ESTIMATES OF HEAT KERNELS FOR NON-LOCAL REGULAR
DIRICHLET FORMS

ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

ABSTRACT. In this paper we present new heat kernel upper bounds for a certain class
of non-local regular Dirichlet forms on metric measure spaces, including fractal spaces.
We use a new purely analytic method where one of the main tools is the parabolic
maximum principle. We deduce off-diagonal upper bound of the heat kernel from the
on-diagonal one under the volume regularity hypothesis, restriction of the jump kernel
and the survival hypothesis. As an application, we obtain two-sided estimates of heat
kernels for non-local regular Dirichlet forms with finite effective resistance, including
settings with the walk dimension greater than 2.
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1. INTRODUCTION

We are concerned with heat kernel estimates for a class of non-local regular Dirichlet
forms. Let (M,d) be a locally compact separable metric space and let p be a Radon
measure on M with full support. The triple (M,d, ) will be referred to as a metric
measure space. Let (£,F) be a regular Dirichlet form in L? (M, u). As is well known
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(cf. [11]), any regular Dirichlet form has the generator £ that is a non-positive definite
self-adjoint operator in L? (M, i), which in turn gives rise to the heat semigroup P; = et~
and an associated Hunt process <{Xt}t20 , {}P’gg}xeM) on M.

If the operator P; is an integral operator, that is, has the integral kernel p; (z,y), then
the latter is called the heat kernel. At the same time, p; (z,y) is the transition density
of the process {X;}. The question of the existence and the estimates of the heat kernel
has attracted considerable attention in the literature. The estimates of the heat kernel
could be then used for many applications, in particular, for obtaining information about
the path properties of {X;} and the spectral properties of the operator L.

Depending on the setting one expects different types of estimates of the heat kernel
pt (z,y). For example, in R™ with the classical Dirichlet form

€ (u,u) :/ \Vul? da,

whose generator is the classical Laplace operator A, the heat kernel is the Gauss-Weierstrass

function
( ) 1 e |Z‘ B y|2
xr = —— eX -

that is also the transition density of Brownian motion. For the Dirichlet form
ou Ou

where (a;; (x)) is a symmetric uniformly elliptic matrix, the generator is the operator

0 0
£~ ()

and the heat kernel admits (cf. [1]) the two-sided Gaussian bounds

(o) = O exp [ 29
Pt Y ’\tn/Q p ot .

Similar bounds hold on some classes of Riemannian manifolds (see [14], [33]). Note that in
the above examples the Dirichlet form is local and, hence, the corresponding Hunt process
is a diffusion.

Local Dirichlet forms may also be defined on some singular spaces like fractals, where
the definition is implicit and uses the self-similarity structure (cf. [2], [3], [21], [27], [32]).
On some classes of fractals the heat kernel is known to exist and to satisfy the following
sub-Gaussian estimates:

g C d(z,y) B/(B-1)
Dt (l’,y) - WGXP ( ( Ctl/ﬁ > ) (11)

where o« > 0 and 3 > 1 are some parameters that characterize the underlying space in
question, and d (z,y) is an appropriate distance function.
Consider the following example of a non-local Dirichlet form in R™:

= S

where 0 < 8 < 2. The generator of this form is const (—A)ﬁ / ?_and the heat kernel admits

the bounds (0 5)
_ 1 lz —y[\ "
P (:9) = 57 (H RYE ) '
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The associated Hunt process is the symmetric stable process of index ([, that is a jump
process.

Similarly, if £ denotes the generator of diffusion with the heat kernel (1.1), then the
operator — (—L)” for any 0 < v < 1 is the generator of a non-local Dirichlet form, and its
heat kernel admits the estimate

_ 1 d(z,y)\ ")
pt (37:3/) - ta/ﬂl (1+ tl//Bl ) 3 (12)

where 3 = 37 (see, for example, [13], [26], [36]). It was shown in [20] that (1.1) and (1.2)
exhaust all possible two-sided estimates of heat kernels of self-similar type.

The purpose of this paper is to give equivalent conditions for upper bounds of the heat
kernels of non-local type.

Let us return to the general setup of a metric measure space (M,d, 1) equipped with
a regular Dirichlet form (£, F). Assume in addition that (£, F) is conservative, that is,
P;1 = 1. Denote by V (z,r) the measure of the metric ball B (z,r). We assume throughout
that all metric balls are precompact. In particular, this implies that V (x,r) is finite.

Let a, 8 be fixed positive numbers, and let C denote positive constant that can be
different at different occurrences. Let us state the following conditions that in general
may be true or not.

(V<) : Upper a-regularity: For all x € M and all r > 0,
V(z,r) < Cre.
(DUE) : On-diagonal upper estimate: The heat kernel p; exists and satisfies the on-diagonal
upper estimate
< C
Pt («T,y) = ta/ﬂy

for all ¢ > 0 and p-almost all z,y € M.
(UE) : Upper estimate of non-local type: The heat kernel p; exists and satisfies the off-
diagonal upper estimate

C d(z,y)\ >

for all t > 0 and p-almost all z,y € M.
(UE,,.) : Upper estimate of local type: The heat kernel p; exists and satisfies the off-diagonal

upper estimate
C d(z,y) B/(8-1)
pe(2,y) < 7a7B P <— ( f1/8 >

for all ¢ > 0 and p-almost all z,y € M, where g > 1.
(S) : Survival estimate. There exist constants ,6 € (0,1) such that, for all x € M, all
balls B(z,r) and all t'/% < ér,

P, (TB(ac,r) < t) <eg,

where T is the first exit time of the process {X;} from a set €.

Note that P, (TB(L,A) < t) is the probability of {X;} to leave B (x,r) before time ¢. The
smallness of this probability as is stated in (S) means a high probability of the process
staying in B (z,7) up to time t. The latter can be considered as the probability of survival
of the process up to the time ¢ assuming that outside B (x,r) the process gets killed.

The above definition of the condition (.9) is a bit loose because in general P,, may not be
defined for all x € M. A rigorous analytic definition of (.S) in terms of the heat semigroup
will be given in Section 2.
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The condition (V<) determines the value of the parameter «, while the condition (.5)
determines (3 that is a space/time scaling parameter. In the fractal literature [ is called
the walk dimension.

Under the standing assumption (V<), the following characterization of (U Ej,.) is known

(UEioe) & (DUE) + (S) + (“locality”) (1.3)

where “locality” means that the form (&, F) is local (see [16] and Remark 2.5 below). In
the present paper we prove a similar characterization of the non-local upper estimate (UFE)
by relaxing the condition of the locality of (€, F). Recall that by a theorem of Beurling
and Deny, any regular conservative Dirichlet form admits a decomposition

E(u,v) = EP (u,v) + EY) (u, v) (1.4)

where W) is a local part and

e wo) = [ [ (@)~ ) (o) - o) dite.y (15)
M x M\diag
is a jump part with a jump measure j defined on M x M \ diag. In our setting the jump

measure j will have a density with respect to p x p, which will be denoted by J (z,y),
and so the jump part & () becomes

e (o) = [ [ (@) = u) (v1) = 0(0)) I, y)dly) o). (1.6)
MxM
Let us consider the following condition:

(J.) : The jump density exists and admits the estimate

J(x,y) < Cd(z,y)~ ),
for p-almost all z,y € M.
In the case of a local form (€, F), we have J = 0 so that (J<) is trivially satisfied. In
general, (J<) restricts the long jumps and can be regarded as a measure of non-locality.

Our main result (Theorem 2.3 below) states that, under the standing assumption (V<)
the following equivalence holds:

(UE) < (DUE) + (S) + (J<). (1.7)

We would like to emphasize an analogy with (1.3) where the locality was used instead of
(J<)-

Let us comment on the individual conditions in (1.7). It is well-known that (DUE) is

equivalent to a certain Nash functional inequality for the Dirichlet form (&,F) (cf. [8]).
On the other hand, the Nash inequality is known to be true provided

T (2,y) > ed (z,y)” ",

and V (z,r) > cr® (see [24] and Corollary 2.6 below). Hence, under these conditions one
has also (DUE). It seems that the upper bound (J<) of the jump density alone does not
imply (DUE).

An equivalence somewhat similar to (1.7) was proved in [6], where instead of the con-
dition (S) one used a stronger condition

t
]P)a: (TB(as,r) < t) < Cr_ﬁ

for all t,r > 0, and instead of (J<) — a certain property of the sample paths that also
restricts the long jumps, but in different terms.
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Under the assumption 3 < 2 and some additional hypotheses, another result of [6] states
that, for the pure jump Dirichlet form (1.5),

(UE) < (DUE) + (J<).

Hence, in this case the hypothesis (.S) in (1.7) can be dropped. Moreover, if both condition
(V) (that is, V (z,7) =< r®), and condition (J) (that is, J(x,y) =< d(x,y)~(@*+?)) hold, then
(UFE) is true without any further hypothesis — see [9, 10].

In general if 5 > 2 (as may happen on fractal spaces), it is not known whether (S) can
be dropped.

However, conditions (S) and (DUFE) in (1.7) can be verified under certain hypotheses
about effective resistance R(x,y) (cf. Definition in the beginning of Section 6 as well as
[27], [28], [29]). Assume that 0 < o < 3, and consider the following condition, named (R):

R(z,y) =< d(z,y)" .

This condition (R) implies that the corresponding process is recurrent, see (6.47) below.
If (£,F) is parabolic (cf. Definition 6.3) and condition (V) is satisfied, we prove in
Theorem 6.17 that

(UE)+ (NLE) < (R) + (J<),

where (N LE) stands for the near diagonal lower estimate of heat kernel (cf. Section 6.7).
Let us mention for comparison that, under the same standing assumptions,

(UEj,) + (NLE) < (R) + (“locality”)

(cf. [31, Theorem 3.1]) and Corollary 6.18).

The techniques for obtaining heat kernel bounds for non-local Dirichlet forms has been
developed by a number of authors, see for example [4, 6, 7, 9, 10] and the references
therein. The basic approach to obtaining heat kernel upper estimates used in these papers
consists of the two steps. The first step is to obtain the heat kernel upper bounds for a
truncated Dirichlet form, that is, in the case when the jump density J (z,y) has a bounded
range. In this case one uses the Davies method as it was presented in the seminal work [8]
and where the cut-off functions of form (A —d(xo,z)), were used (where A is a positive
constant). This method can be used as long as the cut-off functions belong to the domain
of the Dirichlet form, which is the case only when 3 < 2 (hence, if 5 > 2 then this method
does not work).

The second step is to obtain heat kernel estimates for the original Dirichlet form by
comparing the heat semigroup of the truncated Dirichlet form with the original heat
semigroup. We remark that while the first step was done by purely analytic means, the
second step in the above-mentioned papers used a probabilistic argument.

In this article, we develop an alternative approach to obtaining upper bounds that is
new in the following two aspects:

(1) We give a new method of obtaining heat kernel estimates for truncated Dirichlet
forms without restriction on the walk dimension.

(2) We prove new simple relations between the truncated and original heat semigroups,
using the parabolic maximum principle developed in [15]. This argument is purely
analytic.

The structure of the paper is as follows. In Section 2 we state the main results of this
paper: Theorems 2.1 and 2.3. In Section 3 we obtain tail estimates for non-local Dirichlet
forms, the main technical results here being Theorem 3.1 and Corollary 3.2. In Section 4,
we obtain heat kernel estimates for truncated heat semigroup, see Theorem 4.9. In Section
5, we prove the main Theorem 2.1.
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In Section 6 we apply Theorem 2.1 to obtain two-sided heat kernel bounds using effective
resistance, where main results are Theorems 6.13 and 6.17.

In Appendix A we state for convenience of the reader the parabolic maximum principle
that is the main technical tool used in this paper. In Appendix B we list all lettered
hypotheses used.

NOTATION. The letters ¢, c1,Cy etc. denote positive constants whose values are unim-
portant and may differ at different occurrences. The relation f =< g between two non-
negative functions f, g means that there is a constant C' > 1 such that C7'f < g < Cf
for a specified range of the variables.

2. TERMINOLOGY AND MAIN RESULTS

Let (M,d, ) be a metric measure space that is unbounded. Recall that a Dirichlet form
(€,F) in L? (M, p) is a symmetric, non-negative definite, bilinear form &£ : F x F — R
defined on a dense subspace F of L? (M, u), which satisfies in addition the following
properties:

(1) Closedness: F is a Hilbert space with respect to the following inner product:

Ei(frg) =E(f,9) + (f,9).

(2) The Markov property: if f € F then also fi= (f A1) belongs to F and S(f) <
E(f), where E(f):=E(f, f).

Then (€, F) has the generator £ that is a non-positive definite, self-adjoint operator on
L? (M, i) with domain D C F such that

E(f,9)=(-Lf.9)

for all f € D and g € F. The generator £ determines the heat semigroup {Pi},~,
by P, = e** in the sense of functional calculus of self-adjoint operators. It is known that
{P.},~, is strongly continuous, contractive, symmetric semigroup in L?, and is Markovian,
that is, 0 < P,f <1 foranyt>0if 0 < f < 1.

The Markovian property of the heat semigroup implies that the operator P, preserves
the inequalities between functions, which allows to use monotone limits to extend P; from
L? to L* (in fact, P; extends to any L9, 1 < ¢ < oo as a contraction — cf. [11, p.37]).
In particular, P;1 is defined. The form (&, F) is called conservative if P,1 = 1 for every
t>0.

The Dirichlet form (&€, F) can be recovered from the heat semigroup as follows. For any
f € L?, the function

1
ter 2 (f = B )
is increasing as t is decreasing. In particular, it has the limit as ¢ — 0. It turns out that
the limit is finite if and only if f € F, and
1
lim —(f = Pf, f)=E(f). (2.8)

t—0+ ¢

Fix some p € [0,+0c0). A Dirichlet form (&£,F) is said to be p-local if E(f,g) = 0 for
any two functions f, g € F with compact supports such that

dist (supp f,supp g) > p.

We call a form (€, F) quasi-local if it is p-local for some 0 < p < 0.

For a non-empty open  C M, let F(2) be the closure of F N Cp(R) in the norm of F.
It is known that if (€, F) is regular, then (£, F(2)) is a regular Dirichlet form in L?(€, 1)
since F(§) is dense in L?(Q, 1). Denote by P the heat semigroup of (&, F()).
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Let us give a probabilistic interpretation of the heat semigroups P; and Pf’. For any
regular Dirichlet form (&, F), there is an associated Hunt process. Denote by X, t > 0,
the trajectories of a process and by P,,x € M, the probability measure in the space of
trajectories emanating from the point x. Denote by E, the expectation of the probability
measure P,.. Then the relation between the Dirichlet form and the associated Hunt process
is given by the following identity:

Fif(z) = Eq [f(X3)] (2.9)

for all bounded (or non-negative) Borel functions f and all ¢ > 0, and for p-almost all
x € M (note that P, f is a function from L and, hence, is defined up to a set of measure
zero, whereas E, f(X}) is defined pointwise for all z € M). By [11, Theorem 7.2.1, p.380],
such a process always exists but, in general, is not unique. For a non-empty subset {2
of M, one has the following identity (see [11, p.153, eq. (4.1.2)]): for all bounded (or
non-negative) Borel functions f and for all ¢ > 0,

Pth(x) =E, [1{t<m}f(Xt)] (2.10)
where Tq is the first exit time Tq defined by
To=1inf{t >0: X; ¢ Q}. (2.11)
In particular, if f = 1, we see from (2.10) that
Pg(z) =P, (t < 7q). (2.12)

A family {p;},.( of p x p-measurable functions on M x M is called the heat kernel of
the form (&, F) if p; is the integral kernel of the operator P, that is, for any ¢t > 0 and for
any f € L2(M, pr),

Bf (z) = /Mpt (2.9) f () ds (v) (2.13)

for p-almost all © € M, where {P; };>¢ is the heat semigroup of (£, F) as mentioned above.
For any € M and r > 0, denote by

B(z,r)={ye M :d(y,z) <7},

a metric ball in M with center x and radius r. We assume throughout that all balls are
precompact. Set V(z,r) := pu(B(x,r)).

In addition to the conditions (DUFE) and (UFE) defined in Introduction, consider the
following condition:

(UE®): The heat kernel p; exists and there exist C,a > 0,5 > 0 such that

pila,y) < ta%cb <%) (2.14)

for all ¢ > 0 and p-almost all x,y € M, where ® : [0,00) — [0,00) is continuous,
non-increasing function such that

/00 s 7Id(s)ds < oo. (2.15)
0

Let us restate in analytic terms the survival condition mentioned in Introduction:

(S) : Survival estimate. There exist constants €, € (0,1) and 8 > 0 such that, for all
balls B = B(zg,r) and for all t'/7 < §r,

1
1 — PP1g(z) <e for p-almost all x € ZB’ (2.16)
where A\B = B (g, A\r).
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By (2.12), we have that
1—PtB].B($) = 1—]P’x(t<7'3)
= P, (TB < t) y

which implies the equivalence of the two definitions of (5).
Finally, consider two more conditions.

(T) : Tail estimate. There exist constants ¢,6 € (0,1) and 3 > 0 such that, for all balls
B = B(zg,7) and for all t'/# < ér,

1
P1pe(z) < ¢ for p-almost all z € ZB'

(T : Strong tail estimate. There exist constants ¢ > 0 and 8 > 0 such that, for all balls

strong) :
B = B(xg,r) and for all t > 0,
t 1
Plpe(z) < % for p-almost all x € ZB.
T

Clearly, we have that (Tsrong) = (T).
We now state the main technical result of this paper.

Theorem 2.1. Let (M,d, ) be a metric measure space with precompact balls, and let
(€,F) be a reqular conservative Dirichlet form in L? (M, p) with jump density J. Then
the following implication holds:

(V<)+ (DUE)+ (J<)+ (S) = (UE). (2.17)
The proof of Theorem 2.1 will be given in Section 5.
Remark 2.2. Define also the condition
(V) : There exist constants ¢, C,« > 0 such that, for all x € M and all r > 0,
cr® < V(x,r) < Cr*.
If the measure p satisfies (V') then p is called a-regular.
By [17, Theorem 3.2], if (£, F) is conservative then
(V<) + (UE) = (V).
Hence, the hypotheses of Theorem 2.1 imply that p is a-regular.

The following main theorem provides convenient equivalent conditions for (UFE) and is
a combination of Theorem 2.1 with previously known results.

Theorem 2.3. Let (M,d,u) be a metric measure space with precompact balls, and let
(€, F) be a regular conservative Dirichlet form in L* (M, u) with jump density J. If (V<)
holds, then the following equivalences are true:

(UE) < (UE®) + (J<)
< (DUE) + (J<) + T)
& (DUE) + (J<) + (S
& (DUE) + (J<) + (Tstrong) - (2.18)

Proof. Observe that the implication (UE) = (J<) holds by [6, p. 150], and (UE) =
(UE®) is trivial by taking ®(s) = (1+s ~(@+8) " The implication (UE®) = (DUE) is
obvious. The implication (UE®) = (T') was proved in [17, formula (3.6),p.2072]. Since
(€, F) is conservative, the equivalence (7') < (S) holds by [15, Theorem 3.1,p.96]. By
Theorem 2.1 we have

(DUE) + (J<) + (S) = (UE),
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which closes the cycle of implications, thus proving the first three equivalences.
Finally, the implication (UE) = (Tsrong) is true (see also [17, formula (3.6),p.2072]),
and hence
(UE) (DUE) + (J<) + (Tstrong)
(DUE)+ (J<)+ (T) = (UE),

which finishes the proof. O

=
=

Remark 2.4. If (£,F) has only a jump part and 0 < 5 < 2, then (V<) and (J<) imply
that (€, F) is conservative (see [35, 19]).

Remark 2.5. Under the standing assumptions of Theorem 2.3 also the following equiva-
lence is true

(UEj,.) & (DUFE) + (“locality”) + (S) .

Indeed, since (UEj,.) is stronger than (UE), it implies (DUFE) and (S) by Theorem 2.3.
Next, (UEj,.) =(“locality”) by [20, Lemma 3.1]. The opposite implication

(DUE) + (“locality”) + (S) = (UEjoc)
was proved in [16].

In order to state some consequence of Theorem 2.3, we need the following Proposition.
Define first the following condition:

J Z) : There exist constants C, «, 3 > 0 such that, for p-almost all x # v,
J(x,y) > Cld(x,y)” 0.

Proposition 2.6. Let (M,d, ) be a metric measure space, and let (£,F) be a regular
Dirichlet form in L? (M, ) with jump density J. Then

(V) + (Js) = (DUE) . (2.19)

Proof. As was proved in [24, Theorem 3.1], under (V') the following inequality holds for
all non-zero functions v € L' N L?:

—u 2 «a —ap/o
/M /M (uﬁl y)ff’.?) dpa (@) dp (y) > eljully™ 7 luf 27,

where c is a positive constant. Using (1.4), (1.6) and (J>) we obtain

Ew) = EB () +EY) (u)
(u(z) —u(y)?
> C/M/M o) dp () dp (y)

2(1+8 -2
> cfful 3 | 20

for all u € F N L'. Hence, (DUE) follows by [8]. O

Corollary 2.7. Let (M,d,n) be a metric measure space with precompact balls, and let
(€, F) be a regular conservative Dirichlet form in L* (M, u) with jump density J. If (V)
holds and J(z,y) = d(x,y)~ (@0, then

(UE) < (S5). (2.20)

Proof. Let us show that (S) = (UE). Indeed, (DUE) holds by Proposition 2.6. Hence,
(UE) is satisfied by Theorem 2.3. The opposite implication (UE) = (S) holds also by
Theorem 2.3. O
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Therefore, if (V) holds and J(z,y) = d(x,y)” @+ then in order to obtain off-diagonal
upper bounds of heat kernels, one needs only to verify the survival condition (.5). We will
show in Section 6 that the survival condition (.5) holds for a class of measure spaces with
effective resistance metrics.

Remark 2.8. The upper estimate (U E) is best possible for non-local forms in the following
sense: if the heat kernel p; satisfies the estimate

1 d(z,y)
pt(:U,y) < W(I) < 1/8 )

for all ¢ > 0 and p-almost all x,y € M, where ® is a continuous decreasing function on
[0, 4+00) then necessarily

®(s)>c(l+s)~ @t
for some ¢ > 0 (see [20, Lemma 3.1]).

3. TAIL ESTIMATES FOR QUASI-LOCAL DIRICHLET FORMS

In this section we give the tail estimate for an arbitrary p-local regular Dirichlet form
(& ) F (P)) in L2(M, u1). We use the superscript (p) in the notation of this form in order
to emphasize that the results of this section will be applied in Sections 4 and 5 for the
Dirichlet form, also denoted by (5 ) F (”)), that is obtained by p-truncation of the jump
density of the original Dirichlet form (€, F). However, in this section (£ ), F (p)) stands
for any p-local regular Dirichlet form.

Denote by {Q$!} the heat semigroup of the form (£(), F()(Q)) restricted to a non-
empty open set 2 C M. Denote by

Up=A{z:d(z,U) < p}

the p-neighborhood of a set U C M if p > 0, and let U, = U if p = 0. We will use the
following inequality obtained in [18, Corollary 4.8, Remark 4.10]. Let €2, U be two open
subsets of M such that U, is precompact and U, C €. Then, for any 0 < f € L°°(M) such
that f| =0 and for all ¢ > 0 and p-almost all x € U,,

Qi f(z) < (1-QY1y(x)) sup QL flr=w,)- (3.1)
0<s<t

Theorem 3.1. Let ¢(r,-) be a non-decreasing function in (0,00) for any r € (0,00).
Assume that, for any ball B = B (z,r) and for any t € (0,Ty) where Ty € (0, 00],

1
1-QP1p < é(r,t) in 1B (3.2)
Then, for any ball B = B (z,r),t € (0,Tp) and any integer k > 1,
1
Q1B k(rtp))e < o(r,t)* in ZB' (3.3)
Consequently, for any ball B(x, R) with R > p and t € (0,Ty), for any integer k > 1,
Qlp@mye < 6(R—p,t) " in Bz, R). (3.4)

Proof. We will prove (3.3) by induction in k. Indeed, let By = B(z, k(r + p)). Then (3.3)
holds for k = 1, since by (3.2) we have in 1B

Qilp: <1—Qilp, <1-QFf1p < ¢(r,¢).

For the inductive step from k to k£ 4 1, consider the function

u(t,-) = Qilp;

+1°
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Applying (3.1) with Q =M, U =B and f=1 Bg, > We obtain the following inequality in
Up = Bli

U(t, ) < (1 - QtBlB) sup ”U’ (87 ) HL°°(B1)' (35)

0<s<t
Note that, for every z € By,
Bji11 C B(z,k(r + p))",
and that, for 0 < s <'t,
o(r,s) < o(r,t).
Applying the inductive hypothesis for the ball B(z,k(r + p)), we obtain the following
inequality in B(z, 1r):
U (Sa ) = C)S:I-Bg_~_1 < QS]-B(z,k(r—i—p))c < d)(ra S)k < (Z)(Ta t)k

Covering the ball By by a countable family of balls like B(z, %7‘), we obtain that

sup ||u (s, ) |y < ¢(r,t)".
0<s<t

Therefore, it follows from (3.5) and (3.2) that
1
w(t,”) < ¢(r, ) in ZB’

proving (3.3).
Finally, in order to show (3.4), let r := R — p > 0. It follows from (3.3) that, for any
y€e M and k> 1,

Qilpyrrye < ¢(R—p,t)" in B(y,r/4). (3.6)
Fixing x € M, using (3.6) for any y € B (z, R), and noticing that
B (y,kR) C B(x,(k+1)R)

we obtain

Qulp k+1r) < Qilpyirye < ¢(R— p,t)F in B(y,r/4).
Covering B (z, R) by a countable family of balls like B(y,r/4), we obtain

Qilp (inr)y < d(R—p,t)F,

whence (3.8) follows by renaming k to k — 1. O

Corollary 3.2. Assume that there exist constants €, € (0,1) such that, for all balls B
of radius v and for all t € (0,Tp) where Ty € (0, 00] provided that t'/% < & (r A p),

1
1-QP1p<ein 1B (3.7)
Then, for any ball B(x,r) and t € (0,T)),
rooop ,
Qilp(zrye < Cexp (‘C (; A W)) in B(z, p), (3.8)

where the constants C,c > 0 depend only on €, 4.
Proof. If r < 2p or if 6p < t'/P, then (3.8) is trivially satisfied by choosing large enough
constant C, because Qi1p(; e < 1 and
TP L
p A Ve §max{2,5 }
Assume that = > 2 and tY/8 < §p. Define the function ¢(r,t) as follows:
e, if tYP < §p,
$(r,t) = { . )

, otherwise.
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Clearly, ¢(r,t) is increasing in ¢, and (3.7) implies that (3.2) holds with this function ¢.
Choose an integer k > 1 such that

k< = <kl
2p

Applying the inequality (3.4) of Theorem 3.1 with R = 2p and noticing that ¢ (p,t) = ¢
because t/8 < §p, we obtain that in B(z,2p),

Qt]-B(x,r)C < Qtlek:R <¢(p7) -

1
= ! —exp (—(k —1)log g>

exp <— (é — 2> log é) = Cexp (—c%) ,

whence (3.8) follows. O

IN

4. HEAT SEMIGROUP OF THE TRUNCATED DIRICHLET FORM

Let (£,F) be a regular Dirichlet form in L? that allows a jump density J (z,y) in the
jump part. Fix p € (0,00) and define the bilinear form £ (u,v) by

£0)(u,v) = £V (u, v) + / / () — () (o) ) S o). (41
(z,p

Clearly, the form £ (u,v) is well-defined for u,v € F and
EP) (u) < & (u) for all u € F. (4.2)

In this section, we prove that the form (5 ), F ) can be extended to a regular Dirich-
let form (5 ), F (p)) , and obtain upper estimates of the heat kernel ¢; of the truncated
Dirichlet form (5 ), F (p)) .

Proposition 4.1. For all u € F, we have

E(u) < EW () + 4 ||ul|3 esup J(@,y)du(y). (4.3)
aeM JB(z,p)°
Proof. Tt follows from (1.4), (1.5) and (4.1) that
£ (uyu) — £P (u, u) / ~ u(y))? I, y)dp(y)dp(a)
(z,p)°

<2/ /B (e u0)) T )i

<4 / /B PTG dntz)

< 4|u||? esup J(z,y)du(y),
zeM JB(z,p)°

which was to be proved. O

Proposition 4.2. Assume that
esup J(z,y)du(y) < oo. (4.4)
zeM J B(z,p)¢

Then the form (5(p),.7-") 1s closable, and its closure (S(F’),]:(p)) in L? is a regular, p-local
Dirichlet form in L?.
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Remark 4.3. Under the hypotheses (V<) and (J<) the condition (4.4) is satisfied (see
the proof of Proposition 4.7).

Proof. It follows easily from (4.1) that the form (E(p),f) is symmetric, non-negative
definite, and Markovian. In order to prove that it is closable, it suffices to show that if
{un};? is a sequence from F such that

12
u, = 0 and £ (U, — Up,) — 0 as n,m — 00
then £ (u,) — 0 as n — oo. Indeed, by (4.3) we have
E (tUn — ) < EP) (U, — ) + const ||y, — |2 — 0

as n,m — oo. By the closedness of (£, F), we conclude that & (u,) — 0 whence the claim
follows from (4.2).

Let F(®) be the domain of the closure of (8 o), F ) . Then (5 o), F (p)) is a Dirichlet form.
Let us prove that it is regular, that is, F(») N} is dense both in Cy and F). The former
follows from the fact that FNCy is dense in Cy and F ¢ F©). To prove the latter, observe
that, by construction of F) for any u € F*) and any € > 0 there exists v € F such that

EP) (u—v)/? 4 |lu—wvl, <e.
By the regularity of (£, F), there exists f € F N Cy, such that
Ew=N" 4o =Tl <e
Adding up these two inequalities, using (4.2) and the triangle inequalities, we obtain
EP (u— HY? 4 |lu— flls < conste,

which proved the density of F N Cy in F®).

To show that (5 ) F (p)) is p-local, consider functions u,v € F with compact supports
and such that

dist (supp u, supp v) > p.

If both points z,y are outside one of the supports supp u, suppv then the integrand
function in (4.1) vanishes. If they belong to different supports then d(z,y) > p so that
the couple (z,y) is outside the domain of integration in (4.1). Hence, the integral in (4.1)
vanishes. Since £ is local, we see that £ (u,v) = 0, and hence, £#)(u,v) = 0, which
finishes the proof. O

We now have two regular Dirichlet forms (€, F) and (5 ) F (/’)). For any non-empty
open subset 2 C M, denote by {PtQ}t>0 and {Q?}t>0 the heat semigroups of (£, F(Q2))

and (£ F(P)(Q)) respectively. We investigate here the relationship between these two
semigroups.

Proposition 4.4. For any non-empty open subset & of M and any non-negative f €
L?> N LY (M, 1), we have that, for all t > 0 and almost all x € ,

PR f(x) < QP f(z) +2tl|flh esup  J(z,y). (4.5)
reEM,yeB(z,p)°

Proof. Without loss of generality we assume that €2 is precompact; otherwise we exhaust
Q) by a sequence of precompact open subsets and then pass to the limit. It suffices to
assume that || f||1 < 1. Note that the function

U(tv ) = Q?f



14 GRIGOR’YAN, HU, AND LAU

is a weak solution of the heat equation associated with the form (£ (0), F(P) (Q)) that is,
for any 1 € FP)(Q) and t > 0,

(22.6) 00 w0

(see Appendix 7 for details).
Let ¢ be a cut-off function of the pair (Q, M), that is, p € FNCp, 0 < p<land p =1
in an open neighborhood of €. Consider the function
u(t, x) = v(t, ) + 2w(p)tp(z), (4.7)
where

w(p) = esup  J(z,y).
ze€M,yeB(z,p)°

We claim that u is a weak supersolution of the heat equation, associated with (&£, F (Q2)),
that is,

<%,w> + & (u,¥) >0 (4.8)
for all non-negative ¢ € F(Q2) and ¢ > 0. Fix such a function ¢ and note that it satisfies
(4.6) because F () ¢ F¥) (Q). Since ¢ = 1 in Q, we see that (p,1)) = ||¢||; and

E(p,v) =limt™ (p = Pip, ) = lim ¢4 (1 = P, ¢9) > 0. (4.9)
Therefore, it follows from (4.7), (4.6) and (4.9) that

(5r0) + £ o) = (5 +2u(ew) + 0+ 2utoite

_ <%,¢) - 2w() [l + & (0, ) + 20(p)t € (1,9)

> =€) (0,9) + 2w(p) Y] + € (v,0) . (4.10)
On the other hand, using the facts that v, > 0 and that

lo(t, )l = [|QFf]l, < IIfllh < 1,

we have that

E(w,9) — EP) (v, )
/ / o(t,2) — vlt, ) () — $()) T (&, y)du(y)du(z)
z,p)°

- / / (0(t, 2 () + v(t,9)$(@)) T (@ y)dp(y)du(z)
Ny
0 /M¢(x)du($) / o(ty)dp(y) > —2w(p) el (411)

B(z,p)*
Combining (4.10) and (4.11), we obtain (4.8).

Finally, observing that

2
u(t,-) Lﬁ)fast—%),

we conclude that by the parabolic comparison principle that
ult,-) > PP f()

n (0,00) x Q (cf. [15, Lemma 4.16], or Lemma 7.3 in Appendix). Substituting u from
(4.7) and using that ¢ = 1 in 2, we obtain (4.5). O
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Corollary 4.5. For an open set Q C M, let pi* and qi® be the heat kernels of (£, F(2))
and (5(”),.7:(”)(9)), respectively. Then

pi(r,y) <qi(z,y)+2t  esup  J(x,y) (4.12)
zeM,yeB(z,p)*

for all t > 0 and almost all x,y € Q. In particular, for Q = M,

pe(z,y) < qi(r,y)+2t  esup  J(z,y) (4.13)
z€M,yeB(z,p)*

for allt > 0 and almost all x,y € M.

Proof. Inequality (4.12) immediately follows from (4.5). O
Proposition 4.6. For any open subset Q of M and any non-negative f € L>NL®(M, ),
we have that, for all t > 0 and almost all x € €,

[P f(z) — QP f (%) < 2t]| f]loc esup J(z,y)du(y). (4.14)
zeM J B(z,p)°

Proof. The proof is similar to that of Proposition 4.4. It suffices to assume that || f||occ < 1.
As in the proof of Proposition 4.4, set v (t,-) = Qf*f and

u(t, ) = v(t,z) + 2(p)te(e), (4.15)
where ¢ as before is a cut-off function of the pair (2, M), but w (p) is defined now by
w(p) := esup J (@, y)du(y). (4.16)

zeM J B(z,p)°

Then u satisfies (4.8) for all nonnegative ¢ € F () and t > 0, because similar to (4.11)
we have

£ (’U, 77[)) - g(p) (Uv 7/’)
> [ ] o) + ol 0)o@) S ) duty)dn(o)
M J B(z,p)°

> _2||v(t’.)||oo/M1/}(a:)du(x) /B( : J(z,y)dp(y)
z,p)¢

> —2w(p) 1Y,
where we have used that
lo(t, oo = [|QEF ] < Iflloo < 1.

Repeating the end of the proof of Proposition 4.4, we obtain that, for all £ > 0 and almost
all x € Q,

PP f(x) < Q' f () + 2w(p)t. (4.17)
In order to show the inequality
P f(x) = Qi f () — 2w(p)t, (4.18)

we instead consider the function
u= P f(z) + 2w(p)ty,

In a similar way, one can verify that u is a supersolution of (4.6). Hence, by the comparison
principle of Lemma 7.3, we obtain that u > Q§*f in (0, 00) x €, thus finishing the proof.
O

Next we show the existence of the heat kernel ¢; of (5 ), F (”)) and derive its on-diagonal
upper bound.



16 GRIGOR’YAN, HU, AND LAU

Proposition 4.7. Let (£, F) be a regular Dirichlet form in L? with a jump density J (x,y)
and let (E(p),]:(”)) be the truncated form as in (4.1). If (€, F) satisfies the conditions
(DUE), (V<) and (J<), then the heat kernel g; of ( F(p)) exists, and satisfies the

on-diagonal upper estimate:
C
q(r,y) < 275 P (4/) g t) (4.19)

for all t > 0 and p-almost all z,y € M, where C' > 0 depends on the constants in the
hypotheses but is independent of p.

Proof. First observe that (DUFE) implies the Nash inequality:

Jal20) < cequ) (4.20)

for all u € F N L' with |lul|y = 1, for C > 0 (cf. [8, Theorem (2.1)]). By conditions (V<)
and (J<), we have that

[ ewin) < €[ ) Pdu)
B(zp)° B(,p)°

:C'/ ~@+0) gy (z, s)

<
and hence, there exists ¢ > 0 independent of p such that
w(p) := esup J(z,y)duly) < cp™”. (4.21)
ze€M J B(z,p)°
Therefore, we obtain from (4.20) and (4.3) that for all u € F®) 0 L with |jul|; =1,

2(1+22 _
Juls" ) < € (€0 (w) + 49 ul3)

Hence, by [8, Theorem (2.1)], the heat kernel g; of (S(p),}'(p)) exists and satisfies (4.19).
Il

The following proposition gives a survival estimate for the Dirichlet heat semigroup
{QtB}t>0 associated with (£(P), F()) for any ball B.

Proposition 4.8. If conditions (S), (J<) and (V<) are satisfied, then we have that, for
any € € (g, 1), there exists 6’ > 0 independent of p such that, for all t > 0 and all balls
B of radius r,

1
1—QP1p(x) <€ for p-almost all z € ZB’ (4.22)
provided that t'/8 < &' (r A p).

Proof. We show (4.22) by using Proposition 4.6. Indeed, let B = B(zo,r) and choose
Q=B and f = 1p in (4.14). It follows, using (4.21), that for all ¢ > 0 and almost all
T € B,

PP1p(z) < QP 1p(x) +20p 15w = QF 1p(x) +cp 7t
Hence, we have from condition (.5) that

1-QP1p(x) < 1-PPig(x)+cp Pt (4.23)
1
€+ cp_ﬂt <¢in K_LB

N

if t1/8 < §r and if cp~Pt < &’ — ¢, for any €’ € (e,1). This finishes the proof. O



HEAT KERNEL 17

The following theorem gives the upper estimate of the heat kernel ¢; of (5 ) F (”)).

Theorem 4.9. Let (S(p), f(p)) be the truncated Dirichlet form as above. If (€,F) satisfies
the conditions (DUE), (J<),(S) and (V<) then, for all t > 0 and p-almost all z,y € M,

C _ d(z,y) p
- B — ’ L
q(r,y) < 2278 OXP <4p t) exp < c < ; A 175 ) ) (4.24)

where the constants C,c > 0 depend on the constants in the hypotheses but are independent
of p.

Proof. Fix xg,yo € M and t > 0. Set r = %d(wo, Yo). By the semigroup property, we have
that

donlz,y) = /Mqt<x,z>qt<z,y>du(z>
< /B( )cqt(x,z)qt(z,y)dM(Z)

w [ e al i), (4.25)
B(yo,r)°
Using (4.19) and (3.8) with Tp = oo, we obtain that

C _
[ ataenae) < apew () [ atzau)
B(zo,r)° te/8 B(

x0,7)°

C r P
—_— B _ A 4
< / /ﬂexp(élp t)exp( c( /\tl//3>)

for p-almost all x € B(zg, p) and y € M. Similarly,

C _ r p
< Y 8 (AP
/B(yo’r)c a(x, 2)qe(2,y)dp(z) < 5 exp (4p t) exp ( c (p A tl/ﬁ>>

for p-almost all y € B(yp, p) and x € M. Hence, inequality (4.24) follows. O

5. PROOF oF THEOREM 2.1

In this section, we prove Theorem 2.1. The proof of the main implication (2.17) will be
done in two steps. In the first step we show that, for any real n > 0,
_ (atB)n

pe(x,y) < jo(j/lﬁ) <1 + dfj‘;;/)) n+atp (5.1)

for almost all x,y € M and all ¢ > 0. In the second step, we obtain the desired estimate
(UE) by a self-improvement of (5.1).

Lemma 5.1. Assume that all the hypotheses of Theorem 2.1 hold. Then
(V<) + (DUE) + (J<) + (S) = (5.1).

Proof. Since the estimate (5.1) becomes stronger for larger n, it suffices to assume that
n > a+ (3. Fix some t > 0, 2,y € M and set r = d(z,y). If < t'/# then (5.1) follows
from (DUFE). Hence, we assume in the sequel that

r> /5, (5.2)

Let p > 0 be such that
P p
_B 2 1 and _ﬁ Z

7 17 (5.3)

RN
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(we specify the value of p below). Using Theorem 4.9 and the elementary inequality
exp (—cs) < ci(n)s™" forall s >0,
we obtain from (4.24) and (5.3) that

C1 r <C’(n) r\ "
qt(z,y) < ta/,anp —01; = Sa/B ; .

Therefore, it follows from (4.13) and (J<) that

pt(‘r7 y) S qt(xa y) + Cpi(a+/8)t
C(n n
S [ o). o0
Now choose p such that
(B)” _ platB)lral/s
r
that is,
n atp
p=riEess ($/0) T

This p satisfies (5.3), since by (5.2) and n > a + 3,

P _ (T \uFass
am = ()" 2
L (L) () W _ T
t1/8 +1/8 = \1/8 P
Substituting the value of p to (5.4), we obtain
20(n) (p\n _ cln) [ 1\~
pi(@y) < =25 (F) ta/B <t1/6> ’ (5:5)
which finishes the proof. O

As a second step, we now prove Theorem 2.1.

Proof of Theorem 2.1. To show (2.17), we divide the proof into four steps.
Step 1. For all r > 0 and p-almost all z, it follows from (5.1) (cf. [17, Inequality (3.7),
p.2072]) that

o= o, (%50)

(atpB)n

(1+s) ntatB ds

7rt l/ﬁ
(rt vy (5.6)
where
0= %ﬁ;m € (0, ), (5.7)
provided that
n>a(l+a/f). (5.8)

Step 2. Let B be any ball of radius r. Using [18, Lemma 6.1], we obtain from (5.6) that
there is ¢ > 0 such that

-0 1
1-PP1gz)<c (rtil/ﬁ) for p-a.a. x € ZB. (5.9)
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Note that the conservativeness of (£, F) is required in [18, Lemma 6.1]. Therefore, using
(4.23),

1-QB15(x) < [(rt_l/ﬁ)_e + p—ﬁt] = $(r, 1) (5.10)

for all ¢ > 0 and p-almost all x € }LB , where ¢; > 0 is independent of the ball B and p.
Step 3. We prove the following improvement of estimate (4.24): for all ¢ > 0,k > 1,
and all zg,yo € M with d(xg,y0) > 4kp,
C(k —0(k—1)
q(z,y) < (k) exp (4pfﬁt) (1 + ptil/’g) ) (5.11)
ta/B
for p-almost all x € B(xg, p),y € B(yo, p), where the constant C'(k) is independent of p.
The argument is similar to that of Theorem 4.9 but we use the sharper estimate (5.10)
instead of survival estimate (.5). Indeed, fix £ > 1,¢ > 0 and fix zg,yo € M. Set

1
r = 5d(zo,y0) > 2kp.

Assume that
pt_l/ s> 1;
otherwise (5.11) follows directly from (4.19).
Applying inequality (3.4) in Theorem 3.1 with R = 2p and with function ¢(r,t) from
(5.10), we obtain that in B(xo, p),

Qilpery < Qilp(ug ke < d(p,t)" !
—0
= 1 [(pt_l/ﬂ) +p_f6t]

< oW (Iot_l/ﬁ)fe(kfl)7

k-1

since
Bt — <pt71/ﬂ> 7 <pt71/ﬁ) -
Similarly, we have that in B(yo, p)
Qilp(yeme < C(k) (pt‘l/ﬁ) e
Therefore, it follows from (4.25) and (4.19) that
a2t(z,y) < a9 oo an QLB (@) + [|ae(@, )| oo (ar) QL B(yo,r)e (V)

< fj/l;) exp (4p‘ﬁt) (pt—l/ﬁ) oy

for all t > 0 and p-almost all z € B(xzg, p),y € B(yo, p), thus proving (5.11).
Step 4. Finally, we prove (UE). Fix zg,yo € M, and let r = %d(l’o,yo) as in the above
step. We show that

—(a+p)
- ) (5.12)

c
pi(w,y) < a8 (1 + /8
for all ¢ > 0 and p-almost all © € B(zo,p),y € B(yo,p), for all small enough p > 0.
Indeed, it suffices to assume that rt~1/# is sufficiently large. Fix an integer n such that
(5.8) holds, and hence, the number 0 from (5.7) is also fixed. Let
k=2+[(a+p3)/0] (5.13)

so that
O(k—1) > a+ 8,
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3
—1/8
p Pt = (Tt% ) <C,

and hence, using (4.13) again and (5.11),

and let p = gr. Then

pt(xay) S Qt(ffay) +Cp_(a+6)t

< m(rgm) (@)

ta%<tl%)(a+ﬁ)

for all ¢ > 0 and p-almost all x € B(zg, p),y € B(yo, p), thus proving (5.12). Therefore,
(UE) follows. 0

IN

6. HEAT KERNEL BOUNDS USING EFFECTIVE RESISTANCE

In this section we show how Theorem 2.3 can be applied for a certain class of metric
measure spaces with effective resistance.

Let (£,F) be a regular Dirichlet form in L? (M, ) as before. Recall that the effective
resistance R(A, B) between two disjoint non-empty closed subsets A and B of M is defined
by

R(A,B) ' =inf{€(u): u€ FNCy, ulsa=1and ulgp =0}. (6.1)
It follows from (6.1) that, for any fixed A, R(A, B) is a non-increasing function of B.
Denote by
R(xz, B) := R({z}, B) and R(z,y) := R({x},{y}).
In general, it may happen that R(z,y) = oo for some points z,y € M. In this section we
will exclude this case. We assume that the following two conditions hold:

(R1) : There exist constants C,~ > 0 such that
lu(z) = u(y)]” < Cd(z,y)7€ (u) (6.2)
forall u € FNCy and all z,y € M.
(R2) : There exist constants C,~ > 0 such that, for all balls B = B(x,r),
R(x, B(z,7)%) > C~ 7. (6.3)

Observe that condition (R;) is the Morrey-Sobolev type inequality in the framework of
Dirichlet forms. As we will see, it implies that all functions in F are Holder continuous.
Consider also the following estimates of the effective resistance:

(R<) : There exist constants C,~ > 0 such that, for all x,y € M,

R(z,y) < Cd(z,y)". (6.4)
(R>) : There exist constants C,~ > 0 such that, for all x,y € M,
R(z,y) > Ctd(z,y)". (6.5)
Applying the definition (6.1) to A = {z} and B = {y} we see that
(R1) = (R<).
Observe that also
(B) = (Rs).

Indeed, for any two points z,y € M, taking r = d(z,y) in (6.3) and noticing that y €
B (z,r)°, we obtain

R(z,y) > R(z, B(z,r)°) > C™'r7 = C~ld(z,y)".
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In the next subsections, we will investigate various sufficient conditions for (R;) and
(R2), as well as their consequences. Then we will prove Theorem 6.13 below that states
the equivalence (UFE) < (J<) under the standing hypotheses (R;) and (Rz2).

6.1. Condition (R;).

Lemma 6.1. If (Ry) and (V >) are satisfied then any function u € F admits a continuous
version that satisfies (6.2). Consequently, all functions in F have Hélder continuous
versions with the Holder exponent /2.

Proof. By the regularity of (€, F), for every u € F there exists a sequence {u,}p., C
FNCy such that ||u, —u|, — 0 and € (v — u,) — 0 as n — oco. By (R;) we have

[un(y) — un(@)]* < Cd(x,)7€ (un) (6.6)

for all z,y € M and n > 1. Since the sequence {€ (uy)} is uniformly bounded, it follows
from (6.6) that the sequence {uy},~ is equicontinuous in (M, d). Let us prove that the
sequence {uy,},-; is uniformly bounded in M in sup-norm. Indeed, it follows form (6.6)
that

|t (y) — un(z)] < cd(z, )2,

with some ¢ > 0, and hence,

un(@)? = () — el )")

Integrating this inequality with respect to x € M with a fixed y and setting m = |u, ()],
we obtain

el > [ (m = eate?)” a2 [ (mes2) aviz,s)

where R > 0 is chosen so that %m = c¢RY/2. Tt follows that m — cs7/2 > %m and

R

1 1

lunll3 > / Zm2dv($73) = ZmZV(x R) > eym®R® = ¢ym?t?a,
0

where we have also used (V' >). It follows that

[un (y)] < CHUNHM—AY .

Since the sequence {||uy||,} is uniformly bounded and the constant C' is independent of n
and y, we conclude that the sequence {sup |u,|} is uniformly bounded as well.

By the Arzela-Ascoli theorem, the sequence {u,} has a subsequence that converges
locally uniformly to a continuous function u, that is a continuous version of u. Obviously,
u satisfies (6.2) that proves the Holder continuity. O

The following proposition is useful for verifying (R1).

Proposition 6.2. Let (£, F) be a reqular Dirichlet form (€,F) in L*> (M,p). If (V) and
(J>) are satisfied with 0 < a < B, then (Ry) holds with v = 3 — a. Consequently, all
functions in F are Hoélder continuous with the Hdélder exponent % (B—a).

Proof. We use in the proof the following fact: if p is a-regular and 0 < o < 3, then there
exists a constant C' > 0 such that for all functions u € L? (M, ;1) the following inequality
holds:

[u(y) — u()? < Cd(x, )"~ sup / /B . Mlu y) — u(@) Pdu(y)du(z)  (6.7)

0<r<rg
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for all Lebesgue points =,y € M of w with d (z,y) < ro/3, where rg € (0,400] is fixed but
arbitrary (cf. [17, the proof of Theorem 4.11(7i7)]).

Since by hypothesis u is a-regular and J(z,y) > cd(x,y)~ (@18, we have, for all u €
FNCy and for all r > 0,

£V (u) = / / u(y) — u(@) P (2, y)du(y)du(z)

MxM

¢ / / fu(y) — u() P, y)~ @D dp(y)du()

MxM

Y

1
> . /M /B ., raraltty) = @) Pdu(w)du(o)

Combining this with (6.7), we obtain

uy) — u(z)]* < Cd(z,y)" € (u) (6.8)
which yields (Ry) with v = g8 — «a.
The second claim follows from Lemma 6.1. O

6.2. Parabolicity. Condition (R;) can also be obtained from (R<) assuming in addition
the parabolicity of (€, F).
For any precompact set K define its capacity by

cap(K) =inf{€ (u) : we FNCy, ulg =1}, (6.9)

that is, cap(K) = R (K, {co}) ™. Obviously, cap(K) is a monotone increasing function of
K.

Definition 6.3. A Dirichlet form (&€, F) is called parabolic! if cap(K) = 0 for any compact
subset of M.

A trivial sufficient condition for the parabolicity is that 1 € F and £ (1,1) = 0. Indeed,
in this case the constant function 1 can be used as a test function u in (6.9) that yields
cap (K) = 0.

Lemma 6.4. Let (£, F) be a regular Dirichlet form in L?. Then the following statements

hold:
parabolicity = conservativeness.

Proof. Indeed, if (€, F) is parabolic,then there exists a sequence of functions {¢,, } > ; from
F such that 0 < ¢, T1 and

E(pn) =0
as n T co. In particular, we have that

E(pp,v) =0

as n T oo, for any v € FNL'. Hence, (£, F) is conservative (cf. [11, Theorem 1.6.6, p.63)]).
O

The following gives a criterion of verifying the parabolicity.

IThe term “parabolic” comes from classification theory of Riemann surfaces. A simply connected non-
compact Riemann surface is conformally equivalent either to the Euclidean plane R? or to the hyperbolic
plane H2. In the first case the surface is called parabolic, whereas in the second case — hyperbolic. It
is known that the parabolicity of the Riemann surface is equivalent to vanishing of the capacity of any
compact subset (cf. [12])
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Proposition 6.5. Let (€, F) be a Dirichlet form in L? (M, ) and (M,d) be unbounded.
Then the following implication holds:

(R1) + (R>) = parabolicity of (€, F).

Proof. Let K be a compact subset of M and fix zp € K. Fix a number n € (0,1) to be
determined later on, and choose a point = ¢ K such that K C B(xg,nr) where r = d(zo,x).
Let ¢, € F such that ¢,(x0) =1, ¢¥,(z) =0,0 <1, <1in M, and

€ (¥,) = R(zo,x)~".
It follows from (R;),(R>) that, for all y € B(zo,nr),

(1=, (1) = (y(x0) — ¥, () < Cd(xo,y)E ()
o)’

<
- R(zg, )

<en'.

Now choose 7 so small that cn? < i. Hence, we have ¢, > % in B(zg,nr) D K. It follows
that f :=2¢, > 1 on K, and

cap(K) < &(f) =4E(¥,)
= 4R(zp,2) ' < Cr7

by using condition (R>). Letting r = d(xg z) — 0o, we obtain that cap(K) = 0, showing

)

that (€, F) is parabolic. O
Proposition 6.6. Assume that (£,F) is parabolic. Then (R<) = (R1).

Proof. We need to prove (6.2) for any u € FNCp and all z,y € M. If u(x) = u(y) then
(6.2) is trivially satisfied, so that we assume in the sequel that u(x) # u(y).

Let {Q,},7, be an increasing sequence of precompact open sets that exhausts M. We
can assume that all €, contain x and y. Since cap (2,) = 0, there exists ¢, € F N Cy
such that ¢, |0, =1 and € (¢,) < 1, in particular, € (p,) — 0 as n — oo.

For fixed x,y as above, define the function @ on M by

_u—uly)e,
") —u(y)
It is obvious that u, € FNCy and u,(z) = 1, u,(y) = 0. Hence, by definition,
R(z,y)™" < &(un)
€ (u) = 2u(y)E (u, ) + u(y)?E (¢n)
(u(x) - u(y))® .

&

Passing to the limit as n — oo, we obtain

(u (@) = u(y)* < R(w,y)E (u). (6.10)
Substituting here the estimate (R<) we obtain (6.2). O
Define the condition (R) as the conjunction of (R<) and (R>), that is,
(R) : For all z,y € M,
R(z,y) < d(z,y)".
We see from Propositions 6.5 and 6.6 that, under condition (R),
parabolicity < (R;) .



24 GRIGOR’YAN, HU, AND LAU

6.3. Condition (Ry) with g < 2.

Proposition 6.7. Let (£, F) be a regular Dirichlet form in L? with &) = 0 and the jump
density J(x,y). Assume that (V<) and (J<) hold with some 0 < o < 3 < 2. Assume also
that F contains all Lipschitz functions with compact supports. Then condition (Rg) holds
with v = 8 — a. Moreover, (€,F) is parabolic.

Remark 6.8. By hypothesis we have

£ () = EV(p) = / / (6(x) — 6())2 (@, y)du(y)dis(z).
Mx M

As we will see from the proof, the right hand side here is finite for any Lipschitz function
¢ with compact support, provided (V<) and (J<) hold. Therefore, the condition that F
must contain all such functions is reasonable and not restrictive. In fact, one can define
F as the closure of the space of Lipschitz functions with compact supports.

The condition # < 2 is closely related to the use of Lipschitz functions and cannot be
dropped. It is not known if a similar statement is true for g > 2.

Proof. Set B = B(xg,r). Let ¢ be a Lipschitz function on M with the Lipschitz constant
L, such that ¢ =0 in B¢. Then ¢ € F. Since the function |¢ (z) — ¢ (y)| is symmetric in
x,y and vanishes if (z,y) € B¢ x B, in particular, if (x,y) € (2B)° x (2B)¢, it follows that

_ 2
etw) = e zc [ [ DI a0

C</23 /QB +2/23 /(QB)C> d(z,y)*+h8 du(y)dp(z). (6.11)

Using (V<), the Lipschitz condition, and 2B C B (z,4r), the first integral in (6.11) can be
estimated by

dp (y) 2 /4T 2— -
LQ/ / ——2_ Vdu(z) < L*u(2B s27(ath) . ga-lys
23( B(aar) d(z,y) 072 ul) u(2B) 0

< CL2r°"ﬁ+2,

IN

where we have also used § < 2.
In the second integral in (6.11) we have ¢ (y) = 0. Since ¢ (z) = 0 outside B, the
integration in x can be reduced to B instead of 2B. Hence, the second integral is estimated

by
[owr ([ 20U Vi) < clolum [T a
B B(z,r)¢ d(.’B, y>a+ﬁ r
< Cfgl% ot (6.12)

Hence, we obtain

E(¢) < CL** P24 O ||g|2, rP. (6.13)
Specify the function ¢ by

o d(l‘o, LE)
P(x) = (1 T>+

and observe that it vanishes in B¢, has the Lipschitz constant L = 1, and [|¢|| ., = ¢ (z0) =
1. It follows from (6.1) and (6.13) that

R(zg, B) ™! < &(¢) < Cro—P,
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thus proving (Ra).
Finally, for any compact subset K of M, let r, T oo as n — oo so that K C B(x,71/2).

Set p

Then ¢, > 1 in K. Set u,, = (2¢,,) A 1. We have

C
cap(K) < € (1n) < 4€ (6,) < —= — 0
Tn
as n — oo, showing that cap(K) = 0. Hence, (£, F) is parabolic. O

6.4. Condition (Ry) with general (. Fix some 0 < a < 3 and set v = f — . In this
section we obtain (Rg) for arbitrary value of 3 at the expense of using more hypotheses.

Proposition 6.9. Let (£,F) be a regular Dirichlet form in L?. Then
(Vo) + (J<) + (R2) + (R1) = (Rz).
Proof. We first claim that, for any uy,us € F,
E(ur Nug) < E(ur) + € (ug) . (6.14)

Indeed, set v1 = u1 — us and vy = u1 + us so that

1
up Aug = = (vg — |v1]),

(€ (u1 +u2) + € (u1 — u2))
(u1) + € (u2),

2
and
Eurnuz) = 7€ (2 loal) = 7 (€ (02) + € (ju]) — 26 (on, mn])
< SE@) +E(nD)
< S(E@)+EW)
1
>
&

which proves (6.14).
The following argument is motivated by [5, the proof of Lemma 2.4]. Fix a ball B =
B(zg,r). For z € B\ 3B, let ¢, € F such that

¢x($0) =1, '(bx(:U) =0, 0<¢, <1 inM,
and
g (¢x> = R(x07 x)il'
Fix some small enough 1 > 0. It follows from (R;), (R>) that, for all y € B(z,nr),

Ve (y)? = [Wa(y) — v (2)]” < Cd(z,y) € (v,)

.
< ﬂ S Cn’Y S 1’
R(xg, ) 4
provided 7 is small enough. Hence, we have ¢, < 1 in B(z,nr) (cf. Figure 1). p is
a-regular, there exists an integer N independent of x,r such that the annulus B\ %B

can be covered by N balls {B(z;, m’)}i]\i 1- Define the function
f:wml /\wmg/\"'/\d)m\m
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FIGURE 1. Function 1, and covering for B \ %B

g=2<f—%> :
+

We have f(xzg) = 1 and, by the above argument, f < % in B\ %B. It follows that
g(xzg) =1,g=01in B\ %B, and 0 < g <1 in M. Using the Markov property of (£, F),
(6.14), and (R>), we have

and set

N

N
E(g) <AE(f) <4 E(v,,) =4 Rlwo,z:) ' < er* P, (6.15)
=1

i=1
Consider the functions
g1=g¢ and gy = glpe,
where ¢ is a cut-off function of the pair (1B, B) (cf. Figure 2).

FI1GURE 2. Functions g; and ¢
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Observe that

1
supp g1 € 5B, gi1(xzo) =1, and g= g1+ go.

27

Also, g1 € F by construction and go € F because go = g — g1. Since the supports of g;

and go are disjoint, we obtain

EW () = €W (g1 +92) = €D (1) + €W (92) = €D (9n).
On the other hand, using (J<) and (V<) and arguing as in (6.12), we obtain

£V (g1,g) = / / 01(@) — 01(9) (92(2) — 92(9)) (@, 9)dpu(y)du(z)

MxM

2 / ()29 (@ ) du(y) )
> -2

/ 01(2) 92 () (2, ) dps () ()
B(z,r/2)c

It follows that
£Wg) = &V (g1 +p)

= €D (g1) + €Y (g2) + 26V (91, 92)

> D (g)) — er® P,
Combining (6.16), (6.17), and (6.15), we obtain

E(g) = EX(g)+EY (q)

M) (g) + &Y (g) + ervF
E(g) +ero P
Cro—P,
Since g; is a test function for the resistance R (z¢, B¢), we conclude that

R(l‘()vBc)il S g(gl) S Cra_ﬁv

IN

IN

which was to be proved.
Corollary 6.10. Let (£,F) be a reqular Dirichlet form in L*. Then
parabolicity + (V<) + (J<) + (R) = (R1) + (R2) .
Proof. Indeed, by Proposition 6.6 we have
parabolicity + (R<) = (R1),

and the rest follows directly from Proposition 6.9.

(6.16)

(6.17)

0

6.5. The Green function. Assuming that (M, d) is non-compact and the condition (R;)
is satisfied, we construct the Dirichlet Green function, vanishing outside a precompact
open set ) C M. It turns out that it can be expressed in terms of effective resistance and

harmonic function in €.

By condition (R;), for any precompact open subset €2 of M, the space F (2) is a Hilbert

space under norm & (u)1/2 because, for u € F (2) and for z € Q,y € M \ 2, we have from

(Rl) that
u(z)? = |u(y) — u(@)* < Cd(z,y) € (u),
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and thus the integration over Q gives that |ju||3 < ¢(Q)E (u). Therefore, by the Arzela-
Ascoli theorem, the embedding

F(Q)—C (Q)
is compact.

By the standard argument of PDE, it follows that, for any fixed precompact open subset
Q and any fixed = € (), the variational problem

inf{€(u): uveF(Q), u(z)=1} (6.18)

possesses a solution, that is, there exists a function ¥ (z,-) € F () satisfying that
Yo (x,z) =1,0 < 1q (z,-) <1 on M, such that

R(z, 97" = & (¥q (z,-)) . (6.19)

For any = € Q, the function 9, , () := ¥q (7, ) is harmonic in M\ ({x} U Q) in the sense
that

E (Yaume) =0 (6.20)
for any test function ¢ € F () with p(z) = 0, because the function f := g, + Ap €
F(Q), f(x) =1 for any real A, and

showing that £ (wgm, go) =0.
The effective resistance R(z, {2¢) together with the harmonic function ¢ (z, -) gives rise
to the Green function as follows

ga(x,y) = { R(x,Q%)q(x,y), if x,y € Q,

0, otherwise. (6.21)

Such a way of defining a Green function was first addressed in [28, Section 4] if Q (instead
of a ball) is a finite subset of M, and then was extended to infinite subsets 2 in [29, Section
4]. See also [23, Section 4] follows the same pattern as in [28] when (2 is infinite.

Clearly, it follows from (6.21) that go(z,y) > 0 for any x,y € M, and gq(z,-) € F (Q).
Moreover, for any ¢ € F () and any fixed x € Q,

€ (galz,-), p) = p(x), (6.22)

because, if p(z) = 0 then (6.22) follows directly from (6.20), and if p(z) # 0 then (6.22)
follows by replacing the function ¢(-) in (6.20) by ¢q (x, ) — ¢(-)/¢(x) and then using
(6.19) and (6.21). For any z,y € Q, letting ¢(-) = ga(y,-) in (6.22), we obtain that

QQ(?J,-%') = g(QQ(‘r:')?gQ(y?'))
= 5(99(y7-),gg(x,-))Zgg(x,y), (623)

that is, the Green function gq(z,y) is symmetric in z,y € Q.
We estimate the Green function gg(z,y) for any ball B.

Proposition 6.11. Let (£,F) be a regular Dirichlet form in L* that satisfies (R1) and
(R2). Assume that there exists a constant N > 1 such that the annuli B (x,Nr)\ B (x,r)
are non-empty for all x € M and r > 0. Then there exist constants C > 0, n € (0,1) such
that, for all balls B = B(xg,r),

Cr? forall x,y € B, (6.24)

C~Y7 for all y € B(xg,nr). (6.25)

gB(7,y)

<
g9B(z0,y) >
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Proof. Set QQ = B = B(xq,r) and let {5 (z,-) be as in (6.19). Choosing a point z € 2B\ B
and using (R;), we obtain, for any v € F N Cy such that u (z9) =1 and u|ge = 0, that

1= (u(zo) —u(2)* < Cd(z, 2)E (u) < Cr7E (u),
whence
R(xo,B) ' =inf& (u) > C~ 4

and R (zg,B¢) < Cr7. Applying the latter inequality to the ball B (z,2r) instead of
B (xg,7), we obtain, for any = € B,

R(xz,B°) < R(z, B (z,2r)°) < Cr7.

Substituting this estimate into (6.21) and using 0 < ¢ (z,-) < 1 we obtain (6.24).
To show (6.25) observe that by (6.19) and (R2)

E(Wp (wo,-)) = R(zo, B! < or™7.
Then, using (R;y), we obtain, for any y € B (zg, nr),

(1—17p (xo,y))2 = (¥p (x0;20) — ¥p <x07y))2
Cd (z0,y)" € (Y5 (20,-))

o(=)
.

VAR VA

IN

If 7 is small enough then CnY < }1 whence it follows

Vi (20,y) 2 % in B(xo,nr).
Using again (6.21) and (R2), we obtain, for all y € B(zo,nr),
9p(20,4) = R(zo, B)p(x0,9) 2 5er7,
which proves (6.25). O

Let L£p be the generator of (€, F (B)). Given f € L?(B), consider the function

u(z) = /B 95, 9) f (v)du(y), (6.26)

where gp(x,y) is the Green function defined by (6.21). Then v € F (B) and u is a weak
solution to the following Poisson-type equation

—Lpu=f in B, (6.27)

that is, for any ¢ € F (B),

£ (u,p) = /B F (@) (@) du(x). (6.28)
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Indeed, by (6.22) and the dominated convergence theorem, we obtain that, for any ¢ €
F(B),

E(u,p) = %g%i(u—Ptu,w)
=l [ (@500) = Pilan(.)0) f)duto)
=/, €(g8(-y), ) f(y)du(y)
= /B o) f(y)du(y),

that proves (6.28).

Proposition 6.12. Assume that p is a-reqular and (€, F) satisfies the conditions (Ry)
and (Rg). Let f be any cut-off function for the pair (%B,B) where B = B(xg,r) is an
arbitrary ball. Then the solution u defined by (6.26) satisfies the following estimates:

u(z) < Cr’t in B (x0,7) (6.29)
and

u(x) > e’ in B(xg,nr), (6.30)
where Cyc > 0 and n € (0,1/2) are constants that depend only on the constants in the
hypotheses (and do not depend on the ball B).

Proof. Observe that the a-regularity of p implies that the annuli B (z, N7) \ B (x,r) are
non-empty provided N is a large enough constant. Hence, Proposition 6.11 holds in the
present setting. By reducing the constant 7 from the statement of this proposition, we
can assume that n < %

It follows from (6.24) and (6.26) that, using the fact that 0 < f <1 in M,

w@) = [ aplen) i) < [ onle)dnty)
< Or'u(B) < Crte, (6.31)
Similarly, observing that f =1 in nB and using (6.25), we obtain

u(wo) = /B 95(0,9) f () dpu(y)

[ onlao i)
B(zo,mr)
> er'u(B(xo,nr)) > cr’ T (6.32)

v

Taking ¢ = u in (6.28) and using (6.31) we obtain
/ f(z (z) < Cr7Tou (B) < er’t?e,

By Lemma 6.1, function u satisfies (6.2), so that for any = € B (zo,nr),

|u(x) — u(wo) | cd(z,20)"E (u)
Crit22d(z, xo)”
CnYr?0rte),

IN N IA

Choosing 7 small enough and comparing with (6.32), we obtain that

L (o)

Ju(e) — u(eo)| < 5
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whence u(z) > fu (o) > cr?™ follows. 0

6.6. Upper bounds of the heat kernel under (R;) and (R2). We now use the esti-
mates in (6.29)-(6.30) to obtain the survival estimate (S) and (DUE).

Theorem 6.13. Let (£,F) be a regular Dirichlet form in L? (M, u). Assume that u is
a-regular and conditions (R1), (R2) are satisfied with some ~ > 0. Then the survival
estimate (S) and (DUE) hold with 3 = a4+ . Consequently, we have

(UE) < (J<). (6.33)
Proof. Let us first prove (S). Fix a ball B = B(xzg,r). We claim that for all ¢ > 0 and
p-almost all x € B,

(6.34)

lullo
where u is given by (6.26) with f being a cut-off function of the pair (%B, B). Indeed, fix
a cut-off function ¢ of the pair (B, M) and consider the function

w(t,r) = u(x) - té(x) — |[ull, PP 1p(x).
Clearly, (6.34) is equivalent to w < 0. Let us first show that w(¢, z) is a weak subsolution
of the heat equation in (0, 00) x B. We use the following facts:

(1) PP1p is a weak solution of the heat equation in (0,00) x B; in particular,

0
<§Pt3137s0> +&(PP1p,p) =0

for any ¢ € F(B).
(2) E(p,p) >0 for any 0 < p € F (B) (see (4.9)).
Using these as well as (6.28) we obtain for any 0 < ¢ € F(B) and ¢t > 0

8 8
(6—1:,80> +& (vaD) = <_¢ - ||u||oo aPtBlB’QD)
+E& (u—tp — HU||ooPtBlB730)
= —(¢,0) + & (u, ) — tE (6, 9)
< (f—¢,9) <0,

which proves that w(t,z) is a weak subsolution of the heat equation in (0,00) x B.
On the other hand, we have as t — 0+

2
w(t,) " = (ul 15 <0

and hence, w4 satisfies the initial condition

2
wi(t,) P o
Therefore, by the parabolic maximum principle of Proposition 7.1 we conclude that w <0
for all ¢ > 0 and p-almost all x € B, thus proving (6.34).
Using (6.34) and the estimates (6.29)-(6.30) of Proposition 6.12, we obtain that, for
p-almost all x € B(xq,nr),

VARV
o O
|
[$)
A
~
3
@
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provided ¢tr~# is small enough. This proves (S) although with constant 7 in (2.16) instead
of %1. Using ball covering argument as in the proof of Theorem 3.1 one can replace a small
value of 7 by any value < 1, in particular, by %L.

Next we show that condition (R;) implies (DUE). It suffices to show that condition
(R1) implies the Faber-Krahn inequality

Amin () :==  inf £U) > cp ()7 (6.35)
fernCo(@) || 15

for all non-empty bounded? open subsets Q of M, which in turn implies (DUE) (see for
example [16, Lemmas 5.4 and 5.5]). Motivated by the argument in [22, Lemma 4.2],
consider a function f € F N Cp(2) normalized so that sup|f| = 1, and let x € 2 be a
point such that |f(z)| = 1. Let r be the largest radius such that B(x,r) C Q. Then the
ball B (x,2r) is not covered by €2 so that there exists a point y € B (z,2r) \ € (note that
M is unbounded by condition (V')). In particular, y ¢ supp f (see Figure 3 ).

FiGURE 3.

Noting that £) (f) < £ (f) and by the a-regularity of p
r < Clu(Ba,n))]"* < Cu@)"*,
we obtain from (R;p) that
1 f(y) — f(z)
Cd(y,z)"~ €Y (f)
C ) e(f) <o @) T e ().
Since || f[|3 < 1 (), it follows that

g(f) c o) —B/a
T > clp ()77,

for some ¢ > 0, thus proving the Faber-Krahn inequality.
Finally, observe that (£,F) is parabolic by Proposition 6.5, and hence, is conservative
by Lemma 6.4. Therefore, the equivalence (6.33) follows directly from Theorem 2.3. [

<
<

Corollary 6.14. Let (£,F) be a regular Dirichlet form in L? with a jump density J(x,y)
and let 0 < a < 8. Then
V)+(J)+ (R2) = (UE). (6.36)

2If (6.35) is satisfied for bounded €, then (6.35) is also satisfied for all open by the exhaustion
argument.
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Proof. Note that (V) + (J) = (Ri1) by Proposition 6.2. Hence, the conclusion (6.36)
follows from Theorem 6.13. O

Remark 6.15. Besides the hypotheses of Corollary 6.14, if in addition £ = 0 and
B < 2, and if F contains all Lipschitz functions with compact supports, then condition
(R2) also holds by Proposition 6.7. Therefore, it follows from (6.36) that

(V)+(J)= (UE). (6.37)
Note that the conclusion (6.37) was addressed in [6, 9].

Example 6.16. Let M be the Sierpinski gasket in R™ and let

e = [ [ LEIOE a0,

F = {fel?’(M,pu):E(f) <oo},
where o = % is the Hausdorff dimension of M, and p is the a-dimensional Hausdorff
measure on M (so that condition (V') holds), and

a< fpB<pB, = log(n +3)

log 2
(possibly 3 > 2). Then (&, F) is a regular Dirichlet form in L?, and condition (J) is
satisfied. Note that condition (R;) is true where v = § — a (see [17, Theorem 4.11 (iii),
p.2085]). In order to obtain (UE), by Corollary 6.14 and Proposition 6.9, it suffices to
verify condition (R>) with v = § — a.

Indeed, let (&, Fo) be the standard local, conservative, self-similar Dirichlet form on
the Sierpinski gasket, and let Ry be the associated effective resistance with respect to
(&0, Fo). It is known (cf. [25]) that

Buma, (6.38)

Ro(z,y) =< |z—vy
&) = swr @) [ (f@) - f)Pautaute). (639
M JB(z,r)

r>0

For any r > 0, we have that

o G @Ry,
&(f) - —/M/BW) PRpTE dp(y)dp(x)

-y @ —f@P,
- kZ:O/M /B(I,Z_kr)\B(a:,z—k—lr) ‘x — y’oﬂ-ﬁ d:“’(@/)du( )

> \-aB
< > () L L U = ) ()
< i(z—k—%)‘“‘ﬁ . [(2_kr)a+ﬁ ’ 50(f)] (using (6.39))
k=0
< arPTBE ().
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On the other hand, we have that, using condition (V'),

[, ey

)+ f)?)
= / /B(:z:?")C ’x_ ’a+ﬁ dﬂ(y)du(x)

< o7 fl;-
It follows that, for all r > 0,
E(f) = &) +&(f)
< C [ TPe) +r P13 - (6.40)

Minimizing the right-hand side of (6.40), we conclude that

(B.—B)/B.
e <e(irR)™ " ey (6.41)

Now fix two points xg,yg € M, and let r := M' By (6.38), we can choose the test
function f such that f(zo) = 1, f[B(zg,re = 0, and

Eo(f) = Ro(ajg,yo)*l = p=(Bi—a)

Thus, using the Faber-Krahn inequality Amin(B(x0,7)) > ¢r %+, we have that

g < — )
2= )\mm( (.’E(),T’))
Combining this with (6.41), we obtain that
E(f) < c(Cr*)B=PB . g,()P!P-
< C(Cr®)B=R)/Be 1 =(B.m)B/B. — o poB,

< er&(f) < Cr™.

and hence,

R(zo,y0) " < E(f)<C'ro?

_ C’l |930—y0| o
2 )

that is, R(zo,y0) > ¢|zo — yo|?~*. This proves that condition (R>) holds.

6.7. Two sided estimates of the heat kernel. Let us introduce the following condition:
(NLE) : (The near diagonal lower estimate) There exist 6 € (0,1) and ¢ > 0 such that, for
all t > 0 and almost all z,y € M such that d (z,y) < 5tl/8,
pi(z,y) > ct=/0,

Theorem 6.17. Let (,F) be a regular Dirichlet form in L? (M, u). Fir parameters
0<a<fandsety=p—a. Then the following equivalences are true:
parabolicity+ (V) + (J<)+ (R) < (UE)+ (NLE)
< (UE)+ (NLE) + continuity

where “continuity” means that for any t > 0 the heat kernel p; (x,y) is continuous in
(x,y) € M x M.
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Proof. We first show the implication
parabolicity + (V) + (J<) + (R) = (UE) + (NLE) + continuity.

By Corollary 6.10 both conditions (R;) and (R2) are satisfied. Hence, by Theorem 6.13,
we obtain (UFE).
Let us show that p; (z,y) as a function of x,y admits a continuous version. By (Rj)

and Lemma 6.1, all functions from F are Holder continuous and, moreover, satisfy (6.2).
By (UE) we have, for any f € L?

1P f [l < CEP Y 1l

Since P;f € F, it admits a continuous version that also will be denoted by P;f. Then we
can write, for all t > 0 and x € M,

|[Pof ()] < CEP | flly -
By the Riesz representation theorem, there is a function p; (z,-) € L? such that

P f (x) = (pt (xv)af) (6'42)

The function p; (z,y) as a function of z,y is symmetric in the following sense: p; (z,y) =
pt (y,x) for almost all x,y € M. Using the semigroup identity P,ys = P,Ps and the
symmetry of the heat kernel, we obtain

Giee @) 0) = [ pto) ( [ b f @ <y>) (=)
-/ ( [ pie2)pa 02 d <z>) /() du (v)

Pris (T, y) = /Mpt (,2) ps (y, 2) du (2) = (pt (,+) . ps (Y, ) (6.43)

for almost all y. The right hand side is well-defined for all x,y € M and is continuous
separately in « and in y because it has the form (6.42). Therefore, the left hand side, that
is, pi+s (z,y) has a pointwise version that is continuous in x and y separately. Switching
to this version we obtain, in particular, that the identity (6.43) is true pointwise.

On the other hand, using the spectral resolution {FE\} of the generator £ and the
elementary inequality Ae™2* < %et that is true for all A > 0 and ¢ > 0, we obtain

whence

E(Rf) = /000 AP (B, f) < —— 115 for f e L2

— 2et
Applying this inequality with f = pi(x,-) and using (UFE) and (6.43) yields

1
€ pule,) < ol )3
1
— Q—dpzt(x,x)ﬁct_l_a/ﬁ, (6.44)

forall t >0 and z € M.
Since by (6.43) piis (x,-) € F, we obtain by (6.2) and (6.44)

pe(z,y1) — pe(,y2))* < Cd(yn, y2) € (pr (x,-)) < Ct B d(y1, yo)?

so that the function p; (x, y) is continuous in y uniformly in z. Hence, p; (x,y) is continuous
jointly in x, y.
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To verify (NLE), we use a standard argument. It follows from (UFE) and the a-
regularity of p that, for all z € M and ¢,r > 0,

[o¢]
[ mewdiw e [T s 1 ds <
B(z,r)c

rt=1/6/2

N

provided rt~1/8 > C for some large C'. Choosing r = Ct'/?, we obtain

/ P, y)dp(y) = 1 - / Pl ) dp(y) >
B(z,r)

B(z,r)°
By the semigroup property, the symmetry of p; and the Cauchy-Schwarz inequality, we
have

po(z,x) = /Mpt(x,y)2du(y)

2
1
o [ / - pt<m,y>du<y>]

> o % =t (6.45)
Combining (6.44) with (R;) we obtain, for all y € B(x, 6t'/?),
Cd(x,y)" =€ (pu(w,-))

Cd(x,y)s~ot—1-o/8 (6.46)
CoP—2e/8,

’pzt(fUan) —pzt(%y”

ININ TN

If § is small enough then C9%~% < 1¢2 where ¢; is the constant in (6.45), whence it follows
that
Cltfa/ﬂ > Cltfa/ﬂ

2 - 2

pat(z,y) > po(z, ) —

thus proving (NLE).
Next we show the opposite implication

(UE) + (NLE) = parabolicity + (V) + (J<) + (R) .

Note that (€, F) is conservative by Lemma 6.4. By [17, Theorem 3.2], (UE) + (NLE) =
(V). By Theorem 2.3, we have (UE) = (J<). To show (R;), we use the following

inequality
125 [ (@) = uw) e n)d)dta)

that is true for any u € F and for any ¢t > 0 (see [17]) Fix some r > 0 and choose t from
the identity r = 6¢'/7. It follows from (NLE) that, for any u € F,

Eu) > / / u() — u(y))? prla, ) du(y) dp()

2 W/M /B(m) (u(x) — u(y))? du(y)du(z)
= r*(aJr/B) w(z) — u 9 .
e [ ) = ) dntanto

Combining this with (6.7), we obtain (R;), which implies also (R<).
As in the previous part of the proof, (UE) and (R;) imply that the heat kernel is
continuous. Using (NLE) and o < 8 we have

/ pt (x,y)dt > / ct =Bt = oo, (6.47)
0 (d(z,9)/3)°
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which implies that (£,F) is recurrent (cf. [11, formula (1.6.2), p. 55]), that is (cf. [11,
Theorem 1.6.3, p.58]), there exists a sequence {uy,},., C F such that

lim u, =1 p-a.e. and lim & (u,) =0.

Let K be a compact subset of M and let zyp € K. Then there exists an integer N, such
that u,(z9) > 3 for all n > Ny,. It follows from (R;) that there exists 7 small enough
such that u,(z) > 1 for all € B(zg,n) and all n > N,,. Covering K by a finite number
of the balls {B(z;,1)}, we obtain that u, (z) > % for all z € K and all n > N, for some
large integer N. Set

Up = (2up) A 1.
We see that v, € F, v, =1in K for all n > N, and
lim & (v,) <4 lim & (u,) =0,
n—oo n—oo
whence it follows that
cap(K) < lim & (v,) =0,
n—oo

and hence, (€, F) is parabolic.
Finally, let us now prove (R>). Indeed, fix =,y € M. By (6.10) and (6.44) we have, for
z,y € M and t > 0,
P, x) = pi(a,y) < R(z,9)'* € (pr(2,))?
< CR(ZU,y)l/Qt_l/Q_a/(zﬁ).

On the other hand, it follows from (NLE), (UE), that

d(x,w)‘“*m

pe(z,z) —pi(z,y) > cit=e/B — Oyt=/P <1+ 1/8

1
> et /8
=z 201
provided d(z,y) = ct'/B with a large enough constant c. It follows from above two esti-
mates that

CR(z, )"/ 212/ 28) > %lea/ﬁ

whence

c1\2 B=o o
R(z,y) > (%) t 7 =cd(x,y)’,
which proves (R>). O

Corollary 6.18. Let (£,F) be a regular Dirichlet form in L*> (M, p). Fiz parameters
0<a<pfandsety=L0—«a. Then the following equivalence is true:

parabolicity + (V) + “locality” + (R) < (UEj,.) + (NLE) . (6.48)
Proof. Since (UEj,.) = (UE), we obtain that by Theorem 6.17
(UEioc) + (NLE) = parabolicity + (V) + (R) ,

whereas (UEj,.) =(“locality”) by [20, Lemma 3.1]. Since the locality is a stronger as-
sumption than (J<), by Theorems 6.17 and 2.3 we have

parabolicity + (V') + “locality” + (R) = (UE) + (NLE) = (DUE) + (95).
Finally, by (1.3) we obtain (UEj,.). O
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Remark 6.19. If (£, F) is parabolic, then R(z,y) is symmetric in z,y. Assume in addition
that R is a metric in M (called the effective resistance metric). Setting d(z,y) = R(z,y),
we see that conditions (R;),(R2) and (R) are satisfied with v = 1. Therefore, Theorem
6.17 implies that
(V) +(J<) & (UE) + (NLE),

and Corollary 6.18 implies that

(V) + (“locality”) < (UEj,.) + (NLE) .
The latter was also proved in [31, Theorem 3.1] by a probabilistic method.

Example 6.20. Let M be a nested fractal in R™ (cf. [34]) that is generated by an iterated
function system {fi}f;l, N > 2 with contraction ratio 0 < s < 1:

|fi(z) — fi(y)| = s|z — y| for all z,y € R".
Let (€, F) be a local regular Dirichlet form introduced in [27] that is self-similar:

E(u)=rt % E(uo fi),
k=1

where 0 < r < 1. It was shown that the associated effective resistance R is a metric (cf.
[27]). Moreover,

log
R(z,y) < |z fy|$ for all z,y € M,

see [25, p.163]. If the open set condition holds for { fl}f\; 1 » then the Hausdorff dimension
of M is
log N
© T log (1/s)°

and the a-dimensional Hausdorff measure p is a-regular. In this case, we see that both
conditions (V') and (R) are true. Noting that (£, F) is parabolic because 1 € F, we obtain
(UEj,.) and (NLE) by using Corollary 6.18. Kumagai [30] obtained the same result by a
probabilistic method, see also [21].

7. APPENDIX A: PARABOLIC MAXIMUM PRINCIPLE

Let (M,d, ) be a metric measure space. Let (€,F) be a Dirichlet form in L?(M, p)
and L be its generator. Let I be an interval in R, and let €2 be an open subset of M. A
function w : I — F is said to be a weak subsolution (resp. a weak supersolution) of the
heat equation

ou

— 4+ Lu=0 7.1

ot T (7.1)
in I x Q, if the Frechet derivative %—? of u exists in I in the norm of L?(f2) and, for any

t € I and any non-negative function ¢ € F (Q),

0
(Grt00) et <0 esp. 20 (72)
If the inequality in (7.2) is replaced by equality, then w is called a weak solution of the
heat equation (7.1) in I x Q. It is known that P, f is a weak solution in (0, c0) x € for any
open Q C M (cf. [15, Example 4.10]).

Proposition 7.1 (parabolic maximum principle [15]). Let u be a weak subsolution of the
heat equation in (0,T") x Q, where T' € (0,400] and §2 is an open subset of M. Assume in
addition that u satisfies the following boundary and initial conditions:

o u(t,-) € F(Q) forany t € (0,T);

2
o u+(t,')L£>)O ast — 0.
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Then u(t,z) <0 for any t € (0,T) and p-almost all x € Q.

Remark 7.2. It was shown in [15, Lemma 4.4] that, for a regular Dirichlet form (&, F),
if u € F and if u < v for some v € F(Q), then uy € F(Q).

Lemma 7.3 (Lemma 4.16, p.122, [15]). Let U be an open subset of M, and 0 < f € L? (U).
If u: Ry — F is a weak non-negative supersolution to the heat equation in Ry x U and

2
w(t,) 9 fast -0 (7.3)
then, for all t > 0,
u(t,) > PUf in M. (7.4)

8. APPENDIX B: LIST OF LETTERED CONDITIONS

Here we list all the lettered conditions used in the text.

Replacing the sign < in condition, say (X) by < and >, one obtains conditions (X<)
and (X>), respectively. The letters «, 5 denote always fixed positive reals. The constant
v is always equal to 8 — « and appears only in the case when 3 > a.

(V) : There exist constants ¢, C, a > 0 such that, for all x € M and all r > 0,
V(z,r) =< Cre.
(J) : The jump density exists and admits the estimate
J(x,y) = Cd(w,y) =+,

for p-almost all z,y € M.
(DUE) : On-diagonal upper estimate: the heat kernel p; exists and satisfies the on-diagonal
upper estimate

( )<i
bt (x,y) = ta/ﬁ7

for all ¢ > 0 and p-almost all z,y € M.
(UE) : Upper estimate of non-local type: the heat kernel p, exists and satisfies the off-
diagonal upper estimate

C d(z,y)\

for all t > 0 and p-almost all z,y € M.
(UE,,.) : Upper estimate of a local type: the heat kernel p; exists and satisfies the off-diagonal
upper estimate

C d(z,y) B/(8-1)
Dt ($7y) S Wexp <_ ( Ctl/ﬁ >

for all ¢ > 0 and p-almost all z,y € M (here 5 > 1).
(UE®): The heat kernel p; exists and satisfies the estimate

C o (4zy)
pe(z,y) < W‘P < v )

for all ¢ > 0 and p-almost all z,y € M, where ® : [0,00) — [0,00) is continuous,
non-increasing function such that

/ s*71(s)ds < oo.
0
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(NLE) : (The near diagonal lower estimate) There exist § € (0,1) such that, for all ¢ > 0

and almost all z,y € M such that d(z,y) < 5ti/P,
pe(@,y) > et /P,

(S) : Survival estimate. There exist constants €, € (0,1) such that, for all balls B =

B(zo,r) and for all t'/8 < §r,

1
1 — PP1g(z) <e for p-almost all x € ZB.

(T) : Tail estimate. There exist constants £,0 € (0,1) such that, for all balls B =

(Tstrong)

B(zg,r) and for all t'/# < ér,
1
P1pc(z) < ¢ for p-almost all z € ZB.

: Strong tail estimate. There exist constants ¢ > 0 and 8 > 0 such that, for all balls
B = B(xg,r) and for all t > 0,

t 1
Plpe(z) < C—ﬁ for pu-almost all z € ZB'
r

(R,) : For all u € FNCy and all z,y € M, the following inequality holds:

lu(e) — u(y)* < Cd(x,y)"€ (u).

(R,) : For all z € M and r > 0,

R(z, B(z,r)¢) > C~ 1.

(R) : For all z,y € M,

[1]

R(z,y) = Cd(,y)" .
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