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Abstract

The path complex and its homology were defined in the previous papers of
authors. The theory of path complexes is a natural discrete generalization of
the theory of simplicial complexes and the homology of path complexes provide
homotopy invariant homology theory of digraphs and (nondirected) graphs.

In the paper we study the homology theory of path complexes. In particular,
we describe functorial properties of paths complexes, introduce notion of homo-
topy for path complexes and prove the homotopy invariance of path homology
groups. We prove also several theorems that are similar to the results of classical
homology theory of simplicial complexes. Then we apply obtained results for
construction homology theories on various categories of hypergraphs. We de-
scribe basic properties of these homology theories and relations between them.
As a particular case, these results give new homology theories on the category
of simplicial complexes.
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1 Introduction

In this paper we study functorial and homotopy properties of path complexes that
were introduced in [7] and [9] as a natural discrete generalization of the notion of a
simplicial complex. Now we systematically describe properties of path complexes and
provide new definitions, including notion of homotopy, and proof theorems that are
similiar to the results of simplicial homology theory. As an application we construct
homology theories on various categories of hypergraphs (see [6]).

Note that the particular case of the theory, the path homology theory of digraphs
and (nondirected) graphs, was investigated in [8], [10], [11], and [12]. For the case of
(nondirected) graphs the path homology coincides with the graph homology defined in
[3] and [4] which are closely connected with the A-homotopy theory [1], [2], and [3].
The Kiinneth formulae for the Cartesian product and for the join of path complexes
were proved in [7] and [9)].

In Section 2, we recall the the notion of the path complex on a finite set V' and the
definition of path homology [7], [9], and [11]. We describe also functorial properties of
the path homology.

In Section 3, we introduce the notion of homotopy for path complexes and prove
the homotopy invariance of the path homology groups.

In Section 4, we introduce the notion of a sub-complex of a path complex and
corresponding relative homology groups. We construct also several natural homology
exact sequences.

In Section 5, we apply obtained results to construct homology theories on vari-
ous categories of hypergraphs and describe theirs properties. We provide also several
examples of explicit computations of path homology groups of hypergraphs.
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2 Path complexes on finite sets

In this section we recall the notion of the path complex on a finite set V' and define
the path homology theory of such complexes following [7], [9], and [11].

Then we introduce a notion of morphism for path complexes and describe functorial
properties of path homology groups.

Let V' be an arbitrary non-empty finite set. We call a verter any element v € V.
An elementary n-path on a set V is a sequence i .. .14, of n > 0 vertices from V.

For a unitary commutative ring K, consider a left K-module A,, = A, (V') generated
over K by elements e;, ; where i...i,, is an elementary n-path. The elements of A,
for n > 0 are called n-paths on V. Set also A_; = K and A_y = 0. Each n-path v € A,



for n > 0 has a unique representation in the form
v = E Qi0--in Cig.rin

where vio-in € K.
For n > 1, define the boundary operator

0: N, — Ny

as a linear operator that acts on elementary paths by

n

8€i0...in = Z (_1)8 Cioinins (2'1)

s=0

where the hat zAs means omission of the index i,. For n = 0, —1 we define 0 : Ag —
A_; = K as the augmentation homomorphism ¢ given by

E(ka¢p> =Yk k€K, i€V,

and define 0: A_; — A_5 = 0 to be zero.

It is an easy exercise to check that 9* = 0 [7] and, hence, A, = {A,} is a chain
complex.

An elementary path 4...7,, is called non-regular if 7,1 = 45, for some k =1,...,n,
and reqular otherwise.

Forn > 2,let I, = I,,(V) C A, (V) be a submodule generated by non-regular paths.
Forn =—-2,—1,0,1 we put I,, = 0. Then for n > —1, the restriction of 0 to I,, satisfies
the condition 8> = 0: I,, — I,,_5 and hence a chain complex I, is defined. Thus we
obtain a quotient chain complex

and we continue to denote by 0 the induced differential. It is clear, that for n > 0 we
have isomorphisms
R, = span {eiou_ip D 10...0p 18 regular} .

The elements of R, are called reqular p-paths.
Let V.V’ be two finite set. Any map f : V — V' induces a morphism of chain
complexes

fe i A(V) = A(V)
given on the basis of A, (V') for n > 0 by the rule

fs (€ig..in) = €f(io)...f(in) and fy is an isomorphism for n = -1, -2. (2.2)

Since fi(1,(V)) C L,(V"), the morphism f, induces a morphism of chain complexes of
regular paths
R.(V) = R.(V") (2.3)

which we continue to denote f,.



Definition 2.1 [7] A path complex over a set V' is a collection P = P(V) of elementary
paths on V' such that:

e ;€ Pforanyi€V,

e if 4g...7,, € P then iy...i,,_; € P and iy...7,, € P. Sometimes we shall omit the set
V' in notations.

For n > 0, the set of all n-paths from P is denoted by P,. The (n — 1)-paths
19...ip—1 and iy...7, are called the truncated paths of the n-path ig...7,,. The elements of
P are called allowed elementary paths, and the elementary paths that are not in P are
called non-allowed. Note that Py = V. The elements of P, are called edges of P. It
follows immediately from Definition 2.1 that for n-path iy...i,, € P(n > 1), all 1-paths
Ip_11) are edges.

Definition 2.2 We say, that a map f : V — V'’ of sets induces a morphism of path
complexes P and P’ if, for any path v € P, the path f, (v) defined in (2.2) lies in P’.
We shall write this morphism as

fo:(fvf*): (MP)_)(V,7P/)

Let (V, P),(V', P"),(W,S) be path complexes and f: V — V' ¢g: V' — W be maps

of sets which define the morphisms
fo=(f 1) (V,P) = (V',P') and go = (g, 9.): (V', P)) — (W.5)

of path complexes where g, and f, defined in (2.2). Then we can define the composition

Jofe as
gofo: = (gfag*f*)

The map gf: V — W defines a morphism of path complexes

that evidently coincides with the morphism g, f,.

In this way we obtain a category P whose objects are path complexes and whose
morphisms are morphisms of path complexes.

For any integer n > 0, define the K-module A, (P) that is spanned by all the
elementary n-paths from P:

An = An (P) == <€i0...in|i0---in S Pn> )

and we put A_; = K, A_5 = 0. The elements of A,, are called allowed n-paths of the
path complex P. Thus we have a natural inclusion of modules A, (P) C A,(V) for
n>1and A,(P) = A, (V) for n = -2, —-1,0.

Note that the set of all paths on the set V' gives a path complex which we denote
by Py. We shall call Py a full path complexr on the set V. For this path complex we
have A,,(Py) = A, (V).

For some path complexes it can happen that A, C A,_; (see [10], [7], [12]), but
in the general case this is not true.



Define a submodule Q,(P) C A,(P) as follows. For n = —2,—1,0,1 we put
Q,(P) = A,(P), and for n > 2 we put

Q,=Q,(P)={veA,|ove A, }.

It is clear that 9(£2,) C Q,_1, since 8% = 0. The elements of €2, are called d-invariant
n-paths, and we obtain a reduced chain complex:

0 K — Qo ... — Q1 Q— Qyq — ... (2.4)

where the boundary maps are induces by 0. The corresponding non-reduced chain
complex has the form

0— Qo ... — Q1 — Qp — Qpyqg — ... (2.5)

Homology groups of (2.5) are referred to as the path homology groups of the path
complex P and are denoted by H, (P),n > 0. The homology groups of (2.4) are called
the reduced path homology groups of P and are denoted by f[n (P),n>—1.

Now we introduce regular path homology groups of a path complex P. We have a
commutative diagram of inclusions of K-modules

An(P)  — Au(V)
An(PT) nln, — 1,
which induces homomorphisms of K-modules
Ru(P) = An(P){An(P) N I} = An(V) /I = Rn(V)
for n > —2. Denote the image of this homomorphism as
R¥9(P) C Rn(V).

Note, that R, (P) = R (P).
Define a submodule Q79(P) C R;¥(P) as follows. For n = —2,—1,0 we put
Qred(P) = Rre9(P), and for n > 1 we put

Qe =9 (P) = {v e RI¥(P)|0v € R, (P) where 0: R, (V) — R,(V)}. (2.6)

The elements of 279 are called 0-invariant regular n -paths, and we obtain a reduced
reqular chain complex:

0K — Q9 — . — QY — Q9 — % — (2.7)

where the boundary maps are induces by 0. The corresponding non-reduced complex

has the form
0— Q7 — . — Y — U9 — Q7 — (2.8)

Homology groups of (2.8) are referred to as the regular path homology groups of the path
complex P and are denoted by H'* (P),n > 0. The homology groups of (2.7) are called
the reduced regular path homology groups of P and are denoted by H!* (P),n > —1.
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Some properties of the introduced chain complexes, various special types of path
complexes, and examples of computing homology groups are given in [9] and [7]. From
now on we shall consider only non-reduced chain complexes and non-reduced homology
groups if otherwise does not state.

Let C, denote the category whose objects are chain complexes and whose morphisms
are chain maps.

Now we discuss morphisms of chain complexes which are induced by morphisms of
path complexes. The proofs of them follow immediately from definitions.

Lemma 2.3 (i) Let A, and A, be chain complexes with the differentials 0 and O,
respectively, and f.: A, — A, be a morphism. Let the submodules A, C A, and
Al C A be given in a such way that f.(A,) C A.,.

Define the modules 2, and 2, in such a way

Q,={veA,ove A, 1} and Q,={veAove A _,}. (2.9)

(i) Then
Q) C Qyy, () C, (2.10)

and f, induces a morphism of chain complexes €, — Q. which we continue to denote
by f.

(i) If fo: A — AL is @ monomorphism, then f.: Q, — U, is a monomorphism,
too.

Proposition 2.4 Any morphism fe: (V,P) — (V' P') of path complezes induces a
morphism f, of chain complezes

Q(fa) = f.: Qu(P) — Qu(P) (2.11)
and a morphism of regular chain complexes
QI(fe) = fu : I(P) — () (2.12)
and, consequently, homomorphisms
fir Ho(P) — H(P"), f.: H*(P) — H[*(P"), (2.13)
of homology and regular homology groups.

Corollary 2.5 We have functors €2, and Q.9 from the category P of path complexes
to the category C, of chain complexes.

Proposition 2.6 For any path complex P we have a morphism of chain complexes
Q.(P) — Q5(P)
and hence the homomorphisms of homology groups
fu: H(P) — HI(P).
Now we give yet one definition we shall need in the next section (see [9] and [7]).
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Definition 2.7 A path complex P is called regular if all the paths iq...i,, € P are
regular.

It is possible to give a more weak definition of a morphism of path complexes that
induces a morphism of regular chain complexes [7].

Definition 2.8 [7] We say, that a map f : V — V' of sets provides a weak morphism
of path complexes P and P’ if, for any path v € P, the path f, (v) defined in (2.2) lies
in P’ or it is an irregular path in the full path complex Py. In this case we shall write

for (V. P) — (V. P).
Let
for (V. P) — (V', P') and go: (V', P') — (W, S)
be a weak morphism of path complexes. Similarly to the case of morphism of path com-

plexes, the composition g, f, is defined. Thus we obtain a category PV whose objects
are path complexes and whose morphisms are weak morphisms of path complexes.

Proposition 2.9 Any weak morphism fo: (V, P) — (V', P') of path complexes induces
a morphisms of chain complexes

Q9(fo): Q(P) — Q9 (P) (2.14)
and, consequently, homomorphisms
HI(P) — H“9(P") (2.15)

of reqular homology groups.

Proof. Let Il C A,(V’) be a submodule generated by non-regular paths. The result
follows from the natural isomorphism

An(P) AP NI} — Au(P'U L) {A(P' U T) N L}

and from Lemma 2.3 as above.
Consider a commutative diagram

A, (P) RLY A (P UT) . A, (P
! ! !
AdPY{A(PYN LY 5 AP UL){A(P U)LY & AJ(P)/{A(P) NI}
| 1= |
R (P) LY R (P') — R (P')
! ! !
R1e?(P) 5 Rieo(P') = Rieo(P')
! l
R.(V) 5 R.(V)

where the bottom vertical arrows are natural inclusions, and the morphism f induces
the morphism of quotients
fe: Re(V) — RL(V).

Now the morphism (2.14) follows from Lemma 2.3 and the rest of the claim is standard.
n

Corollary 2.10 We have that f Q2.%is a functor from the category PW of path com-
plexes to the category C, of chain complexes.



3 Homotopy theory for path complexes

In this section we construct a homotopy theory for path complexes and prove the
homotopy invariance of homology groups introduced above.

Let I = {0,1} be a set with two elements. For any set V = {0,...,n}, let V x [
be the Cartesian product. Let V' be a copy of the set V' and we denote such a set
by V! ={0,...,n'} where i € V' corresponds to i € V. Then we can identify V x [
with V' UV’ in such a way that (i,0) corresponds to ¢ and (i,1) corresponds to i’ for
any ¢ € V. Thus V is identified with V' x {0} € V x [ and V' is identified with
Vx{l}cV xI.

The natural isomorphism V' = V' defines a path complex P’ on the set V' by the
following condition: ¢ ...i, € P iff iy...4, € P.

Define a path complex P x I as a path complex on V x [ =V UV’ by

PxI={wlwe P}U{w|w € P}U{w =1iq...14i...10,|ig. .. ixigs1---in € P} (3.1)
where 0 < k < n. It follows from (3.1) that we have natural morphisms
ie: (V,P)— (V xI,P x1I)
and
Jo: (VI, Py = (VxI,PxI)
which are induced by natural inclusions i: V -V x I =VUV'and j: V! -V x I =
VuVv'.
Now, we define the notion of homotopy in the category of path complexes. Let P be
a path complex on the set V' and S be a path complex on the set WW. Note that any map

f: V. — W define naturally a unique map f': V' — W, and similarly, any morphism
fo: (V, P) — (W, S) defines naturally a unique morphism f,: (V', P') — (W, 5).

Definition 3.1 i) We call two morphisms f,, ge: (V, P) — (W, S) of path complexes
one step homotopic (and write f, >~ g,) if there exists a morphism Fy: (V xI, PxI) —
(W, S) of path complexes such that at least one of the two following conditions is
satisfied.

1_ F.’(V,P) — f., F.l(VI7Pl) = g:

2. F.’(VJD) = (o, Fo|(V’,P’) = f:
ii) We call two morphisms f,,g.: (V, P) — (W,S) of path complexes homotopic
and write f, =~ g, if there exists a sequence of morphisms

fie: (V. P) — (W, 5)

such that fe = foo ~1 fle =1 "+ =1 fre = go-
iii) Two path complexes (V, P) and (W, S) are homotopy equivalent if there exist
morphisms
Jo: (MP) - <W7S)7 Ge': (VV;S) - (MP>
such that
Joge = Idwe, gefe = 1dy,
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where Idy: V — V and Idy : W — W are the identity morphisms. In this case, we
shall write (V, P) ~ (W, S) and shall call the morphisms f,, go homotopy inverses to
each other.

It follows directly from Definition 3.1, that the relation "to be homotopic” is an
equivalence relation on the set of morphisms between two path complexes, and homo-
topy equivalence is an equivalence relation on the set of path complexes. Moreover, we
will denote by P’ the category whose objects are path complexes and morphisms are
the clases of homotopic morphisms of path complexes.

Let V be a set. For n > 0, define a homomorphism

T: N (V) = A (V x 1)
on elementary n-paths v = e;, ;, € A, (V) by

n

T(v) = Z (=1)" €ig.ripiy it (3.2)

k=0
an extending to A, (V) by K-linearity. We put A; = 0 for i« < —1 and define 7 =

0: A_1(V) = Ag(V x I). Recall that we have a natural isomorphism A, (V) = A, (V")
of submodules of A, (V' x I). It is given on the basis elements by e;, i, — €y and
extending by linearity to A,(V). We shall denote by v' € A, (V') C A, (V x I) the
image of the element v € A, (V) C A, (V x I)

Lemma 3.2 Forn >0 and any path v € A, (V') we have
o7 (v) + 7(dv) =" — v. (3.3)

Proof. It is sufficiently to prove the statement for basis elements v = ¢;, ;. Forn =0
and v = e;, € Ag(V'), we have

o7 (eiy) = Oewi) = ey, — €y,  7(0v) = 7(0) =0,

and the condition (3.3) is satisfied. Consider a path v = ¢;, ;. € A, (V) with n > 1.
We have

o(r(v)) = 8(2(—1)keio...iki'k~~~i;1%)

k=0

n k n

_ _1\k _1\ym N _1\ym+1 N

= E (—1) § (—1) Cio.. il ity | T E( 1) Cogenipdlyes il il
k=0 m=0 m=Fk

_ k+m - k+m+1 N

- E : ( 1) 610 e gl + z : 10 ...... TR AT Y
0<m<k<n 0<k<m<n

and

T(0v) = T(Z(—l)meio..zm...in>
= Z(—l)m [(Z_(_1)kei0...iki§€...§;n...iﬁb) + ( Z (_1)k_16z‘0 ...... 0, mzkz;z')]

m=0 k=0 k=m+1

_ _ 1\kt+m ~ k+m le -

= E (—1) Cig.igedl, .y il + E : € im il il
0<k<m<n 0<m<k<n



Hence

or(v) +7(dv) = Z (_1)k+keio..fki;€...i; + Z <_1)k+k+1eio ...... i

<

0<k<n 0<k<n
= E Cig..ip_1if...if, — E Cignnipdfy iy
0<k<n 0<k<n
= €. T E Cig...ip_1ilynily, — ( E Cigenniply ity T €i0...in>
1<k<n 0<k<n—1
= €y il — Cig.in T < E Cig..ip_1ilyily, — g €ig...... iki;chl...i;Z)
0<k—1<n—1 0<k<n—1

/
= €. i — €., =V — .

0" 'n

Remark 3.3 It is easy to transfer results of Lemma 3.2 to the regular paths. The
module R, (V') has the basis {e;, . |io .. .4, is regular path on V'}. Then we can define

T: Rp(V) = Ry (V x I) (3.4)
by the same formulaes as for 7: A, (V) — A1 (V % I).

Theorem 3.4 (i) Let
fo = ga: (V. P) — (W,5)

be homotopic morphisms of path complexes. Then these morphisms induce chain ho-
motopic morphisms of reduced and non-reduced chain complexes

fe = go: Q(P) — Q.(S) and f. = g.: Q9(P) — Q9(S)

and hence the same homomorphism of corresponding homology groups, respectively.
(ii) If the path complexes (V, P) and (W, S) are homotopy equivalent, then they have
isomorphic homology groups. Furthermore, if the homotopy equivalence is provided by
homotopy inverse morphisms fo and ge (as in (i) of Definition 3.1) then the induced
homomorphisms f, and g, provide mutually inverse isomorphisms of rediced and non-

reduced homology groups of (V, P) and (W,S).

Proof. At first we prove the statement for non-regular and non-reduced chain com-
plexes. It is sufficiently to consider only the first case of one-step homotopy F, between
fo and g as in (i) case 1 of Definition 3.1. By Definition 3.1 we have

Fuia = fo: Q.(P) — Q.(S)

and
Foje = g,: Q*<Pl) - Q*(S)

which we identify naturally with the morphism

ge: (P) — Q.(S5).
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By Proposition 2.4, morphisms f, and g, induce morphisms of chain complexes
for g QU (P) — Q.(5),

and F, induces a morphism
F.: Q.(P x1I)— Q.(9)

such that
F*’Q*(P) = f*7

In order to prove that f, and g, induce the same homomorphism H,(P) — H,(S),
it suffices by [14, Theorem 2.1, p. 40] to construct a chain homotopy

(P = G

Lo Qu(P) — Quir(S)

such that
aLn + Ln—la = g« — f*

For n > 0, define a homomorphism
7: Ap(P) = Apa (P x 1)

on elementary n-paths v = ¢;, ;, € A,(P) by formulae (3.2) an extend it to A,,(P) by
K-linearity. We put also A; = 0 for i = —1 and define 7 = 0: A_{(P) — Ay(P x I).
We prove now that if v € Q,(P) then 7(v) € Q,11(P x I). Let v € Q,(P) that is
ve A (P)CQ(V)and Ov € A, _1(P) C Q,_1(V). Hence, by (3.2) and definition of
A, (P x I), we have 7(v) € A, 1(P x I) and 7(dv) € A,(P x I). By Lemma 3.2, we
have
or(v) = —=7(0v) +v' — v
where the right summands lies in A, (P x I). It follows that if v € ,(P) then
T(v) € Qi1 (P x I).
For n > 0, define the homomorphism

Lo(v): = F. (1(v)) : Qu(P) — Quyi(S) for all v e Q, (P).

We obtain

(0L, + L, 10)(v) = O(F.(1(v))) 4+ Fi(7(dv)) (by definition L)
= F,(07(v)) + Fi(7(0v))  (since F, is a chain map) 3.1)

= F.(0r(v) +71(0v)) (since F is a homomorphism)
= F,(v —v) (by Lemma 3.2)
= g.(v) — fi(v) (by definition of F).

Thus the case (i) for reduced non-regular chain complexes is proved. The proof of
(ii) in this case is standard.

For the case of non-reduced non-regular chain complexes the proof is similar. Recall
that K is a ring of coefficients. In this case f.|x = g«|x = Fi|k is the identity map,
and define 7: K — Qu(P x I) as the trivial homomorphism.
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In the case of reduced regular chain complexes the proof is similar. It is necessary
to use the Remark 3.3 instead of Lemma 3.2.
]

Now consider two full path complexes P, and Py . In this case any map of sets
f:V — W defines the morphism f,: (V, P,) — (W, Py) of path complexes.

Proposition 3.5 Any two morphisms
fo,90: (V, Py) — (W, Pw)

of full path complexes are one step homotopic and, hence, any full path complex is
homotopy equivalent to the full path complex (x, P.) on the one point set x. The similar
statement is true for any regular full path complez.

Proof. Define the map F: V xI =V UV'— W by F|y = f, Fly» = ¢. This
map defines a morphism of path complexes

Fu: (V x I,Py x I) = (W, Py)

which satisfies evidently the conditions on one-step homotopy from Definition 3.1.The
Proposition is proved. m

Corollary 3.6 For any full path complex (V, Py) we have

K, forn=20,

Ho(Py) = H2(Py) = {o forn > 1

The proof is trivial.
Now we return to arbitrary path complexes.

Definition 3.7 i) We call two weak morphisms f,, go: (V, P) — (W, S) of path com-
plexes weak one step homotopic (and write f, ~1 go ) if there exists a weak morphism
Fo: (V xI,Px1I)— (WS) of path complexes such that at least one of the two
following conditions is satisfied.

1. Fo’(V,P) = fo, FO|(V’,P’) = gé

2. Fo’(V,P) = Go, Fo|(V’,P’) = fé

ii) We call two weak morphisms fo,g.: (V, P) — (W,S) of path complexes weak
homotopic and write f, ~ g, if there exists a sequence of weak morphisms

fio: (V. P) — (W, 5)

such that fo = fo, ~1 fio ~1 -7+ ~1 fao = Go-
iii) Two path complexes (V, P) and (W, S) are weak homotopy equivalent if there
exist weak morphisms

fo: (V,P) = (W,S5), go: (W,5) — (V, P)
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such that
foGo ~ Idwe, gofo ~ Idy,

where Idy: V' — V and Idy : W — W are the identity morphisms. In this case, we
shall write (V, P) ~ (W, S) and shall call the weak morphisms f,, g, weak homotopy
1mverses to each other.

It follows directly from Definition 3.7, that the relation "to be weak homotopic” is
an equivalence relations on the set of weak morphisms between two path complexes,
and weak homotopy equivalence is an equivalence relation on the set of path complexes.
Moreover, we will denote by PW' the category whose objects are path complexes and
morphisms are the clases of weak homotopic weak morphisms of path complexes.

Theorem 3.8 (i) Let
for~go: (V. P) — (W, 5)

be weak homotopic morphisms of path complexes. Then these morphisms induce the
chain homotopic morphisms of reqular chain complezes

fe = g X (P) — Q9(S)

and hence the same homomorphism of corresponding homology groups.

(ii) If the path complezes (V,P) and (W,S) are weak homotopy equivalent, then
they have isomorphic regular homology groups. Furthermore, if the weak homotopy
equivalence is provided by homotopy inverse morphisms f, and g, then the induced
homomorphisms f, and g, provide mutually inverse isomorphisms of reduced and non-
reduced homology groups of (V, P) and (W, S).

Proof. The proof is similar to the proof of Theorem 3.4. m

4 Relative path homology groups

In this section we introduce relative path homology groups and construct several exact
sequences with these groups.
Let (W, S) be a path complex and V' C .

Definition 4.1 A path complex (V, P) over a set V' is a path subcomplex of the path
complex (W, S) if any elementary path p € P lies in S. We write in this case (V, P) C
(W, S) or, to simplify notations, P C S.

For a subcomplex P C S, the inclusion morphism i,: (V, P) — (W,S) induces
a monomorphism i,: A, (V) — A, (W) of chain complexes such that i.(A,(P)) C
A, (S). By Lemma 3.2, this implies that i, induces a monomorphism of chain complexes
iw: Q(P) — Q.(5). Thus we obtain a short exact sequence of (reduced and non-
reduced) chain complexes

0 — Q(P) — Q.(5) — Qu(S)/Q(P) — 0. (4.1)

For the reduced chain complexes, the homomorphism i, in dimension —1 is the identity
homomorphism K — K. Hence the factor-complex €2.(S5)/Q.(P) will be the same for
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the reduced and non-reduced chain complexes. We define homology groups H.(S, P) =
H.(Q.(S)/Q.(P)), that are called the relative path homology groups.

The same line of arguments show that we have also a short exact sequence of
(reduced and non-reduced) regular chain complexes

0 — Q9(P) — 0L(S)" — QT9(S) /I (P) — 0. (4.2)

Proposition 4.2 Let (V, P) be a path subcomplex of (W,S). There there are long
exact sequences of homology groups

0 «— Hy(S,P) «— Hy(S) < Ho(P) « Hy(S,P) « Hy(P) « ...
and
0 «— Hy¥(S,P) «— Hy*(S) «— Hy*(P) «— H{“(S,P) «— H{*(P) « ...
and similarly for reduced homology groups.

Proof. Follows from (4.1) and (4.2). =

5 The path homology of hypergraphs.

In this section we apply the above results to construct a homology theory on the
category of hypergraphs. The homology theory based on the theory of path complexes
for the particular case of digraphs and (nondirected) graphs was constructed in [10],
[11], [12]. As before, we fix a commutative ring K with a unity as a ring of the
coefficients.

Definition 5.1 [5] (i) A finite hypergraph is a pair G = (V, E/) where V' is a non-empty
set of vertices and F is a set {eq,...,ex} of non-empty and non-ordered subsets of V'
such that

e =V (5.1)

The elements of E are called edges. A loop is an edge e; that has exactly one vertex v
that is e; = {v}. Degree |e;| of an edge e; is defined as the number of containing in e;
vertices.

The hypergraph is called simple if all edges are distinct. A hypergraph is called
h-homogeneous if |e;| = h > 1 for all ¢; € E.

(ii)) We say that a hypergraph G = (Vig, Fg) is a sub-hypergraph of a hypergraph
H = (Vy,Ey)ifVg C Vyand Eg C Ey. lfforany e = {iy...i,} € Egandiq,... i, €
Vi, we have e € Eg, we call the sub-hypergraph G an iduced sub-hypergraph.

It follows immediately from Definition 5.1 that simple 2-homogeneous hypergraph
is a graph without isolated vertices.
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Definition 5.2 In a hypergraph G = (V, E), two vertices are said to be adjacent if
there is an edge e that contains both of these vertices. Two edges are said to be adjacent
if their intersection is not empty. Two edges are said to be h-adjacent (h > 1) if their
intersection contains at least h vertices.

A walk in G is an alternating sequence vy, €1, Vs, €, ..., €y, Ve Of vertices v; and
edges e; of G such that: v; # v;41 and v, v,41 € €; for 1 <7 < n. In this case we say
that there exists a walk from v; to v,1.

We call a hypergraph GG connected if there is a walk between any two vertices of G.

Now we introduce the notion of a hypergraph morphism and a product of hyper-
graphs (as in [6]). These morphism and product have good categorical properties and
they are effective to construct natural path complexes of hypergraphs.

Let V be a finite set. Denote by S(V') the set of all non-empty non-ordered subsets
of V. By Definition 5.1, for a hypergraph G = (V, E'), we have a natural map

e E—S(V)\ 0.
Note that any map f: V' — W induces a map
Sp: S(V)\ 0 — S(W) \ 0.
For example, f(0) =0, f(1) =0, f(2) = 1 implies, that S;{0, 1,2} = {0,1}.

Definition 5.3 A morphism f: G — H of a hypergraph G = (Vg, Eg) to a hyper-
graph H = (Vy, Ey) is given by a pair of maps (fy, fg) where fy: Vg — Vg and
fe: Ec — Eg provided the diagram

Eg 2% S(Vg)\0
| fe 1Sf
Ey 2 S(Vg)\ 0

is commutative. The set of morphisms from G to H we shall denote by Hom(G, H).

Let ‘H denote the category whose objects are hypergraphs, and whose morphisms
are morphisms of hypergraphs defined above.

Definition 5.4 Let G; = (Vi, Ey) and Gy = (Vs, F5) be two hypergraphs. Following
6, 13], define the product G; x Gy = G = (V, E) as follows:

V =V x V5 is the direct product with the natural projections p;: V — V;,

and
E={(A e1,e2)|A C g, (e1) X @g,(e2), pi(A) = pg,(e:)}
where ps(A, e, e2) = A.
Definition 5.5 For a hypergraph G = (V, E) define a path complex (V,P%(G)) of
density ¢ > 1 on the set V' of vertices in the following way. The path p of the lentgh

n > 0 and density ¢ is defined as the sequence p of vertices ig ..., such that any ¢ or
less consequent vertices from p lay in some edge of G.
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For example, condition (5.1) implies that the path complex P!(G) coincides with
the full path complex Py defined in Section 2.

In what follows, we shall consider only non-reduced path-complexes and non-reduced
homology groups. All results can be immediately transferred to the case of reduced
homology. Thus, for a hypergraph G and any ¢ > 1 we have chain complexes

Q.(G.q): = Qu(PUG)) and QI(Glq): = QI (PYG))
which have the following homology groups

o H.(G.q): = H.((G,q)) = H(PU(G)),

o HIY(G,q): = H.(U9(G,q)) = HI*(PUG)).

These homology we call path g-homology and regqular path q-homology, respectively.
Recall that this homology groups depend also from the ring of coefficients K.
For example, Corollary 3.6 implies that for any hypergraph G we have

Ho (G 1) = HI*9(G, 1) — {K, for n =0,
0, forn>1.

In the case, when G is a simple graph without loops (in this case all edges consist
of two vertices) the homology H.(G,2) coincide with the graph homology from [3], [4],
[10].

We call an edge e € FE of a simple hypergraph G = (V, E') mazimal if there is no an
edge e; € E(e; # e) such that ¢s(e) C ¢n(er). The path homology of a hypergraph
depend only on the set of its maximal edges in the following sense. For any simple
hypergraph G = (V, E) define a sub-hypergraph G, = (Viy, Eyr) as follows. We put
Vv = V and E); will be subset of E consisting only of maximal edges. We have a
natural inclusion m: G — G, that is the identity map on the set of vertices. For ¢ > 1,
the map m induces the identity map of path complexes mo: PY(G) — P%(G);) and
the identity morphism of chain complexes Q. (G, q) — Q.(G,q). Hence H,(G,q) =

Proposition 5.6 For ¢ > 1, any morphism of hypergraphs f: G — H induces a
morphism
Pi(f): = (fv, fv): Ve, PUG)) — Vi, PU(H))

of path complexes, and thus we have a functor P1: H — P.
Proof. The result follows directly from Definition 5.3. =

Theorem 5.7 Let ¢ > 1. Any morphism of hypergraphs f: Gy — Go induces mor-
phisms

fo: Qu(Grq) = u(Carq) and f.: Q(Gr,q) — 2 (Gayq) (5.2)

of chain complexes and, consequently, homomorphisms
H*<G17q) - H*<G27Q) and H:69<G17q) - H:eg(G27q)

of homology and regular homology groups, respectively.
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Proof. The result follows from Propositions 2.4 and 5.6. =

Corollary 5.8 For q > 1, we have funtcors Q(?,q) and 2.°9(7, q) from the category
H to the category C..

Proposition 5.9 (i) For any hypergraph G and q > 2, we have a morphism of path
complezes AL: P1(G) — P171(Q) and, hence, induced morphisms of chain complezes

Q(G,q) — Q(G.q—1), L7(G,q) — A¥(G,q—1)
that define homomorphisms
H*(G>Q) _>H*(G7q_ 1)7 H:eg(Gaq) HHIBQ(C%Q_ 1)

of homology groups.
(ii) Let f: G — H be a morphism of hypergraphs. Then the morphisms A}, and
AY, fit into the commutative diagram:

0(G.q) L5 QuHq)
L A LAY
0(Gg—1) L5 Qu(H,q—1)

and there is a similar commutative diagram for reqular chain complexes.

Proof. The condition p € P?(G) implies evidently that p € P7!(G) and we obtain a
morphism of path complexes. Now the result follows from Proposition 2.4 and Theorem

5.7. m

Definition 5.10 A simple hypergraph G = (V, E) is simplicial if the condition
e =A{vy,v1,...,0,} EF

implies that any non-empty subset e; of {vg,vq,...,v,} is also an edge of G.

It follows immediately from this definition, that any simplicial complex A with the
set of vertices V' defines a simplicial hypergraph I'(A) with the same set of vertices and
with the edges that are given by simplexes of A (and vice versa, a simplicial hypergraph
defines an unique simplicial complex).

Let & be the category whose objects are finite simplicial complexes and whose
morphisms are simplicial maps. Consider a simplicial map ©: A; — As. The map
¥ defines a morphism I'(¢)): I'(A;) — I'(Ay) of hypergraphs by a natural way. It is
easy to see that we obtained a functor I': C — H. In what follows, we shall consider
only finite simplicial complexes. For a simplicial complex A, we shall use the following
notations

Q.(A,q): = (D(A),q) and 2U9(A,q): = QU(D(A).q).

As follows from the consideration above, for any ¢ > 1 we have a functor €,(?,¢) from
the category S of simplicial complexes to the category C of chain complexes. Thus
(see Definition 5.11 below) we obtain a new collection of path homology theories on the
category S of simplicial complezxes.
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Definition 5.11 For any symplicial complex A and ¢ > 1 define ¢-labelled path ho-

mology groups

and

HI%(A,q): = H(Q9(A, q)) = H7(P1(T(A))).

It follows from this definition that the path homology groups depend functorially
on the simplicial complex. Now we state a proposition which describes the dependence
on ¢ and follows immediately from the consideration above. Fix ¢ > 1.

Proposition 5.12 (i) For any simplicial complex A and g > 2, we have a morphism of
path complexes PY(T'(A)) — P11 (T(A)) which induce morphisms of chain complezes

Q*(Av Q) - Q*(Aa q— 1)a Qieg(Aa Q) - Q:eg<A> q— 1)
that defines homomorphisms
H*(A7q) _)H*(Avq_ 1)7 Hleg(Av(J) _>H:69(A’q_ 1)

of homology groups.
(ii) A simplicial map : Ay — Ag induces a commutative diagram of chain com-
plexes

Q*(Ab Q) E— Q* (A27 Q)
l l (5.3)
Q.(ALg—1) 25 Q.(Asg—1)

and a stmilar diagram for reqular chain complexes. These diagrams imply commutative
diagrams of homology groups.

Now we apply path homology theory to the construction homology theories on the
category of directed hypergraphs.

A partially orderd set V' is called a linearly ordered if for any two distinct elements
a,b € V the one of the conditions a < b or b < a is satisfied.

We shall consider only finite directed hypergraphs without double edges. We shall
use the bold fonts for designations directed hypergraphs and their morphisms, vertices,
and edges.

Definition 5.13 A directed hypergraph is a couple G = (V,E) where V is a non-
empty finite set of vertices, and E = {eq,...,ex} is a set of directed edges consisting
of non-empty and distinct subsets of V such that | Je; = V and the elements of any
edge e = {ig,i1,...in} € E are dictinct and linearly ordered. Without restriction of
generality we suppose that ipg < i; < -+ < i,. We do not suppose that the order of
elements are agree on the intersection of edges. If the order of the elements agree on
the intersection of the edges, we call such a hypergraph strong directed.

Definition 5.14 A morphism f: G — H of directed hypergraphs is given by a pair of
maps fyv: Vg — Vg, fg: Eq — Eg that satisfy the following properties:
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i) there is a commutative diagram

Ec 25 S(Vg)\0
i) | St
En % S(Vu)\0,

ii) for any edge e = {ip,i1,...in} € Eg we have fy(ip) < fy(iy) < -+ < fy(in).
The set of morphisms from G to H we shall denote by Hom (G, H).

It is clear that the set of directed hypergraphs with the defined above morphisms
form a category which we denote by H™.

To any directed hypergraph G = (V, E) we can assign the hypergraph F(G) = G =
(V, E) putting V =V and to any ordered edge e € E we assign the edge e consisting
from the same non-ordered elements as e. From Definitions 5.3 and 5.14 it follows that
we have a (forgetting the order) functor F: H* — H. A directed hypergraph G is
h-homogeneous if the hypergraph G is h-homogeneous (connected, without loops) if
the hypergraph G is homoheneous (connected, without loops).

Definition 5.15 For a directed hypergraph G = (V, E) define a path complez (V, P1(G))
of density ¢ > 1 on the set 'V of vertices by the following way. The path p of lentgh

n > 0 is defined as the sequence of n + 1 vertices igiy .. .1, = p such that any ¢ or less
consequent vertices from p give an ordered subsequence of an edge e € E.

Thus, for a directed hypergraph G and any ¢ > 1 we have chain complexes
Q.(G,q): =(PUG)), A7G,q): =QLI(PIG))
that define the homology groups of G as follows:
H(G,q): = H.(2(G,q), HIY(G,q): = H.(X7(G,q)).

Let G be a 2-homogeneous directed hypergraph. Then G defines a simple digraph
(in this case, all edges consist of two ordered vertices). The homology H!%(G,?2)
coincides with the path homology of simple digraphs from [10], [12], [8].

For a directed hypergraph G, we have by Corollary 3.6

K, forn =0,

5.4
0, forn>1. (54)

m@@z%@gywmmzmwmg{

Let G; = (V, E;), (i = 1,2) be directed hypergraphs. Analogously to Proposition
5.6, for ¢ > 1, any morphismf: G; — G induces a morphism

Pi(f): (Vi, PU(G1)) — (V1, P(G2))
of path complexes, and thus we have a functor P?: H* — P.

Theorem 5.16 Any morphism of directed hypergraphs f: Gi — Gg induces mor-
phisms of chain complezes

£, : Q.(G1,q9) = Q(Ga,q), f.: QY9G q) — AY9(Gs,q)
and, consequently, homomorphisms

f.: H(Gq,q) — H(Ga,q), f.: H.Y(Gy,q) — H(Ga,q)
of homology groups.
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Proof. Similar to the proof of Theorem 5.7. m
The next statement is similar to Proposition 5.9.

Proposition 5.17 For any directed hypergraph G and q > 2, we have a morphism of
path complexes PY(G) — P17 (G) and, hence, morphisms of chain complexes

Q*(G7Q) — Q*(Gv q— 1)a Q:eg(G7Q) - Q:eg(Ga q— 1)

that are natural relative to morphism of direted hypergraphs and that define homomor-
phisms
H*(G,Q) _)H*<G7q_ 1)7 H:eg(G7Q) _>H169<G’q_ 1)

of homology groups.

For any directed hypergraph G = (V,E) define a simple digraph R(G) = G =
(V,€) as follows. We put V =V and we have an arrow (v — w) € € for v,w € V iff
there is at least one edge e € E such that v,w € e and v < w. It is easy to see that
we have a functor R from the category H™' to the category D of digraphs defined in
[10, Section 2].

Consider several examples in which the ring of coefficients is Z.

Example 5.18 i) Let G = (V,E) be a directed connected hypergraph with
V =1{1,2,3,4,5,6} and E={e]l1<i <7}
where the vertices in the edges

e; ={1,2,5}, e ={1,4,5}, e3={2,3,5}, e, = {3,4,5},

es ={1,2,6}, e ={1,4,6}, e; ={2,3,6} (5.5)

have the natural order. Now we compute the homology groups HI*(G, q) for all ¢ > 1.
Note, that for ¢ > 1, the module Q) (G, ¢) is generated by the set of vertices V.
The homology in the case case ¢ = 1 are given by (5.13) and we have

Z., forn =20,
0, forn>1.

HI*(G, 1) = {

Let ¢ = 2, the module 27%(G, q) is generated by the set of paths e;, ;. in which
any pair of consequent indeces i;i;;; is an ordered subset of one from the edges in (5.5).
Thus the regular chain complex Q7°(QG,2) is isomorphic to the regular chain complex
(see , [8], [10], [11], and [12]) for path homology groups of the digraph G = (V, ) where
YV =V and & consists of the edges

1—2,1—41—5,1—6,2—3,2—5, 2—60,

3—4,3—5, 3—6,4—5,4—6.
The digraph G is presented on Fig. 1.

20



Figure 1: The planar digraph G from Example 5.18.

Thus we have

(elie V), for i =0
QG 2) = (e55]i — j € &), fori =1 (5.6)
' 7 <63467€ijk|{i7j7k} =ep, 1 <m< 7>7 for i = 2 ‘
0, for ¢ > 3,

where (... ) means the free abelian group generated by the elements in the angle brack-
ets. Now it is easy to compute the homology group directly, using definition (2.1) of
the of differentials. The that the planar digraph of Fig. 1 is the suspension SC over
the following digraph C"

—

N — W

4
1
1 —

and, hence, its regular homology groups are the following (see [8, Theorem 4.13])

Z, forn=0,2

0, for others cases.

H'™(G,2) = Hi(SC,Z) = {

For ¢ > 3, we have

029G, 2), fori =0,1
QG,q) = < (ep{l ik} =en, 1 <m<T7), fori=2 (5.7)
0, for i > 3,

We note the groups Q57(G,2) and Q5(G, q) differs only by one generator egqg. We
have

Oegap = €46 — €36 + €34 = (5.8)
= Ole125 — €145 + €235 + €345 — €126 1+ €146 — €236)-
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Comparing (5.15) and (5.7) we see that the images of
0: 057(G, q) — 5,7(G, q) (5.9)

a the same for ¢ = 2 and for ¢ > 3. Hence H|“(G,q) = 0 for ¢ > 3. Now we check
directly (or using Eulear characteristic of chain complex), that the differential in (5.9)
is monomorphis. Hence Hy (G, q) =0 for ¢ > 3

i) Let G1 = (V, E) be directed connected hypergraph with the same set of vertices
as G in the previous example and the set of edges

es={1,4,5}, e3={2,3,5}, e, = {3,4,5},

that obtained from the set of edges G by deleting the edge e;.
Using the same line of arguments as in the previous example we obtain that

H(G1,q) = H(G,q) for ¢=0,1,2

and, for any ¢ > 3,
Z, forn =20
H(G1,q) =7, forn=1

0, for others cases.

Now we discuss the application of homotopy theory to the categories H* and H of
hypergraphs.

Let I = (Vi, Er) be the hypergraph with two vertices V' = {0,1} and the set of
edges Er = {fo = {0}, f1 = {1}, fo = {0,1}}. For any hypergraph G = (V, E) with
the set of edges £ = {ey,...,er}, let H =G x I be the product of hypergraphs as in
Definition 5.4. The hypergraph H has, in particular, the edges

(A$7 €s, fO) with pl(As) = ¢G’(es)v p2(AS> = fO
and
(As, €5, f1) with pi(As) = dgles), p2(As) = fi.

It is clear that p;|a, is the bijection in both cases.
Consider two natural inclusions of the hypergraphs i = (iy,ig): G — G x I where

iv(v) = (v,0) and ig(es) = (As, €5, fo),v € Vies € E
and j = (jv,jg): G — G x I where
jV(v) = (U, 1) and jE(es> = <A57657f1>7v € V> es € E.

Thus by means ¢ we shall identify G with the sub-hypergraph of G x I that we
shall call the bottom boundary of G x I and by means j we shall identify G with the
sub-hypergraph of G x I that we shall call the top boundary of G x I.
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Definition 5.19 (i) We call two morphisms f,g: G — H of hypergraphs one-step
homotopic and write f ~; g if there exists a morphism F': G x I — H of hypergraphs
such that the restriction of F' to the bottom boundary is f and the restriction of F' to
the top boundary is g.

ii) We call two morphisms f, g: G — H of hypergraphs homotopic and write f ~ g
if there exists a sequence of morphisms of hypergraphs f;: G — H such that f = fy ~;

iz = fa=g
iii) Two hypergraphs G and H are homotopy equivalent if there exist morphisms

f:G—H, g: H— G suchthat fg~Idy, ¢f ~Idg

where Idg: G — G and Idy: H — H are the identity morphisms. In this case, we
write G ~ H and call the morphisms f, g homotopy inverses to each other.

Theorem 5.20 i) Let
f~=g: G — Gy

be homotopic morphisms of hypergraphs. Then for any q > 1, these morphisms induce
chain homotopic morphisms f, ~ g, of chain complexes

0.(G1,q) = Qu(G2,q) and QU7 (G1,q) — Q7(Ga,q)
and, hence, the same homomorphism f, = g.
H*(Gla C]) - H*(G27 Q) and Hzeg(Gla q) - H:eg(G%q)

of homology groups.
ii) If the hypergraphs G1 and Gy are homotopy equivalent, then for q > 1, then
theirs homology and regular homology groups are isomorphic:

H,(G1,q) = H.(Gs,q) and H*(Gy,q) = H;*(Gs,q).

Furthermore, if the homotopy equivalence is provided by the homotopy inverse mor-
phisms f and g then theirs induced maps f. and g, provide mutually inverse isomor-
phisms of homology groups.

Proof. It is sufficiently to consider the case of one-step homotopy. For ¢ > 1, the
morphisms ¢,, j, f, g, and F' induce morphisms of path complexes

fhg.: Pq(Gl) - Pq(G2)7
ie,jo: PI(Gy) — PGy x I)

and

Fu: PY(Gy x I) — PU(Gy)

such that
Fooie=f, and F, 0 jq = Ge.

Consider the path complex P%(G1) x I as in (3.1) of Section 3. Any path of density ¢
from P9(G4) x I that is in P or in P’ (as in (3.1) has the form

w=uwy...vx and W =vy... v,
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respectively. These paths define evidently the unique paths
7(w) = ig(w) = (vg,0)... (&, 0), T(w') = jo(w") = (vo,1)... (g, 1) (5.11)

in P?(Gy x I). Consider the path @ = vy ... vz} ... v, € P! x I where 0 < k < n and
w=1y...0...0, € PYGy) (similarly to (3.1)).
We state that the path

T(W) = (v9,0) ... (vg,0)(vg, 1) ... (v, 1) (5.12)

lies in P?(G x I). Consider g or less consequent elements of the path 7(w). If the set of
these elements is the subset of (v, 0) ... (vg, 0) or the set (vg, 1) ... (vp, 1) the statement
directly follows from the hypothesis that w € P9(G4). If these consequent elements
have the form (v,,,0)...(vg, 0)(vg, 1) ... (v;,1) with 0 < k& < [ < n the statement
also trivial, since the elements v,, ... v ...v; lies in some edge e; of G and hence the
elements (v, 0) ... (vg, 0)(vk, 1) ... (v, 1) lies in the edge (A, e;, fo) of G x I. Hence
(5.11) and (5.12) define natural inclusion

T: Pq(Gl) X I — Pq(Gl X I)

Hence the composition

Foot: PYGy) x I — PYG»)

gives one-step homotopy f, >~ ¢ge. Now the result follows from Thorem 3.4. m
Remark 5.21 For directed hypergraphs Theorem 5.20 remains valid.

Now we present several results about homolgy groups of hypergraphs.
Define a hypergraph path 11 = (V, E) of density ¢ > 1 and of length n > 0 as follows

V={0,1,...,n}, E={ey,eq,...,exlk =n—q+2}
where e; ={0,1,...,¢q—1},ea ={1,2,...,q¢},...,ex ={n—qg+1,n—q+2,...,n}.

Proposition 5.22 For any simplicial hypergraph G = (V, E) we have an one-to-one
correspondence P1(G) «— Hom(14, G) between the paths of length n > 0 from P(QG)
and the set of hypergraph morphisms Hom(I?, G).

Proof. Let p = igiy...i, € PY(G). We define the morphism (fv, fg): I — G
putting fy(j) =i; for 0 < j < n and for 1 < j < n— ¢+ 2 we define fg(e;) as the
unique minimal edge in G that consists of the vertices {fy(j —1),..., fv(¢+Jj —2)}.
Such edge exists as follows from definition p and since G is a simplicial hypergraph. It
follows from Definition 5.3 of hypergraph morphism that any f € Hom([?, G) defines
a path p € PY(G) by the rule p = fy(0)... fy(n). m

Now we describe one more relation of our construction to the simplicial theory. For
a simple hypergraph H = (V, E), let H: = (V E) denote the simplicial hypergraph
constructed in the following way. We put V=V and we add a minimal number of
edges to £ to obtain E of the simplicial hypergraph H. We shall say that the simplicial
hypergraph H is associated with the hypergraph H.
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Lemma 5.23 Any morphism f: G — H of simple hypergraphs induces a morphism
f G—H of associated simplicial hypergraphs in such a way that fy = fV

Proof. Any morphism f of simple hypergraphs is defined by the restriction fy : Vg —
Vi and, hence, by the restriction fi, to the maximal edges of G. Consider the restriction
of fy|. on a maximal edge e = {io, ..., i, }. By Definition 5.3, we have fg(e) = ¢’ € Ey
where
¢ = {jo,.--.gw} and fv ({io,...,in}) = {jo, - ja}-

The map fy|. gives a unique map of all subsets of the set {ig,...,4,} to the all subsets
of the set {jo, ..., jrx} which automatically provide the well defined map fz on any edge
e; C e since f is the hypergraph map by assumption. Now the result follows. m

Proposition 5.24 Let H be a simple hypergraph and H be an associated simplicial
hypergraph. Then the identity map on the set of vertices V' for any q¢ > 1 gives the
incluston s: H — H of hypergraphs that induces identity map of path complexes

s.: PY(H) = PI(H),
in particular, for any ¢ > 1 and n > 0 we have
PI(H) S PU(H).
Moreover, any morphism f: G — H induces a morphism f Pq(CA}) — Pq(]/-\l) such

that the diagram R
Pi(H) = P(H)
2 (A (5.13)
Pi(G) = PYG)

15 commutative.

Proof. The first statement is trivial, since the collection of maximal edges of H and
H is the same. The second statement follows from Lemma 5.23. =

Lemma 5.25 Let G; = (V4, E1),Gy = (Va, Ey) be two simplicial hypergraphs. Then
the product G1 x Gy is also a simplicial hypergraph.

Proof. It is enough to prove that for any two edges e; € G1, es € Gy with
er = {io,...,in}, €2 = {Jo,-..,Jr} any subset A of the direct product

{i07"'7in} X {jOv:]k}

of the sets defines an edge in the hypergraph Gy xGs. Let p;(A) = a; Ce; C V(i = 1,2)
where p; are natural projections. Then a; is an edge of GG;, since G; is simplicial. Hence
the triple (A, aq,a9) is an edge in G; X G5 by Definition 5.4 and the result follows. m

Proposition 5.26 Let G, Gy be two simplicial hypergraphs. Then for any ¢ > 1 we
have an one-to-one correspondence

PGy x Gy) «— P1(Gq) x PYG>) (5.14)
between the path complexes which induces for n > 0 an isomorphism of modules

Qu(G1 % G2,q) = (G, q) @ Qu(G2, q). (5.15)
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