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1 Weighted graphs and Markov chains

The notion of a graph. A graph is a couple (V, E) where V is a set
of vertices, that is, an arbitrary set, whose elements are called vertices,
and E is a set of edges, that is, E consists of some couples (z,y) where
z,y € V. We write x ~ y (x is connected to y, or z is joint to y, or x is
adjacent to y, or x is a neighbor of y ) if (x,y) € E. The edge (z,y) will
be normally denoted by zy. In this section we assume that the graphs
are undirected so that Ty = yx. The vertices z, y are called the endpoints
of the edge Ty. The edge Tx with the same endpoints (should it exist)
is called a loop. Generally we allow loops although in the most examples
our graphs do not have loops.

A graph (V, F) is called finite if the number #V of vertices is finite. In
this course all graphs are finite unless otherwise stated. For each vertex
x, define its degree

deg (z) =#{yeV z~y},

that is, deg () is the number of neighbors of x. A graph is called regular
if deg (x) is the same for all x € V.



Example. Consider some examples of graphs.

1. A complete graph K,. The set of vertices is V = {1,2,...,n}, and
the edges are defined as follows: ¢ ~ j for any two distinct 7,7 € V.

2. A complete bipartite graph K, ,,. The set of vertices is V =
{1,..,n,n+1,...,n+m}, and the edges are defined as follows: i ~
g if either + < nand 7 > nor i > n and j < n. That is,
the set of vertices is split into two groups: Vi = {1,...,n} and
Vo = {n+1,....,m}, and the vertices are connected if and only if
they belong to the different groups.

3. A cycle graph, denoted by Z,,. The set of vertices is the set of
residues modm that is, V ={0,1,...m — 1}, and i ~ j if 1 — j =
+1 mod m.

4. A path graph P,,. The set of vertices is V = {0,1,...,m — 1}, and
i~ g if i — ] = 1.

For example,
K2:K171222:P2:°—°
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Product of graphs. More interesting examples of graphs can be con-
structed using the operation of product of graphs.

Definition. Let (X, E;) and (Y, E3) be two graphs. Their Cartesian
product is defined as follows:

(V. E) = (X, 1) 0 (Y, Ex)

where V' = X X Y is the set of pairs (z,y) where z € X and y € Y, and
the set E of edges is defined by

(z,y) ~ (2,y) if ' ~2 and (x,y) ~ (x,y) ify~y, (1.1)



which is illustrated on the following diagram:

, (z,y") (' ")
y [ J C e [ — ([}
| | |
(z,) (=)
ye ... e — o
Y/ x ... xe — 2'e

Clearly, we have #V = (#X) (#Y) and deg (z,y) = deg (x) 4+ deg (y) for
alze X andyeY.

For example, we have

[ ]
Z50%0 = 7y = |
[ ]

o o o o

. | | | |
|, POP;= e — ¢ — e — o
. | | | |
o o ° o

This definition can be iterated to define the product of a finite se-



quence of graphs. The graph Zj := ZyUZ,01...0Z; is called the n-

dimensional binary cube. For example,

N
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The graph distance.

n

N
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Definition. A finite sequence {x},_, of vertices on a graph is called a
path if xj ~ x4, for all K =0,1,...,n — 1. The number n of edges in the

path is referred to as the length of the path.

Definition. A graph (V| E) is called connected if, for any two vertices
z,y € V, there is a path connecting = and y, that is, a path {zx},_,
such that ro = = and z, = y. If (V, F) is connected then define the
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graph distance d (x,y) between any two distinct vertices xz,y as follows:
if x # y then d (z,y) is the minimal length of a path that connects z and
y, and if x = y then d (x,y) = 0.

The connectedness here is needed to ensure that d (x,y) < oo for any
two points. It is easy to see that on any connected graph, the graph
distance is a metric, so that (V,d) is a metric space.

Weighted graphs.
Definition. A weighted graph is a couple ((V, E),u) where (V. E) is a

graph and p,, is a non-negative function on V' x V' such that
L oy = By

2. ptgy, > 0if and only if z ~ y.

The weighted graph can also be denoted by (V, i) because the weight
1 contains all information about the set of edges E.

Example. Set p,, = 1if z ~ y and p,, = 0 otherwise. Then u,, is a
weight. This specific weight is called simple.
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Any weight p,, gives rise to a function on vertices as follows:

p@ = (1.2)

{yeVy~a}

Then p () is called the weight of a vertex x. It gives rise to a measure of
subsets: for any subset A C V, define its measure by 1 (A) = >~ p ().
For example, if the weight p,, is simple then p(z) = deg(x) and

p(A) =2 peadeg (2).

Markov chains. Let V be a finite set and P (z,y) be a Markov kernel
on V, that is, a non-negative function on V' x V' with the property that

ZP (x,y) =1forall x € V. (1.3)

yev

Any Markov kernel gives rise to a Markov chain {X,,}, -, that is a random
walk on V. It is determined by a family {IP,}, ., of probability measures
on the set of all paths starting from x (that is, X, = x), that satisfies the



following property: for all positive integers n and all x, zq,...,x, € V,

P, (X1 =21, Xo =29,...., X;, = x,) = P(x,21) P (21, 22) .. P (xy_1, x,) .

(1.4)
In other words, if Xy = = then the probability that the walk {X,} visits
successively the vertices x1, s, ..., x, is equal to the right hand side of
(1.4).

ol T3® T,®
J \ 0 EPUUE J
re LY Tp_10
For any positive integer n and any x € V, set

The function P, (z,y) is called the transition function or the transition
probability of the Markov chain. For a fixed n and z € V, the func-
tion P, (z,-) nothing other than the distribution measure of the random
variable X,,.



For n = 1 we obtain from (1.4) P, (z,y) = P (z,y).

without proofs some easy consequences of (1.4).
1. For all x,y € V and positive integer n,

P ( ZP T, z) Y) -

2. Moreover, for all positive integers n, k,

Py (z,y) =Y Pu(x,2) P (2,y).

zeV

3. P, (x,y) is also a Markov kernel, that is,

ZP” (x,y) = 1.

yeV

Let us state

(1.5)

(1.6)



Reversible Markov chains. Let (V,u) be a finite weighted graph
without isolated vertices (the latter is equivalent to p(z) > 0). The
weight 1 induces a natural Markov kernel

P(z,y) = ﬁ (1.8)

Since p1(z) = >, cy Mgy, We see that >° P (z,y) = 1 so that P (z,y)
is indeed a Markov kernel. For example, if p is a simple weight then
p(z) = deg (x) and

1
P(z,y) =4 @ Y70 1.9
@) ={ @& Vo (19)
The Markov kernel (1.8) has an additional specific property
P(z,y)p(z) = P(y,z) n(y), (1.10)

that follows from p,, = p,,.

Definition. An arbitrary Markov kernel P (x,y) is called reversible if
there is a positive function p (z) with the property (1.10). Function g is
called then the invariant measure of P.
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It follows easily from (1.5) that if P (x,y) is reversible then P, (z,y)
is also reversible with the same invariant measure.

Hence, the Markov kernel (1.8) is reversible. Conversely, any re-
versible Markov chain on V' gives rise to a weighted graph structure on
V" as follows. Indeed, define p,, by

foy = P (2, y) p (),

so that p,, is symmetric by (1.10).

From now on, we stay in the following setting: we have a finite
weighted graph (V, 1) without isolated vertices, the associated reversible
Markov kernel P (x,y), and the corresponding random walk (= Markov
chain) {X,,}. Fix a point o € V and consider the functions

U () =Py (X, =2) = P, (z0,2) and wu, (z) =P, (X, = z9) = P, (x, zo)

The function v, (z) is the distribution of X,, at time n > 1. By (1.7), we

have
Z v, () = 1.

zeV
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Function u,, (x) is somewhat more convenient to be dealt with. Using
the reversibility of P,, we see that the function v, and wu, are related
follows:

M_ (1.11)

1 (2o)

Extend u, and v, to n = 0 by setting uy = vg = 14,3, where 14 denotes
the indicator function of a set A C V/, that is, the function that has value
1 at any point of A and value 0 outside A. It follows easily from (1.5)
that v,, satisfies the following recursive equation:

vn (2) =

it @) = 20—t () (112

—~ 1y

called the forward equation. Substituting here v,, from (1.11), we obtain
the equation for wu,,

1

that is called the backward equation.
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In particular, for a simple random walk we have p,, =1 for v ~ y
and p (z) = deg (x) so that we obtain the following equations:

UnJrl Z deg

Yy~

deg Z tn (

Y~T
The last identity means that u,,1 () is the mean-value of wu, (y) taken
at the points y ~ x. Note that in the case of a regular graph, when
deg (z) = const, we have u,, = v, by (1.11).

un+1

Example. On graph Z,, we have

s (7) = %(un (3= 1) +un (@ +1)).

The following table contains computation of w, (z) in Zs with zo =1
N 0123 4 5 6
0 o0 113 5 u 2
2 {1} 5 %
; 01113 % 7§
¢ 0325 % % w

—_
w



Here one can observe that the function wu, (z) converges to a constant
function 1/3 as n — oo and later we will prove this. Hence, for large n,
the probability that X,, visits a given point is nearly 1/3, which should
be expected.

Here are the values of u,, (z) in Zs with xy = 2:

AN\ 01 2 3 4 25
009%%% 0.199
1 043103 & 0.202
2 101%10 3 0.198
30%9%% 0.202
4 00 ; 5 3 0.199

Here w, (z) approaches to 3 as n — 5 but the convergence is slower than
in the case of Zs.

Example. On a complete graph K,, we have

Un+1 (:C) - 7 Z Un (y) .

14



Here are the values of u,, (z) on K5 with xo = 2:

AN01 2 3 4
1 3 13
00 3 g g 0199
10 1 2 Lgqgg
2 10 1 3 0203
50 3 g5 g 0199
4 01 2 BLgi99

We see that u, (z) — & but the rate of convergence is much faster than
for Zs. Although Zs; and K3 has the same number of vertices, the extra
edges in K5 allow a quicker mixing than in the case of Zs.

As we will see, for finite graphs it is typically the case that the transi-
tion function w,, (z) converges to a constant as n — oo. For the function
v,, this means that

un (2) p (1)

— cp(r) asn — oo
to ()

Un (37) =

for some constant c. The constant ¢ is determined by the requirement
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that cu (z) is a probability measure on V| that is, from the identity

cZu(x) = 1.

zeV

Hence, cu () is asymptotically the distribution of X,, as n — oco. . The
function cu () on V is called the stationary measure or the equilibrium
measure of the Markov chain. One of the problems for finite graphs that
will be discussed in this course, is the rate of convergence of v, () to the
equilibrium measure. The point is that X,, can be considered for large
n as a random variable with the distribution function cu (x) so that we
obtain a natural generator of a random variable with a prescribed law.
However, in order to be able to use this, one should know for which n
the distribution of X, is close enough to the equilibrium measure. The
value of n, for which this is the case, is called the mizing time.
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2 The Laplace operator

The definition of the Laplace operator. The Laplace operator on
functions in R? is defined by

Pf  0f

Af= 022 T o2 oy?

Using the approximation of the second derivative

2*f _ fl+hy) —2f(v,y) + f(x— h,y)

paz DY) © 2

52f( ) R f(x,y+h)=2f(z,y)+ f(z,y —h)

Or? Y= h? ’
we obtain

Af%%(f(:Hh,y)+f(:v—h,y)1f(9:,y+h)+f(56,y—h) _f(x,y))
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Restricting f to the grid hZ? and define the edges in hZ? as on the
product graph, we see that

Sl f@w-few

(z"y")~(z,y)

]

Af(x,y) ~

The expression in the parenthesis is called the discrete Laplace operator
on hZ?.
This notion can be defined on any weighted graph as follows.

Definition. Let (V, 1) be a finite weighted graph without isolated points.
For any function f :V — R, define the function A, f by

Af Zf ) ey — £ (2). (2.1)

Y~T
The operator A, is called the (weighted) Laplace operator of (V, ).
This operator can also be written in equivalent forms as follows:

A,f Zﬁ W itey— £ (@) = —— S (f (4) = £ (@) iay.

yEV K (aj> yeV

(2.2)

18



Example. If i is a simple weight then we obtain the Laplace operator
of the graph (V, E):

Af (v deg Z fly

l/NfU

Denote by F the set of all real-valued functions on V. Then F is
obviously a linear space with respect to addition of functions and multi-
plication by a constant. It is easy to see that dim F = #V.

The Laplace operator A, can be regarded as a linear operator in F.
Another useful property that follows from (2.2) is

A, const = 0.

In terms of the corresponding reversible Markov kernel P (x,y) =

we can write
z) =) P(z,y)fy) - f(z).

Defining the Markov operator P on F by

= P(z,9) f(y)

19
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we see that the Laplace operator A, and the Markov operator P are
related by a simple identity A, = P—id, where id is the identity operator
in F.

Green’s formula. Let us consider the difference operator V,, that is
defined for any two vertices x,y € V and maps F to R as follows:

Veyf = fy) = f(2).

The relation between the Laplace operator A, and the difference operator
is given by

1
p(x) <

The following theorem is one of the main tools when working with the

Laplace operator. For any subset 2 of V', denote by (2¢ the complement

of €2, that is, Q¢ =V \ Q.
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Theorem 2.1 (Green’s formula) Let (V,u) be a finite weighted graph
without isolated points, and let 0 be a non-empty finite subset of V.
Then, for any two functions f,qg on V,

> A f@g@nla) = =5 3 (Vaud) (Vo) byt Y0 (Ve 9oty

z€e z,ye zeN,yeNe

(2.3)

The formula (2.3) is analogous to the Green formula for the Laplace
operator in R?: if Q) is a bounded domain in I&Q with smooth boundary
then, for all smooth enough functions f, g on 2

L(Af)gdm=—AVf-vgdx+LQg—i dl

where v is the unit normal vector field on 0€2 and d/ is the length element

on 0f).

If Q2 =V then Q° is empty so that the last “boundary” term in (2.3)
vanishes, and we obtain

> Auf@o@n@) = 5 3 (Vaul) (Vo ey (24)

zeV z,yeV
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Proof. We have

> Auf@)g@)u(z) = Y (ﬁ > (Vayf) uxy> g(@)p(x)

z€e e yev
e yeVv
— Z Z xyf /“ny + Z Z xyf :LLa:y
e ye e yele
ye) xGQ e yGQC

where in the last line we have switched notation of the variables x and y
in the first sum using p,, = p,,. Adding together the last two lines and
dividing by 2, we obtain

> A @) = 5 3 (Vo) (60) = 90)) i+ 3 (Ve ) 90 ),

z€eS z,ye) €S
yeq”

which was to be proved. =
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Eigenvalues of the Laplace operator. As was already mentioned,
the Laplace operator A, is a linear operator in a /N-dimensional vector
space F where N = #V. Let us investigate the spectral properties of
this operator. In fact, it will be more convenient to speak about the
spectrum of the operator £ = —A,, that is called the positive definite
Laplace operator (for the reason that will be made clear below).

Given a linear operator A in a vector space V, a vector v € V \ {0}
is called an eigenvector of A if Av = A\v for some scalar A; the latter is
called an eigenvalue of A. The set of all (complex) values eigenvalues is
called the spectrum of A and is denoted by spec A.

In the case when the underlying vector space is the space F of func-
tions on the graph V', the eigenvectors are also referred to as eigenfunc-
tions. Let us give some examples of explicit calculation of the eigenvalues
of the operator £ = —A,, on finite graphs with simple weight p. Recall
that for a simple weight we have

Lf@)=f(a deg 72 f W)

Yy~
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Example. 1. For graph Z, we have

Lf(0) = f(0)—f(1)
Lr1) = f(@1)—r(0)
so that the equation Lf = \f becomes

(I1=A)f(0) = f(1)

(I=ANf(@1) = f(0)
whence (1 — \)* f (k) = f (k) for both & = 0,1. Since f % 0, we obtain
the equation (1 — )\)2 = 1 whence we find two eigenvalues A\ = 0 and

A1 = 2. Alternatively, considering a function f as a column-vector (;E?g),

we can represent the action of £ as a matrix multiplication:
(Ef (0)> _ ( 1 -1 ) (f (0)>
Lf(1) -1 1 F)
so that the eigenvalues of £ coincide with those of the matrix < _11 _11 > :
Its characteristic equation is (1 — A\)> — 1 = 0, whence we obtain again

the same two eigenvalues A = 0 and \ = 2.
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2. For Zs3 we have then

£f@)=F@) -3 (f@—D+fle+1)

The action of £ can be written as a matrix multiplication:

Lf (0) 1 —1/2 —1/2 7(0)
Ly | =1 -1/2 1 -1/2 f()
Lf(2) -1/2 -1/2 1 f(2)

The characteristic polynomial of the above 3 x3 matrix is — ()\3 — 3\ + %)\).
Evaluating its roots, we obtain the following eigenvalues of £: A = 0
(simple) and A = 3/2 with multiplicity 2.

3. For the path graph P; with vertices {0, 1,2} and edges 0 ~ 1 ~ 2
we have

LIO) = O -7
L) = f) =5 (F O+ ()
L@ = f@-1Q)



so that the matrix of L is

1 -1 0
~1/2 1 —1/2
0 -1 1

The characteristic polynomial is — ()\3 — 3\ + 2/\), and the eigenvalues
are \=0, A=1, and A = 2.

Coming back to the general theory, assume now that )V is an inner
product space, that is, an inner product (u,v) is defined for all u,v € V,
that is a bilinear, symmetric, positive definite function on ¥V x V. Assume
that the operator A is symmetric (or self-adjoint) with respect to this
inner product, that is, (Au,v) = (u, Av) for all u,v € V. It is known
from Linear Algebra that all the eigenvalues of A are real. In particular,
the eigenvalues can be enumerated in increasing order as A\; < ... <
Ay where N = dim V and each eigenvalue is counted with multiplicity.
Furthermore, there is an orthonormal basis {vk}szl in V such that each
v is an eigenvector of A with the eigenvalue A, that is Avp = A\pug
(equivalently, the matrix of A in the basis {vx} is diag (A1, ..., An)).

Set R (v) = (fw 1;) The function R (v), that is defined on V \ {0}, is
called the Rayleigh quotient of A. The following identities are true for
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all k=1,...,N:
M =R(vy)= inf R(w)= sup R (v)

vlog,..., V-1 vlon,oN_1,..-, V41
(where v_Lu means that v and v are orthogonal, that is, (v,u) = 0). In

particular,

A =1inf R (v) and Ay =supR (v).
v7#0 v#£0

We will apply these results to the Laplace £ in the vector space F of
real-valued functions on V. Consider in F the following inner product:
for any two functions f,g € F, set

(f,9):=> f(@)g(@)pn(x),
eV
which can be considered as the integration of fg against measure p on

V.

Lemma 2.2 The operator L is symmetric with respect to the above inner
product, that is,

(Lf.9) = ([, Lyg)
forall f,g € F.
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Proof. Indeed, by the Green formula (2.4), we have

(£F,0) =~ (Buf,0) = =S Duf @ g @1 (@) = 5 3 (Ve ) (Vays) by

zeV z,yeV

and the last expression is symmetric in f, g so that it is equal also to

(Lg, f)-
Alternatively, since £ = id — P, it suffices to prove that P is symmet-

ric, which follows from

(Pf.g) = ZPf ZZP z,y) f (y) g () p ()
= ZZP v, ) f(y) g (« )u(y)Z(Pg,f)

where we have used the reversibility of P. m
By the Green formula, the Rayleigh quotient of L is

([‘fa f) _ lzx,yEV (Vfﬂyf) (vﬂﬁyg) N’:z:y
(£, ) 2 i P@p(@)

R(f) =
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To state the next theorem about the spectrum of £, we need a notion
of a bipartite graph.

Definition. A graph (V| F) is called bipartite if V' admits a partition
into two non-empty disjoint subsets V;, V5 such that z,y € V; = x £ y.

In terms of coloring, one can say that a graph is bipartite if its vertices
can be colored by two colors, so that the vertices of the same color are
not connected by an edge.

Example. Here are some examples of bipartite graphs.

1. A complete bipartite graph K, ., is bipartite.
2. The graphs Z,, and P,, is bipartite provided m is even.

3. Product of bipartite graphs is bipartite. In particular, Z! and P
are bipartite provided m is even.

Theorem 2.3 For any finite, connected, weighted graph (V, p) with N =
#V > 1, the following is true.
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(a) Zero is a simple eigenvalue of L.
(b) All the eigenvalues of L are contained in [0, 2].

(¢) If (V, ) is not bipartite then all the eigenvalues of L are in [0,2).

Proof. (a) Since £1 = 0, the constant function is an eigenfunction
with the eigenvalue 0. Assume now that f is an eigenfunction of the
eigenvalue 0 and prove that f = const, which will imply that 0 is a
simple eigenvalue. If £f = 0 then it follows from (2.4) with g = f that

S (F@) = f @) ey =0.

{z,yeViz~y}

In particular, f(x) = f(y) for any two neighboring vertices z,y. The
connectedness of the graph means that any two vertices x,y € V can be
connected to each other by a path {z;},. , where

T=Tog~YT1 ™~ ... VT =1Y

whence it follows that f(xzg) = f(z1) = ... = f(zn) and f (z) = f (v).
Since this is true for all couples x,y € V', we obtain f = const.
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(b) Let A be an eigenvalue of £ with an eigenfunction f. Using Lf =
Af and the Green formula (2.4), we obtain

N Pl = ) Lf(@)f (@) (@)

zeV zeV

= Y (W f@Pm, (25

{zyeViz~y}

It follows from (2.5) that A > 0. Using (a + b)* < 2 (a® 4 b?), we obtain

D e <> (FO)P+F(@))

et o)
= > fW D> F(2) 1y,
= ) f@r@)+) f@)?u(x)
= 2 (@ u). (26)

It follows from (2.6) that A < 2.
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Alternatively, one can first prove that ||P| < 1, which follows from
>, P (x,y) = 1 and which implies spec P C [—1,1], and then conclude
that spec L =1 —spec P C [0,2] .

(c) We need to prove that A = 2 is not an eigenvalue. Assume from
the contrary that A\ = 2 is an eigenvalue with an eigenfunction f, and
prove that (V,u) is bipartite. Since A = 2, all the inequalities in the
above calculation (2.6) must become equalities. In particular, we must
have for all x ~ y that

(f (@)= fF @) =2(f (@) + [ W),
which is equivalent to
flz)+ f(y)=0.

If f(z9) = 0 for some xy then it follows that f (z) = 0 for all neighbors
of xy. Since the graph is connected, we obtain that f (z) = 0, which is
not possible for an eigenfunction. Hence, f (z) # 0 for all x € I'. Then
V splits into a disjoint union of two sets:

Vt={z eV :f(x)>0}and V- ={z eV : f(z) <0}.
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The above argument shows that if € V' then all neighbors of z are in
V~, and vice versa. Hence, (V,u) is bipartite, which finishes the proof.
|

Hence, we can enumerate all the eigenvalues of £ in the increasing
order as follows:

O:)\0<A1§)\2§...§)\N_1.

Note that the smallest eigenvalue is denoted by Ay rather than by ;.
Also, we have always A\y_; < 2 and the latter inequality is strict if the
graph is non-bipartite. Below is a diagram of the interval [0,2] with
marked eigenvalues:

|——o————o————o——‘————o——o———— °o— —‘
=l A1 1 AN-1 2

Example. As an example of application of Theorem 2.3, let us investi-
gate the solvability of the equation Lu = f. Since by the Green formula

> (Lu) (@) p(x) =0,

x
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a necessary condition for solvability is
Y @) p@) =0 (2.7)

Assuming that, let us show that the equation Lu = f has a solution.
Indeed, condition (2.7) means that f11. Consider the subspace Fy of F
that consists of all functions orthogonal to 1. Since 1 is the eigenfunction
of £ with eigenvalue Ay = 0, the space Fg is invariant for the operator L,
and the spectrum of £ in Fy is Ay, ...Anx_;. Since all A; > 0, we see that
L is invertible in Fy, that is, the equation Lu = f has for any f € Fj a
unique solution u € Fy given by u = L71f.

3 Convergence to equilibrium

The next theorem is one of the main results of this Section. We use the
notation

LI = V(5 f)-
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Theorem 3.1 Let (V, ) be a finite, connected, weighted graph with N =
#V > 1. and P be its Markov operator. For any function f € F, set

Then, for any positive integer n, we have

[P"f = FIl <P 1] (3.8)

where
p=max (|1 — M|, |1 —Ay_1]). (3.9)

Consequently, if the graph (V, u) is non-bipartite then
HP”f—fH — 0 as n — o0, (3.10)
that is, P"f converges to a constant f as n — oo.

The estimate (3.8) gives the rate of convergence of P"f to the con-
stant f: it is decreasing exponentially in n provided p < 1. The constant
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p is called the spectral radius of the Markov operator P = id —L. Note
that the eigenvalues of P are oy, = 1 — A\ where )\, are the eigenvalues
of £. Hence, we have

—1<ay 1 <. <o <agy=1
-—— ¢ ————0————0e——|————0e——0————0—— |
1 an-—1 0 o1 ap=1

and p = max (Jaq|, |an_1|), so that all the eigenvalues of P except for
ap are contained in [—p, p] .

Proof of Theorem 3.1. If the graph (V| u) is non-bipartite then
by Theorem 2.3 we have A\y_; < 2 whence

—1l<any_1<a; <1,

which implies that p < 1. Therefore, p"” — 0 as n — oo and (3.8) implies
(3.10).

To prove (3.8), choose an orthonormal basis {v;z};, of the eigen-
functions of P so that Pv, = ajv, and, hence,

ka = OLVL.
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Any function f € F can be expanded in the basis v, as follows:

N-1
f= Z CrUk
k=0
where ¢, = (f,vr). By the Parseval identity, we have
N-1
1P =D e
k=0
We have

N-1 N-1
Pf = E CkPUk; = E A CLUL,
k=0 k=0

whence, by induction in n,

N-1
Pnf: E ACrUL.
k=0
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On the other hand, recall that vy = ¢ for some constant c. It can be

determined from the normalization condition ||vg|| = 1, that is,
Z Au(z) =1
zeV

whence ¢ = ﬁ It follows that

1

1
co = (f,v0) = G ;/f(fv)u(fﬂ)
and 1
CoUp = me(x)u(x) =f
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Hence, we obtain

N—1
n r n
P*f—f = QU CL UK — CoUp
k=0
N-1
J— n n
= QyColp + g QU CL U, — CoUg
k=1

N-1

n
= QU C V.
k=1
By the Parseval identity, we have
N—1
—12
s =77 = S et
k=1
N-1
2

<  max |og™" g o

1<k<N-1 P

As was already explained before the proof, all the eigenvalues «; of P
with & > 1 are contained in the interval [—p, p], so that |a;| < p. Ob-
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serving also that

2

!

a < IfI°,
1

=
I

we obtain ,
1P f =711 < 2 111

which finishes the proof. m

Let us show that if Ay_; = 2 then (3.10) is not the case (as we will
see later, for bipartite graphs one has exactly A\y_; = 2). Indeed, if f is
an eigenfunction of £ with the eigenvalue 2 then f is the eigenfunction
of P with the eigenvalue —1, that is, Pf = —f. Then we obtain that
P"f = (—1)" f so that P"f does not converge to any function as n — oo.

Corollary 3.2 Let (V, ) be a finite, connected, weighted graph that is
non-bipartite, and let {X,} be the associated random walk. Fix a vertex
xg € V and consider the distribution function of X, :



Then
pz)
(V)

where 1 (V') = > v 1 (x). Moreover, we have

v, () — as n — oo,

()

n | 1 (T)
1 (o)

Proof. Recall that the operator P was defined by

Pf(x)=> P(z,y)f(y).

It follows by induction in n that

P f(x)=>_ Pu(z,y) f ()

yeVv
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where P, (z,y) is the n-step transition function. Since the graph is not
bipartite, we have p € (0, 1), so that (3.11) follows from (3.12) (or from
(3.13)). To prove (3.12), consider also the backward distribution function

e TIED
Un(x)—Pm(Xn— 0) ,u(x)

(cf. (1.11)). Since

U () = Py (2,70) = > P (2,9) Lizg) () = P"Lzg) (),

yeV
we obtain by Theorem 3.1 with f = 1y, that

lun = FI° < " Lz

Since for this function f

7:1

i @) and 1= (o),

we obtain that




whence (3.11) follows. m

A random walk is called ergodic if (3.11) is satisfied. We have seen
that a random walk on a finite, connected, non-bipartite graph is ergodic.
Given a small number ¢ > 0, define the mizing time T = T (¢) by the
condition p? = ¢, that is

T=_=¢ (3.15)

p ()
p (o)

To ensure a good approximation v, (z) & 5 ((‘fi)), the value of e should be
chosen so that

which is equivalent to

w(z)

€ << mlﬂxu(—v .
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In many examples of graphs, A; is close to 0 and Ay_; is close to 2.
In this case, we have

1 1
In— =1 B2
nlOél‘ nl—/\l !
and
1 1 1
mh——=ln——=1n ~ 2 — An_1,
\OéN—1| \1—>\N—1| 1_(2_>\N—1) Nt
whence -
n-= 1 1 1
T = £ ~In-— _— . 3.16
ln/l) né‘max<)\1’2—)\]\7_1) ( )

In the next sections, we will estimate the eigenvalues on specific graphs
and, consequently, provide some explicit values for the mixing time.

4 Eigenvalues of bipartite graphs

The next statement contains an additional information about the spec-
trum of £ in some specific cases.
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Theorem 4.1 Let (V, ) be a finite, connected, weighted graph with N :=
#V > 1. If (V, p) is a bipartite and X is an eigenvalue of L then 2 — \ is
also an ergenvalue of L, with the same multiplicity as X. In particular, 2
s a simple eigenvalue of L.

Hence, we see that a graph is bipartite if and only if A\y_; = 2.

Proof. Since the eigenvalues « of the Markov operator are related
to the eigenvalues A of £ by @ = 1 — A, the claim is equivalent to the
following: if « is an eigenvalue of P then —« is also an eigenvalue of P
with the same multiplicity (indeed, & = 1 — X implies —a = 1— (2 — ))).
Let VT, V™~ be a partition of V' such that x ~ y only if  and y belong
to same of the subset V*,V~. Given an eigenfunction f of P with the
eigenvalue o, consider

ol = { fffx()gg)y iggf | (4.17)
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Let us show that g is an eigenfunction of P with the eigenvalue —a. For
all z € VT, we have

Pg(z) = > Plygly) = > Plyg®y)

yev yeV —
= - Pz, f
yeVv -

= —Pf(z)=—af(z) = —ag(z),

and for z € V'~ we obtain in the same way

Pg(x) = > P(x,y)9()

yeV+

= Y Py fy)=Pf(z)=af(z)=—ag(z).

yeV+

Hence, —a is an eigenvalue of P with the eigenfunction g.

Let m be the multiplicity of « as an eigenvalue of P, and m’ be the
multiplicity of —a. Let us prove that m’ = m. There exist m linearly
independent eigenfunctions fi, ..., f,, of the eigenvalue «. Using (4.17),
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we construct m eigenfunctions ¢y, ..., g,, of the eigenvalue —a, that are
obviously linearly independent, whence we conclude that m’ > m. Since
— (—a) = a, applying the same argument to the eigenvalue —« instead
of o, we obtain the opposite inequality m > m’, whence m = m/.

Finally, since 0 is a simple eigenvalue of L, it follows that 2 is also a
simple eigenvalue of L. It follows from the proof that the eigenfunction
g (x) with the eigenvalue 2 is as follows: g (z) =con V' and g (z) = —c
on V', for any non-zero constant c. m

Theorem 4.1 implies the analogs of Theorem 3.1 and Corollary 3.2
for bipartite graphs, that we state without proof.

Theorem 4.2 Let (V, ) be a finite connected weighted graph. Assume
that (V, ) is bipartite, and let V¥ V= be a bipartition of V. For any

function f on V', consider the function f on V that takes two values as

follows:
s 2 { 2yevi S W), zeVT,
Doyev-SFWply), zeV™.

Then, for all even n,

|Pr = 7| < em 15
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where
P = max(|1 — A1| ; ‘)\N_z — 1‘) .

Consequently, for all x € V, we have P"f (x) — f(x) asn — 0o, n is
even.

Note that 0 < p < 1 because the eigenvalues \g = 0 and Ay_; = 2
are simple and, hence, 0 < \; < Ay_9 < 2.

Corollary 4.3 Under the hypotheses of Theorem 4.2, consider the for-
ward distribution v, () = Py, (X,, = ) of the random walk on (V, u) and

the function
2p(z)
v(z) = { wvy T o,

0, T ~ Xq.

Then, for all x € V' and even n,

[on (2) — v (2)] < p"

~

Consequently, for all x € V, we have v, (z) — v (x) as n — oo, n is
even.
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It follows from Theorem 4.1 A\; < 1 and Ay_o = 2 — \; so that in fact
p =1— A1 It follows that the mixing time (assuming that n is even) is

estimated by

i & In i
£ Ao €

= 1 ~ —
111; )\1

assuming A\; = 0. Here ¢ must be chosen so that ¢ << min, uz)
& (V)

5 Eigenvalues of 7Z,,

Let us compute the eigenvalues of the Markov operator on the cycle
graph Z,, with simple weight. Recall that Z,, = {0, 1,...,m — 1} and the
connections are

O~1~2~..~m—1~0.

The Markov operator is given by

Pf(k)=5(f(+1)+f(k=1))

N | —
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where k is regarded as a residue modm. The eigenfunction equation
Pf = af becomes

Flk+1)—2af (k) + f(k—1)=0. (5.18)

We know already that o = 1 is always a simple eigenvalue of P, and
a = —1 is a (simple) eigenvalue if and only if Z,, is bipartite, that is, if
m is even. Assume in what follows that a € (—1,1).

Consider first the difference equation (5.18) on Z, that is, for all k € Z,
and find all solutions f as functions on Z. Observe first that the set of
all solutions of (5.18) is a linear space (the sum of two solutions is a
solution, and a multiple of a solution is a solution), and the dimension of
this space is 2, because function f is uniquely determined by (5.18) and
by two initial conditions f(0) = a and f (1) = b. Therefore, to find all
solutions of (5.18), it suffices to find two linearly independent solutions.

Let us search specific solution of (5.18) in the form f (k) = r* where
the number 7 is to be found. Substituting into (5.18) and cancelling by
¥, we obtain the equation for r:

r? —2ar+1=0.
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It has two complex roots
r:&iim:eiw,
where 0 € (0,7) is determined by the condition
cosf = a (and sinf = V1 — a?).
Hence, we obtain two independent complex-valued solutions of (5.18)
fi (k) = €™ and fy (k) = e~

Taking their linear combinations and using the Euler formula, we arrive
at the following real-valued independent solutions:

fi(k) =coskf and f5 (k) = sinkf. (5.19)

In order to be able to consider a function f (k) on Z as a function on Z,,,
it must be m-periodic, that is,

f(k+m)=f(k) for all k € Z.
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The functions (5.19) are m-periodic provided m# is a multiple of 27, that

is,

g 2l

m
for some integer [. The restriction 6 € (0, 7) is equivalent to

[ € (0,m/2).

Hence, for each [ from this range we obtain an eigenvalue o = cos 6 of
multiplicity 2 (with eigenfunctions cos k6 and sin k).
Let us summarize this result in the following statement.

Lemma 5.1 The eigenvalues of the Markov operator P on the graph Z,,
are as follows:

1. If m is odd then the eigenvalues are a« = 1 (simple) and oo = cos <=
foralll =1, ..., mT_l (double);

27l
m

2. if m is even then the eigenvalues are o = £1 (simple) and o =
cos 2L for alll =1,...,2 — 1 (double).
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Note that the sum of the multiplicities of all the listed above eigen-
values is m so that we have found indeed all the eigenvalues of P.
For example, in the case m = 3 we obtain the Markov eigenvalues

a=1and a = cos 2; = — (double). The eigenvalues of £ are as follows:

A=0and A =3/2 (double) If m = 4 then the Markov eigenvalues are
a=+1land a = cos & = (double) The eigenvalues of £ are as follows:
A=0,A=1 (double) A=

Alternatively, one can list all the eigenvalues of P with multiplicities in the

following sequence:
27Tj m—1
{COS W } j=0 -

Indeed, if m is odd then j7 =0 gives a = 1, and for j = 1,...,m — 1 we have

2mj 2ml J 1<j<m-d
cos —= = cos — where [ = . oL 22
m m { —j, B <j<m-1,
because
27j ( 27 ) 27l
cos —— =cos | 2mr — — | = cos —.
m m m
m—1 9
Hence, every value of {cos 2”l}l , occurs in the sequence {cos 2nj } exactly
twice.
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In the same way, if m is even, then j = 0 and j = m/2 give the values 1 and —1,
respectively, while for j € [1,m — 1] \ {m/2} we have

2mj 2ml 7, -1,
cos —— = cos — where | = ]
m m <m-—1,

m__q .
so that each value of {cos %ﬂl }12:1 is counted exactly twice.

6 Products of weighted graphs

Definition. Let (X, a) and (Y, b) be two finite weighted graphs. Fix two
numbers p, ¢ > 0 and define the product graph

(Vo) = (X,a) Oy (Y, D)
as follows: V = X X Y and the weight p on V' is defined by
Py, ) = PO (y) @z

Py @y) = 40(T)byy
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and (i, ) (o) = 0 otherwise. The numbers p, ¢ are called the parameters
of the product.

Clearly, the product weight i, . (5 .y 1S sSymmetric as it should be. If
the associated graphs are (X, E1) , (Y, Ey) and (V, E) then comparing the
above definition with the definition (1.1) of the product of the graphs,
that is shown on the diagram

; (z,y") @y
ye ... e — e
| | |
(z,9) (z',y)
y. [ . (]
Y/ x ... xe0 — Z'e

we see that (V) F) = (X, E,)O(Y, E,) .
The weight on the vertices of V' is given by

K (x7 y) - Z H(zy),(a'y) = P Z a:cx/b (y) +q Z a (ZIZ') byy/
:I:,/ y/ x/ y/
= (P+qa(@)b(y).
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Claim. If A and B are the Markov kernels on X and Y, then the
Markov kernel P on the product (V, u) is given by

b / s )
p+qA($,Z'), ny_y7

P((z,y), (@ y) =9 ;LBWy), ife=2, (6.20)
0, otherwise.

Proof. Indeed, we have in the case y = 3/

/ / /‘L(x,y),(x’,y/) pa/xajlb (y)
P((x,y), (z, = =
\E V) = e T e E)h)
_ P Ao _ D A (.ZU, .CC/) :

p+qa(r) p+q

and the case x = 2’ is treated similarly. m

For the random walk on (V, ), the identity (6.20) means the follow-
ing: the random walk at (x,y) chooses first between the directions X
and Y with probabilities p%q and I%q, respectively, and then chooses a
vertex in the chosen direction accordingly to the Markov kernel there.
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In particular, if a and b are simple weights, then we obtain

By @y = Ppdeg(y) ifx~a
Ky, (zy) = qdeg (x) if yN?Jl

and fi(, ) (2, = 0 otherwise.

If in addition the graphs A and B are regular, that is, deg(x) =
const =: deg (A) and deg (y) = const =: deg (B) then the most natural
choice of the parameter p and ¢ is as follows

1 o 1
= 1 =
deg(B) " 17 deg(A)’

D

so that the weight u is also simple. We obtain the following statement.

Lemma 6.1 If (X,a) and (Y,b) are reqular graphs with simple weights,
then the product

(X, CL)D 1 1 (Y, b)

deg(B)’deg(A)

18 again a reqular graph with a simple weight.
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Note that the degree of the product graph is deg (A) + deg (B).

Example. Consider the graphs Z" and ZF with simple weights. Since
their degrees are equal to 2n and 2k, respectively, we obtain

Z'O. 1 ZF = 77,

2k’ 2n

Theorem 6.2 Let (X,a) and (Y,b) be finite weighted graphs without
isolated vertices, and let {ay},_, and {61}7;61 be the sequences of the
eigenvalues of the Markov operators A and B respectively, counted with
multiplicities. Then all the eigenvalues of the Markov operator P on the

product (V,pu) = (X,a)0,, (Y,b) are given by the sequence {p—o‘”qgl}

pt+q
where k =0,...n—1 and [ =0,...,m — 1.
In other words, the eigenvalues of P are the convex combinations of

eigenvalues of A and B, with the coefficients p%} and 1%(1‘ Note that the
same relation holds for the eigenvalues of the Laplace operators: since
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those on (X, a) and (Y,b) are 1 — oy, and 1— 3, respectively, we see that
the eigenvalues of the Laplace operator on (V, i) are given by

Pt b p(l—a) +q(1—0)

p+q p+q

9

that is, the same convex combination of 1 — o and 1 — ;.

Proof. Let f be an eigenfunction of A with the eigenvalue o and g
be the eigenfunction of B with the eigenvalue 3. Let us show that the
function h (x,y) = f (x) g (y) is the eigenvalue of P with the eigenvalue
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pataf Ve have

pt+q

Ph(z,y)

> Py, @ ) h(,y)
> P((zy), @) b y) + D P(,y), (@) h(z,y)

e oA @sw)+  B4)] (@9 W)

L Af(2)g(y) + —L—f(2) By (y)

p+gq p+gq

p q
;:;ﬁ@%ﬂ@+;:;ﬁﬂ@g@)
pa+qf

p+qu%w,

which was to be proved.

Let {fx} be a basis in the space of functions on X such that Af, =
axfr, and {g;} be a basis in the space of functions on Y, such that Bg, =
B,91. Then hy (z,y) = fr(z)g (y) is a linearly independent sequence
of functions on V' = X X Y. Since the number of such functions is
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nm = #V, we see that {hg} is a basis in the space of functions on V.

Since hy; is the eigenfunction with the eigenvalue po‘k—ﬂﬂl, we conclude

p+q
that the sequence m;TJrgﬂl exhausts all the eigenvalues of P. m

Corollary 6.3 Let (V, E) be a finite connected reqular graph with N > 1
vertices, and set (V" E,) = (V, E)Dn. Let y be a simple weight on 'V,
and {ozk}jkv:_ol be the sequence of the eigenvalues of the Markov operator
on (V ), counted with multiplicity. Let u, be a simple weight on V™.
Then the eigenvalues of the Markov operator on (V™, u,,) are given by the
sequence

{Ckkl—i—OékQ-i—-i—Odkn} (6 21)

n
for all k; € {0,1,...., N — 1}, where each eigenvalue is counted with mul-
tiplicity.

It follows that if {)\k},]j;ol is the sequence of the eigenvalues of the
Laplace operator on (V, ) then the eigenvalues of Laplace operator on
(V™ u,) are given by the sequence

{)\kl +>\k2 P oo —f—)\kn}

- (6.22)
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Proof. Induction in n. If n = 1 then there is nothing to prove. Let
us make the inductive step from n to n + 1. Let degree of (V, E) be D,
then deg (V") = nD. Note that.

(V™ Epn) = (VY E,)O(V, E)
It follows from Lemma 6.1 that
(Vn+17 :un+1) - (Vn7 :un) u (V7 :u) :

By the inductive hypothesis, the eigenvalues of the Laplacian on (V™ u,,)
are given by the sequence (6.21). Hence, by Theorem 6.2, the eigenvalues
on (V™*! 1) are given by

1 1
D’nD

1/D gy + Oy + oo+ o, 1/ (nD)
1/D + 1/ (nD) n 1/D + 1/ (nD)*
_ n ozkl—i—osz—l—...—i—ozkn_'_ 1 -
i = 1L n n+1
. Ozk1+0ék2+...+04kn+0zk
B n+1 ’

which was to be proved. =
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7 Eigenvalues and mixing times in Z

Consider Z with an odd m so that the graph Z is not bipartite. By
Corollary 3.2, the distribution of the random walk on Z! converges to
the equilibrium measure % = %, where N = #V = m", and the rate
of convergence is determined by the spectral radius p

p = Max (|Omin| , [max|) (7.23)

where oy, is the minimal eigenvalue of P and . is the second maximal
eigenvalue of P. In the case n = 1, all the eigenvalues of P except for 1
are listed in the sequence (without multiplicity):

27l m—1
cos— », 1 <[ < 5

m

This sequence is obviously decreasing in [, and its maximal and minimal

values are
27 2rm — 1 s
cos— and cos | ———— | = —cos—,

m m 2 m
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respectively. For a general n, by Corollary 6.3, the eigenvalue of P have

the form
Oy + Qpy + .0+ O,

n

(7.24)

where ay, are the eigenvalues of P for n = 1. The minimal value of (7.24)
is equal to the minimal value of a4, that is
s
Qlmin = — COS —.
m
The maximal value of (7.24) is, of course, 1 when all a;, = 1, and the
second maximal value is obtained when one of ay, is equal to cos 2X and
the rest n — 1 values are 1. Hence, we have

n—1+cosZE 1 —cos 2
Omax = n=1- —m, (7.25)
n n
For example, if m = 3 then ay;, = —cos § = —% and
1 —cos & 3
O4rr1a>(:1_—3:]~__
n 2n
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whence

1 _ 3
2n

n < 3,

Jo{b . mSr

2n’ —

1
— Inax
p 27

If m is large then, using the approximation cosf ~ 1 — % for small
0, we obtain

w2 272
Opin ~ — |1 — — and  opax &1 — :

2m?2 nm?
Using In = ~ 6, we obtain
1 2 1 272
In ~ and In ~; :
‘ Q'min | 2m2 |amax ‘ an

Finally, by (3.15) and (7.23), we obtain the estimate of the mixing time
in Z; with error e:

1

In 2 1 2m? nm?\ Ini
T = ni"‘ln max( m nm)z ngan, (7.27)

ln; g w2 7 22 272
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assuming for simplicity that n > 4. Choosing € = (note that e must

be < =) and using N = m™, we obtain
2Inm" 1 1 m?
~ nm? = —n?m2lnm = — —~
L™ 0% w2 Inm
Example. In Z!° with N = 51 ~ 105 the mixing time is T ~ 400,
which is relatively short given the fact that the number of vertices in this
graph is In fact, the actual mixing time is even smaller than above value
of T since the latter is an upper bound for the mixing time.

1
N2

(In N)?. (7.28)

Example. Take m = 3. Using the exact value of p given by (7.26), and
obtain that, for Z% with large n and ¢ = &z = 37"
T lné _2lnN 4
T Im(1-2)  3/(2n)  3In3
For example, for Z1* with N = 3'3 > 10° vertices, we obtain a very short
mixing time 7' ~ 250.

(InN)*~1.2(InN)>.

Example. For n =1 (7.27) slightly changes to become

12m? 4
T ~ ln—ﬁ = —m?lnm,
g m2 2
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where we have chosen ¢ = # For example, in Zqs with N = m = 10°

we have T' ~ 10'?, which is huge in striking contrast with the previous
graph Z:° with (almost) the same number of vertices as Zjgs!

Example. Let us estimate the mixing time on the binary cube Z7 that
is a bipartite graph. The eigenvalues of the Laplace operator on Z, are
Ao = 0 and Ay = 2. Then the eigenvalues of the Laplace operator on Z}
are given by (6.22), that is, by

{/\k1 + Aoy + - +Akn}

n

where each k; = 0 or 1. Hence, each eigenvalue of Z3 is equal to %J where
j € [0,n] is the number of 1’s in the sequence ki, ..., k,. The multiplicity
of the eigenvalue % is equal to the number of binary sequences {ky, ..., k, }
where 1 occurs exactly j times. This number is given by the binomial
coefficient (;’) Hence, all the eigenvalues of the Laplace operator on Z%
are {%J} where 5 = 0,1, ...,n, and the multiplicity of this eigenvalue is
(J) The convergence rate of the random walk on Z% is determined by
A = % Assume that n is large and let N = 2". Taking ¢ = ﬁ = U=
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we obtain the following estimate of the mixing time:

ln% B 2n1n 2
)\1 N 2/7’L

(In N)?

T ~
In 2

= (In2)n? = ~14(InN)>.

For example, for {0,1}*° with N = 220 & 106 vertices we obtain 7" ~ 280.
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8 Expansion rate

Let (V, i) be a finite connected weighted graph with N > 1 vertices. For
any two non-empty subsets X,Y C V, set

d(X,Y)= min d(z,y)

zeX,yeY

Note that d(X,Y) > 0 and d(X,Y) = 0 if and only if X and Y have
non-empty intersection.
We will need also another quantity:

1 (X p (V)
R L TE IO

that will be applied for disjoint sets X,Y. Then X C Y and Y C X¢
whence it follows that [ (X,Y) > 0. Furthermore, [ (X,Y) = 0 if and
only if X = Y. To understand better [ (X,Y"), express it in terms of the
set Z =V \(XUY) so that

Z(X,Y):%ln <1+%) <1+%>.
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Hence, the quantity [ (X,Y’) measures the space between X and Y in
terms of the measure of the set Z.
Let the eigenvalues of the Laplace operator £ on (V, i) be

0:)\0<)\1§---§)\N—1§2-

We will use the following notation:
A — A

e 8.1
AN—1+ N\ (8.1)

Clearly, § € [0,1) and
A1 1—9

Av_1 146
The relation to the spectral radius

p=max (|1 — M|, [An_1 — 1))

is as follows: since \;y > 1 — p and Ay_; < 1+ p, we obtain that
A1 > l—p
An—1 1+p

whence 6 < p.
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Theorem 8.1 For any two disjoint sets X, Y C V, we have

[(X,Y
d(X,)Y) <1+ (lnl ) (8.2)
5
If 6 = 0 then we set by definition l(lf ’f) = 0. Before the proof, let us
5

discuss consequences and examples.

Example. If D =d (X,Y) > 1 then the estimate (8.2) implies that

! o (110 (u<X¢>u<YC>)2<D1” 4

D -1 p(X)p(Y)
whence § > A~!. In terms of the eigenvalues we obtain
A1 A-1
< .
Av_1 ~ A+1

Since Ay_1 < 2, this yields an upper bound for \;



Example. Let us show that
p(V)

m

In

diam (V) < 1+ , (8.3)

1
In 5
where m = mingey p (). Indeed, set in (8.2) X = {z}, Y = {y} where

x,y are two distinct vertices. Then

o m (V) 2

LX) < () 1 (y) m

DO | —

whence

L pu(V)
d <14+ 1 )
(z,9) < ln% H m

Taking in the left hand side the supremum in all x,y € V, we obtain

(8.3). In a particular case of a simple weight, we have m = min, deg (z),
p(V)=2#E, and

1 27 H
diam (V) <14+ —1In " :

lng m
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For any subset X C V, denote by U, (X) the r-neighborhood of X,
that is,
U (X)={yeV:d(yX)<r}.

Corollary 8.2 For any non-empty set X C V and any integer r > 1,

we have
p (V)

pw(Xe) sor”
1+ 2550

W (U, (X)) 2 (8.4)

Proof. Indeed, take Y = V \ U, (X) so that U, (X) = Y. Then
d(X,Y)=r+1, and (8.2) yields

X p (7)

1
r < )
i " () u(Y)

DO | —

whence
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Since p (Y) = p (V) — p(Y°), we obtain

p(V) = p )
pYe) = p(X)

whence (8.4) follows m

Example. Given a set X, define the expansion rate of X to be the
minimal positive integer R such that

(U (X)) = 2 (V)

Imagine a communication network as a graph where the vertices are the
communication centers (like computer servers) and the edges are direct
links between the centers. If X is a set of selected centers, then it is
reasonable to ask, how many steps from X are required to reach the
majority (at least 50%) of all centers? This is exactly the expansion
rate of X, and the networks with short expansion rate provide better
connectivity.

The inequality (8.4) implies an upper bound for the expansion rate.
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Indeed, if

(8.5)

then (8.4) implies that z (U, (X)) > 4 (V). The condition (8.5) is equiv-
alent to

(X°)

11n E5
> _ p(X) 8.6
=3 Inz ’ (8.6)

from where we see that the expansion rate R of X satisfies

p(X€)
A Tes)
- 2 ln% '

Hence, a good communication network should have the number ¢ as small
as possible (which is similar to the requirement that p should be as small
as possible for a fast convergence rates to the equilibrium). For many
large practical networks, one has the following estimate for the spectral

radius: p =~ ﬁ (recall that A\; and Ay_; are contained in the interval
[1 —p,1+ p]). Since § < p, it follows that
1
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Assuming that X consists of a single vertex and that i(éc)) ~ N, we

obtain the following estimate of the expansion rate of a single vertex:

In N
<
LS Inln N

For example, if N = 10%, which is a typical figure for the internet graph,
then R ~ 6 (although neglecting the constant factors). This very fast
expansion rate is called “a small world” phenomenon, and it is actually
observed in large communication networks.

The same phenomenon occurs in the coauthor network: two math-
ematicians are connected by an edge if they have a joint publication.
Although the number of recorded mathematicians is quite high (~ 10°),
a few links are normally enough to get from one mathematician to a
substantial portion of the entire network.

Note for comparison that in Z;, we have 1 — ¢ ~ —%; whence R 3

. (In N)?.
Proof of Theorem 8.1. As before, denote by F the space of all
real-valued functions on V. Let wq, wq, ...., wy_1 be an orthonormal basis

in F that consists of the eigenfunctions of £, and let their eigenvalues
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be A\g = 0, A1, ..., A\ny_1. Any function u € F admits an expansion in the
basis {w;} as follows:

N-1
U = Z a;wy (87)
=0

with some coefficients a;. We know already that
1
apwo =u = —— » u(x)u(x)
(V) ;

(see the proof of Theorem 3.1). Denote

so that v =u + v and v/ Lw.
Let ® (A) be a polynomial with real coefficient. We have



If v is another function from F with expansion

N—-1 N—1
V= E byw; = v + E blwl:6+v',

then

(®(L)u,v) = ((0)w,v)+ Z_ ab;® (N\;)

1<I<KN-—1

N—-1
> @ (0)aop (V) — max [® ()] ) |al |
=1

> @ (0)avp (V) — max [® A |u']| [ (8.8)

1<IKN-1

Assume now that suppu C X, suppv C Y and that
D=d(X,Y)>2

(if D <1 then (8.2) is trivially satisfied). Let ® (\) be a polynomial of
A of degree D — 1. Let us verify that

(®(L)u,v) =0. (8.9)
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Indeed, the function £*u is supported in the k-neighborhood of supp u,
whence it follows that ® (L) u is supported in the (D — 1)-neighborhood
of X. Since Up_; (X) is disjoint with Y, we obtain (8.9). Comparing
(8.9) and (8.8), we obtain

19 (0)] 2 ® 0) T (8.10)
Let us take now v = 1y and v = 1y. We have
__,U(X) _2_H(X)2 2 _
U—m, |@l|” = V)’ ul® = pn(X),
whence
M — [T T — Cp(X)’ e (X)) p(X9)
/]| = /[l — @] \/M(X) % \/ L)

Using similar identities for v and substituting into (8.10), we obtain

s 00012 00 [ HEHT
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Finally, let us specify ® () as follows:

D-1
@(A):<%_)\) .

Since max |® (A)| on the set A € [\, Ay_1] is attained at A = A\; and
A= Ay_; and

N — A1>D‘1

max \@(A)\:( 5

A AN—1]

it follows from (8.18) that

(M M)D_l > (2 Al)m \/ neorica)

Rewriting this inequality in the form

exp (1 (X, 1)) > (5)1)_1
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and taking In, we obtain (8.2). =
The next result is a generalization of Theorem 8.1. Set

v M

O0p = —8.
S YR

Theorem 8.3 Let k € {1,2,...,.N — 1} and X3, ..., X41 be non-empty
disjoint subsets of V', and set

i#
Then 1
IHE i#£]

Example. Define the k-diameter of the graph by

diamy (V) = max mind (z;,z;).
{7)1 ..... xk+1} Z#]
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In particular, diam; is the usual diameter of the graph. Applying Theo-
rem 8.3 to sets X; = {z;} and maximizing over all x;, we obtain

o )
diamy (V) < 14 —2— (8.12)

1
In 5,

where m = inf, ey p ().

We precede the proof of Theorem 8.3 by a lemma.

Lemma 8.4 In any sequence of n+2 vectors in n-dimensional Euclidean
space, there are two vectors with non-negative inner product.

Note that n + 2 is the smallest number for which the statement of
Lemma 8.4 is true. Indeed, if eq,eo, ..., e, denote an orthonormal basis
in the given space, let us set v := —e; — e3 — ... — e,,. Then any two of
the following n + 1 vectors

€1 +ev, egtev, ..., e, +€v, v

have a negative inner product, provided € > 0 is small enough.
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Proof. Induction in n. The inductive basis for n = 1 is obvious.
The inductive step from n — 1 to n is shown on the diagram. assume
that there are n + 2 vectors vy, vg, ..., Upt2 such that (v;,v;) < 0 for all
distinct 4, 7. Denote by E the orthogonal complement of v, 5, and by v;
the orthogonal projection of v; onto E.

The difference v, — v; is orthogonal to E and, hence, colinear to v, .2
so that

Vi = U, — EUn2 (8.13)
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for some constant ¢; > 0. It follows, for all distinct 7,7 =1,...,n + 1,
(vi, v;) = (v, V}) + i€ (Uns2, Uny2) - (8.14)

By the inductive hypothesis, in a sequence of n + 1 vectors vi, ..., v, in
(n — 1)-dimensional Euclidean space F, there are two vectors with non-
negative inner product, say, (v,g, v;) > 0. It follows from (8.14) that also
(vi,v;) > 0, which finishes the proof. m

Proof of Theorem 8.3. We use the same notation as in the proof
of Theorem 8.1. If D < 1 then (8.11) is trivially satisfied. Assume in the
sequel that D > 2. Let u; be a function on V' with suppu; C X;. Let
® (\) be a polynomial with real coefficients of degree < D — 1, which is
non-negative for A € {Aq,..., \y_1} . Let us prove the following estimate

max |®(N\)| > @ (0) min (V)

, 8.15
E<I<N—1 i#] HUQHHU;H ( )

Expand a function u; in the basis {w;} as follows:

N—-1

uz-:g al wl—uZ E wl—lrg al wl

=0
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It follows that

N-1
(© (L) uj,u;) = @ (0)wu;p(V —1—2@ e e +Z<I>()\ ) al?a
I=k

'V

P (0) wuyp (V) + Z ®(\)aa?
()l -

Since also (® (L) u;, u;) = 0, it follows that

(@) ()
(@ )]l || > @ 0 T (v +§j¢ Jaf'af. (8.16)

In order to be able to obtain (8.15), we would like to have
ZCD M) at?a > 0. (8.17)

In general, (8.17) cannot be guaranteed for any couple 4,7 but we claim
that there exists a couple 7, j of distinct indices such that (8.17) holds
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(this is the reason why in (8.15) we have min in all ¢, 7). To prove that,
consider the inner product in R*~! given by!

Z@ ) a;b;,

for any two vectors a = (ay, ...,ax_1) and b = (by, ..., by_1). Also, consider

the vectors a = (aﬁ’), .. a,g)l) fori=1,...,k+ 1. Hence, we have k+ 1

vectors in (k — 1)-dimensional Euclidean space. By Lemma 8.4, there
are two vectors, say a? and a9 such that ( @) q 3)) > 0, which exactly
means (8.17). For these ¢, j, we obtain from (8.16)

wup (V
max |®(\)] > ®(0) /jL(/)
k<I<N—1 [ | HUJH

whence (8.15) follows.

!By hypothesis, we have ® (\;) > 0. If ® ()\;) vanishes for some i then use only
those ¢ for which ® (\;) > 0 and consider inner product in a space of smaller dimension.
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In particular, taking u; = 1x, and using that

= _ 1)
(V)
and
]| = \/M(Xi)M(Xf)
Z p(V)
we obtain

p(Xs) p (X5)
p(X5) m (X5)

Consider the following polynomial of degree D — 1

D-1
16)) ()\> = <% — )\) ,

which is clearly non-negative for A < \;. Since max |® (\)| on the set
A € [k, Av_1] is attained at A = A\ and A = A\y_; and

D-1
max |® (\)] = AN-1 = Ak :
2

AE[)\k,AN_l]

(8.18)
k<I<N—1 i#j

max |P ()| > ®(0) min\/
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it follows from (8.18) that

Aver — M) -
= >

whence (8.11) follows. m

(

AN—1+ A

2

88

-




9 Cheeger’s inequality

Let (V, u) be a weighted graph with the edges set F. Recall that, for any
vertex subset 2 C V| its measure p (€2) is defined by

p(@) =Y n().
e
Similarly, for any edge subset S C E, define its measure ju (S) by
p(S) =Y pe,
es

where p; == p,,, for any edge £ = 7y.
For any set {2 C V, define its edge boundary OS2 by

N={zyecFE:ze€y¢}.

Definition. Given a finite weighted graph (V,u), define its Cheeger
constant by

. (092
h=h(V,p) L) (9.19)
p()<su(V)
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In other words, A is the largest constant such that the following inequality

1S true
11(09) > hy (

Q) (9.20)
for any subset  of V' with measure 1 () < (V).

Lemma 9.1 We have \; < 2h.

Proof. Let Q be a set at which the infimum in (9.19) is attained.
Consider the following function

1, x€
f(aj)_{_a7x¢gc
where a is chosen so that f 11, that is, pu (2) = au (2°) whence

_ #(©)
T =t
Then \y < R (f) = ((Eff—f? so that it suffices to prove that R (f) < 2h.
We have ’
()= @) p(@) =p(@)+a®u(Q) = (1+a)u(Q)

zeV
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and

(LEf) = =Y (f@) = FW) 1y

Hence,

R(f) < = (1+a)h < 2h,

which was to be proved. =
The following lower bound of Ay via h is most useful and is frequently

used.
Theorem 9.2 (Cheeger’s inequality) We have
h2

A2 o (9.21)
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Before we prove this theorem, consider some examples.

Example. Consider a weighted path graph (V, u) where V- ={0,1,..N — 1},
the edges are
O~1~2~...~N-—1,

and the weights g, = myg, where {mk}iv:_ll is a given sequence of
positive numbers. Then, for 1 < k < N — 2, we have

p(k) = Hr—1k T Ui g1 = Mk + Mg,

and the same is true also for £ = 0, N — 1 if we define m_; = my = 0.
The Markov kernel is then

M k11 Mp41
P(kk+1)=— = :
( ) (k) My + M1

Claim. Assume that the sequence {mk}g:_ll 15 increasing, that is, my <
Mmgr1. Then h > ﬁ

Proof. Let  be a subset of V with p(Q) < 54 (V), and let k — 1,k
be an edge of the boundary 02 with the largest possible k. We claim that
either Q or Q¢ is contained in [0,k — 1]. Indeed, if there were vertices
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from both sets 2 and ¢ outside [0, k— 1], that is, in [k, N — 1], then there
would have been an edge 7 — 1,5 € 92 with 5 > k, which contradicts
the choice of k. It follows that either u (Q) < p ([0,k —1]) or u(92°) <
© ([0, k — 1]) . However, since u () < p (£2¢), we obtain that in the both
cases 1 () < ([0, k — 1]). We have

k—1 k—1
p(0,k=1]) = > pu() =D (1;+Him)
=0 =0
k—1
= Z (m; 4+ mji1)
§=0
< 2kmy (9.22)

where we have used that m; < m;; < my. Therefore
1w (92) < 2kmy,.
On the other hand, we have
1 (092) > He—1k = Mk,
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whence it follows that

> - >
w(2) = 2kmy, 2k — 2N

which proves that h > ﬁ |
Consequently, Theorem 9.2 yields

1
M2 o (9.23)

For comparison, in the case of a simple weight, the exact value of A; is

A =1 — cos T
(see Exercises), which for large N is
w2 5

)\1%

2(N—1)2 N?’

which is of the same order in NV as the estimate (9.23).
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Now assume that the weights m;, satisfy a stronger condition
M1 2> CMy,

for some constant ¢ > 1 and all k = 0,..., N — 2. Then my, > ¢*/m; for
all k> j, which allows to improve the estimate (9.22) as follows

k—1
p((0.k=1) = 3 (my+my00)
j=0
k—1
< (c7_kmk + cjﬂ_kmk)
§=0
= my (c_k + cl_k) (1 +c+ ...ck_l)
_ o cF—1
= mk(c bl k)—c—l
< mkc + 1'
c—1
Therefore, we obtain
p (092) S e~ 1
w(Q) —c+1
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whence h > +1 and, by Theorem 9.2,

1
1 /c—1)\"
> - . 24
A1—2(c+1> (9-24)

Let us estimate the mixing time on the above path graph (V, u). Since
it is bipartite, the mixing time is given by

T In % - In %
e 1 S ;
111 - )\1

where € << miny, £ ((V)) Observe that

N—-1 N—-1

p(V) = (mj +mji1) <2 Z 1

7=0 7=1
where we put mg = my = 0, whence

p (k) i 1

k (V) 22 1 m] 2M7

=
5
v

96



where
>N
j=1 Mj

ma

M =

Setting £ = 5 (note that M > N and N can be assumed large) we

obtain S
T< 22
=

For an arbitrary increasing sequence {my}, we obtain using (9.23) that
T <8N?In M.

Consider the weights my, = ¢* where ¢ > 1. Then we have

N-1 N-1

M= o=

5=l

whence In M =~ N Inc. Using also (9.24), we obtain

1 2
T§4N1nc(c+1> .

C_
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Note that 7' is linear in N!
Consider one more example: my; = kP for some p > 1. Then

Meg1q ]_p 1 P
— =1 = l4+= =
= (ep) 2 () =

If N >>p then c = 1+ & whence

_ 1\ 2 2
Nty Ll
2\c+1 8 N2

In this case,
N-1

M:ZjPSNpH,

j=1

whence In M < (p+1)In N and

Tl 16 (p+1)

< TN I N.
P
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We precede the proof Theorem 9.2 by two lemmas. Given a function
f:V — R and an edge £ = 7y, let us use the following notation?:

Vefl = Vayf| = 1f (y) = f(2)].

Lemma 9.3 (Co-area formula). Given any real-valued function f on 'V,
set for any t € R
Q={zeV: f(z)>t}

Then the following identity holds:

> IVefluc= | uon) (9.25)

(0.¢]
E€E -

A similar formula holds for differentiable functions on R:

/ab‘f,(x)':/_Z#{xif(f)Zt}dt,

*Note that V¢f is undefined unless the edge ¢ is directed, whereas |V f| makes
always sense.

99



and the common value of the both sides is called the full variation of f.
Proof. For any edge £ = 7y, there corresponds an interval Iz C R
that is defined as follows:

Ie = [f(z), f(y))

where we assume that f(x) < f(y) (otherwise, switch the notations x
and y). Denoting by |I¢| the Euclidean length of the interval I¢, we see
that ‘V§f| = ’[g‘
Claim. { €0 &te .

Indeed, the boundary 0€); consists of edges & = Ty such that x € €f
and y € €, that is, f(z) < t and f(y) > t; which is equivalent to

telf(x),f(y)=1I.

Thus, we have

O = D = D te =D kel (t)

£ ¢eEtel, ¢€E
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whence

/_ - w(0Q,) dt = / o > g g (t)dt

o0 % ¢eE
+o0
= Z/ pe 11, (t)dt
4=
= Zﬂg |I£| = Zﬂg‘vﬁﬂa
€€E ¢EE

which finishes the proof. m

Lemma 9.4 For any non-negative function f on V', such that

plz €V : f(x) >0} < gu(V), (9.26)
the following is true:

> o IVeflue =Y f(@)u(w), (9.27)

Eel zeV

where h is the Cheeger constant of (V,u).
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Note that for the function f = 1g the condition (9.26) means that
1 () < 3 (V), and the inequality (9.27) is equivalent to

p(02) = hu (),

because
d f@p(x)=) p() =
zeV e
and
EER €N yeNe e, yeNe

Hence, the meaning of Lemma 9.4 is that the inequality (9.27) for the
indicator functions implies the same inequality for arbitrary functions.
Proof. By the co-area formula, we have

> IVeflne= [ woat> [ uion

IS

By (9.26), the set @, = {z € V' : f(z) >t} has measure < (V) for
any t > 0. Therefore, by (9.20)

1 (0€2) > hy ($2)
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whence -
Z|V€f|/l§2h/ p(Sh) di
0

(el

On the other hand, noticing that = € €); for a non-negative ¢ is equivalent
tot e |0, f (x)), we obtain

| ue@a = [* S u@a

which finishes the proof. m
Proof of Theorem 9.2. Let f be the eigenfunction of A\;. Consider
two sets

Vi={zeV:f(x) >0} andV ={zeV:f(x)<0}.
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Without loss of generality, we can assume that p (V') <
then replace f by —f). It follows that pu (V') <

function
N P f7 f Z 07
g_f+'_{ 0, f<O0.
Applying the Green formula (2.4)

z,yeV

p (V™) (if not
p (V). Consider the

1
2

and using so that Lf = A\ f, we obtain

MY F@e@u(a) = 5 3 (Veuf) (Vays) g

zeV z,yeVv

Observing that fg = ¢* and
(Vayf) (Vayg) = (f (1) = f (@) (9 () — 9(2)) = (9 (y) — 9(2))” = |Vaygl .

we obtain ,
> ZSGE IVegl™ 1
1 = o
> wev 92 () p ()
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Note that g # 0 because otherwise f. = 0 and (f,1) = 0 imply that

f- =0 whereas f is not identical 0.
Hence, to prove (9.21) it suffices to verify that

h2
D IVedl® e > 5D 0" (@) p(a).
EER eV

Since
1

plEeV:.gx)>0)<u(Vh) <-pV),

2
we can apply (9.27) to function g2, which yields

D AVe(@) e =h) o (x

(el xeV
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Let us estimate from above the left hand side as follows:

D Ve (g ne = %Z |9(@) = 8 ()| 1z

EeE x,yeVv

= —Z\g s g(x) + g(y)luyy

1/2
< <%(Z(g(x)g(y))%y)%(Z(g(w)+g(y))2uxy)> :

T,y T,y

where we have used the Cauchy-Schwarz inequality

ons o) (29

k k

that is true for arbitrary sequences of non-negative reals ay,b.. Next,
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using the inequality 1 (a + b)* < a® + b%, we obtain

1/2
SNV e < | D IVedlP e > (6°(2) + 8 () umy>

§EE EEE

1/2

(el

1/2
— (2 D Vegl e Y Pz (:::)) ,

EER eV

which together with (9.29) yields

1/2 1/2
h292(x)ﬂ(x)<<2§:v£9|2ﬂg) (Zf(l‘)u(@) -

zeV D) zeV

Dividing by (3, 9% () p (:z:))l/2 and taking square, we obtain (9.28).
]
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