 = = (3.45)

Let us increase if necessary ¢ so that the intervals
{s:|1/o; —s| <e(d)}, i=1,2,..,N,

do not intersect. By Gershgorin Circle Theorem the matrix 2 admits N different
eigenvalues a; each of which lies in the corresponding open interval

{s:|1/o; —s| <e(9)}, i=1,2,....,N.

The eigenvalues a;,7 = 1,2,..., N, are analytic functions of A in each open interval
(Asi1,As), 1 < s < k, see [34, Theorem XII.1]. Whence in each interval (Asi1, \s)
the number of different solutions of the equations a; = R(A, a;, a;) is at least N. By
Lemma 3.12 the number of different solutions is at most N. Thus the number of
different solutions is precisely N as claimed.

Theorem 3.13 The set Specy(H) coincides with the set of solutions of equation (3.29).
Each eigenfunction ¥y(x) corresponding to X € Specq(H) can be represented as linear
combination of functions R(\, x,a;), that is,

N
Pa(z) = Z GR(N, x,a;).

Thus, support of 1y is the whole space X whereas the eigenfunctions fg corresponding
to the eigenvalues A\(B) € Specess(H) are compactly supported.

Proof. The proof is straightforward: we apply equations (3.35) and (3.36) to get the
result, see the first part of the proof of Theorem 3.11 (second statement). m
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Theorem 3.14 For \ ¢ Spec(H) the following identities hold true:
R\ 2,y) = RO a,p) + ROz, @)(E = ROV T, @) RO, Top),* (3.46)

SRv(\, @, y) = (57 =R\, @, @) "R(N, @ y) (3.47)

and
YRy(L, @, @)= (S""-RW\ 7, @) 'R\, @, ). (3.48)

In particular, the operator T(N\) := (H — AXI)™t — (L — AXI)™! s of finite rank N. Its
operator norm can be estimated as follows

1TV < |57 =R @, @) | (2 — A7 (3.49)

Proof. Recall that Spec(H) coincides with the union of two sets: Spec(L) and the
set of those A € R for which det(X~! — R(\, @, @)) = 0. The proof of the theorem is
similar to its one-dimensional version Theorem 3.8. Clearly we can write the following
equation

LRv (AN z,y) — ARv(A, z,y) = d,( —I—ZUJ )Ry (A x,y)

:E) + Z UjRV()H g, y)éaj (IL‘),

j=1
or equivalently
N
Rv(Az,y) = ROz, 9) + > oRv(X a;, y) R(A, 7, a;). (3.50)
j=1

Substituting consequently z = aq,as,...,ay we obtain system of N linear equations
with IV variables

N
RV()\a a;, y) = R()‘7 a;, y) + Z OJR()‘7 a;, (lj)Rv(/\7 aj7 y)

=1

or in the vector form
I-RA\ @, @)S)Rv(\, @ ,y) =R\ a,y). (3.51)
Assuming that A ¢ Spec(H), in particular det(I — R(\, @, @)X) # 0, we get
Rv(\,a,y)=1-R\,a)Z) 'R\, @, y) (3.52)

Evidently equations (3.50) and (3.52) imply equations (3.46), (3.47) and (3.48).

8For a matrix A and vectors £ and 7 we write {An =", ; @ij&inj-
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Equation T(\) = (H — AXI)"Y(L — H)(L — AXI)~! applies that T'(\)) is of rank N. Fi-
nally, equation (3.49) follows from equation (3.46). Indeed, for f € L*(X,m) we intro-
duce (finite-dimensional) vectors R(\, f, @) := >, f(2)R(A\,z, @) and R(\, @, f) ==
Zy f(x)R(\, @, y), then

(TN ) =) F@)RAz, @) (S =R\, @, @) "R, @, y) f(y)
CROLL TS - ROLTLT) RO TLS).

By symmetry R(\, @, f) = R(\, f, @), whence

(T H <& =R T @) RO, @, )
<||=t =R\ @, @)L =)
<& =R @, @) 1L =AY NI

as desired. The proof of the theorem is finished. m

3.4 Sparse potentials

We assume that the ultrametric measure space (X, d, m) is countably infinite and ho-
mogeneous. Our analysis of finite rank potentials V' = — Zf\il 0:0,, indicates that in
the case of increasing distances between locations {a;} of the bumps V; = —0;0,, their
contributions to the spectrum of H = L+V is close to the union of the contributions of
the individual bumps V; (each bump contributes one eigenvalue in each gap (Apm+1, Am)
of the spectrum of the operator L).

The development of this idea leads to consideration of the class of sparse potentials
V = =3 0,0, where distances between locations {a; : i = 1,2,...} form a fast
increasing sequence. In the classical theory this idea goes back to D. B. Pearson [32],
see also S. Molchanov [29] and A. Kiselev, J. Last, and B. Simon [19].

Throughout this section we will assume that the sequence min; j.>,, i»; d(a;, a;) tend
to infinity with certain rate which will be specified later?. We will also assume that
a < o; < ffor all i and for some «, 5 > 0. For A ¢ Spec(L) we define the following
infinite vectors and matrices:

e R\ xz,d):=(R(\z,a;):i=1,2,..).

e RO\, @, d):=(R(\aia;):i,j=1,2,..).

o Y :=diag(o;:i=1,2,...), 57  :=diag(1/o; : i =1,2,...).
Theorem 3.15 The following properties hold true:
(i) R\, 2,7a) €l

(ii) R\, @, @), ¥ and 71 act in 1% as bounded symmetric operators.

9We choose the ultrametric d(x,y) such that it coinsides with the measure m(B) of the minimal
ball B which contains both x and y, see e.g. (3.41).
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(iii) If the operator B(A\) = X1 — R(\, @', @) has a bounded inverse, then

Rv(\,2,y) =R\, z,y) + R\, 2, @)BA) "R\, @, y). (3.53)

Proof. Let & = (&) € [* has finite number non-zero coordinates. Define function
[ =>&0,,. Evidently f € Ly = Ly(X,m) and || f|| = ||€]|. Let Ry = (L — AI)™*
A ¢ Spec(L), be the resolvent. Then

5/Rmy y)dm(y) = Ryf(z)

whence

IRz, @)g| < IR IFIF = IRAITIE]

which clearly proves (7). To prove (ii) we write

ERON T, T)E = / / F@)RO 2,9) f(y)dm(y)dm(z)
= (f.Raf) < | Bl £ = | Bal €11

which clearly proves boundedness of the symmetric operator R(\, @, @) : 12 — (2.
Since {o;} € (a, ) for all i and some «, 3 > 0, boundedness of the operators ¥ and
Y1 follows.

(173) Assume that A is such that the self-adjoint operator B(\) has a bounded in-
verse, then equation (3.53) follows from its finite dimensional version (3.46) by passage
to limit. m

Theorem 3.16 Spec(L) C Specess(H).

Proof. Let V’ be the sum of all but finite number of bumps V; and H = L + V.
By Weyl’s essential spectrum theorem Specess(H) = Specess(H'). It follows that
without loss of generality we may assume that the sequence of distances A, =
min; j.>n, i»; d(a;, a;) strictly increases to co. Having this in mind we can choose for any
given 7 from the range of the distance function an infinite sequence {B,} of disjoint
balls of diameter 7 such that B, N {a;} = @ for all n. Thanks to our choice we obtain

Hfr = Lfr=X1I")fr

for any ball T C B, and for all n. In particular, each A\ = A(T"), such that T' C B,
for some n, is an eigenvalue of the operator H having infinite multiplicity, whence it
belongs to Specess(H). m

Theorem 3.17 Let o, be a limit point of the sequence {o;}. Fiz m € N and let
Aim € (Ams1, Am) be the unique solution of the equation

1
— =R\ a,a). 1 (3.54)

O«

Then Ay, belongs to the set Specess(H).

10Recall that the function A — R(\,a,a) does not depend on a.
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Before we embark on the proof of Theorem 3.17 let us state the Weyl’s character-
ization of the essential spectrum Spec.ss(A) of a self-adjoint operator A, see [42] and
35, Ch. IX, Sect. 2(133)].

Lemma 3.18 A real number X\ belongs to the set Specess(A) if and only if there ezists
a normed sequence {x;} C dom(A) such that z; — 0 weakly and Az;—A\x; — 0 strongly.

Proof of Theorem 3.17. To show that ., € Specess(H) we construct a A~
sequence {f;,} via Lemma 3.18. Let Ay, € (Api1,Am) be the unique solution of
the equation 1/0; = R(\, a;,a;). Let ¥ (z) = R(Xim, 2, a;)/ [|R(Nim, -, a;)||, be the
normed solution of the equation H;1p = A;,¢0 where H; := L — 0,0,, is a one-bump
perturbation of L. Clearly A;;,, — M-

Passing if necessary to a subsequence of {0;} we can assume that d(a;,0) — oo
monotonically. Let us put fi, := ¥in, - 1p, where B; is the maximal ball centred at a;
which does not contains a;_; and a;;,. Thanks to our choice f;,, — 0 weakly and

Hfim\@:/ i dim — 1.
B;

Thus what is left is to show that H f;,,, — A\ fim, — 0 strongly. We have

< [ Hpim = XimWimlly + 1(H = X DI [ (fim — i) 2

Z 0;0a, wzm

J#i

= 3 P lay)? < Sup{f}\/ /X | Pomlil

J#

and

> 0, wlm

J#i

The right-hand side of this inequality tends to zero as ¢ — oo and we finally conclude
that {fi,} is the desired A.,-sequence in the sense of Lemma 3.18. The proof is
finished.

Let us introduce the following notation

e Y, is the set of limit points of the sequence {o;}
o 1/%,:={l/o,:0., €.}
H1/%) ={ : R\ a,a) € 1/3,}
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Theorem 3.19 Assume that the following condition holds

1
lim sup =0, (3.55)
then
Specess(H) = Spec(L) UR(1/%,). (3.56)

Proof. That Spec(L) and R~1(1/3,) are subsets of Spec,ss(H) follows from Theorem
3.16 and Theorem 3.17. We are left to prove that

Specess(H) C Spec(L) UR(1/%,).

Let us fix m € N and choose a closed interval Z from the spectral gap (Ay41, Am). We
claim that
T N Specess(H) = .

Indeed, since R(\) := R(A,a,a) is strictly increasing and continuous in the interval
(Am+1, Am), closed sets R(Z) and 1/, do not intersect. Hence there exists only a finite
number of o; such that 1/0; € R(Z). Let us choose N big enough so that the sets
{1/o; : i > N} and R(Z) do not intersect. Let us write H = H' + V'’ where V' is a
finite number of bumps —o;d,,, ¢ < N. By Weyl’s essential spectrum theorem

Specess(H) = Specess(H').

Notice however that the sets Specq(H) and Specy(H'), discrete parts of Spec(H) and
Spec(H'), may well be quite different. Observe that for the operators H and H' the
sets of limit points, the function R, the set of gaps etc are the same. Thus in all our
further considerations we may assume that {1/0;} NR(Z) = @.

Making this assumption consider now the operator B()\) = L7! — R(\, @, @),
A € Z. According to identity (3.53), if B(\) has a bounded inverse then A ¢ Spec(H ).
Let us write

BA) =27 -R\ T, @)= [27 =R - R(N).

Since we assume that the closed bounded sets {1/0;} and R(Z) do not intersect, the
operator A(\) := ©7' — R(M)I has a bounded inverse A(\)~"' for all A\ € Z. Clearly
the norm ||A()\)71|| can be estimated by the reciprocal of the distance between sets

{1/0;} and R(Z), denote it by C;. Thus writing for A € Z the identity

B(A) = AN (I — AN TRON) (3.57)

we get

Ja RO | <

ﬁ(x))” . (3.58)

Writing again H as H' + V' where V'consists of a finite number, say N, of bumps and
applying inequality (3.44) for the operator H' :

1 1

R(A 1y g
| ( 4 aj)| = d(ai,aj))\—)\(&i)\aj)

;i g, 1,J = N,
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we will get, thanks to our assumption (3.55), the following inequality

- 1 1

HR(A))H < Cosup Y < (3.59)
iZNj: JEISN d(ai, aj) 201

for some constant Cy > 0 which depends only on Z, and for N chosen big enough.

Clearly inequalities (3.58) and (3.59) imply the fact that the operator I — A(X)""R(\)

has bounded inverse for all A € Z,

-1

(1 - A(Arlﬁm) => (AM)‘%(A))k

This fact, in turn, implies that the operator 28(\) given by equation (3.57) has bounded
inverse for all A € 7 therefore Z N Spec(H') = @. In particular, since Specess(H') =
Specess(H) by Weyl’s essential spectrum theorem, we finally get

I N Specess(H) = &
as desired. The proof is finished. m

Remark 3.20 Theorem 3.19 does not contain information about sets Specq.(H) and
Specs.(H), the absolutely continuous and singular continuous parts of Spec(H). In
the next section we will show that under more restrictive assumption Spec,.(H) and
Specs.(H) are indeed empty sets, that is, Spec(H) is pure point. Moreover, the eigen-
functions of H decay exponentially in certain metric at infinity. This is the so called
localization property.

3.5 Localization

As in the previous section the ultrametric measure space (X, d, m) is countably infinite
and homogeneous. We consider the operator H = L + V where L, the deterministic
part of H, is a hierarchical Laplacian and

V = —ZU(CL,W)(SQ, w e <Q7F7P)7

acl

is a random potential defined by a family of locations I = {a;} and a family o(a;,w)
of i.i.d. random variables. Henceforth, we assume that the probability distribution
of o(a;,w) is absolutely continuous with respect to the Lebesgues measure and has a
bounded density supported by a finite interval [, f].

In the case when X is the Dyson lattice and L =D?, the Dyson Laplacian (see
Example 3.10), the perturbed operator

H=D"— Z o(a,w)dq

aeX

has a pure point spectrum for P—a.s. w. This statement (the localization theorem)
appeared first in the paper of Molchanov [28] (o(a,w) is the Cauchy random variable)
and later in a more general form in the papers of Kritchevski [26] and [25]. The proof
of this statement is based on the self-similarity property of the operator H.
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The localization theorem 3.23 below concerns the case where the family of locations
I does not coincide with the whole space X, whence the operator H is not self-similar.
The technique developed in [28], [26] and [25] does not apply here to prove Theorem
3.23.

Our approach is based on the different technique: the abstract form of the Aizenman-
Molchanov criterion for pure point spectrum, the Krein type identity from the previous
section, technique of fractional moments, decoupling lemma of Molchanov and Borel-
Cantelli type arguments, see papers [1], [27].

The Aizenman-Molchanov Criterion Let H = Hy + V be a self-adjoint oper-
ator in [*(T") (T is a countable set of sites) with Hy a bounded operator and V =
— > wer 0(a,w)d,. Assume that the collection of random variables {o(a,w) : a € T'}
has the property that for each site a the conditional probability distribution of o(a,w)
(conditioned on the values of the potential at all other sites) is absolutely continu-
ous with respect to the Lebesgues measure (in particular, this assumption holds if
{o(a,w) : a € T'} are mutually independent random variables having absolutely con-
tinuous w.r.t. the Lebesgues measure [ probability distributions).

Let H = [ AdE) be the spectral resolution of symmetric operator H. Let G(\, z,y)
be the integral kernel of the operator (H — AI)~'. Then for any fixed x,7 and € # 0,

> |G +ie,z,y) P = ||(H — (7 + iOn)Lo,|* = /(d(Excsx,(Sx)

e Oa) (3.60)
e A—T)2+ €2
As the left-hand side of equation (3.60) (as a function of €) decreases on the interval
10, 400}, the limit (finite or infinite) in equation (3.60) exists and equals

2 9
16%15 |G (7 +ie, z, )| —/—.

— )2
gt (A=1)
Theorem 3.21 [f for any x € ', and Lebesques a.a. T € [a,b]:

: : 2
lellrgl Z |G (T + i€, z,y)|” < oo, (3.61)

yel’

for a.e. realizations of {o(x,-)}, then almost surely the operator H has only pure point
spectrum in the interval [a,b]. Furthermore, if under condition (3.61), the integral
kernel

G(T +1i0,2,y) == 13%1 G(T +ie,z,y)

(which exists a.e. T) decays exponentially at infinity (in some metric p(x,y) on T),
then do the eigenfunctions o, (y), for 7 € [a,b] '*.

Proof. The first part of the statement follows from Simon-Wolff theorem 3.7. For
completeness of exposition we comment on the proof. To prove the second part one
needs an ad hoc argument and we refer to the cited above paper [1, Theorems 3.1 and
3.3 in Sec. 3]).

" An even more versatile version can be found in [1, Theorems 3.1 and 3.3 in Sec. 3].
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Note that in the case of the Dyson-Vladimirov Laplacian D* and H = D% —
> oi(a;, w)d, one can use the metric p(z,y) = In(1+d(z,y)) where d(z,y) is the ultra-
metric generated by p-adic intervals as in example 3.10. In this case the exponential
decay of eigenfunctions in p—metric follows directly from two facts: (1) each eigen-
function ¢, (y) of H can be represented as a linear combination of functions R(7, a;,y),
where R(\, z,y) is the resolvent kernel of D, see Theorem 3.13, and (2) R(\, z,y) has
an exponential decay because the heat kernel p(t¢,x,y) does, see equation (1.2).

By the spectral theory, one can represent [2(T") as the direct sum of three H-invariant
subspaces:

P(T) = Hae D Hoe © Hyp,

where H,. (resp. Hse, Hpp) is the set of all functions f € [*(T') such that the spectral
measure

of(A) :/1A()\)d(EAf7f)

is absolutely continuous (resp. singular continuous, pure point) with respect to the
Lebesgues measure. By Theorem 3.7, condition (3.61) implies that for any = € I' the
probability measure

7 (4) = [ 1OV 0

is pure point, that is, 0%(A) = o0"(A N S,) for any open set A and some at most
countable set S,. Set S := UgerS;, then for any f € [*(T') and measurable set A,

0! (A) = / La(NA(EsS. f) = [La(H) |
=S @ [aH) 1,6

zel
and, if A lies in the complement of 5,

((La(H) £, 6:)12 < |(La(H)f, £)| [(La(H )65, 6)]
= |La(H) f]* 0" (A) = 0.

Thus for any f € (*(T") the spectral measure o/ is pure point, that is, f € H,,. That
means that the operator H has a pure point spectrum. m

Remark 3.22 The function z — G(z,z,y), analytic in the domain C, is represented
by the Borel-Stieltjes transform of a signed measure of finite variation

E
Glery) = [ 1200

It follows that the limit G(7 4 i0,x,y) exists and takes finite values for Lebesques a.e.
T, see e.qg. [36, Theorem 1.4]. Moreover, the limit G(1T+10,x,y) exists even in a more
restrictive sense, as the non-tangential limit, see [33, Ch. III, Sec. 2.2, 3.1 and 3.2].
We will apply this fact in the proof of Theorem 3.23 below.
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The localization theorem Coming back to our setting, let H = L + V where L
is a hierarchical Laplacian and V' a random potential of the form V = — %" 0;,(w)d,,.
Here 0;(w) := o(a;,w) are i.i.d. random variables corresponding to the set of locations
I = {(IZ}

Let d(z, y) be the ultrametric which is chosen such that it coincides with the measure
m(B) of the minimal ball B containing both z and y.

Let R(\, z,y) be the integral kernel of the operator (L — AI)~!, i.e. the solution
of the equation Lu — Au = §,. The function A — R(A,z,z) does not depend on z,
we denote its value R(A). This is strictly increasing continuous in each spectral gap
function, we denote by R~!(v) its inverse function.

Theorem 3.23 The operator H has a pure point spectrum for P—a.s. w provided for
some (whence for all) y € X the sequence d(a;,y) eventually increases, and for some
small r (say, 0 <r <1/3):

1

lim sup Z 0 =0." (3.62)
M—o0 iZszM: ki d(CLi, aj)

Proof. The set of limit points of the sequence {o;(w)} coincides (for P—a.s. w)
with the whole interval [«, 5]. Hence, by Theorem 3.19, the closed set Specess(H)
consists (for P-a.a. w) of two parts: (1) the set Spec(L) and (2) the collection of
countably many disjoint closed intervals Z, = R™Y([1/8,1/a])N |Ak11, Ak, [ and the
interval Z_ = R™Y([1/3,1/a])N ] — o0, 0], i.e.

Specess(H) = Spec(L)UZ_UZ; UZs... .

Let Ry (), x,y) be the integral kernel of the operator (H — AI)~!, i.e. solution of the
equation Hu—Au = d,. Due to the Aizenman-Molchanov criterion, the operator H has
only pure point spectrum (for P—a.s. w) provided for each y € X, for each interval
Iy, and for Lebesques a.e. 7 € Iy, :

. . 2
Tim SRy (7 + ez, ) < oo, (363

for a.e. realization of {o(y,w)}.We split the proof of equation (3.63) in seven steps.
Step I. When V has a finite rank, Theorem 3.11(z) and Theorem 3.14 imply that
for each fixed w the function Ry (7 + 40, z,y) = (H — 71)71,(x) belongs to L*(X,m)
for each y € X and for all but finitely many 7 € Z; (which are eigenvalues of H).
In general, when the rank of V' is infinite, we split V' in two parts V' = —01d,, and
V" = =3, 1004, Writing the set of locations as {a} = {a:} U {a; : i > 1} we get
similarly to equation (3.53): for A in the domain C,

RV()\7 xz, y) = 7?'V”()‘? xz, y) + RV”()\a X, al)%(A>_1RV”()\> ay, y)a

where B(\) = 1/01 — Ryr(A,a1,a;1) is a non-constant analytic in the domain C;
function. It follows that

[Rv (A 9)lly < Rve (A 9)
+ |%(/\)|_1 ||RV”()\7 ‘ a1)||2 |7'\’,Vu()\,a1,y)|.

12Clearly this condition implies condition (3.55).
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Hence the function Ry (A, z, y) satisfies condition (3.63), i.e. | Ry (7 + 0, -,y)||, is finite
for all y and a.e. 7 provided the function Ry~ (A, z,y) satisfies condition (3.63), i.e
| Ry (T +10,-,a)||, is finite for all @ and a.e. 7, and also one more restriction on 7, it
does not belong to the exceptional set

T:={s:B(s+10) =0}.

The function B(\), analytic in the domain C,, admits non-tangential boundary values
B(s + i0) for a.e. s. By the Lusin-Privalov uniqueness theorem on boundary-values
of analytic functions [33, Ch. IV, Sec. 2.5], see also [36, Theorem 1.5], the Lebesgues
measure of the exceptional set T equals to zero. Thus, we come to the conclusion that
condition (3.63) for the potential V' can be reduced to the case of truncated potential
V.

Repeating this argument finitely many times we come to the final conclusion: in or-
der to prove that (3.63) holds for V' we can consider, if necessary, any finitely truncated
potential V" (the potential corresponding to the finitely truncated system of locations
{a; :i > k}) and to prove that (3.63) holds for V" instead of V.

Step II. Writing for A € C equation Hu — Au = ¢, in the form Lu—Au =, —Vu
we obtain o

Rv(\z,y) = RO\, ,9) + > 0;R(A\2,a;)Rv (X, a5, 9). (3.64)
j=1
Equation (3.64) shows that to estimate the function y — [|[Ry (A, -, y)||, it is enough to

estimate the quantity |Ry (X, a;,y)| for j = 1,2, ... etc. Indeed, since ||R(A,-,y)||, does
not depend on y, we get

IRy (A 9)lly < IR - 9l (1 +8) le(Mamy)l) : (3.65)

j=1
Choosing © = a;, i = 1,2, ..., in equation (3.64) and setting R(\, a;,a;) = R(\) we

obtain
R(A, ai,y) N Z g R\, aj,a;)Rv (A aj,y)

Rvh @ y) = 7200 1— RO\

(3.66)
Ji J#i
Step III. Applying in equation (3.66) the inequality

<Y 1Z]°, Z;eC, 0<s <1,

we will get
RN\ ai,y) |° o R\ a;,a;)|°
A - s < I S A L ZJTENTH Y0 A . S
|RV( 7a7,’y)| = 1—UZR()\) =~ ]._O'ZR(/\) |RV( 7aj7y)|
R(A az, . R(N, a; ,al s
1_( ﬂ Z ‘ J |RV()‘7ajay)| .
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Taking the expectation over {o;} we obtain the following inequality

s

1 s
’R()‘a as, y)| (367)

1 -0, R(N)

RV(/\7 aj, y)
s E J
o Jé 1= R0\

B[Ry (\ a,)|* < E]

|R()\, CLj, CLi) ‘S .

Step IV. Due to equation (3.22) the random variable Ry (A, a;,y) can be represented
in the form
O'Z'RV/(A, Qj, CLZ')RV/()\, a;, y) L ao; + b

1 —aiRV/()\,al-,ai) o COo; +d

RV()\7 a;, y) = RV’()‘> as, y) +

where the random variables V' = =%~ i 0(w)dq,, a,b,c and d do not dependent
on o; (but they of course depend on the truncated sequence {oy : k # i}). This
observation and the following two general inequalities from Molchanov’s lectures [27,
Chapter II, Lemma 2.2]): There exist constants ¢g,c¢; > 0 such that for all complex
numbers a, b, ¢, d, o’

1
d
/ 7 < D forall0<s <1,
o o =0 1—s

1 s do_ 1
,sgcl
0 o — ol 0

yield the following lemma, which is the fundamental point of our reasons.

and
S

aoc +b
co+d

ac +b
co+d

do, forall 0 < s < 1/2,

Lemma 3.24 (Decoupling lemma) There exist constants Co, C|, > 0 which depend on
s,a, 3 and k such that the inequalities

S

1

— | <
E'l—aﬂ%(/\) < Co
and Ro() T
E| VAN YY) g Noas o)
1—0’ZR(>\) —CO |RV( 7a]7y)|

hold for all 0 < s < 1/2 and all A € C, such that Re A € Zj.

Step V. For any fixed y € X and A as above let us denote 1; := E|Ry (), a;,9)|°.
Applying Decoupling lemma to inequality (3.67) and setting C) := [°C{ we get an
infinite system of inequalities

¢i < CO ’,R’()‘aaiay)‘s + Cl Z ‘R(A7&j7ai)|swj'

Ji g
In the vector form this system reads as follows
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where 1 = (¢;), g = (g;) has entries g; = Cy|R()\, a;,y)|”, and where A is an infinite
matrix with non-negative entries a;; = Cy |R(X, a;,a;)|” if i # j and 0 otherwise.
Iterating formally this infinite system of inequalities we get

i < g+ (Ag); + (A%), + (A%), + ... < (I - A)"g),.

In particular, this would yield the following inequality (one of the fundamental points
in the proof of (3.63)),

[l < 21|l (3.68)

given A : L — L is a bounded linear operator acting in some Banach space L of
sequences such that
JAl < 1/2. (3.69)

For instance, choosing £ ={v : ||| = >_, pi || < oo} we obtain

> EIRy (N as,y) <200 > i R, i y)|° (3.70)

given

IA]l = |Sulp Zuz (A),| < 1/2. (3.71)

For v such that ||[¢|| = 1 we have
D i l(AD)] <D Y ai ]
; i j
= ;] (Z Hz’%‘) /1j < sup (Z M%’) / ;-
j i J i
In particular, inequality (3.71) holds whenever

R 1
sup <Z i |R()\,aj7&i)‘ ) /,Uj < 2—01 (3.72)

J it i#j

Finally, 3.44 together with (3.72) allow us to conclude that (3.69) holds provided

1
i < . .
sllp (Z ,LLZ ],az ) //’LJ = 20,0, (3 73)

iz 1]

Step VI. For A as above and ¢; > 0 which we will choose later consider events
A; ={IRv(A aj,y)| > &5}

Applying Chebyshev inequality, we will get, for each 7 = 1,2, ..., the following inequal-
ity
E |RV()" Ay, y)|8

S
&;

P(4;) <

(3.74)
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Equations (3.74), (3.70) and (3.73), yield

S pay) < Y ER L

i J

’,R’()‘vajay)‘s 1
< 2C — < 2C,C —
B Ozj: g 2; d(a;.y)%e;

provided ¢; are chosen such that

1 1 1
s —— | < . 3.75
Sljl‘pgj (Z Ef d(aj,ai)s) o 20102 ( )

it i)

Let us choose s = 1/2 — ¢ and ¢; = 1/d(a;j,y)". Then, truncating if necessary the
potential V, i.e. passing to the potential V'’ = V —V"’ with V' of finite rank as explained
in Step I, we can assume that the sequence ¢; is a strictly decreasing sequence. By the
ultrametric inequality, we have d(a;, a;) = d(a;,y). Hence

1 1 1 a;
$ _—— < - ’LJ
we (3 Zamar) <o (S ) 09 (S des)

i 1<g

1 1
< _— -
B Sljl'p (zlzq d(aj? ai)s ' Supg (Z d(aj> al) (- T)s>

i 1>]

1 1
< sup ———— | +sup L
J (1212] d(aja ai)s i (zzz;;] d(CLJ, al)( T)3>

Thus, truncating the potential V' and then choosing 0 < § < 1/2 —r/(1 —r) we obtain
inequality (3.75). Moreover, thanks to our choice, the series ;€5 converges. Hence of
course converges the series » . P(A;). Applying the Borel-Cantelli lemma we conclude:
For P—a.s. w there exists jo(w) such that

Rv (X a;,y)| <ej, forall j > jo(w), (3.76)

holds for all A € C, such that Re A € Zj.

Step VII. For A as above, the function R(\,z,y) = (L — A)7'6,(x) belongs to
L*(z,m) and, by the homogeneity assumption, its norm ||R(}, -, y)||, does not depend
on y. Having this in mind we write inequality (3.65) (for the truncated potential V")

[Rvr (9l < 1RO - 9)l (1 5y |RV~<A,aj,y>|>

J

IRl [ 1+68 D &+8 ) [Rve(Xay.y)

Jj>jo(w) J<jo(w)

which clearly holds for all A\ as above and for P—a.s. w. As Im A | 0 we get finite
limit for P—a.s. w and for each A € Z; which does not belong to some exceptional set
Tr(w) C 7y, of Lebesgues measure zero (the exceptional set appears because we pass
to the boundary values of the Cauchy-Stieltjes integrals Ry~ (X, a;,y), j < jo(w), as
explained in Theorem 3.21). This is precisely what we claim in equation (3.66). The
proof is finished. m

36



References

1]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

M. Aizenman and S.A. Molchanov, Localization at Large Disorder and at extreme
Energies: An Elementary Derivation, Communications in Mathematical Physics
157 (1993), no. 2, 245-278.

S. Albeverio and W. Karwowski, A random walk on p-adic numbers: generator
and its spectrum, Stochastic processes and their Applications 53 (1994), 1-22.

A. Bendikov, A. Grigoryan and C. Pittet, On a class of Markov semigroups on
discrete ultrametric spaces, Potential Analysis 37 (2012), 125-169.

A. Bendikov, A. Grigoryan, C. Pittet and W. Woess, Isotropic Markov semigroups
on ultrametric spaces., Russian Math. Surveys 69:4, 589-680 (2014).

A. Bendikov and P. Krupski, On the spectrum of the hierarchical Laplacian.,
Potential Analysis 41 (2014), no. 4, 1247-1266.

A. D. Bendikov, A. A. Grigor’yan, S. A. Molchanov, and G. P. Samorodnitsky,
On a class of random perturbations of the hierarchical Laplacian, Izvestiya RAN:
Mathematics 79:5 859-893 (2015).

A. Bendikov, W. Cygan and W. Woess, Oscillating heat kernels on ultrametric
spaces. J. Spectr. Theory 9 (2019), no. 1, 195-226.

F. A. Beresin and M. A. Shubin, The Schrodinger equation, Moscow University
Press, 1983.

Ch. Berg and G. Forst, Potential Theory on Locally Compact Abelian Groups,
Springer-Verlag (1975)

A. Bovier, The density of states in the Anderson model at weak disorder: A
renormalization group analysis of the Hierarchical Model, Journ. Statist. Phys.
59, 314 (1990).

M. Del Muto and A. Figa-Talamanca, Diffusion on Locally Compact Ultrametric
Spaces, Expo. Math. 22(2004): 197-211.

G. Derfel, P.J. Grabner and F. Vogl, Laplace operators on fractals and related
functional equations, J.Phys. A 45 (2012), no. 46, 463001, 34 pp.

F.J. Dyson, Existence of a phase-transition in a one-dimensional Ising ferromagnet,
Comm. Math. Phys., 12:91-107, 1969.

F.J. Dyson, An Ising ferromagnet with discontinuous long-range order, Comm.
Math. Phys., 21:269-283, 1971 .

W. Feller, An Introduction to Probability Theory and Its Applications. Vol. II, 2
ed. New York: John Wiley & Sons 1970.

P. J. Grabner and W. Woess, Functional iterations and periodic oscillation for
simple random walk on the Sierpinski graph. Stochastic Processes Appl., 69(1997),
no 1, 127-138.

37



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

E. Hewitt, and K. A. Ross, Abstract harmonic analysis, Vol. I, Springer-Verlag,
1963

T. Kato, Perturbation theory for linear operators, Die Grundlehren der mathema-
tischen Wissenschaften, Band 132, Springer-Verlag 1966.

A. Kiselev, Y. Last, B. Simon, Modified Priifer and EFCP transforms and the spec-
tral analysis of one-dimensional Schrodinger operators, Preprint, Caltech-Spring
97.

N. Koblitz, p-adic numbers, p-adic analysis, and Zeta-functions, Graduate Texts
in Mathematics 58, Springer-Verlag 1977.

A.N. Kochubei, Pseudo-differential equations and stochastics over non-
Archimedean fields, Monographs and Textbooks in Pure and Applied Mathemat-
ics, vol. 244, Marcel Dekker Inc., New York, 2001.

S. V. Kozyrev, Wavelets and spectral analysis of ultrametric pseudo-differential
operators. Mat. Sb. (2007), 198:1 97-116.

D. Krutikov, On an essential spectrum of the p-adic Schrodinger -type operator
in Anderson model. Lett. Math. Phys., 57(2): 83-86, 2001.

D. Krutikov, Spectra of p-adic Schrodinger -type operators with random radial
potentials. J. Phys. A, 36(15): 4433-4443, 2003.

E. Kritchevski, Hierarchical Anderson model, Centre de Recherches Math. CRM
Proc. and Lecture Notes, vol. 42, 2007.

E. Kritchevski, Spectral localization in the hierarchical Anderson model, Proc.
Amer. Math. Soc. 135, no. 5, 1431-1440, 2006.

S.A. Molchanov, Lectures on random media. In Lectures on probability theory
(Saint-Flour, 1992), volume 1581 of Lecture Notes in Math., pp. 242-411, Springer,
Berlin, 1994.

S. A. Molchanov, Hierarchical random matrices and operators, Application to
Anderson model, Proc. of 6th Lucacs Symposium (1996), 179-194.

S. Molchanov, Multiscattering on sparse bumps, Advances in differential equations
and mathematical physics (Atlanta, GA, 1977), Contemp. Math., 217, 157-181,
Amer. Math. Soc., Providence, RI, 1998.

S. Molchanov, B. Vainberg, On the negative spectrum of the hierarchical
Schrodinger operator, Journal of Functional Analysis 263 (2012) 2676-2688.

S. Molchanov, B. Vainberg, On general Cwikel-Lieb-Rosenblum and Lieb-Thirring
inequalities, in: A. Laptev (Ed.), Around the Research of Vladimir Maz’ya, III,
in: Int. Math. Ser. (N.Y.), vol. 13, Springer, 2010, pp. 201-246.

D. Pearson, Singular continuous measures in scattering theory, Comm. Math.
Phys. (1976), v. 60, pp. 13-36.

38



[33] I. I. Privalov, Boundary properties of analytic functions, GITTL, Moscow, 1950.

[34] M. Reed and B. Simon, Methods of Modern Mathematical Physics IV: Analysis
of operators, Academic Press 1978.

[35] F. Riesz and B. Sz.-Nagy, Lecons D’Analyse Fonctionnelle, Acad. Kiadd, Budapest
1972.

[36] B. Simon, Spectral analysis of rank one perturbations and applications, Mathe-
matical quantum theory II. Schrédinger operators (Vancouver, BC, 1993), 109-149,
CRM Proc. Lecture Notes, 8, Amer. Math. Soc., Providence, RI, 1995.

[37] B. Simon, T. Wolff, Singular continuous spectrum under rank one perturbations
and localization for random Hamiltonian, Comm. Math. Phys. (1989) v. 125, pp.
113-125.

[38] M.H. Taibleson, Fourier analysis on local fields, Princeton Univ. Press, 1975.

[39] V.S. Vladimirov, Generalized functions over the field of p-adic numbers, Uspekhi
Mat. Nauk 43 (1988), 17-53.

[40] V.S. Vladimirov and I.V. Volovich, p-adic Schrodinger-type equation, Letters
Math. Phys. 18(1989), 43-53.

[41] V.S. Vladimirov, I.V. Volovich and E.I. Zelenov, p-adic analysis and mathematical
physics, Series on Soviet and East European Mathematics, vol. 1, World Scientific
Publishing Co., Inc., River Edge, NY 1994.

[42] H. Weyl, Uber beschréinkte quadratische Formen, deren Differenz vollstetig ist,
Rend. Circ. Mat. Palermo, 27 (1909), 373-392.

Institute of Mathematics, Wroclaw University, Wroclaw, Poland
E-mail address: bendikov@math.uni.wroc.pl

Department of Mathematics, University of Bielefeld, Bielefeld, Germany, and Insti-
tute of Control Sciences of Russian Academy of Sciences, Moscow, Russian Federation
FE-mail address: grigor@math.uni-bielefeld.de

Department of Mathematics, University of North Carolina, Charlotte, NC 28223,
United States of America, and National Research University Higher School of Eco-
nomics, Moscow, Russian Federation

E-mail address: smolchan@uncc.edu

39



	Introduction
	The Dyson hierarchical model
	Outline

	Preliminaries
	Homogeneous ultrametric space
	Homogeneous hierarchical Laplacian
	Subordination
	L2-multipliers

	Schrödinger type operators
	Preliminary results
	Rank one perturbations
	Finite rank perturbations
	Sparse potentials
	Localization


