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INTRODUCTION

The education of the mathematics major begins with the study
of three basic disciplines: mathematical analysis, analytic geo-
metry and higher algebra. These disciplines have a number of points
of contact, some of which overlap; together they constitute the
foundation upon which rests the whole edifice of modern mathema-
tical science.

Higher algebra—the subject of this text—is a far-reaching
and natural generalization of the basic school course of elementary
algebra. Central to elementary algebra is without doubt the problem
of solving equations. The study of equations begins with the very
simple case of one equation of the first degree in one unknown.
From there on, the development proceeds in two directions: to
systems of two and three equations of the first degree in two and,
respectively, three unknowns, and to a single quadratic equation
in one unknown and also to a few special types of higher-degree
equations which readily reduce to quadratic equations (quartic
equations, for example).

Both trends are further developed in the course of higher algebra,
thus determining its two large areas of study. One—the foundations
of linear algebra—starts with the study of arbitrary systems of
equations of the first degree (linear equations). When the number
of equations equals the pumber of unknowns, solutions of such
systems are obtained by means of the theory of determinants. Howe-
ver, the theory proves insufficient when studying systems of linear
equations in which the number of equations is not equal to the
number of unknowns. This is a novel feature from the standpoint
of elementary algebra, but it is very important in practical appli-
cations. This stimulated the development of the theory of matrices,
which are systems of numbers arranged in square or rectangular
arrays made up of rows and columns. Matrix theory proved to be
very deep and has found application far beyond the limits of the
theory of systems of linear equations. On the other hand, investiga-
tions into systems of linear equations gave rise to multidimensional
(so-called vector or linear) spaces. Ta the nonmathematician, mul-
tidimensional space (four-dimensional, to begin with) is a nebulous
and often confusing concept. Actually, however, the notion is
a strictly mathematical one, mainly algebraic, and serves as an
important tool in a variety of mathematical investigations and
also in physics.

The second half of the course of higher algebra, called the algebra
of polynomials, is devoted to the study of a single equation in one
unknown but of arbitrary degree. Since there is a formula for solving
quadratic equations, it was natural to seek similar formulas for
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higher-degree equations. That is precisely how this division of
algebra developed historically. Formulas for solving equations
of third and fourth degree were found in the sixteenth century.
The search was then on for formulas capable of expressing the roots
of equations of fifth and higher degree in terms -of the coefficients
of the equations by means of radicals, even radicals within radicals.
It was futile, though it continued up to the beginning of the nine-
teenth century, when it was proved that no such formulas exist
and that for all degrees beyond the fourth there even exist specific
examples of equations with integral coefficients whose roots cannot
be written down by means of radicals.

One should not be saddened by this absence of formulas for
solving equations of higher degrees, for even in the case of third
and fourth degree equations, where such formulas exist, computa-
tions are extremely involved and, in a practical sense, almost useless.
On the other hand, the coefficients of equations one encounters in
physics and engineering are usually quantities obtained in measu-
rements. These are approximations and therefore the roots need
only be known approximately, to within a specified accuracy. This
led to the elaboration of a variety of methods of approximate solu-
tion of equations; only.the most elementary methods are given
in the course of higher algebra.

However, in the algebra of polynomials the main thing is not
the problem of finding the roots of equations, but the problem of
their existence. For example, we even know of quadratic equations
with real coefficients that do not have real-valued roots. By extending
the range of numbers to include the collection of complex numbers,
we find that quadratic equations do have roots and that this holds
true for equations of the third and fourth degree as well, as follows
from the existence of formulas for their solution. But perhaps there
are equations of the fifth and higher degree without a single root
even in the class of complex numbers. Will it not be necessary,
when seeking the roots of such equations, to pass from complex
numbers to a still bigger class of numbers? The answer to this ques-
tion is contained in an important theorem which asserts that any
equation with numerical coefficients, whether real or complex, has
complex-valued (real-valued, as a special case) roots; and, generally
speaking, the number of roots is equal to the degree of the equation.

Such, in brief, is the basic content of the course of higher algebra.
It must be stressed that higher algebra is only the starting point of
the vast science of algebra which is very rich, extremely ramified
and constantly expanding. Let us attempt, even more sketchily,
to survey the various branches of algebra which, in the main, lie
beyond the scope of the course of higher algebra.

Linear algebra, which is a broad field devoted mainly to the
theory of matrices and the associated theory of linear transforma-
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tions of vector spaces, includes also the theory of forms, the theory
of invariants and tensor algebra, which plays an important role
in differential geometry. The theory of vector spaces is further
developed outside the scope of algebra, in functional analysis
(infinite-dimensional spaces). Linear algebra continues, so far,
to occupy first place among the numerous branches of algebra as to
diversity and significance of its applications in mathematics, physics
and the engineering sciences.

The algebra of polynomials, which over many decades has
been growing as a science concerned with one equation of arbitrary
degree in one unknown, has now in the main completed its develop-
ment. It was further developed in part in certain divisions of the
theory of functions of a complex variable, but basically grew into
the theory of fields, which we will speak of later on. Now the very
difficult problem of systems of equations of.arbitrary degree (not
linear) in several unknowns—it embraces both divisions of the
course of higher algebra and is hardly touched on in this text—actual-
ly has to do with a special branch of mathematics called algebraic
geometry.

An exhaustive treatment of the problem of the conditions under
which an equation can be solved in terms of radicals was given
by the French mathematician Galois (1811-1832). His investiga-
tions pointed out new vistas in the development of algebra and led,
in the twentieth century, after the work of the German woman-
algebraist E. Noether (1882-1935), to the establishment of a fresh
viewpoint on the problems of algebraic science. There is no doubt
now that the central problem of algebra is not the study of equa-
tions. The true subject of algebraic study is algebraic operations,
like those of addition and multiplication of numbers, but possibly
involving entities other than numbers.

In school physics one deals with the operation of composition
of forces. The mathematical disciplines studied in the junior courses
of universities and teachers’ colleges provide numerous examples
of algebraic operations: the addition and multiplication of matrices
and functions, operations involving vectors, transformations of
space, etc. These operations are usually similar to those involving
numbers and bear the same names, but occasionally some of the
properties which are customary in the case of numbers are lost.
Thus, very often and in very important instances, the operations
prove to be noncommutative (a product is dependent on the order
of the factors), at times even nonassociative (a product of three
factors depends on the placing of parentheses).

A very systematic study has been made of a few of the most
important types of algebraic systems (or structures), that is, sets
composed of entities of a certain nature for which certain algebraic
operations have been defined. Such, for example, are fields. These
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are algebraic systems in which (like in the systems of real and com-
plex numbers) are defined the operations of addition and multipli-
cation, both commutative and associative, connected by the distri-
butive law (the ordinary rule of removing brackets holds) and pos-
sessing the inverse operations of subtraction and division. The theory
of fields was a natural area for the further development of the theory
of equations, while its principal branches—the theory of fields of
algebraic numbers and the theory of fields of algebraic functions—
linked it up with the theory of numbers and the theory of functions
of a complex variable, respectively. The present course of higher
algebra includes an elementary introduction to the theory of fields,
and some portions of the course—polynomials in several unknowns,
the normal form of a matrix—are presented directly for the case
of an arbitrary base field.

Broader than a field is the concept of a ring. Unlike the field,
division is not required here and, besides, multiplication may be
noncommutative and even nonassociative. The simplest instances
of rings are the set of all integers (including negative numbers),
the set of polynomials in one unknown and the set of real-valued
functions of a real variable. The theory of rings includes such old
branches of algebra as the theory of hypercomplex numbers and
the theory of ideals. It is related to a number of mathematical
sciences (functional analysis being one) and has already made
inroads into physics. The course of higher algebra actually contains
only the definition of a ring.

Still greater in its range of applications is the theory of groups.
A group is an algebraic system with one basic operation, which
must be associative but not necessarily commutative, and must
possess an inverse operation (division if the basic operation is mul-
tiplication). Such, for example, is the set of integers with respect
to the operation of addition and also the set of positive real num-
bers with respect to the operation of multiplication. Groups were
already important in the theory of Galois, in the problem of the
solvability of equations in terms of radicals; today groups are a power-
ful tool in the theory of fields, in many divisions of geometry, in
topology, and also outside mathematics (in crystallography and
theoretical physics). Generally speaking, within the sphere of
algebra, group theory takes second place after linear algebra as to
its range of applications. Our course of higher algebra contains
a chapter on the fundamentals of the theory of groups.

In recent decades an entirely new branch of algebra—lattice
theory—has come to the fore. A lattice is an algebraic system with
two operations—addition and multiplication. These operations
must be commutative and associative and must also satisty the
following requirements: both the sum and the product of an element
with itself must be equal to the element; if the sum of two elements
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is equal to one of them, then the product is equal to the other, and
conversely. An example of a lattice is the system of natural num-
bers relative to the operations of taking the least common multiple
and the greatest common divisor. Lattice theory has interesting
ties with the theory of groups and the theory of rings, and also
with the theory of sets; one old branch of geometry (projective
geometry) actually proved to be a part of the theory of lattice.
It is also worth mentioning the expansion of lattice theory into
the theory of electric circuits.

Certain similarities between parts of the theories of groups,
rings and lattices led to the development of a general theory of
algebraic systems (or universal algebras). The theory has only taken
a few steps but its general outlines are evident and certain links
with mathematical logic that have been perceived point to a rich
future in this area.

The foregoing scheme does not of course embrace the whole
range of algebraic science. For one thing, there are a number of
divisions of algebra bordering on other areas of mathematics, such
as topological algebra, which deals with algebraic systems in which
the operations are continuous relative to some convergence defined
for the elements of the systems. An example is the system of real
numbers. Closely related to topological algebra is the theory of
continuous (or Lie) groups, which has found numerous applica-
tions in a broad range of geometrical problems, in theoretical physics
and hydrodynamics. Incidentally, the theory of Lie groups is chara-
cterized by such an interweaving of algebraic, topological, geome-
tric and function-theoretic methods as to be more properly conside-
red a special branch of mathematics altogether. Next we have the
theory of ordered algebraic systems which arose out of investigations
into the fundamentals of geometry and has found applications
in functional analysis. Finally, there is differential algebra which
has established fresh relationships between algebra and the theory
of differential equations.

Quite naturally, the flowering of algebraic science so evident
today is not accidental, but is an organic part of the general advance
of mathematics and is due, in large measure, to the demands made
upon algebra by the other mathematical sciences. On the other hand,
the development of algebra itself has exerted a far-reaching influence
on the elaboration of allied branches of science; this influence has
been particularly enhanced by the spread of applications so chara-
cteristic of modern algebra. One is often tempted to speak of an
“algebraization” of mathematics.

We conclude this rather sketchy survey of algebra with a gene-
ral historical background.

Babylonian and, later, ancient Greek mathematicians studied
certain problems of algebra, in particular the solution of simple
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equations. The peak of algebraic investigations during this period
was reached in the works of the Greek mathematician Diophantos
of Alexandria (third century). These studies were then extended by
mathematicians of India: Aryabhata (sixth century), Brahmagupta
(seventh century), and Bhaskara (twelfth century). In China, alge-
braic problems got an early start: Ch’ang Ts’ang (second century
B.C.), Ching Chou-chan (first century A.D.). An outstanding Chinese
algebraist was Ch’in Chiu-shao (thirteenth century).

A major contribution to the development of algebra was made
by scholars of the Middle East whose writings were in Arabic, par-
ticularly the Uzbek scholar Muhammad al-Khowarizmi (ninth cen-
tury) and the Tajik mathematician and poet Omar Khayyam (1040-
1123). In particular, the very term “algebra” came from the title
of al-Khowarizmi’s treatise Hisdb al-jabr w’al-muqd-balah.

The above-mentioned studies of Babylonian, Greek, Indian,
Chinese, and Central-Asian algebraists have to do with those pro-
blems of algebra which constitute the present school course of ele-
mentary algebra and only occasionally touch on equations of the
third degree. That, in the main, was the range of problems that
interested medieval European algebraists and those of the Renais-
sance, such as the Italian mathematician Leonardo of Pisa (Fibo-
nacci) (twelfth century) and the founder of present-day algebraic
symbolism, the Frenchman Vieta (or Viéte) (1540-1603). We have
already mentioned that in the sixteenth century methods were
found for solving equations of the third and fourth degree; here
we must mention the names of the Italians Ferro (1465-1526), Tar-
taglia (1500-1557), Cardano (1501-1576) and Ferrari (1522-1565).

The seventeenth and eighteenth centuries saw an intensive ela-
boration of the general theory of equations (or the algebra of poly-
nomials) in which outstanding scholars of the time participated:
Descartes (1596-1650), Sir Isaac Newton (1643-1727), d'Alembert
(1717-1783) and Lagrange (1736-1813). In the eighteenth century,
the Swiss mathematician Cramer (1704-1752) and Laplace (1749-
1827) of France, laid the foundation of the theory of determinants.
At the turn of the century, the great German mathematician Gauss
(1777-1855) proved the earlier mentioned fundamental theorem on
the existence of roots of equations with numerical coefficients.

The first third of the nineteenth century stands out in the history
of algebra as the time when the problem of the solvability of equa-
tions by radicals was resolved. Proof of the impossibility of obtain-
ing formulas for the solution of equations of degree five or higher was
obtained by the Italian mathematician Ruffini (1765-1822) and in
more rigorous form by the Norwegian Abel (1802-1829). As already
mentioned, an exhaustive treatment of the problem of the conditions
under which an equation admits of solution in terms of radicals
was given by Galois:
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Galois’ theory spurred the advance of algebra in the latter half
of the nineteenth century. There appeared the theory of fields of
algebraic numbers and of fields of algebraic functions and the asso-
ciated theory of ideals. Here, mention should be made of the German
mathematicians Kummer (1810-1893), Kronecker (1823-1891), and
Dedekind (1831-1916), and the Russian mathematicians E. I. Zolo-
tarev (1847-1878) and G. F. Voronoi (1868-1908). Particular advances
were made in the theory of finite groups which grew out of the research
of Lagrange and Galois; this work was carried out by the French
mathematicians Cauchy (1789-1857) and Jordan (1838-1922), the
Norwegian Sylow (1832-1918), the German algebraists Frobenius
(1849-1918) and Holder (1859-1937). The investigations of the Nor-
wegian S. Lie (1842-1899) initiated the theory of continuous groups.

The works of Hamilton (1805-1865) and the German mathemati-
cian Grassmann (1809-1877) laid the foundations for the theory
of hypercomplex systems or, as we now say, the theory of algebras.
A prominent role in the development of this branch of algebra was
played (at the end of the century) by the Russian mathematician
F. E. Molin (1861-1941).

Linear algebra attained great heights in the nineteenth century
primarily due to the work of the English mathematicians Sylvester
(1814-1897) and Cayley (1821-1895). Work continued on the algebra
of polynomials; we note only the method of approximate solution
of equations found by the Russian geometer N. I. Lobachevsky
(1792-1856) and the work of the German Hurwitz (1859-1919). Alge-
braic geometry was begun in the latter part of the nineteenth century,
particularly in the works of the German mathematician M. Noether
(1844-1922).

In the twentieth century, algebraic studies expanded considerab-
ly and algebra, as we already know, occupies a very special place
of honour in mathematics. New divisions of algebra have sprung
up, including the general theory of fields (in the 1910’s), the theory
of rings and the general theory of groups (1920’s), topological algebra
and lattice theory (1930’s), the theory of semigroups and the theory
of quasigroups, the theory of universal algebras, homological algebra,
the theory of categories (all in the 1940’s and 1950’s). Prominent
mathematicians are presently engaged in all spheres of algebra, and
in a number of countries (in the Soviet Union, for example) whole
schools of algebra are in evidence.

Among the prerevolutionary Russian algebraists, noteworthy
contributions to algebra were also made by S.0. Shatunovsky
(1859-1929) and D. A. Grave (1863-1939). However, it was only
after the Great October Revolution of 1917 that algebraic investiga-
tions in the Soviet Union reached high peaks. These studies now
embrace practically all divisions of modern algebraic science and
* in some the work of Soviet algebraists is of a leading nature. Suffice
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it to name only two algebraists: N. G. Chebotarev (1894-1947), who
worked in the theory of fields and Lie groups, and O. Yu. Schmidt
(1891-1956), the famous polar explorer who was also a noted algeb-
raist and founded the Soviet school of group theory.

We conclude this brief survey of the historical background and
modern state of algebra with the remark that most of the fields of
research mentioned here lie beyond the scope of the present course
of higher algebra. The aim of the survey was to help the reader to
find the proper place for this text in algebraic science as a whole
within the edifice of mathematics.



CHAPTER 1

SYSTEMS
OF LINEAR EQUATIONS.
DETERMINANTS

{. The Method of Successive Elimination of Unknowns

We begin the course of higher algebra with a study of systems
of first-degree equations in several unknowns or, to use the more
common term, systems of linear equations.*

The theory of systems of linear equations serves as the foundation
for a vast and important division of algebra—linear algebra—to
which a good portion of this book is devoted (the first three chapters
in particular). The coefficients of the equations considered in these
three chapters, the values of the unknowns and, generally, all num-
bers that will be encountered are to be considered real. Incidentally,
all the material of these three chapters is readily extendable to the
case of arbitrary complex numbers which are familiar from elemen-
tary mathematics.

In contrast to elementary algebra, we will study systems with
an arbitrary number of equations and unknowns; at times, the
number of equations of a system will not even be assumed to coincide
with the number of unknowns. Suppose we have a system of s linear
equations in n unknowns. Let us agree to use the following symbo-
lism: the unknowns will be denoted by z and subscripts: z4, z,, . . -
.+ ., Zz; we will consider the equations to be enumerated thus:
first, second, . . ., sth; the coefficient of z; in the ith equation will
be given as a;;**. Finally, the constant term of the ith equation will
be indicated as b;.

# The term “linear” stems from analytic geometry, where a first-degree
equation in two unknowns defines a straight line in a plane.

** We thus use two subscripts, the first indicates the position number of
the equation, the second the position number of the unknown. They are to be
read: a;; “a sub one one”™ and not “a eleven”; a3, “a sub three four” and not
“g thirty-four”, and are not separated by a comma.



16 CH. 1. SYSTEMS OF LINEAR EQUATIONS. DETERMINANTS

Our system of equations will now be written as follows:
@y + @y + . .0+ @z, = by,
anx; + Q99Xo +...+ AonZp = b21

1)
ATy + ATy + . .. F A2, = by
The coefficients of the unknowns form a rectangular array:
Q1143 - . - Q4
A21Qgy - - - Qo
(2)
Bs1lss - - . Qg

called a matriz of s rows and n columns; the numbers a;; are termed
elements of the matrix.* If s=nr (which means the number of rows
is equal to the number of columns), then the matrix is called a square
matriz of order n. The diagonal of the matrix from upper left corner
to lower right corner (i.e., composed of the elements a4, @y, . . ., @gn)
is called the principal diagonal. We call a square matrix of order
n a unit matriz of order n if all the elements of its principal diagonal
are equal to unity and all other elements are zero.

The solution of the system of linear equations (1) is a set of n

numbers k4, k,, . . ., k, such that each of the equations (1) becomes
an identity upon substitution of the corresponding numbers Z%;,
i=1, 2, ..., nfor the unknowns z;. **

A system of linear equations may not have any solutions; it is
then called inconsistent. Such, for example, is the system

z + 5z, =1,
2y + bz, =T

The left members of these equations coincide, but the right members
are different and so no set of values of the unknowns can satisfy
both equations simultaneously.

If a system of linear equations has solutions, it is termed con-
sistent. A consistent system is called determinate if it has a unique
solution—only such are considered in elementary algebra—and inde-
terminate if there are more solutions than one. As we shall learn
later on, there may even be an infinity of solutions. For instance,

* Thus, if the matrix (2) is regarded by itself (not connected with the
system (1)), then the first subscript ofg element a;; indicates the number of the
row, the second the number of the column at the intersection of which the
element is positioned.

** We stress the fact that the numbers %4, ks, . .., k, constitute a single
solution of the system and not r solutiocns.
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the system
X4 "{— 2.772 = 7,
zt+z, =4
is determinate: it has the solution z; = 1, z, = 3 and, as may readily

be verified by the method of elimination, this solution is unique.
On the other hand, the system

3z, — x2=1,}

6zy — 22, = 2
is indeterminate since it has infinitely many solutions of the torm
2=k, oz =3k —1 3)

where k is an arbitrary number; the solutions obtained using for-
mulas (3) exhaust the solutions of the system.

The problem of the theory of systems of linear equations consists
in elaborating methods to determine whether a given system of equa-
tions is consistent or not and, in the case of consistency, to establish
the number of solutions and also to indicate a procedure for finding
the solutions.

We begin with the most convenient practical method for finding
solutions to systems with numerical coefficients, namely, the method
of successive elimination of unknowns, or Gauss’ method.

First, a preliminary remark. In future we will manipulate systems
of equations in the following manner: both members of one of the
equations of the system multiplied by one and the same number will
be subtracted from the corresponding members of some other equation
of the system. For the sake of definiteness, let us subtract both
members of the first equation of system (1), multiplied by a number
¢, from the corresponding members of the second equation. We obtain
a new system of linear equations:

ayry + @%, + . . -+ T, = by,
anzTy + Aty + ...+ ayz, = b,

a3y + 32, + . . .+ anz, = by, (4)
a5 + @y + - . - F Aun = bs
where
ab; = ay; —cay; for j=1,2, ..., n by=>b, —ch

The systems (I) and (4) are equivalent, which is 1o say they are
either both inconsistent or they are both consistent and have the same
solutions. Indeed, let ky, k,, ..., k, be an arbitrary solution of
system (1). Obviously, these numbers satisfy all the equations of (4)
except the second. However, they likewise satisfy the second equa-

2--5760
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tion of the system (4). It will suffice to recall how this equation
is expressed in terms of the second and first equations of system (1).
Conversely, any solution of (4) will also satisfy (1). Indeed, the
second equation of (1) is obtained by subtracting, from both members
of the second equation of (4), the corresponding members of the
first equation of the system multiplied by the number —c.

Quite naturally, if manipulations of this kind are applied several
times to system (1), the newly obtained system of equations will remain
equivalent to the original system (1).

It may happen that as a result of such manipulations, there
will appear in our system an equation whose coefficients in the
left-hand member are equal to zero. Now if the constant term of this
equation is zero, then the equation is satisfied for any values of the
unknowns and so by discarding this equation we arrive at a system of
equations equivalent to the original system. But if the constant term
of the equation at hand is nonzero, then the equation cannot be
satisfied for any values of the unknowns and for this reason the system
obtained (and the equivalent original system as well) will be inconsistent.

Let us now examine Gauss’ method.

We are given an arbitrary system of linear equations (1). To be
specific, suppose that the coefficient a;; =0, though in reality it
may of course be equal to zero and then we would have to start with
some other, nonzero, coefficient of the first equation of the system.

Let us now transform system (1) by eliminating the unknown
z4 from all equations except the first. To do this, multiply both mem-

bers of the first equation by the number ! and subtract from the
corresponding members of the second equatlon then subtract both
members of the first equation, multiplied by , from the corre-

sponding members of the third equation, and so on
We thus arrive at a new system made up of s linear equations
in n unknowns:

@z + @19y + Qaxs + . . .+ Az = by, )
zzxz + a23.1:3 + ..+ aénxn = b,
32:62 =+ a33x3 + ...+ a;nxn = b;, )]
Aoy + @y ...+ agx, = b

We do not need to write out explicitly the expressions of the new
coefficients ai; and the new constant terms b; via the coefficients
and constant terms of the original system (1).

As we know, the system of equations (5) is equivalent to (1).
Now transform (5). We no longer involve the first equation and
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manipulate only that portion of (5) consisting of all equations
except the first. We of course assume that there are no equations
with all coefficients of the left members zero (such would have been
rejected if their constant terms were likewise zero, and if that were
not so, we would have proved the inconsistency of our system).
Thus, among the coefficients ai;there are some different from zero;
for definiteness, we put a,, = 0. Now transform (5) by subtracting
from both members of the third and of each of the succeeding equa-
tions both members of the second equation multiplied respectively
by the numbers .

ay a7 ay
In this way we eliminate the unknown z, from all equations, except
the first and second, and arrive at the following system of equations
which is equivalent to (5) and hence to (1):

AnZy - Ay - A3xg - . E AT = by,
] ’ | ’ . ’
Aoy T Aoy + o o o T Aupn — by,

gy + o o - Qprn, = by, ’}

a3z + ...+ a3, = by

Our system now conlains ¢ equations, ¢ < s, since some of the equa-
tions were possibly discarded. Naturally the number of equations
of the system could already have diminished after eliminating
the unknown z,. Subsequently, only a portion of the system obtained
(that containing all equations except the first two) will be subject
to transformations.

The question arises as to when this process of successive elimi-
nation of unknowns will stop.

If we arrive at a system in which one of the equations has a non-
zero constant term and all the coefficients of the left member are
equal to zero, then, as we know, our original system was incon-
sistent.

If that is not the case, then we obtain the following system of
equations which is equivalent to system (1):

ATy + @1pZp + - o+ A, hesZhoy T ARTR -+ o F AynT = by,
a29To+ + .. + a2 h—1Thog+ aoTn 4+ . .. + @iz, = b,
.(h—._z.) “ e . - | . (h—z) ....... (};7:2). e . (;—.2). (6)
Ar—1, k—1ATh-y T @h—1, RZR+ + .. + A1, nZTn =bp_{ ",

R—1 R—1 R—1
an Vzh 4.+ akn Dzg = b
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Here a0, a3, %0, . . ., aﬁ'f’.]z,)k_t # 0, a2 5= 0. Note also that
k < s, and, obviously, &k < n.

In this case system (1) is consistent. It will be determinatefor k =n
and indeterminate for k << n.

Indeed, if # = n, then system (6) has the form

auZ(taps+ ... Aty =by,
a;2x2+ R a;nxn =blzv (7)
a’(lT:L—I)xn —_ b;ln—-l)

From the last equation we obtain a quite definite value for the
unknown z,. Substituting it into the next to the last equation, we
find a uniquely defined value for the unknown z,_,. Continuing in
similar fashion, we find that system (7) and, for this reason, system
(1) as well have a unique solution, that is to say, they are consistent
and determinate.

But if & << n, for the “free” unknowns z,.4, ..., 2, we take
arbitrary numerical values, then, moving, in system (6) from bot-
tom to top, we find quite definite values for the unknowns
Zp, Tp-1, - - -, g, 21 (as above). Since .he values for the free
unknowns may be chosen in an infinity of ways, our system (6) and,
hence, (1) as well are consistent but indeterminate. It is easy to
verify that by using the foregoing method (given all possible choices of
values for the free unknowns) we can find all the solutions of system (1).

At first glance, yet another form to which a system of linear
equations may be reduced by the Gaussian method would appear
possible, namely, the form obtained by adjoining to system (7) a num-
ber of equations containing only the unknown z,. Actually, however,
in this case the transformations have simply not been completed:
since a{7;1 £ 0, the unknown z, may be eliminated in all equations
from the (n + 1)th on.

Note that the “triangular” form of the system of equations (7)
or the “trapezoidal” form of system (6) (for &k << n) resulted from the
assumption that the coefficients ay4, a,,, etc. are different from zero.
In the general case, the system of equations which we arrive at after
completing the process of elimination of unknowns takes on a trian-
gular or trapezoidal form only after an appropriate alteration in the
numbering of the unknowns.

To summarize, then, we find that the Gaussiarn method is applicable
to any system of linear equations. The system is inconsistent if after
the transformations we obtain an equation in which the coefficients of
all unknowns are zero and the constant term is nonzero; but if no such
equation is encountered, the system is consistent. A consistent system of
equations is determinate if it reduces to the triangular form (7) and
indeterminate if it reduces to the trapezoidal form (6) for k <C n.
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Let us apply what has been said to the case of a system of Zomo-
geneous linear equations, that is, equations whose constant terms
are zero. Such a system is always consistent since it has a zero solu-
tion (0, 0, ..., 0). Suppose that in the system at hand the number
of equations is less than the number of unknowns. Then our system
cannot reduce to the triangular form since in the Gaussian elimina-
tion process the number of equations of the system can diminish
but not increase; hence, it reduces to the trapezoidal form and so
is indeterminate.

To put it otherwise, if in a system of homogeneous linear equations
the number of equations is less than the number of unknowns, then this
system has, in addition to the zero solution, nonzero solutions, that is,
solutions in which the values of some (or even all) unknowns are
nonzero. There is an infinity of such solutions.

In practical solutions of a system of linear equations by the
Gatussian method, one should write down the matrix of the coeffi-
cients of the system and adjoin a column made up of the constant
terms, which, for the sake of convenience, are separated by a vertical
line, and then perform all the manipulations on the rows of this
“augmented” matrix.

Example 1. Solve the system
zy + 2z5 + 5z3 = —9,
zy — Zg+ 3z3 = 2,}
3y — 6xy — 3= 25

Transform the augmented matrix of the system:

1 2 519 1 2 5(—9 i 2 5
(1 —1 3 2) > (0 —3 —2 11) — (O —3 —2
3 —6 —11 25 0 —12 —16{ 52 0 0 -8

We thus arrive at the following system of equations:

zy + 2z + Six3 —9,
—3I2 —2.Z3= 1'1, :

——8.1?3: 8

—9
11)
8

which has the unique solution
Ty = 2, Ty = —3, T3 = —1

The original system proved to be determinate.
Example 2. Solve the system

Ty — 9z3 — 8z3+ =z, = 3,
3z + 22— 3z3 — 5z, = 1,
x4 — Tz3 + 2z, = —5,
1zy + 2023 — 9z, = 2

ot et e e’
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We transform the augmented matrix of the system:

(1 —5—8 1 3\ 1 —5-8 1] 3
3 1-3 —5| 1 0 16 21 —8|—8
\1 0—7 2/—5)7to 5 1 1{—s8
0 11 20 —9 z) 0 11 20 —9i 2
(1 —5_-8 1] 3 1 —5 -8 1| 3

L[o—8 o-—20160) fo0—80 o0—20/160
0 5 1 1|-8 0 5 1 1|-—s8
\0——89 0 29162/ 0 0 0 0] 2

We arrive at a system containing the equation 0 = 2. Consequently, the original
system is inconsistent.
Example 3. Solve the system

bry + xp — 313 — x2,= 0,
2z; + 3z + z3 — 5z, = 0, }
zy — 229 — 223+ 32, =0
This is a system of homogeneous equations, and the number of equations
is less than the number of unknowns; it must therefore be indeterminate. Since

all the constant terms are zero, we perform manipulations solely with the mat-
rix of the coefficients of the system:

4 1 -3 -1 0 9 5-—13 0o 2 0 -2
(2 3 1 —5) - (0 7 5 ——11) — (O 7 5 ——M)
1 -2 -2 3 1 -2 -2 3 1 -2 -2 3

We arrive at the following system of equations:
2y — 2z, =0,

Tzy 4 523 — 14, = O,

zy — 229 — 223+ 3z, =0

We can take either one of the unknowns z, or z, for the free unknown.
Let z; = a. Then from the first equation it follows that z, = e, and from

the second equation we get x3 = % a and, finally, from the third equation z; =

3
= -s-a.. Thus,
3

- oc-é-aa
5a7 151

is the general form of the solutions of the given system of equations.

2. Determinants of Second and Third Order

The method of solving systems of linear equations given in
Sec. 1 is extremely simple and requires the performance of the same
kind of computations, which are readily carried out on computing
machines. Its drawback, however, is that it does not enable us to
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state the conditions of consistency or determinacy of the system by
means of coefficients and constant terms of the system. On the other
hand, even in the case of a determinate system, this method does
not permit finding formulas that express the solution of the system
in terms of its coefficients and constant terms. However, all this
proves to be necessary in theoretical problems, in particular, in geo-
metrical investigations; for this reason, the theory of systems of
linear equations has to be elaborated by different and more profound
methods. The general case will be pursued in the next chapter; for
the present, we consider determinate systems having an equal num-
ber of equations and unknowns. We begin with the systems in two
and three unknowns of elementary algebra.

Let there be given a system of two linear equations in two unknowns:

ay1xy + g%y = by,
_ (1)
A1 Tt + gaTy = by
whose coefficients form the second-order square matrix
asy ayp
(o o) @
21 a2

Applying to system (1) the miethod of equalizing the coefficients,
we obtain

(@11895 — @1551) Ty = b1Gyy — Qy3by,
(@11a90 — @19841) T, = @11by — biay

Suppose that ayiay, — @450, 0. Then

= biazs—aygby T, = ag1by—bragy (3)
P o — 0102 — 01891
Q11855 — a15@p1 a118y; — A1a54

1t is easy to show, by substituting the values of the unknowns into
(1), that (3) is a solution of system (1). The question of the umque-
ness of this solution will be considered in Sec. 7.

The common denominator of the values of the unknowns (3) is
very simply expressed in terms of the elements of matrix (2): it is
equal to the product of the elements of the principal diagonal minus
the product of the elements of the secondary diagonal. This number
is called the deferminant of the matrix (2); we call it a second-order
determinant since the matrix (2) is a second-order matrix. To symbo-
lize a determinant, we use vertical lines in place of parentheses:

ay ay
= Q443 —— Q12094 (4)

Aoy 123}
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Examples.
37
(1) Ii 4|_3-4—7-1_5,
1 —2
2 —1.5—(—2)-3=11
@) ’3 5’ 1.5—(—2)-3=1

It is worth stressing once again, that while a matrix is an array
of numbers, a determinant is a number associated in a definite way
with a square matrix. The products ay;a,, and a;,a,, are called the
terms of a second-order determinant,

The numerators of expressions (3) have the same form as the
denominators, that is, they are also determinants of second order;
the numerator of the expression for z; is the determinant of the
matrix obtained from matrix (2) by replacing its first column by the
column of constant terms of system (1), the numerator of the expres-
sion for z, is the determinant of the matrix obtained from matrix

(2) by replacing its second column. We can now write formula (3)
as follows:

by ag ayy by

by asy az by
e e e (5)

11 12 a1 Q2

Q1 Qaap Q1 Az

This rule for the solution of a system of two linear equations
in two unknowns (called Cramer’s rule) is formulated as follows.

If the determinant, (4), of the coefficients of a system of equations,
(1), is different from zero, we obtain the solution of system (1) by taking
for the values of the unknowns the fractions whose common derominator
is determinant (4) and whose numerator for the unknown z; (i =1, 2)
is a determinant obtained by replacing in determinant (4) the ith column
(that is, the column of coefficients of the desired unknown) by the column
of the constant terms of system (1).*

Example. Solve the system
2z 4 ;= 7, }

Iy — 3x5 =
The determinant of the coefficients is
2 1)
d= 1 3|= 7

It is different from zero and, for this reason, Cramer’s rule is applicable.
The determinants

71
dy = =19, dy=
1 I_z ‘—BI 2

2
7’=_11
1 —2

* For brevity we speak here of replacing columns “in the determinant”.
In the same way, we will in future, if it is more convenient, speak of rows and
columns of a determinant, of its elements and diagonals, etc.
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are the numerators for the unknowns. Thus, the following set of numbers is the
solution of our system:

VO T
=TT T
The introduction of second-order determinants does not sub-
stantially simplify the solution of a system of two linear equations
in two unknowns, which does not present any difficulties as it is.
However, for the case of systems of three linear equations in three
unknowns, similar methods are of practical utility. Suppose we
have a system

a2y + Qyp%y + 4373 = by, )
ATy + Agay + A7z = by, j (6)
A Ty -+ A3y + Q3323 = by

with the coefficient matrix

agy Qyy ay3
(229 Ay Qo3 (7)
a3y a3y ass

If we multiply both sides of the first equation of (6) by the num-
ber a,,a3; — ays3a3,, both sides of the second equation by aysa;, —
-— @4,a33, both sides of the third equation by ai,a,3 — a;3a,,, and
then add all three equations, it is easy to verify that the coefficients
of z, and z; will turn out to be zero, that is, these unknowns are
eliminated simultaneously and we obtain the equation

(@11@05033 + Q19893031 + Q13031835 — 13009031 — Q19lg1 Q33
— G41853035) T4 = b1@ge33 - A19093b3 - ag3byaz, — @43859b3
— Qypbyt3s — byaysas, (8)

Here, the coefficient of z, is called a third-order determinant cor-
responding to matrix (7). The symbolism is the same as in the case
of second-order determinants; thus,

Ay Q1 Qg3

Qo1 gy Q3| = Gy1Q99033 |+ A1ala3d3q |+ A13051a3, (9)
— A13Q99l31 — Q1oloilz3 — A11As3a
a3i a32 a33 13Waate 34 1991433 113U 39

The expression for a third-order determinant is rather involved,
but the rule for its formation from the elements of matrix (7) is extre-
mely simple, as witness: one of the three terms (of the determinant)
in (9) with the plus.sign is the product of the elements of the prin-
cipal diagonal, each of the other two is a product of the elements
lying parallel to this diagonal, with the third factor added from
the opposite corner of the matrix. The terms with the minus sign
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in (9) are constructed in a similar manner but relative to the secon-
dary diagonal. We obtain a technique for computing determinants
of the third order that produces quick results (after a certain amount

B TR

Fig. 1

of practice). Fig. 1 gives a schematic view of computing the positive
terms (left) and the negative terms (right) of a third-order deter-
minant.

Examples.
212

—431 ' =2.3.54+11.2 4+ 2:(—4%)-3

(1)
: —2.3:2 —1-(—4)-5 —2.1-3

235‘ — 30422k —124+20—6=10
2 R PP, 0-21 4+ (—5)+(—2)+(—2)
@ —2 3 2| T R E 0 Ty

1 -2 0|=-—-20+15+4= —1

The right-hand side of (8) is also a third-order determinant, name-
ly, the determinant of the matrix obtained from matrix (7) by
replacing its first column by the column of constant terms of system
(6). If we denote determinant (9) by the letter d and the determinant
obtained by replacing its jth column (j = 1, 2, 3) by the column
of constant terms of system (6) by the symbol d;, then equation (8)
becomes dx; = d;, whence, for d =« 0, it follows that

2=t (10)

In exactly the same way, by multiplying equation (6) by the
numbers Ag3031 — A91Q33, Q11433 — a43a31, 1&1'3421 — (1.“023., respec-
tively, we obtain for z, the following expression (again for d = 0):

d
12=72 (11)
Finally, multiplying these equations, respectively, by aga3; — 22851,
Qygl3g — Qy1d39, Q11095 — G190y1, We arrive at the expression for z;:

2= (12)
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Substituting expressions (10) to (12) into equation (6) (it is
of course assumed that the determinants d and all d; are written
in expanded form), we would find —after cumbersome computations,
all, however, well within the grasp of the reader—that all these
equations are satisfied, that is, that the numbers (10)-(12) consti-
tute the solution of system (6). Thus, if the determinant of the coef-
ficients of a system of three linear equations in three unknowns is nonzero,
then the solution of this system may be found by Cramer’s rule as stated
for the case of a system of {wo equations. In Sec. 7 the reader will find
a different proof of this assertion (one that does not rely on the cal-
culations we have omitted here) and also a proof of the uniqueness
of the solution (10)-(42) of system (6) for the more general case.

Example. Solve the system of equations
22y — x3+ z23= 0,
3zy + 225 — 523 = 1, }
z; + 3z — 223 = 4

The determinant of the coefficients is nonzero:

2 —1 1
d=|[3 2 -5|=28
1 3 -2
so the Cramer rule is applicable. The numerators for the unknowns are
0 —1 1 20 1
=11 2-5/=13, dy=|31 —5]|= 47,
4 3 =2 14 —2
2 —10
da=|3 21|=21
1 34
Hence, the following numbers constitute the solution of the system:
SPNEC S S |
287 28" 28 4

3. Arrangements and Permutations

In the study of determinants of order » we will need certain
concepts and facts relating to finite sets. Suppose we have a certain
finite set M consisting of » elements, which may be enumerated by
using the natural numbers 4, 2, . . ., »n; since the properties of the
elements of the set M will not play any role whatsoever, we simply
say that the elements of M are the numbers 1, 2, . . ., n.

Besides the natural order of 1, 2, ..., n, we can arrange the
numbers in many other ways. Thus, we can arrange the numbers
1,2,3,4as3,4,2,40r2, 4 1, 3 and so on. Every rearrangement
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of the numbers 4, 2, ..., » in any definite order is called a per-
mutation (or arrangement)®* of n numbers (or n» symbols).

The number of distinct arrangements of n symbols is equal to the
product 1-2 . . . n, denoted by r! (read “n factorial”). Indeed, the
general form of an arrangement of » symbols is iy, iy, . . ., i, Where
each of the i, is one of the numbers 4, 2, . . ., n, without repetitions.
Use any one of the numbers 1, 2, . . ., n for i;; this yields n distinct
possibilities. But if i, has been chosen, then for i, we can only take
one of the remaining n — 1 numbers; that is, the number of diffe-
rent ways of choosing the symbols i, and i, is equal to the product
n (r — 1) and so on.

Thus, the number of arrangements of 7z symbols forn = 2 is 2! =
= 2 (the arrangements 12 and 24; in examples where n<9, we
do not separate the symbols by commas); for » = 3 this number is
3! =6, forn = 4 it is 4! = 24. As n increases, the number of arran-
gements increases very fast: for n = 5 it is 5! = 420, and for n = 10
it is already 3,628,800.

If in a certain arrangement we interchange any two symbols
(not necessarily adjacent) and leave all the remaining ones fixed, we
obtain a new arrangement. This operation is called a transposition.

All n! arrangements of n symbols may be ordered so that each is ob-
tained from the preceding one via a single transposition; any arrange-
ment can serve as the starting point.

This assertion holds true for n = 2: if it is required to begin
with the arrangement 42, the desired order will be 42, 24; if we
begin with the arrangement 24, then the order will be 24, 12. Sup-
pose our assertion has already been proved for » — 4, and we prove
it for n. Let us begin with the arrangement

ih i27 e e ey in (1)

We consider all arrangements of n symbols starting with i;. There
are (n — 1)! such arrangements and they may be ordered in accord
with the requirements of the theorem, beginning with (1) since this
actually reduces to an ordering of all arrangements of » — 1 sym-
bols; this ordering, by the induction hypothesis, may be initiated
from any arrangement, say, i,, . . ., i,. In the last of the arrange-
ments of » symbols thus obtained we perform a transposition of i,
and any other symbol (say i,) and, again beginning with the arran-
gement obtained, we appropriately order all the arrangements with
i, in first place, and so forth. It is thus obviously possible to enume-
rate all arrangements of n» symbols.

* Translator’s note: the term «arrangement” will be used, since permuta-
tion is reserved in this text for a different concept.



3. ARRANGEMENTS AND PERMUTATIONS 29

From this theorem it follows that it is possible to pass from any
arrangement of n symbols to any other arrangement of the same sym-
bols by means of several transpositions.

We say that in a given arrangement the numbers i and j consti-
tute an inversiorn if i > j but i comes before j in the arrangement.
An arrangement is termed ever if its symbols form an even number
of inversions, otherwise it is odd. Thus, the arrangement 1, 2, .. ., n
is even for any n since the number of inversions here is zera. The
arrangement 451362 (r = 6) contains 8 inversions and so is even.
The arrangement 38524671 (r = 8) contains 15 inversions and so is
odd.

Every transposition changes the parity of the arrangement.

To prove this important theorem let us first consider the case
where the symbols i and j being interchanged are adjacent; in other
words, the arrangement is of the form ..., i, j, ..., where the
dots stand for symbols unaltered by the transposition. The trans-
position converts our arrangement into the arrangement .. ., j,
i,. . ., it being understood that in both cases each of the symbols i, j
constitutes the same set of inversions with the symbols which remain
fixed. Whereas earlier i and j did not constitute an inversion, in the
new arrangement there is a fresh inversion; hence, the number of
inversions has increased by unity; contrariwise, if they originally
formed an inversion, then the inversion now vanishes, the number
of inversions being diminished by unity. In both cases the parity
of the arrangement is altered.

Now let us suppose that there are s symbols, s > 0, between
i and j; that is, the arrangement is of the form

oy gy Ry By oy B Gy 2)

The symbols i and j may be interchanged by means of a succession
of 2s + 1 transpositions of adjacent elements. These are transpo-
sitions interchanging the symbols i and k;, then interchanging i
(now in the place of k) and %,, and so on until i occupies the site
of symbol %k,. These s transpositions are then followed by a trans-
position that interchanges the symbols i and j and then s transposi-
tions of the symbol j with all k’s; as a result, j occupies the place of
i and the symbols % return to their original sites. We have thus
changed the parity of the arrangement an odd number of times
and for this reason the arrangements (2) and

o Jo ks Eay ooy R 0, L. 3)
are of different parity.
For n > 2, the number of even arrangements of n symbols is equal

to the number of odd arrangements, i.e., —;— n!
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Indeed, proceeding from the foregoing, order all arrangements
of n symbols so that each one is obtained from the preceding one
by a single transposition. Adjacent arrangements will have oppo-
site parity, that is, the arrangements are ordered so that even and
odd arrangements alternate. Our assertion now follows from the
obvious remark that for n >> 2 the number n! is even.

Let us now define a new concept, that of a permutation of degree n.
Write down two arrangements of » symbols, one under the other,
and place parentheses around them; for example, for n = 5,

(b2a41)

52341 (4)

In this example,* 5 stands under 3, 2 under 5, etc. We say that
number 3 goes into 5, 5 goes into 2, 1 goes into 3, and the number
4 goes into 4 (or remains fired) and, finally, 2 goes into 1. Thus,
two arrangements written one under the other in the form shown in
(4) define a certain one-to-one mapping of the set of the first five natural
numbers onto itself, that is, a mapping in which each of the natu-
ral numbers 1, 2, 3, 4, 5 is associated with one of these same natural
numbers, distinct numbers corresponding to distinct numbers. And
since there are only five numbers (a finite set), eackh one corresponds
to one of the five numbers 1, 2, 3, 4, 5, namely, that one into which
it “goes”.

It is clear that the one-to-one mapping of the set of the first
five natural numbers which we obtained by means of (4) could be
obtained by writing certain other pairs of arrangements of five sym-
bols one under the other. These are obtained from (4) by means of
several transpositions of the columns, such as, for instance,

21534 15243 25143) .
(13254)’ (32145)’ (12345 ()
In all these groups, 3 goes into 5, 5 into 2, etc.

Similarly, two arrangements of » symbols written one under the
other define a one-to-one mapping of the set of the first » natural
numbers onto itself. Any one-to-one mapping A of the set of the
first » natural numbers onto itself is termed a permutation of degree n.

Obviously, any permutation 4 may be written with the help of two
arrangements, written one under the other:

4 - (u, igy « + oy In ) (6)

Ajyy gy v+ -y o 77%

* This array looks like a matrix of two rows and five columns, but its
meaning is quite different.
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Here, «; denotes the number into which i (i =1, 2, ..., n) goes
in the permutation A.

The permutation A4 possesses many different notations of the
form (6). For instance, (4) and (5) are different ways of denoting
one and the same permutation of degree 5.

It is possible to pass from one mode of notation of the permuta-
tion 4 to another simply by performing a number of transpositions
of the columns. It is then possible to obtain (6) in a mode such that
the upper (or lower) row is any preassigned arrangement of » symbols.
In particular, any permutation A of degree » may be written as

12 ... n
4 = (M

Qg Qg - - - Qg
that is, with the numbers in the upper row arranged in their natural
order. Given this notation, various permutations differ in the arran-
gements of the lower row, and for this reason the number of permuta-
tions of degree n is equal to the number of arrangements of n symbols,

or nl.
An instance of an nth-degree permutation is the identity permu-

tation
5 12...n
_('12...n

in which all symbols remain fixed.

It is well to point out that the upper and lower rows of the per-
mutation 4 in notation (6) play different roles so that if interchanged
the result would be a different permutation. Thus, the permutations

of degree 4
2143 q 4312
(4312) an (2143)

are different: in the first, 2 goes into 4, in the second it goes into 3.

Let us take some permutation A4 of degree » in the arbitrary
notation (6). The arrangements constituting the upper and lower
rows in this mode can have either identical or opposite parities.
As we know, we can proceed to any other mode of permutation 4 by
means of successive transpositions in the upper row and correspond-
ing transpositions in the lower row. However, by performing one
transposition in the upper row of (6) and one transposition of the
corresponding elements in the lower row, we simultaneously alter
the parities of both arrangements and therefore preserve the coinci-
dent or opposite nature of these parities. From this it follows that
in all modes of notation of the permutation A, the parities of the upper
and lower rows either coincide or are opposite. In the former case, A4 is
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called even, in the latter, odd. In particular, the identity permuta-
tion is even.

If the permutation 4 is written as (7) (that is, with the even arran-
gement 1, 2, .. ., n in the upper row), then the parity of permuta-
tion A is determined by the parity of the arrangement a4, oy, . . ., oy,
of the lower row. Whence it follows that the number of even permuta-

tions of degree n is equal to the number of odd permutations, that is. é nl.

The definition of parity of a permutation may be cast in the follo-
wing modified form. If, when written in mode (6), the parities of
both rows coincide, then the number of inversions is either even
in both rowsor is odd in both, that is, the total number of inversions
in both rows of (6) is even; but if the parities of the rows in mode
(6) are opposite, then the total number of inversions in these two
rows is odd. Thus, permutation A is even if the total number of inver-
sions in the two rows in any mode of notation is even, it is odd otherwise.

Example. Let there be given a permutation of degree 5:
(3 145 2)
25431

There are 4 inversions in the upper row, and 7 inversions in the lower row.
The total number in the two rows is 14, and so the permutation is odd.
Rewrite this permutation as
(1 234 5)

51243

The number of inversions in the upper row is 0, in the lower, 5; that is, the
total number is again odd. Though the modes of notation differ, the permuta-
tions preserve the parity of the total number of inversions, but not the actual
number of them.

We wish to indicate other ways, equivalent to those given above,
of defining parities of permutations.* For this purpose we define
multiplication of permutations, which is of great interest in itself.
As we already know, a permutation of degree n is a one-to-one map-
ping of the set of numbers 1, 2, . . ., n onto itself. The result of a suc-
cessive execution of two one-to-one mappings of theset1, 2, .. ., n
onto itself will obviously again be a certain one-to-one mapping of
the set onto itself, that is to say, a successive execution of two permu-
tations of degree n leads to a certain very definite third permutation
of degree n called the product of the first by the second. Thus, if we
have the permutations of degree four,

1234 1234
A=(3142)’ B“(1342’

* This material may be omitted in a first reading since it will be required
only in Chapter 14.
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B 1234

B (4 12 3)

In the permutation 4, the symbol 1 goes into 3, but in B the symbol

3 goes into 4, and so for AB the symbol 1 goes into 4, etc.
Multiplication is only possible with permutations of the same

degree. Multiplication of permutations of degree n for n >> 3 is non-
commutative. Indeed, using A and B, the product BA yields

1234
BA = (3 42 1)
which shows that the permutation BA differs from the permutation
AB. Such examples may be chosen for all n, n > 3, although for
certain pairs of permutations, commutativity may accidentally be
valid.

The multiplication of permutations is associative; that is, we can
speak of the product of any finite number of permutations of degree
n taken (because of noncommutativity) in a definite order. Let there
be given permutations 4, B and C and let the symbol i;, 1 << iy < n,
go to i, in A, i, to izin B and to i, in the permutation C. Then in
the permutation AB, i; goes to i3, in BC the symbol i, goes to i,
and therefore the symbol i, goes to i, whether we perform (4B) C
or A (BC).

It is obvious that the product of any permutation A by the identity
permutation E (and also the product of E by A) is equal to A:

AE =EA =4

then

Let us now define the inverse of the permutation 4 as the permuta-
tion A-! of the same degree such that

AA™l = A14 = E

It is easy to see that the inverse of
1 2 ...n
A =
oy Qg « . . Op

ai az - s . th
-1
4 (1 2 ...n )
obtained from A by interchanging the upper and lower rows.
Let us now examine permutations of a special kind which are

obtained from the identity permutation £ by means of a single
transposition performed in the lower row. Such permutations are

is the permutation

3—5760
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odd: they are termed transpositions and are of the form

R S BTN
(]z) @
where the dots stand for symbols that remain fixed. Let us agree
to denote this transposition by the symbol (i, j). Application of the
transposition of symbols i, j to the lower row of (7) of an arbitrary
permutation A is equivalent to multiplying 4 on the right by the
permutation (8), that is by (i, j). We know that all arrangements
of n symbols may be obtained from one of them, say from 1, 2, . ..
. ., n, by successive transpositions, and so any permutation may
be obtained from the identity permutation by successive transposi-
tions in the lower row, that is, by successive multiplication by per-
mutations of the form (8). It can therefore be asserted (omitting
the factor E) that any permutation can be represented as a product of
transpositions.

Any permutation may be factored into a product of transposi-
tions in many different ways. It is always possible, for example, to
add two identical factors of the form (i, j) (i, j), which when mul-
tiplied yield E, that is to say, cancel out. Let us take a somewhat
less trivial instance:

12345
(25431

This new way of defining the parity of a permutation is based
on the following theorem.

For all factorizations of a permutation into a product of transpo-
sitions, the parity of the number of these transpositions is the same and
coincides with the parity of the permutation.

Thus, in the example given above, the permutation is odd, as
may also be verified by counting the number of inversions. -

This theorem will be proved if we demonstrate that the product
of any k transpositions is a permutalion whose parity coincides with
the parity of the number k. For k = 1 this is true because a transpo-
sition is an odd permutation. Let our assertion be proved for the
case of & — 1 factors. Then its validity for 4 factors follows from
the fact that the numbers ¥ — 1 and % are of opposite parity and
the multiplication of a permutation (in this case, the product of
the first £ — 4 factors) by a transposition is equivalent to this trans-
position performed in the lower row of the permutation, which
is to say, it changes the parity.

Decomposition into cycles is a convenient way of writing permu-
tations which makes it easy to find their parity. Any permutation
of degree n can leave certain symbols 1, 2, ..., » fixed while
moving others. A cyclic permutation (or, simply, a cycle) is a permu-

) = (12) (15) (34) = (14) (24) (45) (34) (13)
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tation such that when it is repeated a sufficient number of times
any one of the symbols can be transformed into any other symbol.
Such, for instance, is the permutation of degree eight

12345678
(18645273)

It transfers the symbols 2, 3, 6, and 8, with 2 going into 8, 8 into
3, 3 into 6, and 6 again into 2.

All transpositions belong to cycles. By analogy with the earlier
used abbreviated notation for transpositions, the following notation
is used for cycles: the symbols being transferred are enclosed in
parentheses in the order in which they go into one another when the
permutation is repeated; any transferable symbol can serve as the
starting point, and the last one is that which goes into the first.
Thus, for the example given above, this notation has the form

@ 8 3 6)

The number of symbols transferred by a cycle is called the cycle
length.

Two cycles of degree r are called disjoint if they do not have any
common symbols subject to transfer. It is clear that in multiplica-
tion of disjoint cycles, the order of the factors does not affect the
result.

Any permutation can be factored uniquely inlo a product of pair-
wise disjoint cycles. The proof is simple and so we omit it. In actual
practice, the factorization is accomplished in the following manner:
begin with any one of the symbols subject to transfer, write out
those symbols into which it goes in a new permutation until you
arrive at the original symbol. After thus “closing” the cycle, begin
with one of the remaining transferable symbols to obtain the second
cycle, and so on.

Examples.
12345
W (3 512 4) = (13) (259)
123456178
@ (5 28 ; 61 4 3) = (156) (38) (47)

Conversely, for-any permutation specified by a decomposition into disjoint
cycles, it is possible to find a notation in ordinary form, provided that the
degree of the permutation is known. For example,

1234567)
3175462

if it is known that the permutation is of degree 7.
" Let there be given a permutation of degree » and let s be the number of
disjoint cycles in its decomposition plus the number of symbols which it holds

®3) (1372) (45) = (

3%
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fixed*. The difference n — s is called the decrement of this permutation. The
decrement is obviously equal to the number of actually transferable symbols
diminished by the number of disjoint cycles entering into the decomposition
of the permutation. For Examples 1, 2, and 3 above, the decrement will be
equal to 3, 4, and 4, respectively.

The parity of a permutation coincides with the parity of the decrement of the

permutation.
Indeed, any cycle of length k may be represented in the following manner

as the product of ¥ — 1 transpositions:
(B1y B2y v oy ) = (i1, d2) (845 13) o oo (i, Ip),

Let us now suppose we have an expansion of permutation 4 into disjoint cyc-
les. If each one of the cycles is factored by the indicated method into a pro-
duct of transpositions, we get a representation of permutation A in the form
of a product of transpositions. The number of these transpositions will obviously
be less than the number of symbols actually transferable by 4 by a number
equal to the number of disjoint cycles in the decomposition of the permutation.
Whence it follows that the permutation 4 may be factored into a product
of transpositions whose number is equal to the decrement, and for this reason
the parity of the permutation is determined by the parity of the decrement.

4. Determinants of 7th Order

We now wish to generalize the results obtained in Sec. 2 forn = 2
and n = 3 to the case of an arbitrary n. For this purpose, we have
to introduce determinants of order n. However, it is not possible
to do that the way we introduced determinants of order two and
three, that is by solving a system of linear equations in the general
form: as n increased, the computations would become progressively
more unwieldy, and totally unmanageable for arbitrary n. We choose
a different approach. Considering the determinants of order two
and three which we are already familiar with, let us attempt to
establish a general law expressing these determinants in terms of
the elements of the corresponding matrices, and then let us apply
that law as a definition for an nth-order determinant. After that we
will prove that Cramer’s rule holds true under such a definition.

Recall the expressions for determinants of order two and three:

a14 Ay | = Q14Q93 — G2l
Q21 Qoo
ayq @y Q43
Aot Qg Qg3 | == Q11039033 + Q1as3A3; + A130a1sy
@y Gz, Q33 T Q43099Q31 — Q1291033 — Q1303

We see that any term of a second-order determinant is a product
of two elements which lie in different rows and also in different co-

* With every symbol which the permutation holds fixed it is possible
to associate a “cycle” of length 1, i.e., say, in Example 2 above we could write:
(156) (38) (47) (2). But we shall not do that.
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lumns, and also that all products of this type that may be formed
from the elements of a second-order matrix (two altogether) are
utilized as terms of the determinant. Similarly, every term of a
third-order determinant is a product of three elements, also taken
one in each row and each column; again, all such products are utilized
as terms of the determinant.

Let us now take a square matrix of order n:

ay Qg - - - A
Qg1 Qg - - . Q2n

)
Ay Qpg + - - Qup

We consider all possible products of the » elements of this matrix
located in different rows and different columns, that is, products
of the form

Aoy 203 - - ¢+ %non (2)
where the subscripts oy, a,, ..., a, constitute an arrangement of
the numbers 1, 2, ..., n. The number of such products is equal

to the number of different arrangements of n symbols, or n!. We con-
sider all these products as terms of the future nth-order determinant
associated with the matrix (1).

To determine the sign affixed to product (2) in the determinant,
note that, using the subscripts of this product, we can form the

permutation
(1 2 ...n ) 3
Ay Ag . . . Uy (

where i goes into «; if an element in the ith row and «;th column
of matrix (1) enters into the product (2). Examining expressions
of determinants of second and third order, we note that the plus
sign is affixed to the terms whose subscripts constitute an even
permutation, and the minus sign to those terms with an odd permu-
tation of subscripts. It is also natural to retain this regularity in the
definition of a determinant of order r.

We thus arrive at the following definition: the nih-order deter-
minant associated with matrix (1) is the algebraic sum of ! terms
which is constructed in the following fashion: the terms are all
possible products of the n elements of the matrix taken one in each
row and each column, the term having a plus sign if its subscripts
form an even permutation, and a minus sign otherwise.

For the notation of the nth-order determinant associated with
matrix (1) we will, as in the case of determinants of order two and
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three, use the symbol

ayy 49 - . . Qn
Qg1 Qg2 - - . Uop @)
ny Qpg - - - Opp

Determinants of the nth order become determinants of order two
and three, for » = 2 and n = 3; for » = 4, that is, for matrices
consisting of a single element, the determinant is equal to that
element. So far we do not know whether it is possible, for n > 3,
to use the nth-order determinant for solving systems of linear equa-
tions. That will be shown in Sec. 7. It will be necessary first to subject
the nth-order determinants to a detailed study and, in particular,
it will be necessary to find procedures for evaluating them, since
to compute a determinant directly (via its definition), even for n
not very large, would be extremely complicated.

For the present let us establish some of the simpler properties
of nth-order determinants that refer mainly to one of the two follow-
ing problems: on the one hand, we are interested in the conditions
under which a determinant is equal to zero, on the other, we will
indicate certain matrix transformations which leave its determi-
nant unchanged or result in readily perceivable alterations.

The transpose operation with respect to matrix: (1) is a transfor-
mation of the matrix in which its rows become columns with the
same subscripts; in other words, it is a transition from matrix (1)
to the matrix

ayq Qoy -« - Qng
A9 Qoo . -« -« anz

ST ()
Qip Qop « - - Qpp

or we can say that a transposition is obtained by flipping matrix (1)
over the principal diagonal. Accordingly, we say that the determinant

Q14 QAgq - -« - Qpy
Qg Qoo +» « - Qpg (6)
Ay Qo » -« Qpn

sebtained by taking the transpose of the determinant (4).
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Property 1. Taking the transpose does not change the determinant.
Indeed, every term of determinant (4) is of the form

Qigy B205 + + » Onan )

where the second subscripts form an arrangement of the symbols
1, 2, ..., n. However, all the factors of product (7) remain in
different rows and different columns in determinant (6) as well;
hence, (7) serves as a term of the transpose of the determinant too.
The converse is also obviously true and for this reason the deter-

minants (4) and (6) consist of the same terms. The sign of the term
"~ (7)in determinant (4) is determined by the parity of the permutation

1 2 ...n
( B
Ay Ay .« oo Tp
In determinant (6) the first subscripts of the elements indicate the

column, the second subscripts the row, and so term (7) in determi-
nant (6) is associated with the permutation

Qg Qg + - - Op
(1 5 ...n ) ©)
In the general case, the permutations (8) and (9) are different but
they obviously have the same parity and so term (7) has the same
sign in both determinants. Thus the determinants (4) and (6) are
sums of the same terms taken with the same signs, that is, they are
equal.

From Property 1 it follows that any assertion about rows holds
true for the columns of a determinant and conversely; in other words,
in contrast to a matrix, in a determinant the rows and columns are of
equal status. We will therefore formulate and prove Properties 2 to 9
only for the rows of a determinant; analogous properties for columns
will not require special proof.

Property 2. If one of the rows of a determinant consists of zeros,
the determinant is zero.

Indeed, let all the elements of the ith row of a determinant be
zeros. Every term of the determinant must have, as a factor, one
element of the ith row, and so in our case all the terms of the deter-
minant are zero.

Property 3. If a determinant is obtained from another one by
interchanging two rows, then all terms of the first determinant will
be terms of the second but with signs reversed; which means that inter-
changing two rows of a determinant only changes the sign.

Suppose, in determinant (4), the ith and jth rows (i % j) are
interchanged and all other rows remain fixed. We get the deter-
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minant
ayy Q9 . - . Qyp
Qi djg . . - Qfp (L)
(10)
i1 @y L ain (])
Qnt Qpng - - - Qpp

(row numbers indicated on the right). If
Qigy B2p - - - Cnon 11

is a term of (4), then all its factors in (10) as well obviously remain
in different rows and different columns. Thus, determinants (4)
and (10) consist of the same terms. Term (11) in determinant (4) is
associated with the permutation

1 2 ...i ...j] ...n
( ) (12)
oy Ag o« o0 Gj o6 o Aj o o« Uy
and in determinant (10) with the permutation
1 2 ...j7j ...0 ...n
( ) (13)
QU Olg e vo O «ow O « o Qp

since, for example, element a;,. now lies in the jth row but remains

T
in the old a;th column. The permutation (43) however is obtained
from (12) via a single transposition in the upper row; it thus has
opposite parity. Whence it follows that all terms of determinant (4)
enter into determinant (10) with opposite signs. Determinants (4)
and (10) differ in sign alone.

Property 4. A determinant containing two identical rows is equal
to zero.

Indeed, let a determinant be equal to the number d and let
the corresponding elements of its ith and jth rows (i 5% j) be equal.
By Property 3, after an interchange of these two rows, the determi-
nant will be equal to the number —d. But since identical rows are
interchanged, the determinant does not actually change; thus, d =
= —d, whence d = 0.

Property 5. If all the elements of some row of a determinant are
multiples of some number k, then the determinant itself is a multip-
le of k.

Let all elements of the ith row be multiplied by k. Each term
of the determinant contains exactly one element of the ith row,
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therefore every term acquires the factor %, which means the deter-
minant itself is a multiple of %.

This property admits of the following formulation as well:
a common factor of all elements of some row of a determinant may be
factored out of the determinant.

Property 6. A determinant with two proportional rows is equal
to zero.

Let the elements of the jth row of a determinant differ from the
corresponding elements of the ith row (i = j) by one and the same
factor k. Factoring this common factor & out of the jth row of the
determinant, we obtain a determinant with two identical rows, which
by Property 4 is zero.

Property 4 (and also Property 2 for n > 1) is obviously a spe-
cial case of Property 6 (for ¥ = 1 and & = 0).

Property 7. If all the elements of the ith row of a determinant
of order n are given as a sum of two terms:

a;; = b; + ¢, i=1...,n

then the determinant is equal to the sum of two determinants in which
all rows (except the ith) are the same as in the given determinantand
the ith row in one of the summands consists of the elements b; and in
the other, of the elements c;.

Indeed, any term of the given determinant may be represented
in the form

Q1033203 - + - Bigy; + - - Ona, = A10y02s - - - (bai—l— c“i) cee lng

= @10, 0203 - - + b“i co Gng - B10y020 - - - Coy »++ Ona

Collecting together the first summands of these sums (with the same
signs as the corresponding terms had in the given determinant)
we evidently obtain an nth-order determinant which differs from
the given determinant solely in the fact that the ith row has ele-
ments b; in place of elements @;;. Accordingly, the second summands
form a determinant in the ith row of which are the elements c;. Thus

aqy (/27 SR ain ayy Qg ... Qqp ayq aiz e Qypn
bi+eibyteo. . byten|=1b, by bai+1{cy o Cn
Qnyq Qno «+« Apn Any Qng -+« Apn Qpy Qny --- Qnn

Property 7 is readily extended to the case when any element of
the ith row is a sum of m summands, not two, m > 2.

We shall say that the ith row of a determinant is a linear combi-
nation of the remaining rows if for every row with subscript 7,
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i=1,...,i—1,i+1, ., n, there exists a number %; such
that when the jth row is multlphed by k; and then all the rows
except the ith are added together (addition of rows is to be under-
stood in the sense that the elements of the row are added in each
column separately), we obtain the ith row. Some of the coefficients
k; may be zero, that is the ith row will actually be a linear combina-
tion not of all but only of a few of the remaining rows. In particu-
lar, if only one of the coefficients %; is different from zero, we get the
case of proportionality of two rows. Finally, if the row consists
entirely of zeros, it will always be a linear combination of the
remaining rows—the case when all %; are zero.

Property 8. If one of the rows of a determinant is a linear combi-
nation of the other rows, then the determinant is zero.

For example, let the ith row be a linear combination of s other
rows, 1 <{s<Cn — 1. Then every element of the ith row will be
a sum of s summands, and for this reason, using Property 7, we can
represent our determinant in the form of a sum of determinants in
each of which the ith row will be proportional to one of the other
rows. By Property 6, all these determinants are zero; hence the
given determinant is zero as well.

This property is a generalization of Property 6 and, as will be
proved in Sec. 10, it provides the most general case of a zero deter-
minant.

Property 9. A determinant remains unchanged if to the elements
of one of its rows we add corresponding elements of another row mul-
tiplied by the same number.

Suppose to the ith row of determinant d we add the jth row,
j 7 i, multiplied by the number %; that is, in the new determinant
every element of the ith row will be of the form a;, + kaj,, s =
=1, 2, ..., n. Then, by Property 7, this determinant is equal
to the sum of two determinants, the first of which is d and the second
of which contains two proportional rows and is therefore zero.

Since the number & may also be negative, the determinant does
not change even if we subtract from one of its rows a tow multiplied
by some number. Generally, a determinant remains unchanged if to
one of its rows we add any linear combination of the other rows.

Let us consider an example. A determinant is called skew-symmetric if the
elements symmetric about the principal diagonal differ in sign alone, that

is, if for all ¢ and j it is true that ¢j; = — a;;, whence it follows that for all
i it is true that a;; = — a;; = 0. Thus, the determinant is of the form
0 ag a3 ... Qp
—ay; O a3 - .. ag,
d=|—a;3 —ay 0 ... ag
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Multiplying each row of this determinant by —1, we obtain the transpose of the
determinant, which is again equal to d, whence, by Property 5, it follows that
(—)nd=d

It then follows, for odd n, that —d = d, or d = 0. Thus eny skew-symmetric
determinant of odd order is equal to zero.

9. Minors and Their Cofactors

We have already pointed out that it would be difficult to com-
pute an rth-order determinant by applying the definition directly,
that is every time writing out all n! terms, determining their signs,
etc. There are simpler methods for evaluating determinants. They
are based on the fact that a determinant of order » may be expressed
in terms of a determinant of lower order. For this purpose we intro-
duce the following notion.

Let there be a determinant d of order n. Take an integer & which
satisfies the condition 1 <Lk <Crn — 1, and in the determinant d
choose arbitrary %k rows and k columns. The elements which lie at
the intersection of these rows and columns, that is, which belong
to one of the chosen rows and to one of the chosen columns will
obviously form a matrix of order 4. The determinant of this matrix
is called a minor of order k of the determinant d. We can also say
that the Ath-order minor is a determinant obtained by striking out
n — k rows and n — k£ columns in d. In particular, after striking
out one row and one column in the determinant we obtain a minor
of (n — 1)th order; on the other hand, separate elements of deter-
minant d will be minors of the first order.

Let us take a minor M of order %k in a determinant d of order =.
If we strike out the rows and columns at the intersection of which
this minor stands, we obtain the minor M’ of order (» — k) which
is called the complementary minor of the minor M. If, on the con-
trary, we strike out the rows and columns which contain elements of
the minor M’, then what remains is obviously minor M. Thus, we
can speak of a pair of complementary minors of the determinant. In
particular, the element «;; and the minor of order (n — 1) obtained
by striking out the ith row and the jth column in the determinant
will form a pair of complementary minors.

If a kth-order minor M is located in rows with the position num-
bers (indices) iy, iy, . . ., ix and in columns with the position num-
bers jy, ja . - ., Jau, then we use the term cofactor of the minor M
for the supplementary minor M’ taken with a plus or minus sign
according as the sum of the position numbers of all rows and columns
in which M is located is even or odd, that is, the sum

sy =i+l +. .. FGpt+jFlet . n (1)
In other words, the cofactor of M is the number (—1)*M".
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The product of any minor M of order k by its cofactor in a determi-
nant d is the algebraic sum, whose summands, which are obtained by
multiplying the terms of the minor M by the terms of the supplementary

minor M’ taken with the sign (—1)°M, are certain terms of the determi-
nant d; their signs in this sum coincide with the signs they have in
the determinant.

We begin the proof of this theorem with the case when the minor
M is located in the upper left corner of the determinant:

d“ e [lih ai, R+1 e d‘n
M .o
apy e (2293 Ap, ht1 -+ OQpn
d =
Ahi1, 1 Art1, k| Arey, k41 + - Qhig'n
M’
Qny -.. Qnk Qn,k+1 - -+ Qnn
that is, in rows with position numbers 1, 2, . . ., %k and in columns

with the same position numbers. Then the minor M’ will occupy
the lower right corner of the determinant. The number s, will then
be even:

su=1424 ... +hkt1424+ . dk=2(1+24 ... +Fk

therefore, the minor M’ itself will serve as the cofactor of M.
Take an arbitrary term

Qa, A2a, © * * Choy, (2)

of minor M; its sign in M is (—1)" if ! is the number of
inversions in the permutation

(1 2k) 3)

040y ... Op
In this minor, the arbitrary term
i1, By, @ht2, By o On, (4)

of minor M’ has the sign (—1) where !’ is the number of
inversions in the permutation

(Ic—{—i E+2 ... n )

Brr1 PBage ... Bn ®)

Multiplying the terms (2) and (4), we obtain a product of n
elements

511051612052 - Qno Qe 1, Bk+1ah+2' Buiz " (lnﬂn (6)

located in different rows and different columns of the determinant.
It is therefore a term of determinant d. The sign of term (6) in the
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product MM’ is a product of the signs of terms (2) and (4), i.e.,
(=D (=) = (=1, However, term (6) has the same sign in
the determinant d as well. Indeed, the lower row of the permutation

(1 2 ok B+ EL2 ... n)
o % .. O Brey Prez oo. Pa

made up of the subscripts of this term contains only [ ++ I’ inver-
sions, since no o can form an inversion with any one of the §§; all «
do not exceed %, all f are not less than & 1.

This proves the particular case of the theorem that we have
considered. Let us now take up the general case. Suppose that the
minor M lies in the rows with position numbers iy, i,, ..., iy and
in the columns with position numbers j;, j;, ..., j5, with the
condition that

I <<dg<<...<<ip, J1<p<<...<jn

Let us attempt, by interchanging rows and columns of the determi-
nant, to move the minor M to the upper left corner and let us try
to do this so that the complementary minor is not changed. For
this purpose, interchange the i;th row with the (i; — 1)th, then
with the (i — 2)th and so on until the i;th row occupies the first
row; this requires interchanging the rows iy — 1 times. Then we
successively interchange the i,th row with rows located above it
until it lies directly under the ijth row (that is, in the position of
the original second row); this, as can readily be verified, will require
interchanging the rows i, — 2 times. Similarly, we move the isth
row to the third row, and so on, until the i,th row takes up the
position of the kth row. In all, we will have to perform

G =D+ GC—-2)+...+ @ —Fk
=Gy Fig+ ...+ —A+2+...+k

transpositions of rows.

The minor M is thus located in the first £ rows of the new deter-
minant. We will now successively interchange the columns of
the determinant, the j;th column with all preceding ones, until it
occupies first place, then the j,th column until it occupies second
place, and so forth. In all, the columns will be interchanged

Gitijet . -+ —Q+2+...+Fk)
times.

All these transformations lead us to a new determinant d' in which
the minor M occupies the upper left corner. Since each time we
interchanged only adjacent rows or columns, the mutual positions of
the rows and columns containing the minor M’ in the determinant d
remain without change, and so the minor /' remains complementary
to the minor M in the determinant d’; however, it now occupies the



46 CH. 1. SYSTEMS OF LINEAR EQUATIONS. DETERMINANTS

lower right corner. As was proved above, the product MM’ is the
sum of some number of terms of the determinant d’ taken with the
same signs as they had in d’. However, the determinant d’ is obtained
from the determinant d by means of

Gy +ig+ ...+ — 1 +2+...+ k)]
+lGi+it. .+ —00+2+... 4+ k)]

transpositions of rows and columns, and so, as we know from Sec. 4,
the- terms of determinant d' differ from the corresponding terms of

determinant d in sign alone, (—1)°M [naturally, the even number
2142 4+ ... 4+ k) will not affect the sign]. From this it follows
that the product (—1)°™ MM’ consists of a certain number of terms
of the determinant d taken with the same signs as they have in that
determinant. The theorem is proved.

Note that if the minors M and M’ are complementary, then
the numbers sp; and sp- have the same parity. Indeed, the position
number of any row and any column enters as a summand in one and
only one of these numbers, and therefore the sum sy - sy is equal
to the total sum of the position numbers of all rows and columns of
the determinant, i.e., it is equal to the even number 2 (1 + 2 +
4+ ...+ n).

6. Evaluating Determinants

The results of the preceding section enable us to reduce computing
an nth-order determinant to the computation of several determi-
nants of order (n — 1). Let us first introduce notation: if a;; is an
element of determinant d, then M ;; denotes the complementary minor,
or, simply, the minor of that element, that is, the minor of order
(n — 1) obtained by striking out the ith row and the jth column of
the determinant. 4;; will denote the cofactor of the element a;;; thus,

Ay = (—1)i+’Mij

As was proved in the preceding section, the product a;;4;; is
the sum of several terms of the determinant d which enter into this
sum with the same signs as they have in the determinant d. It is
easy to count these terms: the number is equal to the number of
terms in the minor A;;, or (n — 1)L

Let us now choose any ith row of the determinant d and take
the product of each element of the row by its cofactor:

a;1 Ay, @ipdia, - - - @pdin (1)
No term of the determinant d can be in two different products of

those given in (1): all the terms of the determinant which enter
into the product a;,4;; contain the element a;; of the ith row and
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for this reason differ from the terms which enter into the product
a;,A4;,, that is, those which contain the element g;, of the ith row,
and so on.

On the other hand, the total number of terms of determinant d
which appear in all the products of (1) is equal to

(n —1N!n = n!

Generally, this exhausts all the terms of the determinant d. We have
thus proved that there is an expansion of the determinant d in terms
of the ith row:

d = aydy + @A + . . . + @l ()
The determinant d is thus equal to the sum of the products of all the
elements of an arbitrary row by their cofactors. A similar expansion
of the determinant can also be obtained about any column.

By replacing the cofactors in the expansion (2) by corresponding
minors with a plus or a minus sign, we reduce computation of an
nth-order determinant to the computation of several determinants
of order (n — 1). Note that if some of the elements of the ith row
are zero, then naturally the corresponding minors need not be
evaluated. It is therefore useful, first, to transform the determinant,
using Property 9 (see Sec. 4), so that a large enough number of
elements in one of the rows or in one of the columns are replaced
by zeros. Actually, Property 9 enables us to replace all elements,
except one, by zeros in any row or any column. Indeed, if a;; == 0,
then any element a;;, j =% k, of the ith row will be replaced by

a zero after subtracting the kth column multiplied by - 24 from

the jth column. Thus, evaluating a determinant of the nth order
may be reduced to computing a single determinant of order (r — 1).

Example 1. Evaluate the fourth-order determinant

3 1 -1 2
g —5 1 3 —4
2 0 11
1 —5 3 -3
Expand it about the third row by using the zero in that row:
11 2
d=(—1)3+1.2.1 1 3 —4
—5 3 =3
3 1 2 3 1 -1
4 (=131 =5 1 —4 | (—1)8e(—1)-[—5 1 3
1 -5 -3 1 -5 3

Evaluating the third-order determinants thus obtained, we get
d=2 .16 — 40 + 48 = 40
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Example 2. Evaluate the fifth-order determinant
—2 5 0-—-1 3
1 0 3 7 =2
d= 3— 0 5 -5
2 6—-4 1 2
0-3 -1 2 3
Adding three times the fifth row to the second and subtracting four times the
fifth row from the fourth row, we get
—2 5 0 -1 3
1 -9 0 13 7
d= 3— 0 5 —5
2 18 0 —7 —10
0—-3—-1 2 3

Expanding this determinant in terms of the third column, which contains only
one nonzero element (with the sum of subscripts, 5 4 3, being even), we get

—2 54 3
1 -9 13 7
d==0 5 4 5 s
2 18 —7 —10

We now transform this determinant by adding two times the second row to
the first row and subtracting three times the second from the third row, and two
times the second from the fourth:

0 —13 25 17
1 —9 13 7
0 26 —34 —26
0 36 —33 —24

and then expand it in terms of the first column. Noting that the only nonzero
element of this column is associated with an odd sum of subscripts, we get

d= —

—13 25 17
d= 26 —34 —26
36 —33 —24

Let us compute this third-order determinant after expanding it in terms of the
third row:

25 17 —13 17 13 25
4=36" 34 6 ' - (_33)'| 26 —26 |+ <_24)'| 26 —34'
= 36-(—72) — (—33)-(—104) 4 (—24)-(—208) = —1032

Example 3. If all the elements of a determinant located on one side of the
principal diagonal are equal to zero, then the determinant is equal to the product
of the elements on the principal diagonal.

This assertion is obvious for a second-order determinant. We therefore
prove it by induction, that is, we assume that for determinants of order (n — 1)
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it has been proved, and then we consider the nth-order determinant

ayy a4 443 - - - Qip
0 Qs azsz . - - azp
d= 0 0 a3z . .. a4gp
0 0 0 ...ap,
Expanding it in terms of the first column, we get
Q2 azs ... azp
0 ass ... asp

= ay4°

0 0 ... ap

But the induction hypothesis is applicable to the minor on the right-hand side:
it is equal to the product azass ... a,, and so

d = aya22a33 - . . Gyp

Example 4. The Vandermonde deicrminant is the determinant

1 1 1 1

a a; ag an

d=| a} a2 a2 a?
a1 D1 gf-1 a1

We shall prove that for any n the Vandermonde determinant is equal to the
product of all possible differences aj — aj, where 1 < j << i < n. Indeed, for
n = 2 we have -

a; az

= gy — ay

Suppose our assertion has already been proved for Vandermonde determinants
of order (n — 1). We transform determinant d as follows: subtract from the
nth (last) row the (n — 1)th row multiplied by ay, then from the (n — 1)th
row subtract the (n — 2)th also multiplied by a4, etc. Finally, from the second
row subtract the first multiplied by a;. We obtain

1 1 1 e 1

0 ay—ay ag—ay an—ay
d=10 a2—aja, a}—agag ... a}—aqa,

0 aB1—a4a}? all—a4a]? a1l —qg.alt~?

Expanding this determinant in terms of the first column, we arrive at a deter-
minant of order (n — 1); after factoring out common factors from all columns,

4—5760
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it will take the form

1 1 |
ay as an
d=(a,—ay) (a3—ay) ... (@n—a)-| o} @} ... a}
ap-? gp-? an—2

The last factor is the Vandermonde determinant of order (n — 1), that is, by
hypothesis, it is equal to the product of all the differences a; — a; for 2 <j <
<<t <€ n. Using the symbol I to denote a product, we can write

d=(az—ay) (a3—ay) ... (an—ay) H @—a)= [[ (ai—ay

2gi<lign 1<j<i<n
Using the same method, we can prove that the determinant
a1 a1 o}t ., af?
d'=| a} a} a} a}
2 a; 4ag an
1 1 1 1

i;equal 2o the product of all possible differences a; — aj, where 1 L1 <<} < n,
that is,

d'= [I (a;—-aj)
igi<jsn

Generalizing the above-obtained expansions of a determinant
about a row or a column, we prove the following theorem which
has to do with the expansion of a determinant in terms of several rows
or columns.

Laplace’s theorem. Let there be arbitrarily chosen, in a deter-
minant d of order n, k rows (or k columns), 1 < k< n — 1. Then
the sum of the products of all kth-order minors contained in the
chosen rows by their cofactors is equal to the determinant d.

Proof. Suppose, in determinant d, we choose rows with position
numbers iy, iy, ..., ip. We know that the product of any minor M of
order k located in these rows by its cofactor consists of a certain
number of terms of the determinant d taken with the signs they
have in the determinant. The theorem will consequently be proved
if we demonstrate that by making M run through all kth-order
minors located in the chosen rows we obtain all the terms of the
determinant, none being repeated.

Let

210,22az + « + @nan (3)
be an arbitrary term of the determinant d. We separately take

the product of those elements of the term which belong to the rows
we have chosen with position numbers iy, iy, ..., ix. This is the
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product
Biyaz, Aisag, - - - Ligay, (4)

The k factors of this product lie in %k distinct columns, namely,
in the columns with position numbers o;;, @, . . ., @;,. These

position numbers of the columns are consequently determined by
specifying the term (3). If by M we denote the kth-order minor
lying at the intersection of the columns with these position numbers
Oyyy Qigy « « oy Oy and of the earlier chosen rows with the position
numbers iy, i, ..., iz, then the product (4) is one of the terms
of the minor M, and the product of all the elements of the term (3)
not in (4) is a term of its complementary minor. Thus, any term
of the determinant enters into the product of a certain (quite definite)
minor of order k£ made up of the chosen rows multiplied by its comple-
mentary minor, and is a product of quite definite terms of these
two minors. Finally, in order to obtain the term that we took of
the determinant with the sign which it has in the determinant,
it remains, as we know, to replace the complementary minor by the
cofactor. This completes the proof of the theorem.

"It is possible to give a slightly different proof, namely,
the product of any kth-order minor M located in the chosen rows
by its cofactor consists of k! (» — k)! terms, since the kth-order
minor M consists of k! terms and its cofactor, differing- possibly
from the minor of order » — k in sign alone, contains (r — k)!
terms. On the other hand, the number of kth-order minors contained
in the chosen rows is equal to the number of combinations of » taken
k at a time, that is, it is equal to the number

n!
k! (n—k)!

Multiplying out, we find that the sum of the products of all
kth-order minors of the chosen rows by their cofactors consists
of n! summands. Such, however, is the total number of terms of the
determinant d. The theorem will thus be proved if we demonstrate
that any term of the determinant d appears at least once (and,
in that case, exactly once) in the sum at hand of the products
of the minors by their cofactors. It is left to the reader to repeat
(with slight simplifications) the reasoning given in the first proof.

The Laplace theorem enables one to reduce the computation
of an nth-order determinant to the computation of several deter-
minants of orders k and n — k. Generally speaking, there are very
large number of such new determinants and so it is advisable to
apply the Laplace theorem only when it is possible to choose k& rows
(or columns) in the determinant so that many of the kth-order
minors located in these rows are zero.

LES
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Example 1. Suppose we have a determinant, all elements of which in the
first ¥ rows and the last n — % columns are zero:

aqyy ... ain

ary ... 1333
Gh4+4,1 +++ Ch+1, B Ch44,h+i -+ Ch+i, n

d—=

any ... Qpp An, k41 +.« @Gpp
This determinant is then equal to the product of two of its minors:

a4 ... @4p Chii, ki -+ Gk, n

apy ... Qpp An,k+i -.- Qnn

To prove this, it suffices to expand the determinant about the first & rows.
Example 2. Suppose we have a determinant d of order 2n, in the upper
left corner of which is an nth-order minor composed entirely of zeros. If the
nth-order minors lying in the upper right and lower left and lower right corners
of the determinant are denoted, respectively, by M, M’ and M”, so that

hen d =

M
the determinant may be written symbolically as d = I aTat t

= (—)"MM'.
To prove this, expand the determinant in terms of the first » rows and
note that

sy=A0+24+ ...+ Fr+ D)+ n+2+...4 2n)=n+ 2n2

that is, sy and n are of the -same parity.
Example 3. Evaluate the determinant

—4 12-2 1
0 30 1 -5
d= 2-31-3 1
-4 -13-1 0
0 40 2 5

Expanding it about the first and third columns which contain nicely located
zeros, .we get

3 1 -5
—4 2
d= (_1)1+3+143’ : 1 ‘. —1 —1 0
4 2 5
3 1 -5
4 (—1)r+a+143 —4 2 ‘, -3 -3 1
o 4 2 5
1 -2 1
2
4 (_1)3+4+1+3 l 1 | 3 1 —5
- 4 2 5

= (—8)+(—20) — (—10)-(—62) — 7-87 = —1069
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7. Cramer’s Rule

«. The foregoing theory of determinants of order 7 allows us to show
that these determinants, which were introduced only by analogy
with second- and third-order determinants, may, like the latter,
be used to solve systems of linear equations. Let us first make one
additional remark regarding expansions of determinants in terms
of a row or a column; this remark will often come in handy in the
sequel.

Expand the determinant

ayq Ay Ay
a Ao ; a
21 25 2n
d =
ani .- o anj - o ann

about the jth column:
d = ar1inj + aszzj “‘l" PN + anjAnj

Then, in this expansion, replace the elements of the jth column by
a set of n arbitrary numbers b,, b,, ..., b,. The expression

bidy; + byda; + . . . + bpdny

which you obtain will obviously serve as an expansion about the
jth column for the determinant

2T by Q1n

(121 bZ Qop
d =

ny bn . Ann

which is obtained from the determinant d by replacing its jth column
by a column of the numbers by, b,, . . ., b,. Indeed, replacing the
jth column of d does not affect the minors of the elements of the
column, and for this reason does not affect their cofactors.

Let us apply this to the case when for the numbers by, b,, . . ., b,
we take elements of the kth column of the determinant d when
k 5~ j. The determinant resulting from such a replacement will
contain two identical columns (jth and kth) and therefore will be
zero. Hence, the expansion of this determinant about its jth column
will also be zero, that is

Ay + agpdgy + .o+ apdn; =0 for j £k

Thus, the sum of the products of all elements of a certain column
of a determinant by the cofactors of the corresponding elements of
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another column is zero. The same result of course holds true for the
rows of a determinant.

Let us now examine systems of linear equations; we will confine
ourselves for the time being to systems in which the number of equations
is equal to the number of unknowns, i.e., systems of the form

@3y + 3%y + . . .+ G = by,
Aoy + @gozy + . . .+ Ay, = by,

)

1Ty + g2y + . . o Gy = by

We also assume that the determinant d made up of the coeffi-
cients of the unknowns of the system (called, for short, the deter-
minant of the system) is nonzero. Given these assumptions, we will
prove that the system (1) is consistent and even determinate.

In Sec. 2, when we solved a system of three equations in three
unknowns, we multiplied each of the equations by a factor, and
then added the equations; the coefficients of two of the unknowns
proved to be zero. We now see immediately that the factors which
we used were cofactors, in the determinant of the system, of the
element which was the coefficient of the desired unknown in the
given equation. We now use this device to solve system (1).

First suppose that system (1) is consistent and oy, ¢t,, . . ., Oy

is one of its solutions. Hence, the following equations hold true:
a0y + Ay + . ..+ apa, = by,

Aoty + g0ty + . . . F Byn0, = by, @)

@y + Gu0 + . . .+ apuo, = by
Let j be any one of the numbers 1, 2, . . ., 7. Multiply both sides
of the first equation of (2) by A,;, that is, by the cofactor of the
element a;; in the determinant d of the system. Multiply both
sides of the second equation by A,;, and so on. Finally, multiply
both sides of the last equation by A4,;. Adding together separately

the left and right sides of all equations, we arrive at the following
equation:

(aHAij + a'ziAzj + ...+ aniAnj) ay
+ (apdi; + @yAs; + . oo+ Gnpdny) ay

.......................

.......................

+ (ainAij + a’znAzj + .. . + a‘nnAnj) Gt,;
= blAij —I—' bzAzj + .. + bnA,,J
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The coefficient of a; in this equation is d, the coefficients of
all other « will, due to the remark made above, be zero, and the
constant term will be the determinant obtained from the determinant
d after replacing ‘the jth column in it by a column of the constant
terms of system (1). If, as in Sec. 2, we denote this latter determinant
by d;, then our equation takes the form

d&j = dj

whence, because d %0,
: &
%=

This proves that -if system (1) is consistent, then it possesses the
unique solution

dy dz dn

a1=—d", a2=—a—, c ey an=—l-1—- (3)

We will now show that the set (3) of numbers actually satis-
fies system (1) of equations, that is, that (1) is consistent. We will
make use of the following commonly employed symbolism.

Any sum of the form ay 4+ a, + ... + a, will be denoted

briefly by 2 a;. But if we consider a sum whose terms a,; are labelled
=1

with two subseripts, and i=1, 2,...,n,j=1,2,..., m,
then we can first take the sums of the elements with fixed first

subscript, that is, the sums Eau, where i =1, 2, ., n, and

then add all the sums. We then obtain the followmg notation for
the sum of all elements a;;:

However, we could first add the summands a;; with fixed second
subscript and then combine the resulting sums. Thus

2 2 aij = 2 2 aiy
i=1 =1 =1i=1

i.e., in a double sum the order of summation may be reversed.
Now put the values of the unknowns (3) into the ith equation
of system (1). Since the left Slde of the ith equation may be written

as Ealjx, and since d; = ZbkAh_,, we get

2 %_,_?;%é 0 (é by - }_‘_, bk(gauAu)

i=1 =1 j=1



56 CH. 1. SYSTEMS OF LINEAR EQUATIONS. DETERMINANTS

With regard to these manipulations, note that the number % turned

out to be a common factor in all summands and was therefore taken
outside the summation sign; besides, after changing the order of
summation, the factor b, was factored out of the inner sum since
it is not dependent on the subscript j of the inner summation.

We know that the expression 2 @A = Ay + 045, + . ..

.+ amA;m will be equal to d for k. = i and to O for all other
k's. Thus, in our outer sum with respect to % there will be only
one summand left, namely, b;d; i.e.,

Zaz ———— bid=b1

This is proof that the set (3) of numbers is indeed a solutlon to the
system (1) of equations.

We have obtained the following important result.

A system of n linear equations in n unknowns, the determinant
of which is nonzero, has a unique solution. This solution is obtained
from formulas (3), that is by means of Cramer’s rule. The formula-
tion of this rule is the same as in the case of a system of two equa-
tions (see Sec. 2).

Example. Solve the system of linear equations
2z + z—5:m+ = 8,
zy — 3zo — bz, = 9,
2z — z3 4 2z = —5,
2y + 4dag — Tzg+ 6z, = O
The determinant of the system is different from zero:

2 15 1
1 -3 0—6

= =2

d= o 24 2 7
1 4-7 6

and so Cramer’s rule is applicable. The values of the unknowns will have as
numerators the determinants

8 1 —5 1 2 85 1
9 -3 0 —6 1 9 0—6
d — =81 = = — 108,
! -5 2 -1 2 v B=1 -5 1 2
0 4—7 6 1 0—7 6
2 1 8 1 2 15 8
1 -3 9—6 1 -3 0 9
=10 25 2 [ Sl PRSI bl

1 4 0 6 1 4-—-7 0
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Thus,
2 =3, 2= —4, 3= —1, z,=1

will be the unique solution set of our system.

We did not consider the case when the determinant of a system
of n linear equations in » unknowns (1) is zero. It will be discussed
in Chapter 2, where it will find its place in the general theory of
systems involving any number of equations in any number of
unknowns.

One more remark is in order with respect to systems of » linear
equations in 7 unknowns. Given a system of » homogeneous linear
equations in 7 unknowns (see Sec. 1):

ayxy + apzr, + ... + apz, =0,
Qo 2y + Gpoz, + . ..+ gz, = 0,
(4)
@p1 2y + ppzy + ... Gz, =0
In this case, all determinants d;, j =1, 2, ..., r, contain

a column made up of zeros and are therefore equal to zero. Thus,
if the determinant of system (4) is nonzero, that is if Cramer’s rule
is applicable, then the only solution of system (4) will be the trivial
solution

z1=0, 2,=0,...,2,=0 (5)

Whence follows the result:

If a system of n homogeneous linear equations in n unknowns has
nonirivial solutions, thern the determinant of the system is necessarily
2ero.

In Sec. 12 it will also be shown that, conversely, if the determi-
nant of such a system is indeed equal to zero, then the system will
have solutions other than the trivial solution, the existence of
which is obvious for every system of homogeneous equations.

Example. For what values of & can the system of equations
kxl + z=0,
zy + kzy = 0

have nontrivial solutions?
The determinant of this system

k1
= k2 —1
1)
will be zero only when & = =+ 1. It is easy to see that for each one of these
two values of & the given system will indeed have nontrivial solutions.

The significance of Cramer’s rule lies mainly in the fact that
for cases when it is applicable it offers an explicit expression of
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the solution of the system in terms of the coefficients of the system.
However, Cramer’s rule involves very unwieldy computations; in
the case of a system of n linear equations in n unknowns, one has
to compute n -+ 1 determinants of the nth order. The method of
successive elimination of unknowns given in Sec. 1 is much more
convenient in this respect since the computations involved here
are actually equivalent to those required in the evaluation of a single
determinant of the nth order.

In applications, we often encounter systems of linear equations
whose coefficients and constant terms are real numbers obtained
in measurements of physical quantities and as such are known only
approximately, to within a specified accuracy. The foregoing methods
are then sometimes rather inconvenient because they lead to results
with poor accuracy. A variety of iterative procedures have taken
their place. These are methods which yield solutions of systems
of equations via successive approximations of the unknowns. The
interested reader will find such methods described in texts dealing
with the theory of approximate calculations.



CHAPTER 2

SYSTEMS OF LINEAR
EQUATIONS
(GENERAL THEORY)

8. n-Dimensional Vector Space

To construct a general theory of systems of linear equations
we will need more than the apparatus that sufficed with such success
in the solution of systems to which Cramer’s rule was applicable.
Besides determinants and matrices we will need a new concept,
which, perhaps, is of still greater general mathematical interest—
that of multidimensional vector spaces.

First a few preliminary remarks. From the course of analytic
geometry we know that any point in a plane is determined {for
specified coordinate axes) by its two coordinates, which is to say,
by an ordered set of two real numbers. Any vector in a plane is
determined by its two components, which again is an ordered set
of two real numbers. Similarly, a point in three-dimensional space
is determined by three coordinates, a vector in space, by three
components.

In geometry and also in mechanics and physics we often encoun-
ter objects whose specification requires more than three real numbers.
For instance, let us consider a collection of spheres in three-dimen-
sional space. To specify a sphere completely we need the coordinates
of its centre and the radius; this amounts to an ordered set of four
real numbers, of which, incidentally, the radius can only assume
positive values. On the other hand, let us consider various positions
of a solid in space. The position of a solid will be fully defined if
we indicate the coordinates of its centre of gravity (this requires
three real numbers), the direction of some fixed axis passing through
the centre of gravity (two numbers—two out of three direction
cosines), and, finally, the angle of rotation about this axis. Thus,
the position of a solid body in space is determined by an ordered
set of six real numbers.

These examples suggest considering collections of all possible
ordered sets of n real numbers. After introducing the operations
of addition and multiplication by a scalar (this will be done later
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on by analogy with appropriate operations involving vectors in
three-dimensional space expressed in terms of components), we call
this collection an n-dimensional vector space. Thus, n-dimensional
space is only an algebraic structure which retains certain of the
simplest properties of collections of vectors of three-dimensional
space emanating from a coordinate origin.

An ordered set of n numbers (an ordered n-tuple)

a = (ay, @, ..., @) (1)
is called an n-dimensional vector. The numbersa;, i =1, 2, ..., n,
will be called the components of the vector a. The vectors o and
B = (biv bm L] bn) (2)
will be considered equal if their components, in the same places,
coincide, that is, if a; = b;, i =1, 2, ..., n. Lower-case Greek

letters will be used to denote vectors and lower-case Latin letters to
denote scalars.

Examples of vectors are: (1) Vector segments (directed line-
segments) emanating from the coordinate origin in a plane or in
three-dimensional space will, given a fixed system of coordinates,
be two- and three-dimensional vectors in the meaning of the definition
given above. (2) The coefficients of a linear equation in » unknowns
constitute an n-dimensional vector. (3) Any solution of a system
of linear equations in n unknowns is an n-dimensional vector.
(4) If an s by » matrix is given (s rows and » columns), then its
rows are n-dimensional vectors, its columns, s-dimensional vectors.
(5) The s by n matrix itself can be regarded as an sn-dimensional
vector: all we need to do is read the elements of the matrix one
after the other, row by row; in particular, any square matrix of
order » may be regarded as an n*-dimensional vector, and it is
quite obvious that any nr?-dimensional vector may be obtained
in this way from a matrix of order .

The sum of vectors (1) and (2) is the vector

a+ﬂ=(a'i+bha2+b27---ian+bn) (3)

whose components are sums of the corresponding components of the
vectors being added. Addition of vectors is commutative and associa-
tive because of the commutativity and asseciativity of the addition
of numbers.

The role of zero is played by the zero vector:

0=(,0,...,0 (4)
Indeed,
a+0=(a +0,a+0,..., a,-+0)
= (a4, Qg . « -, an)ia
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We use the same symbol 0 for the zero vector as for the number 0.
There is never any difficulty in deciding whether it is the number
zero or the zero vector we are talking about at any time. However,
from now on the reader should bear in mind the possibility of diffe-
rent interpretations of the symbol O.

We use the term opposite vector (negative) of the vector (1) for
the vector

—C = (_a'h —Qgy . . .y —0:,.,) (5)

It is obvious that a 4 (—a) = 0. It is now easy to see that for
the addition of vectors there is an inverse operation—subtraction:
the difference between the vectors (1) and (2) is the vector & — p =

=a+(_ﬁ)’ or
o—PB=1(— by, @y — by, ., ., @ — by) ©)

The addition of n-dimensional vectors defined by formula (3)
arose out of the geometric addition of vectors in the plane or in
three-dimensional space performed by the parallelogram rule. In
geometry we have to do with the multiplication of a vector by a real
number (“scalar”): the multiplication of a vector a by a scalar &
signifies, for k¥ > 0, a stretching of o. by a factor k (it is compression
if k<<1), and for k << 0 a stretching by a factor | k| and reversal
of direction. Expressing this rule in terms of the components of the
vector o and passing to the general case at hand, we obtain the
following definition.

The product of a vector (1) by a scalar k is the vector

ka = ak = (kay, ka,, . . ., ka,) Q)

whose components are equal to the product of the corresponding
components of the vector o by k.

From this definition there follow important properties which
may be verified by the reader:

k(o £ B) = ka =+ K, ®
(k+)a =k * la, (9
k(loa) = (k) o, (10)
la=a (11)

The following properties are just as easy to verify but they may
also be obtained as corollaries to Properties (8)-(11):

0-a = 0, (12)
(—1).a = —a, (13)
k-0 =0, (14)

if ko = 0, then either k¥ = 0, or a = 0. (15)
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The collection of all z-dimensional vectors with real components
regarded in conjunction with the operations of addition of vectors
and multiplication of a vector by a scalar is called an n-dimensional
vector space.

Note that the definition of an n-dimensional vector space does
not include multiplication of a vector by a vector. It would be
easy to define multiplication of vectors—assume, say, that the
components of a product of vectors are equal to the products of the
corresponding components of the factors. However, such multiplica-
tion would not find any serious applications. Thus, vector segments
emanating from a coordinate origin in the plane or in three-dimen-
sional space constitute (for a fixed system of coordinates) a two-
dimensional and, respectively, a three-dimensional vector space.
The addition of vectors and the multiplication of a vector by a scalar
are, as we have pointed out above, geometrically important, whereas
it is impossible to give any reasonable geometrical interpretation
to the componentwise multiplication of vectors.

Let us consider another example. The left side of a linear equation
in » unknowns, that is, an expression of the form

f=ax + apzy, + .. . + az,

is called a linear form in the unknowns z;, z,, . .., z,. The linear
form f is obviously defined completely by the vector (a4, a5, . . ., a,)
of its coefficients; conversely, any n-dimensional vector uniquely
determines some linear form. The addition of vectors and the multi-
plication of a vector by a scalar become corresponding operations
involving linear forms; these operations were extensively used
in Sec. 1. Componentwise multiplication of vectors in this instance
is meaningless. :

9. Linear Dependence of Vectors

A vector B of n-dimensional vector space is proportional to
vector a if there exists a number k& such that p = ko [see formula (7)
of the preceding section]. In particular, the zero vector is propor-
tional to any vector o due to the equality 0 = 0-c. But if f = ka
and P 5= 0, whence k== 0, then o = k~!f, that is, for nonzero
vectors, proportionality possesses the property of symmetry.

A generalization of the concept of proportionality of vectors
is the following concept which we have already (in the case of rows
in a matrix) encountered in Sec. 4; a vector P is called a linear
combination of the vectors oy, oty ..., o, if there exist numbers
ly, 1y ..., ls such that

B =lag 4 lyas + ... + L,
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Thus the jth component of the vector f, j =1, 2, . .., n, is equal
(because of the definition of a sum of vectors and a product of a vector
by a scalar) to the sum of the products of the jth components of
the vectors oy, ag, . . ., &g by Uy, I, ... , ls, respectively.

A system of vectors )

Clgy, Olgy = « oy Cp_g, O (r >2) ¢))

is linearly dependent if at least one of the vectors is a linear combi-
nation of the remaining vectors of the system; it is called linearly
independent otherwise.

We give another form of this extremely important definition:
a system of vectors (1) is linearly dependent if there exist numbers
ki, kg, . . ., k., atleast one of whick is nonzero, such that the equation

koy + ko + ..o+ ko, =0 (2)
holds true.
Proof of the equivalence of these two definitions is not difficult.

For example, let the vector a, of system (1) be a linear combination
of the remaining vectors:

Cp = liaj + lgag + - + l,_ia,_i
From this there follows the equation
liai + lzaz + e + l,_ioc,_i — U, = 0

which is like (2), where k; =1, for i =1, 2, ..., r—1 and
» = —1 that is k. 54 0. Conversely, let the vectors (1) be connected
by the relation (2) in which, say, k., = 0. Then

o= (=)t () et o () o

Vector o, has proved to be a linear combination of the vectors
ALy, Agy « & oy ar—i’

Example. The system of vectors
ay=(5, 2, 1), ag=(—1, 3,3), as=1(9, 7, 5), au=(3, 8, 7
is linearly dependent, since the vectors are connected by the relation
doy — g — 3otz + 204, = 0

In this relation all the coefficients are different from zero. However, there are
other linear dependences between the vectors, dependences in which some of
the coefficients are zero, for instance

20y + oy —ag =0, 3a; + a3 — 20, = 0

The latter definition of a linear dependence given above is also
applicable to the case of r = 1, that is, to the case of a system
consisting of one vector a: this system is linearly dependent if and
only if o« = 0. Indeed, if ¢ = 0, then, say, for X = 1 we will have
ka = 0. Conversely, if ko = 0 and k % 0, then o = 0.
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Note the following property. of the concept of linear dependence.

If some subsystem of. the system (1) of vectors is linearly dependent,
then the whole system (1) is linearly dependent. - f

Indeed, let the vectors ay, as, ..:, o, of system (1), where
s <<r, be connected by the relation .

kiay + ko 4 . .o F ko= 0
in which not all coefficients are zero. It then follows that the relation
k‘jai + k2a2 + « v + ksas + 0'a8+1 + « .. + O'Ctr =0

or system (1) is linearly dependent. ~

From this property follows the linear dependence of any system
of vectors containing two equal or, generally, two proportional
vectors and also of any system containing the zero vector. The
property we have just proved can also be stated as follows: if a system
" (1) of vectors is linearly independent, then any subsystem of (1) is also
linearly independent.

The question arises as to how many vectors a linearly indepen-
dent system of n-dimensional vectors can contain and, in particular,
whether there exist systems with an arbitrarily large number of
vectors. To answer this question, let us consider the following
vectors in an n-dimensional vector space:

gy = (17 Ov 0’ . o0y O)a
=(,1,0...,0),
nT O ®
e, = (0,0, 0, ..., 1)
They are called unit vectors of that space. The system of unit vectors
will be linearly independent: let

k181+k282+...+kn8n=0

Since the left side of this equation is equal to the vector (ky, ks . .
. .y k), it follows that

(Fyy Kyy -« » K) =0

ork,=0,i=1,2,...,n, since all the components of the zero
vector are zero, and equality of vectors is equivalent to equality
of their corresponding components.

Thus, in n-dimensional vector space we have found one linearly
independent system consisting of n vectors. The reader will learn
later on that there actually exist an infinite number of distinct
systems of that kind in this space.

On the other hand, let us prove the following theorem.

For s > n, any s vectors of an n-dimensional vector space constitute
a linearly dependent system.
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Let there be given the vectors

Tay = (ay, @iz, -+ - -y Q1n),
Qg = (Ba1, Bagy . . +» Ggp),
‘ s = (@Bgq, Gogy - - -y Agn) :
We have to choose scalars ky, k,, . . ., kg, not all zero, such that
kiog + kporg + o0 0+ kgog =0 (%)

Passing from (4) to the corresponding equations between the compo-
nents, we get

ayky + ayks + . . . + agk, = 0,

ek + ks + .. .+ @gks = 0, )

a'inki + agnkz + [N + asnks =0
However, equations (5) constitute a system of n» homogeneous
linear equations in s unknowns ki, ks, ..., k. The number of
equations in this system is less than the number of unknowns, and
therefore, as proved at the end of Sec. 1, the system has nontrivial
solutions. We can thus choose scalars ki, k,, ..., k, (not all

zero) which will satisfy requirement (4). The theorem is proved.

Let us call a linearly independent system of r-dimensional
vectors

Qy, Clgy = . -y Uy (6)

a mazimal linearly independent system if by adjoining to this
system any n-dimensional vector § we obtain a linearly dependent
system. Since in every linear dependence relating the vectors
Qy, Clgy « - -, Op, P, the coefficient of B must be nonzero—otherwise
system (6) would be linearly dependent—it follows that the vector
B is expressed linearly in terms of the vectors (6). Therefore the
system (6) of vectors is a maximal linearly independent system if
and only if the vectors (6) are linearly independent and any n-dimen-
sional vector P is a linear combination of them.

From the results obtained above it follows that in an n-dimensional
space any linearly independent system consisting of n vectors is mazimal
and also that any maximal linearly independent system of vectors of
this space consists of at most n vectors.

Every linearly independent system of n-dimensional vectors is
contained in at least one mazimal linearly independent system. Indeed,
if a given system of vectors is not maximal, then one vector may
be added to it so that the resulting system remains linearly inde-
pendent. If this new system is still not maximal, then another vector

5—5760
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may be added to it, and so on. However, this process cannot continue
endlessly because every system of n-dimensional vectors consisting
of n 41 vectors is linearly dependent.

Since every system consisting of one nonzero vector is linearly
independent, we find that any nonzero vector is contained in some
mazximal linearly independent system, and for this reason there are
infinitely many different mazimal linearly independent systems of
vectors in an n-dimensional vector space.

The question arises: do there exist, in this space, maximal
linearly independent systems with a smaller number of vectors
than n or is the number of vectors in any such system invariably
equal to n? The answer to this important question will be given
below after a few preliminary investigations.

If vector P is a linear combination of the vectors

Olgy Olgy o « oy Cp )

it is often said that B is expressed linearly in terms of system (7).
Naturally, if vector f is linearly expressed in terms of some subsystem
of this system, then it will be linearly expressed in terms of (7)
as well—it would be sufficient to take the remaining vectors of the
system with coefficients equal to zero. Generalizing this terminology,
we say that the system of vectors

617 62’ ce ﬁs (8)

is expressed linearly in terms of system (7) if every vector f;, i = 1, 2,
.., 8, is a linear combination of the vectors of (7).
We prove the transitivity of this concept: if system (8) is expressed
linearly in terms of (7), and the system of vectors

Yir Yoo « « «» Yt (9)

is expressed linearly in terms of (8), then (9) is expressed linearly in
terms of (7) as well. ;
Indeed,

8
v= 2 bbo  J=12 (10)
T
but pi= 2 kimOm, i=1, 2, ..., s. Substituting these expressions
m=1

into (10), we get

s T r 8

vi= 2 L (D kimom)= 2 (X Liikim) om
i=1 m=1 m=1 i=1

In other words, every vector vy, j = 1, 2, ..., t, is a linear com-
bination of vectors of system (7).
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Two systems of vectors are termed equivalent if each one of them
can be expressed linearly in terms of the other. From the proof
given here of the transitivity of the property of systems of vectors
to be expressed linearly in terms of each other there follows the
transitivity of the concept of equivalence of systems of vectors and
also the following assertion: if two systems of vectors are equivalent
and if some vector is expressed linearly in terms of one of these systems,
then it will be expressed linearly in terms of the other too.

One cannot assert that if one of two equivalent systems of vectors
is linearly independent, then the other system also possesses this
property. But if both systems are linearly independent, then an
important statement can be made with respect to the number of
vectors entering into them. First let us prove the following theorem
which, because of the role it will play in the future, it will be con-
venient to term a fundamental theorem.

If in an n-dimensional vector space we have two systems of vectors:

(I) iy Loy « « oy CUpy
(II) ﬁi’ 527 R ﬁs

the first being linearly irdependent and expressible linearly in terms
of the second, then the number of vectors in the first system does not
exceed that in the second system, or r < s.

Let r>s. By hypothesis, each vector of system (I) can be expressed
linearly in terms of system (II):

oy = a’iiﬁi + ‘11252 L + aisﬁsv
0y = Ggifs + Py + . . . + agfs (1)
or = Py 4 Crafs + . . .+ arsfs
The coefficients of these linear expressions constitute a system of
r s-dimensional vectors:
Y1 = (@11, Q1g, - - -, Gy,
Y2 = (@21, Ggoy - - -, Gg4),

Y = (@1, @roy - - -, 8rg)
Since r > s, these vectors are linearly dependent, that is,

kype + kgve + - .. + Ry =0

where not all coefficients ky, k,, . . ., k, are zero. Whence we arrive
at certain equations between the components:

r
‘g‘kiau——*o, i=1,2, ..., s (12)
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Let us now consider the following linear combination of vectors
of system (1):

kia, + koo, + . —|— k.o,

or, more compactly, Z kiag Utilizing (11) and (12), we get
&

r

3 k=3 b (S ap) = 3 (3 biaw) py=0

But this runs counter to the linear independence of system (1).

From the fundamental theorem just proved we have the following
result.

Any two equivalent linearly independent systems of vectors contain
an equal number of vectors.

Any two maximal linearly independent systems of n-dimensional
vectors are evidently equivalent. They therefore consist of one and
the same number of vectors, and since (as we know) there exist
systems of that kind consisting of » vectors, we finally get the answer
to the earlier posed question: every maximal linearly independent
system of vectors of an n-dimensional vector space consists of n vectors.

Some corollaries follow.

If in a given linearly dependent system of vectors we take two
maeximal linearly independent subsystems, that is, subsystems to
which no vector of our system can be adjoined without spoiling the linear
independence, then these subsystems contain an equal number of vectors.

Indeed, if in the system of vectors

Qg Olgy = o oy Oy (13)
the subsystem
Olgy Qlgy « = vy Qg s<r (14)

is a maximal linearly independent subsystem, then any one of the
vectors cers, . . ., @, is expressible linearly in terms of system (14).
On the other hand, any vector a; of system (13) is linearly expressible
in terms of this system: it is only necessary to take the coefficient
1 for the vector o;, and the coefficient O for all the other vectors.
It is now easy to see that systems (13) and (14) are equivalent. From
this it follows that (13) is equivalent to any one of its maximal
linearly independent subsystems, and therefore all the subsystems are
equivalent; i.e., being linearly independent, they contain the same
number of vectors each.

The number of vectors in any maximal linearly independent
subsystem of a given system of vectors is termed the rarnk of the
system. Taking advantage of this concept, we derive yet another
corollary from the fundamental theorem.
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Suppose there are two systems of n-dimensional vectors:
Ogy gy + « «y Oy (15)
and '

ﬂh 627 MR ﬁs (16)

which are not necessarily linearly independent; the rank of system (15)
is equal to the number k, the rank of system (16), to the number 1. If
the first system is expressed linearly in terms of the second, then k < 1.
But if these systems are equivalent, then k = I.
In fact, let
Qligy Oigy - - -y aih (17)

and

ﬁfn ﬁ.iz LR | ﬁil (18)

be, respectively, any maximal linearly independent subsystems
of (15) and (16). Then systems (15) and (17) are equivalent and
the same holds true for (16) and (18). From the fact that (15) is
linearly expressible in terms of (16) It now follows that (17) is
also linearly expressible in terms of (16) and therefore in terms of the
equivalent system (18). It then remains, utilizing the linear indepen-
dence of system (17), to apply the fundamental theorem. The second
gssertion of the corollary being proved follows directly from the
rst.

10. Rank of a Matrix

If we are given a system of n-dimensional vectors, it is natural
to ask whether this system of vectors is linearly dependent or not.
One cannot hope to find that in every specific instance the question
will be resolved without difficulty: a superficial examination of the
system of vectors

x = (21 _5y 11 —1)’ B = (1’ 3a 6’ S)a Y = (""17 47 17 2)

fails to reveal any linear dependences in it, though in reality these
vectors are connected by the relation

Tao — 3p + 14y =0

One way of settling this issue is given in Sec. 1. Since the com-
ponents of the given vectors are known, we consider as unknown
the coefficients of the desired linear dependence and obtain a system
of homogeneous linear equations, which we solve by the Gaussian
method. In this section we suggest a different approach, which will
also bring us closer to our principal objective—the solution of arbitra-
ry systems of linear equations.
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Suppose we have an s by n matrix (s rows and n columns)

ayq diz ... Qip

Aoy Agg . . . Qgp
A =

Agy Ago - « - Qg

the numbers s and n not being related in any way. Regarded as
s-dimensional vectors, the columns of this matrix may, generally
speaking, be linearly dependent. The rank of the system of columns,
that is the maximal number of linearly independent columns of
matrix A (more precisely, the number of columns in any maximal
linearly independent subsystem of the system of columns) is called
the rank of the matrix.

Naturally, in the same way the rows of matrix 4 may be regarded
as n-dimensional vectors. It appears that the rank of the system
of rows of the matrix is equal to the rank of the system of its columns,
that is, it is equal to the rank of the matrix. The proof of this extre-
mely unexpected assertion will be obtained after we point out
yet another way of defining the rank of a matrix (which at the same
time indicates a practical method of evaluation).

Let us first generalize the concept of a minor to the case of rectan-
gular matrices. In matrix A we choose arbitrary k rows and % columns,
k < min(s, n). The elements at the intersection of these rows and
columns constitute a square matrix of order %k, the determinant of
which is called the kth-order minor of matrix 4. We will now be
interested in the orders of those minors of A which differ from zero,
namely, the highest one of these orders. In searching for it, it is well
to bear in mind the following: if all kth-order mirors of matriz A
are zero, then so also are all minors of higher order. Indeed, expanding
any minor of order k£ 4 j, 2 <k -+ j < min (s, n), by the Laplace
theorem in terms of any k& rows, we represent this minor as a sum
of minors of order & multiplied by certain minors of order j, thus
proving that it is zero.

Let us now prove the following theorem on the rank of a matrix.

The highest order of nonzero minors of matriz A is equal to the
rank of the matriz.

Proof. Let the highest order of nonzero minors of matrix 4
be r. Let us assume—there is no loss of generality— that the rth-order
minor D in the upper left corner of the matrix

Gy .-+ @Qr| Q151 -+ O \
D ...} ....... ...
ar Qry ar, r+ Qrn
A= i 1
Grig, 1 >0 Qreq, v Qrig, r41 Qriq, n




10. RANK OF A MATRIX 71

is:different from zero, D=4 0. Then the first r columns of 4 will
be linearly independent: if the dependence were linear, then, since
corresponding components are combined in the addition of vectors,
this same linear dependence would exist among the columns of
minor D and therefore D would be zero.

Now let us prove that each Ith column of 4, r << I < n, is a linear
combination of the first r columns. We take any i, 1 << i <s, and
construct an auxiliary determinant of order (r 4 1):

Qg - - - Qg Qg
Ai =

Ary -« v Gpr Ay

;g « . Qip Q3

obtained by “bordering” the minor D by appropriate elements «f the
I th column and the ith row. Determinant A; is zero for any i. Indced,
if i >r, then A, is a minor of order (r + 1) of our matrix 4 and
therefore is zero due to the choice of the number r. But if "<r,
then A; can no longer be a minor of matrix 4 since it ca: ot be
obtained by deleting from this matrix certain of its rows and coiamns;
however, determinant A; now has two equal rows and, hcrce, is
again zero.

Let us examine the cofactors of the elements of the last row
of determinant A;. Obviously, the cofactor of the element a;; is
minor D. But if 1 <{j<r, then for the cofactor of element a;;
in A, we have the number

P G
Qry oeo Qr, j—q Qr, j4g - QAry Ayl

It is not dependent on i and therefore is denoted by A ;. Thus, expand-
ing determinant A; about its last row and equating this expansion
to zero, since A; = 0, we get

aydi+ apdy + ... +a, A, +a; D =0
whence, because D 540,

Ai Az Ar
A= —p 0y —pig— ...~ Ur
This equation holds true for all i, i =1, 2, ..., s, and since

its coefficients are not dependent on i, we find that the entire Ilth
column of 4 is a sum of the first r columns taken, respectively, with

the coefficients — it 4z Ar

D'—j""’ D"
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in the system of columns of matrix A we have thus found a maxi-
mal linearly independent subsystem consisting of r columns. This
is proof that the rank of matrix 4 is equal to r, and it completes the
proof of the rank theorem. L :

This theorem provides a practical method ‘for computing- the
rank of a matrix and therefore for settling the question of the exi-
stence of linear dependence in a given system of vectors; forming
a matrix for which the given vectors serve as columns and computing
the rank of the matrix, we find the maximum number of linearly
independent vectors of our system.

The method of finding the rank of a matrix based on the rank
theorem requires computing a finite but perhaps very large number
of minors of the matrix. The following remark suggests a way of
substantially simplifying this procedure. If the reader will again
look through the proof of the rank theorem, he will notice that in
the proof we did not take advantage of the fact that all minors of
order (r - 1) of matrix A are equal to zero; actually, we used only
~ those minors of order (r + 1) which border the given nonzero rth-
order minor D (that is, those which contain it completely within
themselves); for this reason, from the fact that only these minors
are equal to zero it followsthatristhe maximum number of linearly
independent columns of matrix A; this implies that all minors of
order (r - 1) of this matrix are zero. We arrive at the following
rule for evaluating the rank of a matrix.

In computing the rank of a matriz, move from minors of smaller
order to minors of greater order. If a nonzero kth-order minor D has
already been found, then only the (k + 1)th-order minors bordering
minor D need be computed; if they are all zero, the rank of the matrizx
is k.

Example 1. Find the rank of the matrix

2 —-4 3 10
1 -2 1 —-42
0o 1 -1 31
4—7 4—45

The second-order minor in the upper left corner of this matrix is zero. Howe-
ver, the matrix also contains nonzero minors of order two, for instance,

—4 3
d= 0
—21 >
The third-order minor
2 —4 3
d=11-2 1

o 1 -1
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bordering minor d is different:from zero, d’ = 1, but both fourth-order minors
bordering minor d’ are zero:

2 —4 3 1 2 -4 30
1 2 1 —4 1 -2 12
0 1—1“3_0’ 0 1 —11 =0
4T 4 —4 47 45

Thus, the rank of matrix A is three.
; Example 2. Find the maximal linearly independent subsystem in the system
of vectors

ay = (2, —2, —4), ax= 1, 9, 3), ag=(—2, —4, 1), o, =3, 7, —1)

Form the matrix
21 -2 3
(—2 9 —4 7)
—43 141

in which the given vectors are columns. The rank of this matrix is two: the
second-order minor in the upper left corner is nonzero, but both third-order
minors bordering it are zero. From this it follows that the vectors ay, oy form
in the given system one of maximal linearly independent subsystems.

As a corollary to the rank theorem, we now prove an assertion
that was stated earlier.

The maximum number of linearly independent rows of any matriz
is equal to the mazximum number of its linearly independent columns,
which means that it is equal to the rank of the matriz.

To prove this, take the transpose of the matrix (that is, inter-
change rows and columns retaining the subscripts of the elements).
In taking the transpose, the maximal order of nonzero minors of
the matrix cannot change since taking transposes does not change
the determinant, and for any minor of the original matrix the minor
obtained from it by taking the transpose is in the new matrix, and
conversely. Whence it follows that the rank of the new matrix is
equal to the rank of the original matrix; it is also equal to the maxi-
mum number of linearly independent columns of the new matrix
(or the maximum number of linearly independent rows of the ori-
ginal matrix).

Example. In Sec. 8 we introduced the concept of a linear form in n un-
knowns and defined addition of linear forms and their multiplication by a sca-
lar. This definition permits extending to linear forms the concept of linear
dependence with all its properties.

Let there be a system of linear forms

fi= =+ 2z2+ 23+ 3,
fo= bxy — x5 — Sz5 — b2y,
fa= z — 3zp — 43 — Tz,
fi=2z+ zm— 33

In it we have to choose a maximal linearly independent subsystem.
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Form - the matrix of the coefficients -of these forms:.

1 2 1 3
4 —1 —5 —6
1 —3 —4 —17
2 1—1 0

and find its rank. The second-order minor in the upper left corner is nonzero,
but, as can easily be verified, all four third-order minors bordering it are zero.
Whence it follows that the first two rows of our matrix are linearly independent,
and the third and fourth are linear combinations of them. Hence, the system
f1, f2 is the desired subsystem of the given system of linear forms.

There is yet another important consequence of the rank theorem.

An nth-order determinant is equal to zero if and only if there is
a linear dependence among its rows.

- This assertion has already been proved in one direction in Sec. 4
(Property 8). Now let there be given an nth-order determinant equal
to zero; in other words, suppose we have a square matrix of order
n whose only minor having maximal order is zero. It then follows that
the highest order of the nonzero minors of this matrix is less than n,
that is, the rank is less than r, and so, on the basis of the foregoing
proof, the rows of this matrix are linearly dependent.

Quite naturally, this corollary can be stated with columns taken
instead of rows.

There is yet another way to compute the rank of a matrix which
is not connected with the rank theorem and does not require evaluat-
ing determinants. Incidentally, it is only applicable when we wish
to know only the rank itself and are not interested in precisely which
columns (or rows) comprise the maximal linearly independent system.
The procedure is this.

We use the term elementary transformations of a matrix A for the
following transformations:

(a) interchange (transposition) of two rows or two columns;

(b) multiplication of a row (or a column) by an arbitrary non-
zero scalar;

(c) addition of a multiple of one row (or column) to another row
(column).

Clearly, elementary transformations do not change the rank of a
matriz. Indeed, if these transformations are applied, say, to the
columns of a matrix, the system of columns (regarded as vectors) is
replaced by an equivalent system. We prove it for transformation (c)
since for (a) and (b) it is obvious. Let the jth column multiplied by
a number k& be added to the ith column, If, prior to the manipulation,
the vectors

Ciy o ey Oy = o oy Cjy o s oy CUp (1)
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served as columns of the matrix, ‘then after the manipulation the
vectors
Aty « ooy g =y + Koy, ..., Apy ...y g 2)

will form the columns of the matrix. System (2) is expféésible
linearly in terms of system (1), and the equation

oy = ai — ko

shows that (1), in turn, is linearly expressible in terms of (2). Conse-
quently, these systems are equivalent and for this reason their maxi-
mal linearly independent subsystems consist of the same number of
vectors.

Thus, when computing the rank of a matrix, the matrix may
first be simplified by means of a combination of elementary trans-
formations.

We say that an s by » matrix has diagonal form if all its clements
are zero except the elements ayy, @5y, ..., a,, [where 0 L r<
< min (s, n)], which are equal to unity. The rank of this matrix
is obviously r.

Using elementary transformations, it is possible to reduce any
matriz to diagonal form.

Indeed, suppose we have a matrix

Agq « « « Ap
A=1. . ...
Agq « - - Agn

If all the elements are zero, then it already has diagonal form. But
if there are nonzero elements, then an interchange of rows and
columns will change element @14 to a nonzero element. Then by
multiplying the first row by a;}, we convert element a,; to unity.
And if we now subtract from the jth column, j > 1, the first column
multiplied by «,;, then element a;; will be replaced by a zero.
Manipulating in similar fashion all columns beyond the first, and
also all rows, we arrive at a matrix of the form

10 ...0
A =10 . a
0ay,... a,

Performing the same manipulations with the submatrix that remains
in the lower right corner, and so on, we finally—after a finite number
of manipulations—arrive at a dlagonal matrix with the same rank
as the original matrix 4. -
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~ Thus, to find the rank of a’matriz it is necessary to convert the
matriz, by means of elementary transformations, to diagonal form and
count the number of units in the principal diagonal.

Example. Find the rank of the matrix

0 2 —4

—4 —4 5

A= 3 1 7
0 5 =10

2 3 0

Interchanging the first and second columns and multiplying the first row

by the number i, we get the matrix

2
1 0 =2
—4 —1 5
1 3 7
5 0 —10
3 2 0

Adding two times the first column to the third column and then adding some
multiple of the new first row to each of the remaining rows, we get the matrix

1 0 O
0 —1 =3
0o 3 9
0 0 O
0 2 6

Finally, multiplying the second row by —1, subtracting from the third column
three times the second column, and then subtracting from the third and fifth
Eows certain multiples of the new second row, we arrive at the desired diagonal
orm

0o

SO OO

SO O =
OO OO

The rank of the matrix A is thus two.

In Chapter 13 we will again encounter elementary transformations and
diagonal matrices; true, these will be matrices in which the elements are poly-
nomials, not numbers.

11. Systems of Linear Equations

We now begin the study of arbitrary systems of linear equations
without any assumptions concerning the number of equations of
a system being equal to the number of unknowns. Incidentally, the
results we achieve will be applicable to the case (not considered
in Sec. 7) when the number of equations is equal to the number of
unknowns, but the determinant of the system is zero.



11. SYSTEMS OF LINEAR EQUATIONS 7

Supposé we have a system of linear equations

ayxy + @y + o L+ @ = by,
Apxy + Appxy + . o . + Aguzn = by, )

Ay + Aoy + . . .+ Asuzn = by

As we know from Sec. 4, the first thing is to decide whether the
gystem is consistent or not. For this purpose, take the coefficient
matrix A4 of the system and the augmented matrix 4 obtained by
adjoining to 4 a column made up of the constant terms,

Qq4 Q1 . . - Q4 Ay Qgz - - - A1 by
Aoy Aoy . . . G 7 — 1 @y gy . .. agb,
A: 21 22 an , A_ 21 22 nv2
g Agp -+ . Qg Qgy Agg . . . Qg bs

and evaluate the ranks of these matrices. It is easy to see that the
rank of matriz A is either equal to the rank of matriz A or exceeds the
latter by unity. Indeed, take a certain maximal linearly independent
system of columns of matrix 4. It will also be linearly independent
in matrix A. If it also retains the property of maximality, that is,
the column of the constant terms is expressible linearly in terms of it,
then the ranks of matrices 4 and A are equal; otherwise, adjoining
to this system a column made up of constant terms yields a linearly
independent system of columns of matrix 4, which is maximal in it.

The question of consistency of a system of linear equations isfully
resolved by the following theorem.

Kronecker-Capelli theorem. A system of linear equations (1) is
consistent if and only if the rank of the augmented matriz A is equal
to the rank of the matriz A.

Proof. 1. Let system (1) be consistent and let ky, k,, .. ., k,
be one of its solutions. Substituting these numbers, in place of the
unknowns,_into (1), we get s identities, which show that the last
column of 4 is the sum of all the remaining columns taken, respecti-
vely, with the coefficients ky, k,, . . ., k,. Any other column of 4 is
also in A4 and therefore is expressible linearly in terms of all the
columns of this matrix. Conversely, any column of matrix 4 is
a column of A as well, that is, it is linearly expressible in terms of
the columns of this matrix. From this it follows that the systems

of columns of matrices 4 and A are equivalent and therefore, as



78 CH. 2. SYSTEMS OF LINEAR EQUATIONS

proved at the end of Sec. 9, both these systems of s-dimensional
vectors have one and the same rank; in other words, the ranks of
the matrices 4 and A are equal.

2. Now suppose that the matrices A and A have equal ranks.
It then follows that any maximal linearly independent system of
columns of A remains a maximal linearly independent system in
matrix 4 as well. For this reason, the last column of A can be expres-
sed linearly in terms of this system and therefore, generally, in terms
of the system of columns of matrix 4. Consequently, there exists
a system of coefficients ky, k,, ..., k, such that the sum of the
columns of A taken with these coefficients is equal to the column of
constant terms, and therefore the numbers %4, &,, . . ., k, constitute
a solution of system (1). Thus, coincidence of the ranks of matrices 4

and A implies that system (1) is consistent.

The proof is complete. In practical situations, it is first necessary
to compute the rank of matrix 4; to do this, find one of the nonzero
minors of the matrix such that all the minors bordering it are zero.
Let it be the minor M. Then compute all the minors of matrix 4
bordering M but not contained in A [the so-called characteristic
determinants of system (1)]. If they are all zero, then the rank of
matrix A is equal to the rank of matrix 4 and therefore system (1)
is consistent, otherwise it is not consistent. Thus, the Kronecker-
Capelli theorem may be stated as follows: a system of linear equations
(1) is consistent if and only if all ils characteristic determinants are
equal to zero.

Let us now suppose that system (1) is consisternt. The Kronecker-
Capelli theorem which we used to establish the consistency of this
system states that a solution exists. However, it does not give us
any practical method for finding all the solutions of the system. We
shall now investigate this problem.

Let matrix 4 have rank r. As was proved in the preceding section,
r is equal to the maximum number of linearly independent rows
of matrix 4. To be specific let the first r rows of 4 be linearly indepen-
dent, and let each of the remaining rows be a linear combination
of them. Then the first r rows of A will also be linearly independent:
any linear dependence between them would also be a linear depen-
dence among the first r rows of A (recall the definition of addition

of vectors!). From coincidence of the ranks of matrices A and 4 it

follows that the first r rows of A constitute, in it, a maximal linearly
independent system of rows; in other words, any other row of this
matrix is a linear combination of them.

It follows, then, that any equation of system (1) can be represent-
ed as a sum of the first r equations taken with certain coefficients
and therefore any general solution of the first r equations will satisfy
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all the equations of (1). Consequently, it suffices to find all the solu-
tions of the system

auzy + 81,7 + . . .+ @z, = by,
Aoy Ty + QooZs + . . . + Quz, = by, @)
arizy + Gy + . . .+ @Gz, = b,

Since the rows of coefficients of the unknowns in equations (2)
are linearly independent, that is the matrix of the coefficients has
rank r, it follows that » < n» and, besides, that at least one of the
minors of order r of this matrix is nonzero. If r = n, then (2) is
a system with an equal number of equations and unknowns and
with a nonzero determinant; that is, it, and for this reason system (1)
as well, has a unique solution, namely, that which is calculable
by the Cramer rule.

Now let r << n and, for definiteness, let the rth-order minor
made up of the coefficients of the first r unknowns be different from
zero. In each of the equations of (2), transpose to the right side all

terms with the unknowns z,44, ..., z, and for these unknowns
select certain values¢,.q, . . ., ¢,. We obtain a system of r equations:
apxy + a7, + ...+ GpZ = by — @y, p44Cr 4t — - . . — ynly,

ApZy F ooy + . o o F Qyrzy = by — @y, p11Crp1 — . . . — QoypCy,

ATy + QrpZy . . o+ G = bp — Gy r 4 1Cr gt — o o = Gy
3)

in the r unknowns 2y, z,, . . ., z,. Cramer’s rule is applicable and
therefore the system has a unique solution ¢y, ¢,, . .., ¢,; it is
obvious that the set of numbers ¢y, ¢4, . . ., €5y Crags -« -, € Will
serve as a solution of system (2). Since the values ¢,yq, . .., ¢,
for the unknowns z,44, ..., z,, called free unknowns, can be cho-
sen in arbitrary fashion, we obtain an infinity of distinct solutions
of system (2).

On the other hand, any solution of (2) may be obtained in the
indicated way: if some solution ¢y, ¢,, . . ., ¢, of (2) is given, then
we take the numberse, .y, . . ., ¢, for the values of the free unknowns.
Then the numbers ¢y, ¢,, . . ., ¢, will satisfy system (3) and there-
fore will constitute the only solution of the system, which solution
is computed by Cramer’s rule.

The foregoing may be combined into a rule for the solution of
an arbitrary system of linear equations.

Let there be a consistent system of linear equations (1) and let the
matriz A of the coefficients have rank r. In A we choose r linearly inde-
pendent rows and leave irn (1) only those equations whose coefficients
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lie in the chosen rows. In these equations we leave in the left members
r unknowns such that the determinant of their coefficients is nonzero,
the remaining unknowns are called free and are transposed to the right
sides of the equations. Assigning arbitrary numerical values to the free
urknowns and computing the values of the remaining unknowns by
Cramer’s rule, we obtain all the solutions of system (1).

We also state the following result that we have obtained.

A consistent system (1) has a unigue solutior if and only if the rank
of matriz A is equal to the number of unknowns.

7,
. }
0

. The rank of the coefficient matrix is two: the second-order minor in the upper
left corner of this matrix is nonzero, but both third-order minors bordering it
are zero. The rank of the augmented matrix is three, since

Example 1. Solve the system
S5y — x4 23+ =z

2z; + xp + bzz — 2z,
zy — 3z5 — 6z3 + 5z,

|

5 —1 7
2 11(= —35%0
1 -30

The system is thus inconsistent.
Example 2. Solve the system

Tz, + 3z, = 2,
zy — 213 = ——-3, }
431 + 912 = 11

The rank of the coefficient matrix is two, i.e., it is equal to the number
of unknowns; the rank of the augmented matrix is also two. Thus, the system
is consistent and has a unique solution. The left-hand sides of the first two
equations are linearly independent; solving the system of these two equations,
we get the values

5 23

mr 2=

Ty=
for the unknowns. It is easy to see that this solution also satisfies the third
equation.

Example 3. Solve the system

zy+ 2y — 223 — 1+ T =1,
3z — =z + x5+ 4z + 325 = 4,
zy 4+ 525 — 923 — 82y + z5= 10

The system is consistent since the rank of the augmented matrix (like
the rank of the matrix of coefficients) is two. The left members of the first and
third equations are linearly independent since the coefficients of the unknowns
z; and z, constitute a nonzero minor of order two. Solve the system of these
two equations, the unknowns zj, z, z5 being considered free; transpose them
to the right members of the equations and assume that they have been given
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. certain numerical values. Using Cramer’s rule, we get

5 1 .. 3.
=7+ z3— 7 I— 5,

These equations determine the general solution of the given system: assign-
ing arbitrary numerical values to the free unknowns, we obtain all the solu~
tions of our system. Thus, for example, the vectors (2, 5, 3, 0, 0), (3, 5,

2,1, —2), (O, -7 —1,1, -Z) and so on are solutions of our system. On the

other hand, substituting the expressions for z; and z, from the general solution
into any one of the equations of the system, say the second, which was earlier
rejected, we obtain an identity.

Example 4. Solve the system

bxy 4+ 2, — 2234+ = 3,

zy — 212 - X3 + 21‘ = 2,
2z, + 5z» —_ = —1
3z + 32— 23 =3z, = 1

Although the number of equations is equal to the number of v inowns,
the determinant of the system is zero and. therefore. Cramer’s rule is nut appli-
cable. The rank of the coefficient matrix is equal to three—in the upper right
corner of this matrix is a nonzero third-order minor. The rank of the augmented
matrix is also three, so the system is consistent. Considering only the first
three equations and taking the unknown z; as free, we obtain the general solu-
tion in the form . ]

8,9
By=—F—gf HB=—x+tg 7=0

N

Example 5. Suppose we have a system consisting of n 4 ‘1 equations in n

unknowns. The augmented matrix A of this system is a square matrix of order
n -+ 1. If our system is consistent, then, by the Kronecker-Capelli theorem,

the determinant of 4 must be zero.
Thus, let there be a system

ry — 812 = '3,
22y + zm= 1,
by + Top = —4

The determinant of the coefficients and the constant terms of these equations
is different from zero:

1 -8 3
2 1 1|=-T
4 7 —4

The system is therefore inconsistent.
The converse, generally speaking, is not true: from the determinant of

matrix 4 being zero it does not follow that the ranks of matrices 4 and 4
coincide.

6—5760
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12. Systems of Homogeneous Linear Equations

Let us apply the findings of the preceding section to the case of
a system of homogeneous linear equations:

ayxy + a2y + . . .+ anz, =0,
azlxl + agzxz ‘“i_‘ . e + a/Zn.Z'n - 0’ (1)

a2y + Aoy + . . . aga, =0

From the Kronecker-Capelli theorem it follows that this system
is always consistent, since adding a column of zeros cannot raise
the rank of the matrix. This incidentally is evident by a simple
inspection—system (1) definitely has a trivial solution (0,0, . . ., 0).

Let the coefficient matrix A of system (1) have rank r. If r = n,
then the trivial solution will be the only solution of (1); for r << n,
the system has also nontrivial solutions; to find all these solutions, use
the same technique as above in the case of an arbitrary system of
equations. In particular, a system of n homogeneous linear equations
in n unknowns has nontrivial solutions if and only if the determinant
of the system is zero.* Indeed, the fact that the determinant is zero
is equivalent to the assertion that the rank of matrix A is less than #n.
On the other hand, if in a system of homogeneous equations the number
of equations is less than the number of unknowns, then the system must
definitely have solutions different from zero, since in that case the rank
cannot be equal to the number of unknowns. This was already
obtained in Sec. 1 by other reasoning.

Let us, for example, examine the case of a system consisting of
r — 1 homogeneous equations in n» unknowns; assume that the left
members of these equations are linearly independent among them-

selves. Let

On-1,1 Qpn-1y g « «+ An_q4, n

be the matrix of the coefficients of this system. Denote by M; the
minor of order » — 1 obtained by deleting the ith column from A4,

i =1, 2, ..., n Then for one of the solutions of our system we have
the set of numbers
M, —M,, M,, —M,, ..., (=1)"M, (2)

and any other solution is proportional to it.

* One half of this assertion was already proved in Sec. 7.
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Proof. Since, by hypothesis, the rank of matrix 4 is n — 1,
one of the minors J/; must be nonzero; let it be M,. Assume the
unknown z, to be free and transpose it to the right side of each of the
equations. We then get

anzy + QyoZy - o0 o T Gy, paTpa = —QypTn,
A212y + AooZy + . o+ 8 aTua = — Q9 Ty »
Anot, 121 F Gnoy, 222+ o o0 F Gy, naaZnoy T — oy, 1Ty

Applying Cramer’s rule, we obtain the general solution of the given
system of equations, which, after simple manipulations, becomes

.Zl—(—i)n-i 1":!4: Tn, l=1, 2, ey n—1 (3)
Setting z, = (—1)""'M,, we obtain: z, = (—1)**"M;, i =1,
2, ..., n—1, or, since the difference (2n — i —1) — (i — 1) =

= 2n — 2i is an even number, z; = (—1)"1M;, that is, the set
of numbers (2) will indeed be a solution of our system of equations.
Any other solution of this system is obtained from formulas (3)
for a different numerical value of the unknown z, and so is propor-
tional to solution (2). This assertion clearly holds true for the case
when M, = 0, but one of the minors M;,1 <{i <{n»n — 1, is nonzero.

Solutions of a system of homogeneous linear equations have
the following properties. If the vector P = (by, b,, . .., b,) is
a solution of system (1), then for any scalar £ the vector iff =
= (kby, kb,, . .., kby) is also a solution of the system. This is veri-
fied directly by substitution into any one of the equations (1). If the
vector y = (¢4, €y . . -+ C,) i another solution of (1) then the vector
B+ v=(bs+c1, by + €5 ..., by + c,) is also a solution of the
system:

‘Zia”(bj—i—c;)=.Eiaijbj—!-.ziaijcj:O i=1,2, ..., s
= = = .

Thus, generally, any linear combination of solutions of the homogeneous
system (1) is a solution of the system. Note that in the case of a ron-
homogeneous system, that is, a system of linear equations whose
constant terms are not all equal to zero, no such assertion is true:
neither the sum of two solutions of a system of nonhomogeneous
equations nor the product of a solution of the system by a scalar can
serve as solutions of the system.

From Sec. 9 we know that any system of n-dimensional vectors
congsisting of more than n vectors will be linearly dependent. Whence
it follows that from a number of solutions of the homogeneous system
(1), which solutions, as we know, are n-dimensional vectors, it is

6*



84 CH.-2. SYSTEMS OF LINEAR EQUATIONS

possible to choose a finite maximal linearly independent system,
that is, maximal in the sense that any other solution of system (1)
will be a linear combination of the solutions that enter into the chosen
system. Any maximal linearly independent system of solutions of
the homogeneous system of equations (1) is called its fundamental
system of solutions.

Let us once again stress the fact that an n-dimensional vector is
a solution of system (1) if and only if it is a linear combination of vectors
comprising the given fundamental system.

Quite naturally, the fundamental system exists only if system (1)
has nontrivial solutions, that is, if the rank of its matrix of coeffi-
cients is less than the number of unknowns. Then system (1) can
have many different fundamental systems of solutions. All these
systems are equivalent however, since each vector of any one of the
systems is linearly expressible in terms of any other system, and
for this reason the systems consist of one and the same number of
solutions.

The following theorem is valid.

If the rank r of the coefficient matriz of the system of homogeneous
linear equations (1) is less than the number of unknowns n, then any
fundamental system of solutions of (1) consists of n — r solutions.

To prove this, note that » — r is the number of free unknowns
in system (1); let the unknowns z,.4, Z,44, ..., Z, be free. We
consider an arbitrary nonzero determinant d of order » — r, which
we write as follows:

C1, 741y C1, r420 <+ -y Cin
d=|Cr+  C2,r+2 - Con
Cn—r, r+1sy Cn—r, r420 + + 1+ Cn—r, n

Taking elements of the ith row of this determinant, 1 <i<<n —r,
for the values of the free unknowns, we get unique values for the
unknowns zj, zj, - - ., Zr. 1N other words, we arrive at a quite defi-
nite solution of the system (1) of equations. Let us write the solution
in the form of a vector:

a; = (Ci1y Cizr - - -1 Cirs Ciyrdts Ciyrgar « - v Cin)

The set of vectors oy, ¢y, ..., &t; -, that we have obtained
serves as a fundamental system of solutions for the system (1) of
equations. Indeed, this set of vectors is linearly independent since
the matrix made up of them (as rows) contains a nonzero minor d
of order n — r. On the other hand, let

ﬁ = (biv b27 Y brv br+1v br+2. e e ey bn)
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be an arbitrary solution of system (1). We will prove that the vector §
can be expressed linearly in terms of the vectors ay, by, . . ., @y _p

Denote by ai, i = 1, 2, ..., n — r, the ith row of the determi-
nant d; regard this row as an (z — r)-dimensional vector. Then set

B’ = (br+i, br+27 LY bn)
The vectors aj, i =1, 2, ..., n —r, are linearly independent
since d % 0. However, the system of (» — r)-dimensional vectors

7 7 ’ ’
Oyy Olgy « v oy Op s B

is linearly dependent since the number of vectors in it is greater than
their dimensionality. Hence there are scalars ky, %y, . . ., k-, such

that
B' = kg + kooty + . . . knosan %)
Now consider the n-dimensional vector
6 = kiai + kzaz + . .. + kn_ran_r - ﬁ

Since the vector 8 is a linear combination of the solutions of the
system (1) of homogeneous equations, it will be a solution of the
system. From (4) it follows that in the § solution the values of
all the free unknowns are zero. However, the unique solution of
system (1) which is obtained for zero values of the free unknowns
will be a trivial solution. Thus, § = 0, that is,

P =rloy + ks + ...+ kysotny

which proves the theorem.

Note that the foregoing proof permits us to assert that we will
obtain all the fundamental systems of solutions of the system (1)
of homogeneous equations by taking for d all possible nonzero deter-
minants of order n — r.

Example. Given the following system of homogeneous linear equations:

3z, + x2— 8xzzt+ 274 25 =0,
2zy — 2zp — 323 — Ty + 225 = 0,
2y -+ 41zy — 1223 + 342, — Sz5 = 0, }
zy — 9z2 -+ 2z3 — 16z, + 325 =0
The rank of the coefficient matrix is two, the number of unknowns is equal
to five; therefore every fundamental system of solutions of this system of equa-
tions consists of three solutions. We solve the system confining ourselves to the
first two linearly independent equations and considering zs, z;, z5 as free un-
knowns. We obtain the general solution in the form

19 3 1
n=% ot+g T4 — 55

7 2 1
Ty=g T3 —g Tt5 T

Then we take the next three linearly independent three-dimensional vectors
1, 9, 0), (0, 1, 0), (0, 0, 1). Substituting the components of each of them
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into the general solution as values for the free unknowns and computing the
values for z; and z,, we get the following fundamental system o1 solutions
of the given system of equations:

19 7 3 25
o= ?' §' 1' 0, 0)' a2=(_8-' _.§'0' 1' 0)'

1 1
¢3=(-—-§—, —2—, 0, 0, 1) ‘
We conclude this section by considering the relationship between
the solutions of nonhomogeneous and homogeneous systems. Suppose
we have a system of nonhomogeneous linear equations

ayxy + 1920 + . . . F Ay = biv )
Ao1xy + Aoy + . . . + Aguzn = by, (5)
By + gy + . . . + gz, = by )
The system of homogeneous linear equations
ayxy + A2y + . ..+ Gz, = 0, )
oy + Qgoxy + . . . + gz, = 0, (6)

AZy + g2y + . . .+ Agpan, = 0
obtained from (5) by replacing the constant terms by zeros is called
the reduced system of (5). There is a close connection between the
solutions of (5) and (6), as the following two theorems indicate.

I. The sum of any solution of system (5) and any solution of the
reduced system (6) is again a solution of system (5).
Indeed, lot ¢4, ¢y, . . ., ¢, be a solution of (5), and dy, d,, . . ., d,
a solution of (6). Take any one of the equations of system (5), say
the kth, and substitute into it the numbers ¢4 + dy, ¢, + ds, .
« «» ¢n + dy in place *of the unknowns. We get

,21 arj(cj+dj) = _Ei arjcj + _21 arjd;j="by +0="b,
= = j=

I1. The difference between any two solutions of (5) is a solution of (6).
Indeed, let ¢y, ¢y, ..., ¢n and ¢j, ¢;, . . ., cn be solutions of

system (5). Take any one of the equations of (6), say the kth, and

substitute into it in place of the unknowns the numbers

’ ’ ’
€y — €y €3 — Coy « « oy Cp — Cp

This yields

n n n
-21 arj (cj—cj) = 21 anjcy — Zﬁ apjci=bp—bp=0
== = ==

It follows from these theorems that by finding one solution of the
system (5) of nonhomogeneous linear equations and adding it to every
solution of the reduced system (6), we obtain all solutions of (5).



CHAPTER 3

THE ALGEBRA
OF MATRICES

13. Matrix Multiplication

In the preceding chapters the concept of a matrix was utilized
as an essential auxiliary tool in the study of systems of linear equa-
tions. Numerous other applications have made it the subject of a
large independent theory, many branches of which go beyond the
limits of this course. We shall now discuss the fundamentals of this
theory which starts with the fact that two algebraic operations,
addition and multiplication, are defined in the set of all square matri-
ces of a given order in a very peculiar but fully motivated fashion.
We begin with the multiplication of matrices; addition will be intro-
duced in Sec. 15.

From the course of analytic geometry we know that when the
axes of a rectangular coordinate system in the plane are rotated
through an angle a, the coordinates of a point are transformed accord-
ing to the following formulas:

z =21 coso — y sin a,
y=2zsina + y' cosa

where z and y are the old coordinates of the point, and z’, y’ are the
new coordinates. Thus, x and y are expressed linearly in terms of
z' and y’ with certain numerical coefficients. There are also many
other instances of the substitution of unknowns (or variables) in
which the old unknowns are linearly expressed in terms of the new
ones. Such a substitution of unknowns is ordinarily called a linear
transformation (or linear substitution). We thus arrive at the follow-
ing definition.

A linear transformation of unknowns is a transition from a set
of n unknowns z,, z,, . . ., &, to a set of » unknowns yy, ys, . . ., ¥n
such that the old unknowns are expressed linearly in terms of the
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new ones with certain numerical ,coefﬁvc:ients:
Ty = ayys + apy; + . . - + anlh,
Ty T QoY + QoY + - -« T+ on¥n, (1)

= GniY1 + Tn2Ys +- .« + @nnyn
The linear transformatlon (1) is fully determined by its coef-
ficient matrix
gy Qg - . .« Qp

A =] %1 %2 ... am
Gni Gng -+ . Gpn
since two linear transformations of the same matrix can differ only
in the letters denoting the unknowns; we take it, however, that the
choice of these designations is wholly in our own "hands. Conversely,
specifying an arbitrary matrix of order », we can immediately write
the linear transformation for which this matrix serves as the coef-
ficient matrix. Thus, there is a one-to-one correspondence between
the linear transformations of n unknowns and the square matrices
of order n. Therefore, every concept involving linear transformations
and every property of these transformations must be associated with
a similar concept or property involving matrices.
Let us examine the problem of a successive performance of two
linear transformations. Suppose that following the linear transfor-
mation (1) there is effected a linear transformation like

Y1 = byzs + b2y + . . .+ binZn,

Yo = bagzs + b2y + . . < 4+ bonzn,s (2)

Yn = bnizi + bn222 + ...+ b,mz,,
which takes the set of unknowns y;, ¥, ..., ¥ into the set
24, Zg, . . «5 Z,; denote the matrix of this transformation by B.
Substituting into (1) the expressions for yi, y,, . .., yn from (2),
we get linear expressions for the unknowns zy, z,, . . ., z, in terms
of the unknowns 3z, 2,, ..., z,. Thus, the result of a successive

execution of two linear transformations of unknowns will again be
a linear transformation.

Example. The result of the successive performance of linear transformations
=3y — Yy n= n+t+ un
z3= yi1+ Sy2, ya= 4z + 2z,
is the linear transformation
=32+ 2) — (han+2z)=—u+ n
zz= (21 + 7) + 5 (481 + 22,) = 21z + 11z
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Denote by C: the matrix of the linear transformation which
is the result of the successive performance of transformations (1)
and (2) and find the law by which its elements ci, i, k=1, 2, ..., n
are expressed in terms of the elements of the matrices 4 and B.
Wntmg down the transformations (1) and (2) succinctly in the form

Eau, y.,, l=1, 2, es.y I, yJ—ijkZh, ]—1 2 n

we obtaln

x;=2a1j(2 b,-hzk)=2(2 a,-,-b,-k)zh, l=1 2, ..., n

Thus, the coefﬁcwnt of z, in the expressmn for z; (that is, the element
¢;p of matrix C) is of the form ,

Cin = _Ei @ibjn=aisbsn + @izbop + . - . + Ainbnr (3)
j=

The element of matriz C in the ith row and kth column is equal to
the sum of the products of the corresponding elements of the ith row
of matriz A and the kth column of matriz B.

Formula (3), which expresses the elements of matrix C in terms
of the elements of matrices A and B, permits us to write down C
immediately, given 4 and B, without having to examine the linear
transformations corresponding to the matrices A and B. In this
fashion, a one-to-one correspondence is set up between any pair
of square matrices of order n and a definite third matrix. We can
say that in the set of all square matrices of nth order we have
defined an algebraic operation which is called matriz multiplica-
tion, and matrix C is called the product of the matrix A4 by the
matrix B:

C =AB

Let us once again formulate the relationship between linear
transformations and matrix multiplication.

A linear transformation of unknowns obtained as a result of the
successive performance of two linear transformations of matrices A and
B has as its coefficient matriz the matriz AB.

Examples.

49 1 -3 41 4 9(—2) ( 3) + 9-1
@) (—13)'(—2 ) (( —1)1 + 3+(—2) (—1)+(—3) + 3 1)
—14 —3
_ 7 6)
2 01 -3 10 —6 1 3
© (—2 32).( 0 21)—_-( 6 2 9)
—1 5 0 —13 —12 -3 14
2

4 1
® I R R e
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(4) Find the result of the successive performance of the hnear transforma-
tions

zy = 5yy — Yo + 3ys,

z3= Y — 2,
z3 = Ty — s
and
v1=28 + 1,
Y2 = 32 — 513,
Ys = 22,

Multiplying the matrices, we obtain

5 —-1 3 20 1 10 5 10
(1 -2 O)o(O 1 —5) = ( 2 -2 11)
0 7 -1 02 0 0 5 -3

The desired linear transformation is therefore of the form
zy = 102y + 529 + 10z,
2y = 223 — 2239 + 11z,
Ty = - Bzg — 3525

Take one of the above examples of matrix multiplication,
say (2), and find the product of the same matrices, but in reverse

order:
-3 10 2 01 —8 3 —1
0 21}.{—2 32} = 0O 5 9
0 —13 4 —1 5 14 —6 13

We see that the product of the matrices depends on the order
of the factors; in other words, matriz multiplication is noncommuta-
tive. Actually, this is something we should have expected, if only
because the matrices A and B are not of equal status in the
definition of matrix C given above by means of formula (3): in 4
we take the rows and in B the columns.

Examples of noncommutative matrices of order z, that is, matri-
ces whose product changes with an interchange of the factors, may
be given for all » beyond » = 1 [second-order matrices in Example
(1) are noncommutativel. On the other hand, two given matrices
may accidentally turn out to be commutative, as witness the follow-
ing example:

7 —12\ (26 45\ (26 45 7T —12\ (23
—4 1) \1526) \1528)'\—4 7) \12
Matriz multiplication is associative; one can therefore speak of
a uniquely defined product of any finite number of matrices of
order » taken in a definite order (because of the noncommutativity
of multiplication).
Proof. Suppose we have three arbitrary matrices of order n, 4,

B and C. In abbreviated notation (which indicates the general
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aspect of their elements) we have A = (a;;), B = (b;;), C = (¢;j).
We also introduce the following designations:

AB =U = (l'ij), BC =V = (Ugj),
AB)C =8 = (s, ABC) =T = (k)

We have to prove the truth of the equations (4B) C = A (BC), that
is, § = T. However

i n LN
wir= 2 ambay, vrj= 2 bucy
=1 =1

and, therefore, because of the equations S = UC, T = AV,
n n

n
uicy= 2 ) anbuicy,
1 B=1

Sij=—
i i

=1
n n n
tig= D) aibhy= 2 2 Gubucy;
=1 =115

That is to say, s;; = ¢;; for i,j=1,2, ..., n

To go deeper into the properties of matrix multiplication we
have to study their determinants. For the sake of brevity, we agree
to denote the determinant of matrix A by | 4 |. If in each of the
above examples the reader will take the pains to count the deter-
minants of the matrices being multiplied and to compare the product
of these determinants with the determinant of the product of the
given matrices, he will detect an extremely curious regularity
which is expressed as the following very important theorem on the
multiplication of determinants.

The determinant of a product of several matrices of order n is equal
to the product of the determinants of these matrices.

It will suffice to prove this theorem for the case of two matrices.
Let there be given the nth-order matrices A = (a;;) and B = (b;))
and let AB = C = (c;;). Construct the following auxiliary deter-
minant A of order 2x: in the upper left corner put matrix 4, in the
lower right corner, matrix B, the entire upper right corner will be
occupied by zeros, finally, put the number —1 along the principal
diagonal of the lower left corner and zeros elsewhere. Determinant
A will then look like this:

Qy Ay ap, 0 0 0

Aoy 12 Qon 0 0 0

Ae| @ Gn2 @n 0 O 0
=1 0 0 by by bin
0 —1 0 by by bon

0 O - 1 bn,j an bnn



92 CH. 3. THE ALGEBRA OF MATRICES

Applying the Laplace theorem to the determinant A—expansion
about the first n rows—we get the following equation:

A=]41-|B] (%)
Now let us attempt to transform the determinant A, without
changing its value, so that all elements by, i, j =1, 2, . ., n,

are replaced by zeros. To do this, add to the (n 4 1)th column
of A its first column multiplied by by, the second multiplied by &,,
and so on, and finally, the nth column, multiplied by b,;. Then
add to the (n 4 2)th column of determinant A the first column
multiplied by by,, the second multiplied by b,,, and so on. Gene-
rally, we add to the (» + j)th column of the determinant A, where
i=1, 2, ..., n,the sum of the first n columns taken, respectively,
with the coefficients b5, b,j, . .., byy.

It is easy to see that these manipulations do not change the
determinant and actually result in the replacement of all ele-
ments b;; by zeros. At the same time, in place of the zeros in the
upper right corner of the determinant there appear the following.
numbers: at the intersection of the ith row and the (» + j)th column
of the determinant, i, j =1, 2, ..., n, will stand the number
a;1bys + a39be5 + . . . + @;,b,; equal [because of (3)] to the element
¢;; of matrix C = AB. The upper right corner of the determinant
is now occupied by matrix C:

‘,1“ Qg ... Qyn Cyy Cg2 -+ Cyn

Aoy Aoy . .. Qan Coq4 Cop +.. Cop

A= Qpng Qno Gnn Cny Cag - Cnn
—1 0 0 0 0 0

0 —1 0 0 O 0

0 0 —-1 0 0 0

Apply the Laplace theorem once again, expanding the deter-
minant about the last » columns. The complementary minor of
the minor | C | is equal to (—1)", and since the minor | C | is located
in rows with position numbers 1, 2, .. ., #» and in columns with
position numbers » + 1, n 4+ 2, ..., 2rn, and

1+2+.. . +n+@+)+Em+2)+...+22=22+n
it follows that
A=(—1)¥ " (— )| C|=(—1)*" ™ (|

or, due to the evenness of the number 2 (n2? 4 n),
A=|C| (3)



14, INVERSE MATRICES 93

Finally, from (4) and (5) follows the equation we set out to prove:
ICl=1411B|

The multiplication theorem for determinants could be proved
without invoking the Laplace theorem. One such proof is given
at the end of Sec. 16. :

14. Inverse Matrices

A square matrix is called singular if its ‘determinant is zero,
otherwise it is nonsingular. Accordingly, a linear transformation
of unknowns is called singular or ronsingular depending on whether
the coefficient determinant of this transformation is zero or not.
The following assertion follows from the theorem proved at the
end of Sec. 13.

The product of matrices, at least one of which is singular, is a singu-
lar matrix.

The product of any nonsingular matrices is a nonsingular matriz.

From this there follows the assertion (because of the relationship
existing between matrix multiplication and the successive perfor-
mance of linear transformations): the result of a successive perfor-
mance of several linear transformations is a ronsingular transforma-
tion if and only if all the givern transformations are nonsingular.

The role of unity in matriz multiplication is played by the unit
(identity) matriz

10...0
g-lot...0
00...1

It commutes with any matrix A of a given order,

AE =EA =4 1)
These equalities are proved either by direct application of the
rule for multiplying matrices or on the basis of the remark that the

unit (identity) matrix corresponds to an identical linear transfor-
mation of unknowns:

Ty = Yy,

Ty = Ya»

I = Yn

the performance of which, either prior to or following any other
linear transformation, obvmusly does not alter that transformation.
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Note that matriz E is the only matriz which satisfies condition (1)
for any matriz A. Indeed, if there were also matrix E’ with this
property, we would have
E'E =E', E'E=E
whence E' = E. ’

The question of whether a given matrix A has an inverse turns
out to be more complicated. Since matrix multiplication is not
commutative, we will now speak of the right inverse matrix, that
is a matrix A-! such that postmultiplication of 4 by this matrix
yields the identity matrix:

AA1 = E )

Suppose matrix A is singular; then if matrix 4 - existed, the product
on the left of (2) would, as we know, be a singular matrix, whereas
in actual fact the matrix E in the right member of this equation
is nonsingular since its determinant is equal to unity. Thus a singular
matrix cannot have a right inverse matrix. Simijlar reasoning shows
that it cannot have a left inverse matrix either, and for this
reason, a singular matrixz has no inverse at all.

Passing to the case of a nonsingular matrix, let us first introduce
the following auxiliary concept. Suppose we have an nth-order
matrix

(‘111 Qg - - - Qp
A =] %t G ... 0n
\ani Gpg « -« Gpp
The matrix
(A“ Ay ... Ay
A% = Aty Ags .. Apy

\Am Ao ... Ay

which consists of the cofactors of the elements of A (note that the
cofactor of element a;; lies at the intersection of the jth row and
the ith column) is called the adjoint of matrix A.

Let us find the products AA* and A*A. Using the familiar for-
mula (see Sec. 6) for the expansion of a determinant about a row
or column, and also the theorem (see Sec. 7) on the sum of the pro-
ducts of the elements of any row (column) of a determinant by the

cofactors of the corresponding elements of another row (column)
and denoting by d the determinant of the matrix A4,

d= |4 |
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we get the following equations: .
d0...0

AA* = A*x4 =|0¢-.- 0 (3)
00...d

From this it follows that if matrizx A is nomsingular, then its
adjoint A* will also be nomsingular; note that the determinant d*
of matriz A* is equal to the (n — 1)th power of the determinant d of
matriz A.

Indeed, passing from (3) to the equality between the determi-

nants, we get
: dd* = a*

whence, because d 0,
d* = dr-1

(We could prove that if matrix A is singular, then its adjoint
A* is also singular and has rank which does not exceed 1.)

It is now easy to prove the existence of an inverse matrix for
any nonsingular matrix 4 and to find its form. Note first that if
we consider the product of two matrices AB and if we divide all
the elements of one of the factors, say B, by one and the same
number d, then this number also divides all elements of the product
AB: to prove this all we need to do is recall the definition of matrix
multiplication. Thus, if '

d= |4 |0

then from (3) it follows that the inverse of A is a mairix obtained from
the adjoint A* by means of division of all its elements by the number d:

Ay Ay An1

d d ' d

Ay Ajp Anz

Al= d d "' . d
Ain Azn Ann

d d d

Indeed, from (3) follow the equalities
AA' = AU — E @)

We stress once again that the ith row of matrix A-! contains
the cofactors of the elements of the ith column of determinant | 4 |
divided by d = | 4 |.

It is easy to prove that matrizr A~ is the only matriz which
satisfies condition (4) for a given nonsingular matriz A. True enough,
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if matrix C is such that
AC =CA =E
then
CAAr=C(C (A47Y) = CE = C,
CAA-Y = (CA) A ' =EA'= A"
whence C = 41,
From (4) and the multiplication theorem for determinants it

follows that the determinant of matrizx A~' is equal to f%—l so that

this maitriz is also nonsingular; its inverse is the matriz A.

Now, if we have square matrices A and B of order n, of which 4
is nonsingular and B is arbitrary, then we can perform the right
and left divisions of B by A, that is, we can solve the matrix equations

AX =B, YA =B ‘ (5)

To do this, it will suffice (because of the associativity of matrix
multiplication) to set

X =A-1B, Y = BA-1

These solutions of equations (5) will, in the general case (because
matrix multiplication is not commutative), be distinct.

Example 1. Given a matrix

3—-190
‘ A=(—2 11)
2 —14

Its determinant | 4 | = 5, and so the inverse matrix Afl exists:
e
ot 4

Example 2. Given the matrices

=(3) 2= (3

The matrix A is nonsingular, and

as=(_; 73)

Therefore the following matrices are solutions of the equations AX = B,
YA = B: :
o 3 =2y (—171 *(_9 11)
X“(_4 3)( 55) = (713 —13)

r=(T55)- (L0 79) = (G %)
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Multiplication of rectangular matrices. Although in the preceding
section matrix multiplication was only defined for square matrices
of the same order, it carries over to the ease of rectangular matrices A
and B, pr0v1ded it is possible to apply formula (3) of the preceding
section, i.e., if any row of matrix A4 contains as many elements
as there are in any column of matrix B. In other words, ore can
speak of the product of rectangular matrices A and B if the rumber
of columns of matriz A is equal to the number of rows of matriz B,
the number of rows of matrix AB being equal to the number of rows
of A, and the number of columns of matriz AB to the number of columns
of B.

Examples.
—13 0
51 314y | —21 1 10 15 —5
() (2 0 —1 4) 30 —2 (11 10 10)
41 2
—3 1 3
(2722 ()= ()
—4 0 2
2 0
@) (510 —3). ; i‘) = (11 —1)
1

Multiplication of rectangular matrices may be related to a
successive performance of linear transformations of the unknowns,
provided only that in the definition of the latter we give up the
assumption that the number of unknowns is preserved under the
linear transformation.

It is also easy to verify, by repeating word for word the proof
given above for the case of square matrices, that associativity holds
true also for the multiplication of rectangular matrices.

We now take advantage of the multiplication of rectangular
matrices and of properties of the inverse matrix for a new deriva-
tion of Cramer’s rule, which does not require the involved compu-
tations that were carried out in Sec. 7. Let there be given a system
of n linear equations in » unknowns:

@yxy + Gy + . ..+ agqz, = by,

Aoy + AgaZy + . . . T @pun = by, (6)
A2y + Guoxyg + . . . F apnx, = b,

The determinant of this system is different from zero. Denote by 4

the coefficient matrix of system (6); this matrix is nonsingular

7—5760
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since, by hypothesis, d = | 4 | = 0. Denote by X the column of
unknowns, by B the column of constant terms of (6); thus
Zy b,
z b
X= :2 , B= :2
Zn b,

The product AX is meaningful since the number of columns of
matrix A is equal to the number of rows of matrix X; this product
will be a column composed of the left-hand sides of the equations
of system (6). Thus, (6) may be written in the form of a single matrix

equation
AX =B (7

Multiplying both sides of (7) on the left by the matrix A, the
existence of which follows from the nonsingular nature of the square

matrix 4, we get
X =4-B (8)

The product on the right is a matrix of one column; its jth
element is equal to the sum of the products of the elements of the
jth row of matrix 4! by the corresponding elements of matrix B,
that is, it is equal to the number

Agj Ay Ap
bt T bt e b g b= (Agby - Augby - Angbi)
The parenthesis on the right is, however, an expansion about the
jth column of determinant d;, which is obtained by replacing the
jth column of d by the column B. Thus, formulas (8) are equivalent
to formulas (3), Sec. 7, which express the solution obtained by
Cramer’s rule to system (6). -

It remains to show that the values of the unknowns thus obtained
are indeed the solution of system (6). To do this, put expression (8)
into the matrix equation (7); it obviously yields the identity B = B.

The rank of a product of matrices. In the case of singular matrices,
the multiplication theorem for determinants does not lead to any
utterance beyond the fact that their product will also be singular,
although singular square matrices can be distinguished according
to rank as well. Note that there is no completely definite relation-
ship between the ranks of the factors and the rank of the product,
as is evident from a glance at the following examples:

(00)(60)=(00)
(00)(65)=()
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In both cases, matrices of rank 1 are multiplied, but in one case
the product has rank 1, in the other, rank 0. It is only the following
theorem which holds true (and not only for square but for rectangular
matrices as well).

The rank of a product of matrices does not exceed the rank of each
of the factors.

It will suffice to prove this theorem for the case of two factors.
Suppose we have matrices 4 and B for which the product AB is
meaningful: AB = C. We consider formula (3), Sec. 13, which
yields an expression for the elements of matrix C. Taking this
formula for the given % and for all possible i (i =1, 2, D,
we find that the kth column of matrix C is the sum of all the columns
of matrix A taken with certain coefficients (namely, with the coef-
ficients by, byp, . . .). This is proof that the system of columns of
matrix C is expressed linearly in terms of the system of columns
of matrix 4 and, therefore, as shown in Sec. 9, the rank of the first
system is less than or equal to the rank of the second system; in
other words, the rank of matrix C does not exceed the rank of matrix
A. On the other hand, since from this same formula (3), Sec. 13,
there follows, for a given i and for all %, that each ith row of matrix
C is a linear combination of the rows of matrix B, we find by analo-
gous reasoning that the rank of C is not greater than the rank of B.

A more precise result is obtained in the case when one of the
factors is a nonsingular square matrix.

The rank of the product obtained by pre- or postmultiplication
of an arbitrary matrizx A by a nonsingular square matriz Q is equal
to the rank of matriz A.

For example, suppose

AQ=C (9)

From the precedfng theorem it follows that the rank of matrix C
is not greater than the rank of matrix 4. However, multiplying (9)
on the right by Q-', we arrive at the equation

A =CQ?
and for this reason, again on the basis of the preceding theorem,

the rank of 4 does not exceed that of C. A comparison of these two
results proves the coincidence of the ranks of matrices A and C.

15. Matrix Addition and Multlphcatlon
of a Matrix by a Scalar

For square matrices of order n, addition is defined as follows.
The sum A + B of two square matrices A = (a;;) and B = (b,;)
of order n is the matrix C = (¢i;), each element of which is equal

7*
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to the sum of the corresponding elements of matrices 4 and B:
¢ij = az5 + by;*

The addition of matrices thus defined will obviously be
commutative and associative. The inverse operation also exists;
the difference between the matrices A and B is a matrix composed
of the differences of the corresponding elements of the given matrices.
The role of zero is played by the zero matriz, composed entirely
of zeros; this matrix will from now on be denoted by the symbol 0.
There is no real danger of confusing a zero matrix and the number
zero.

The addition of square matrices and their multiplication as defined
in Sec. 13 are related by the distributive laws.

Indeed, suppose we have three matrices of order n, 4 = (a;;),
B = (b;;), C = (¢;;)- Then for any i and j we have the obvious
equality

n n n
21 (@15 bis) €s5 = Z‘i aisCsj + 21 bisCsj
8= 8= 8==

However the left side of this equation is an element in the ith row
and jth column of the matrix (4 4 B) C, the right side is an element
in the same position in the matrix AC -4 BC. This proves the
equation

4+ B)C = AC + BC

The equation C (4 + B) = CA 4 CB is proved in exactly the
same way: the noncommutativity of matrix multiplication quite
naturally requires proof of these two distributive laws.

Let us introduce the following definition of multiplication of
matrices by a scalar.

The product kA of a square matrix A = (a;;) by a scalar k is the
matrix 4’ = (a'y;) obtained by multiplying all elements of the
matrix 4 by k:

ai; = ka;;

We have already encountered (Sec. 14) one such example of
multiplication of a matrix by a scalar: if matrix A is nonsingular,
and | A | = d, then its inverse, 47!, and the adjoint A* are connect-
ed by the equation

A1 = d-14*

As we know, any square matrix of order » may be regarded
as an n2-dimensional vector: this correspondence between matrices

* Of course, one could define the matrix product in just as natural a way
multiplying the corresponding elements. However, such multiplication,
unlike that defined in Sec. 13, would not find any serious applications.
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and vectors is one-to-one. The addition of matrices and the multi-
plication of a matrix by a scalar defined here are then converted
into the addition of vectors and the multiplication of a vector
by a scalar. Thus, the collection of square matrices of order n may be
regarded as an n®-dimensional vector space.

From this follows the truth of the following equations (here,
A and B are matrices of order »n; k, [ are scalars and 1 is the number
unity):

k(A -+ B) = kA + kB, 1)
(k+ DA =rkA+ 14, )
k(1A) = (kI) A, (3)
1.4 =4 (4)

Properties (1) and (2) connect multiplication of a matrix by
a scalar with addition of matrices. At the same time, there is a very
important relationship between the multiplication of a matrix by
a scalar and multiplication of the matrices alone, namely,

(kA) B = A (kB) = k (AB) (5)

In words, if one of the factors in a product of matrices is multiplied
by a scalar k, then the whole product is multiplied by k.

Let there be matrices A = (¢;;) and B = (b;;) and a scalar k.
Then for any i and j,

n n
2 (kai) by =k 2| aishs;
s=1 s=1

The left side of this equation, however, is an element in the ith
row and the jth column of matrix (kA4) B, the right side is an element
in the same place in matrix % (4B). This proves the equation

(kA) B = k (AB)

The equation A (kB) = k (AB) is proved in the same way.

The operation of multiplication of a matrix by a scalar permits
introducing a new mode of matrix notation. Denote by E;; the
matrix in which unity lies at the intersection of the ith row and
the jth column, all other elements being zero. Settingi = 1, 2, ...
..o n,and j=1, 2, ..., n we obtain n? such matrices E;;,
which are connected, as may easily be verified, by the following
multiplication table:

EisEsj = Eij, EisEtj = (0 for s £t

The matrix kE;; differs from the matrix E;; solely in the fact
that it has the scalar k& at the intersection of the jth row and the
jth column. Taking this into consideration and using the definition
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of matrix addition, we get the following notation for an arbitrary
square matrix A:

(L“ aiz .« ain

n n
Ll @
A= gy Qoo 2n =2 E dijEij (6)

........ 24
ani anz e .. Qpn
The matrix A obviously possesses only the notation (6).
The matrix kE, where E is the unit matrix, has, by the defini-
tion of multiplication of a matrix by a scalar, the following form:

k 0
k

kE =
0k
that is to say, one and the same scalar £ on the principal diagonal

and all other elements zero. Such matrices are called scalar matrices.
The definition of matrix addition leads to the equation

kE+1E=(k+)E (7)

On the other hand, using the definition of matrix multiplication
or proceeding from (5), we get

KE-1IE = (k) E @®)

Multiplication of matrizx A by a scalar k may be interpreted as
multiplication of A by a scalar matriz kE in the meaning of multi-
plication of matrices. Indeed, by (5),

(kE) A = A (kE) = kA

The conclusion to be drawn here is that every scalar matriz
commutes with any matriz A. It is very important to point out that
scalar matrices are the only ones with this property.

If a matriz C = (c;;) of order n commutes with any matriz of the
same order, then C is a scalar matriz.

Indeed, set i =% j and consider the products CE;; and E;;C
(which by hypothesis are equal; see above definition of the matrix
E;;). 1t is clear that all columns of matrix CE;;, except the jth,
consist of zeros, and the jth column coincides with the ith column
of matrix C; in particular, element ¢;; lies at the intersection of
the ith row and the jth column of matrix CE;; Similarly all the
rows of matrix E;;C, except the ith, consist of zeros, and the ith
row coincides with the jth row of matrix C; at the intersection of
the ith row and the jth column of matrix E;; C lies the element ¢;;.
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Using the equality CE;; = E;;C, we find that ¢;; = ¢;; (as elements
in the same positions of equal matrices), which is to say that all
elements of the principal diagonal of matrix C are equal. On the
other hand, element ¢;, lies at the intersection of the jth row and
the ith column of matrix CE;; but in matrix E;;C we have a zero
at this site (because i 5% j), and therefore ¢;; = 0, or every off-diago-
nal element of matrix C is zero. The theorem is proved.

16. An Axiomatic Construction
of the Theory of Determinants

An nth-order determinant is a number which is uniquely defined
by a given square matrix of order n. The definition of this concept
given in Sec. 4 points to a rule by which a determinant can be
expressed in terms of the elements of the given matrix. This construc-
tive definition may, however, be replaced by an axiomatic definition.
In other words, it is possible to point out, among the properties
of a determinant that were established in Secs. 4 and 6, such - roper-
ties that the determinant is the sole function of a real matrix aving
these properties.

The simplest definition of this kind consists in utilizing the
expansion of a determinant in terms of a row. Let us consider square
matrices of any order and let us assume that any such matrix M
is associated with a number d); and the following conditions hold.

(1) If the matrix M is of order one, that is, if it consists of
a single element @, then dy = a.

(2) If the first row of a matrix M of order n is made up of the
elements a4y, @45, - . ., @p and if M;, i =1, 2, ..., n, denctes
a matrix of order » — 1 which remains after deleting from M the
first row and the ith column, then

dM = d“dMl -— amsz + aiSdMa — .. . + (—1)“‘la1ndMn

Then for any matrizx M, the number dy is equal to the determinant
of that matriz. We leave it to the reader to carry out the proof of
this assertion, which is done by induction with respect to » and
utilizes the results of Sec. 6.

Much more interesting are some other forms of an axiomatic
definition of a determinant which refer solely to the case of a given
order n and have for a basis some of the simplest determinant pro-
perties that were established in Sec. 4. Let us examine one of these
definitions.

Let any square matrix M of order n be associated with a number
dyr, and let the following conditions hold true.

1. If one of the.rows of matriz M is a multiple of k, then the number
dy is also a multiple of k.
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I1. The number dy is not changed if to one of the rows of M we
add another row of this matriz.

I11. If E is the unit matriz, then dg = 1.

We shall prove that for any matrix M the number dy is equal
to the determinant of the matriz.

Let us first derive from the conditions I to III certain properties
of the number d), that are analogous to the corresponding properties
of a determinant.

(1) If one of the rows of matrix M consists of zeros, then dy = 0.

Indeed, by multiplying a row consisting of zeros by the number 0,
we do not change the matrix, but because of Condition I, the number
dy acquires the factor 0. Therefore

(2) The number dy does not change if to the ith row of matriz M
we add its jth row, j =% i, multiplied by a scalar k.

If & = 0, then that is the proof. If &£ 5= 0, then we multiply
the jth row by % and obtain a matrix M’ for which, because of
Condition I, dy = kdy. Then to the ith row of matrix M’ we
add the jth row and obtain the matrix M ", and, because of Condi-
tion 11, dy» = duy-. Finally, we multiply the jth row of matrix M”
by the scalar £*. We arrive at matrix M"™, which is actually
obtained from M by the transformation indicated in the formula-
tion of the property being proved; note that

Appr =k Vdpgr =K Vdppr =k kdpy = dpr

(3) If the rows of matrix M are linearly dependent, then dy = 0.

Indeed, if one of the rows, say the ith, is a linear combination
of the other rows, then, applying transformation (2) several times,
it is possible to replace the ith row by a row of zeros. Transforma-
tion (2) does not change the: number dy and so, by Property (1),
dM = 0.

(4) If the ith row of matriz M is a sum of two vectors § and y and
if matrices M' and M" are obtained from M by replacing its ith row
by the vectors B and vy, respectively, then

dM = dMI + dM”

Let S be the system of all rows of matrix M, except the ith.
If there is a linear dependence in S, then the rows of each one of
the matrices M, M’, M” are linearly dependent, and therefore,
by Property (3), duy = du» = dy~ = 0, whence in that case
follows the truth of the property being proved. Now if a system §
consisting of n — 1 vectors is linearly independent, then as the
results of Sec. 9 show, a vector oo may be adjoined to form a maximal
linearly independent system of vectors of n-dimensional vector
space. It is possible to express the vectors § and vy linearly in terms
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of this system. Let vector o enter these expressions with the coef-
ficients k and [, respectively; vector o will then enter the expression
for the vector p + vy, that is, for the ith row of matrix M, with
the coefficient & 4 I. Matrices M, M’ and M " can now be transformed
by subtracting from their ith rows certain linear combinations of
other rows so that the vectors (¢ + [) o, ko and la will serve respec-
tively as their ith rows. Therefore, denoting by M° the matrix
obtained from matrix M by replacing its ith row by the vector o
and taking into account Properties (2) and I, we arrive at the equa-
tions
dyr = (k- l) Aro, Ay =kdago, dyr = ldppo

The proof of Property (4) is complete.

(5) If matric M is obtained from matricx M by interchanging
two rows, then dy = —dy.

Suppose it is necessary in matrix M to interchange the rows
with subscripts i and j. This can be achieved by a chain of trans-
formations: first add to the ith row of M its jth row and get matrix
M’; by Condition II, dp = dpr. Then from the jth row of M’ sub-
tract its ith row and arrive at the matrix M ", for which, by Property
(2), we have dy» = dpr; the jth row of M” will differ in sign from
the ith row of M. Now add to the ith row of M” its jth row. For
matrix M™, which this manipulation yields, we have, by Condi-
tion I1I, dy+» = dy~, and the ith row of this matrix coincides with
the jth row of matrix M. Finally, multiplying the jth row of M”

by —1, we arrive at the desired matrix M. Therefore, by Condition I,
dﬂ= -—de = -—dM

(6) If matrizx M’ is obtained from matriz M by interchanging rows,
the a;-th row of matrix M serving as the ith row of matriz M', i =
=1, 2, ..., n, then

dy = Fdy

The plus sign corresponds to the case when the permutation
1 2 ...n
aj az e . an

is even; the minus sign, to the case when it is odd.

Indeed, matrix M’ may be obtained from matrix M by a number
of transpositions of two rows, and for this reason we can take advan-
tage of Property (5). The parity of the number of these transposi-
tions determines, as we know from Sec. 3, the parity of the above-
given permutation.

Now let us consider the matrices M = (a;i;), N = (by;) and

their product Q = MN in the meaning of Sec. 13. We find the
number dg. We know that any ith row of matrix Q is the sum of
























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































