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1 Differential forms on a finite set

Let V be a non-empty finite set. Denote by A? = AY (V) the linear space
of all K-valued functions on V', where K is a fixed scalar field, say K = R
or K = C. More generally, for any integer p > 0, denote by A? = AP (V)
the linear space of all K-valued functions on VP =V x ... x V. Clearly,
N———
p+1
dim A? = |V [P,
Definition. Elements of AP are referred to as p-forms on V.

The value of a p-form w at a point (g, i1, ..., 7,) € VP will be denoted
by Wigi,..i,- In particular, the value of a function f € A°(V) at i e V
will be denoted by f;.

Denote by e/0J» a p-form that takes value 1 € K at the point
(j0, 71, -, Jp) and 0 at all other points. For example, €’/ is a function
on V that is equal to 1 at j and 0 away from j. Let us refer to e/o-J»
as an elementary p-form. Clearly, the family {e/oJr} of all elementary
p-forms is a basis in the linear space AP and, for any w € AP,

— .. pJo-Jp
W= E: Wio...jp € '

jo,...,jpev
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1.1 Exterior derivative

Definition. Define the exterior derivative d : AP — APT! by

p+1

(dw)io...z'pH = Z (_1)qwi0...ﬁ,...¢p+1 5 (1.1)

q=0

for any w € AP, where the hat iAq means omission of the index 4.

For example, for a function f € A° we have
(df)zj = fj - fz’:

for 1-form w
(dw)ijk = wjk — Wik —+ wij,

for a 2-form w
(dw)ijk;l = Wikl — Wikl T Wiji — Wijk-



It follows

whence

For example,

from (1.1) that

(de?o-») = > (-1)tel

10+ ip+1

Jp

Zq...’Lp+1

0 Gq—1%qg--Jp

Tq.pt1

p
L q 2 : J0---Jq—1%Jq---Jp
- ( 1) eio...ip+1
q=0 7
p+1

i q=0

dedo--ip — E ' E (_1)‘1 ejojl-njq—lijq---jp_

dei — Z (e — ) |

1

dejk — Z (eijk . 6jik 4 ejki) )

)



Lemma 1.1 For any p > 0 and all w € AP,
d’w = 0. (1.3)

Proof. We have

(dQW)io...ip+2 - Z (=1)* (dw)@'o...z}...z‘pH
q=0

p+2 qg—1 p+2
P r—1
= (=1)? (Z(—l) Wi todioea t D, GO T wy o

q=0 r=0 r=q+1
_ _1\atr ~ -
= E (—1) Wigeipoig.rip g2
0<r<q<p+2
_ _1)4t" ~ ~
E (=1 Wi gtz
0<g<r<p+2

After switching ¢ and 7 in the second sum we see that it is equal to the
first one, whence d?w = 0 follows. m



1.2 Concatenation and product rule

Definition. For forms ¢ € AP and ¢ € A? denote by i a form from
APT? that is defined by

(@¢)io...ip+q = @io...ip¢ipip+1...ip+q' (14)

The form 1) is called the concatenation of ¢ and .

Clearly, 1) is a bilinear operation with respect to ¢, ¥. For example,
if p is a function, that is, p = 0, then ¢y € A? and

(P)ig..i0 = PicVio..iy

Also ¢ € A? and
(wtp)io...iq - wiomiq@iq’

For the elementary forms e and e/°Js we have

eio...ipejo...jq — { 07 Zp 7é Jo,

20 TpJ1--.0 -
elotpdlta g = gy,



Lemma 1.2 For all p € AP and ¢ € A9, we have
d (o)) = (d) ¥ + (=1)" edy. (1.5)

Proof. Denoting w = 1), we have

p+q+1
™
(dw)io...iwqﬂ = E - (=1) Wige.treiptg i
r=0
p ptg+1
— E :( 1) wio...ir...ip+1...ip+q+1 + z : ( 1) wio...ip...iT...ip+q+1
r=0 r=p+1
D pta+l1
7
— (—1) Qpio...i/;...lp_t,_l Tp+1-. Zp+q+1+ : : (’0740 Zp Zp...i/;...ip_;,_q_;,_l'
r=0 r=p+1
Noticing that
p+1
T
(dg&)m Tpt1 E :(_1) SOlO...ZT...Zp+1
r=0
and
pt+q+1
_ E r—p
(d¢)ip...ip+q+1 - ( ) ¢zp...zr...zp+q+17
r=p



we obtain
+1
(dw)io...z‘pﬂﬂ = [(d@)io...iwl —(=1)" @io...ip} Vi iprait

+(=1)" Pig...ip [(dw)ip,,,imﬂ - @bipﬂ...imqﬂ}
= ((dyp) ¢)io.,.ip+q+1 +(=1)" (@dw)io.‘@pﬂﬂ

which was to be proved. =

1.3 Spaces of paths and Stokes’s formula

An elementary p-path is any (ordered) sequence i, ..., i, of p+ 1 vertices
of V' that will be denoted simply by ¢...¢, or by e;. ;,. We use the
notation ey, ;, when we consider the elementary path as an element of
a linear space A, = A, (V') that consists of all formal linear combination
of all elementary p-paths. The elements of A, are called p-paths. Each

p-path has a form
v = E VO e s
101 ...0p

with arbitrary scalars viot-#» that are called the coefficients of v.

7



We have a natural pairing of p-forms and p-paths as follows:
(w,v) = Z Wig...iy 0P
10...1p
for all w € A? and v € A,. It follows that the spaces A? and A, are dual.
Definition. Define the boundary operator 0 : Apy1 — A, by

p+1

(8v)io...ip _ Z Z (_1)q Uio...z'q_lk:z'q...ip (1.6)
k q=0

where the index k is inserted so that it is preceded by ¢ indices.

This definition is valid for p > 0. Sometimes we need also the operator
0:Ng— A_; where weset A_; = {0}, so that A_; can be understood as
a 0-dimensional linear space. Then by definition dv = () for all v € A,.

If v is an 1-path, then Ov is given by

(v)" = Z (V% — ™).
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If v is a 2-path then
((%)ij _ Z (vkij _ piki 4 ,Uz'jk) '
k

It follows from (1.6) that
0.+ ip 0. ig—1kig...ip
(86j0~..jp+1) ’ - Z (_1>q ej?)...ij

. z : _1\4 10...0g—1kig...7p
_ ( ]‘) ejo...jp+1
k

_ (_1)q z'.o...i.q,li.q...ip ‘
JO---Jq—1Jq+1---Ip+1

whence

. . pr— — q -
6630“.9}7_’_1 - E ( 1) e]o]q]p+l :

q=0

For example, de;; = e; — e; and Oe;j, = € — e, + €ij.
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Lemma 1.3 For any p-formw and any (p + 1)-path v the following iden-
tity holds
(dw,v) = (w, V) .

Hence, the operators d : A — AP™! and 9 : A,,1 — A, are dual.

Proof. It suffices to prove this for v = ¢;;_;,,,. We have
p+1
(d(’U?U) — (dw)io...ip+1 — (dw)io...ip+1 - Z (_1)qwi0...{:1...ip+1
q=0

while

p+1 p+1
(w,0v) = (w, Z (=1)? eio...z‘;...z‘pH) = Z (_1)(1%0...@...%“7

q=0 q=0

whence the identity of the two expressions follows. m

Corollary 1.4 For any v € A,, we have 9*v = 0.
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1.4 Product of paths

For any two paths u € A, and v € A, define the product uv € A1 ;41 as
follows:

(uv)ig...ipjo...jq — uio...ipvjo...jq. (18)

For example, if u = ¢;,.;, and v = ej,._;,, then

€ig...ip€h0...5¢ — €io...ipjo.--Jq- (1-9)

This definition is valid for all p,q > 0.

To state a product rule for 0 (uv) we need also the notion of a product
also for p = —1 or ¢ = —1. For that consider instead of A_; = {0} a
modified space A_; = K so that any u € Ay is just a scalar. Then (1.8)
can be used again to define the product uv for u € /NX_l (or v € 7\_1)
because the right hand side of (1.8) amounts to multiplying by the scalar
u (resp. v). That is, if p = —1 then wv is just the multiple of v with the
coefficient w. N

We need then a modified version of @ when acting from A to A_;.Define
the operator 0 : A, — A,_; as follows. If p > 0 then 0 = 0, and for p = 0
define 9 : Ay — K by setting de; = 1 and extending to all v € Ay by
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linearity. In other word, for v € Ag we have dv = (1,v). This definition
of 0 is the same as the one used in the extended chain complex (2.20).
It is easy to see that 9% = 0.

Lemma 1.5 For any paths u € A, and v € A, with p,q > 0, we have
8 (uv) = (Qu)v + (=1)" udv. (1.10)

Proof. By bilinearity it suffices to prove (1.10) for u = e;,. ;, and
v = €j,..j,- Consider first the case p = ¢ = 0. Then u = ¢;, v = ¢; and
Ou=0v =1 and

O(uv) =0(e;) =€ —e; = (Bu)v — u(dv),

which proves (1.10) in this case.
If p=0and g > 1 then u = ¢; and v = ej,._;,, whence

0 (UU) = 8€ij0...jq = €jo...54 — Cij1ja...Jq + €ijojo..-jqg —

= v—¢() = (Ou)v — u(v)

which proves (1.10) in this case.
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If p>1and q=0 then u =, ;,, v=e;, whence

O] = Cliyty = @i — Cipfrdiad — oo 5 (—1)p+1 €ig...ip

— (Bu)e; + (=1 u = (Qu)v + (=1)" udv.
Finally, if p > 1 and ¢ > 1 then

0 (UU) = 8eio...ipj0...jq = €i1..ipjo.-jq — Cigia...ipjo---iq S ooc
p+1
+(—1) (62‘0...ipj1...jq — €iy..ipjoja-.jg T )

= (Qu)v+ (=1 u(9v),

which finishes the proof. m

1.5 Regular forms

We say that a path ig...i), is reqular if iy, # i1, for all k =0,...,p — 1,
and irregular otherwise. Consider the following subspace of AP:

P f0edp . ;o
RP = Span{e P ... p 1S regular}

= {w € AP 1wy, 4, = 0 if 4g...7p is irregular} .
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The elements of R? are called regular p-forms. For example, w € R if
wi =0 and w € R? if wy; = wj = 0. The condition f € RY has no
additional restriction so that R? = A°.

The operations of exterior derivative and concatenation can be re-
stricted to regular forms.

Lemma 1.6 If w € R then dw € RPTL. If o € RP and ¢ € RY then
o € RPTY,

Proof. Let w € R?. To prove that dw € RP*!, we must show that

(dw)io...ip+1 = 0 (111)
whenever ig...7,41 is irregular, say i, = ix+1. We have by (1.1)

p+1

(dw)io...ip+1 = Z (_]‘)qwio...{:l...ip+1'

q=0

If ¢ # k,k + 1 then both i, ;.1 are present in w, =~ which makes

20...i . +1
this term equal to 0 since w is regular. In the remainiqngptwo cases ¢ = k
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and ¢ = k + 1 the term w, -~ . has the same values (because the
1Q0...0q.--Ip+1
q

sequences z'o...z'Aq...z’pH are the same) but the signs (—1)? are opposite.
Hence, they cancel out, which proves (1.11).
Let us prove that ¢ is regular provided so are ¢ and . By (1.4),

we have
(@@b)io...iﬁq = Wio...ip@bip...z'pﬂ-

If the sequence 1%...ip4, is irregular, say ¢y = ix41 then the both in-
dices i, ix+1 are present either in the sequence 4g...7, or in ip...5p14,
which implies that one of the terms ¢, ., 9 vanishes and, hence

10...0p ) ) 3

(¢¢)¢0...ip+q =0. =

ip.-lp+q

1.6 Regular paths

We say that an elementary p-path e ;, is regular (or irregular) if the
path dg...i, is regular (resp. irregular). We would like to define the
boundary operator 0 on the subspace of A, spanned by regular elemen-
tary paths. Just restriction of 0 to the subspace does not work as 0 is
not invariant on this subspace, so that we have to consider a quotient
space instead.
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Let I, be the subspace of A, that is spanned by irregular e;;. ;,. Con-
sider the quotient spaces

Ry = A,/ 1,

The elements of R, are the equivalence classes vmod I, where v € A,
and they are called reqularized p-paths. The next lemma shows that the
boundary operator 0, the product and the pairing are well-defined for
regularized paths.

Lemma 1.7 (a) Ifvy,ve € A, and vy = vomod I, then Ovy = Ovymod I,_;.
(b) If w e RP, v1,v9 € A, and vy = vomod I, then (w,v;) = (w, va).

(b) Let uy,us € A, and v,v3 € A,. If uy = ugmodlI, and v; =
vomod I, then u vy = ugva mod [,y 441.

Proof. (a) It suffices to prove that if v = Omod [, then Jv =
Omod I,_;. Since v is a linear combination of irregular paths, it suf-
fices to prove that de;,. ;, is irregular provided e;, ;, is irregular. If e;, 4,
is irregular then there exists an index k such that i, = i;;. Then we
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aeio.__ip = eil...’ip — 6'l.02.2~--7;p —|_

k k+1
+ (1) €ig...ip 1Tk 410k 42-dp T (—1) eio...z’k_likik_,_g...zg]l-12)
S (_1)17 eio..'ipil.

By i = i1 the two terms in the middle line of (1.12) cancel out, whereas
all other terms are irregular, whence, de;,. i, € I,—1.

(b) Indeed, v1—vy € I, is a linear combination of irregular paths S’
Since (w, €i0...¢p) = 0 for irregular paths, it follows that (w,v; —vy) = 0
and (w,v1) = (w, vy) .

(¢) Observe first that if u € Ay, v € A, then wv = 0mod I ,11
provided v = Omod [, or v = Omod ;. Indeed, if for example u =
Omod [, then w is a linear combination of irregular paths e;, ; , and the
product of an irregular path with any path is irregular. Since

U1V — UVy — (Ul — Ug) V1 + Uy (Ul — Ug)
and u; — ug = Omod I, v; — v2 = O0mod [, we conclude that

U1V = UV mod [y g11.
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|
It follows from Lemma 1.3 that, for all w € R” and v € Rp4q,

(dw,v) = (w, V) . (1.13)
By Lemma 1.5, we obtain that, for all © € R, and v € Ry,
& (uwv) = (Qu) v + (—1)P ™ udv. (1.14)
Clearly, R, is linearly isomorphic to the space of regular paths:
span {eion,@-p D 10...0p 1S regular} .

For simplicity of notation, we will identify R, with this space, by setting
all irregular p-paths to be equal to 0. Hence, when applying the formulas
for 0 and for the product in the spaces R, one should make the following
adjustments: all elementary irregular paths e;, ;, are equal to zero, and
the components v***» for irregular paths ¢y...7, vanish by definition. In
particular, the formula (1.6) for the component (9v)"" is valid only for
regular ig...i,, whereas the formula (1.7) for dej,. j  , remains valid for

all jO---jp—i—l-
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Let V' be a subset of V. Clearly, every elementary regular p-path
€ig...i, ON V' is also a regular p-path on V, so that we have a natural
inclusion

R, (V) C R, (V). (1.15)

By (1.7), Oej..;, has the same expression in the both spaces R, (V'), R, (V)
so that 0 commutes with the inclusion (1.15).

Note for comparison that for p-forms the inclusion R? (V') C R (V)
is also valid, but the operator d does not commute with it. For example,

in the formula
de’ = Z (eji — eij)
j
the summation index 7 on the right hand side runs over all vertices, and
the result depends on the set of vertices.
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2 Elements of homological algebra

2.1 Cochain complexes
A cochain compler X is a sequence

0 —» X0 & xt &4 04 xe1 4 xp 4 (2.1)
of vector spaces {X?} ~ over a field K and linear mappings d : X? —
XPT! with the property that d? = 0 at each level. The latter means that
Imd|x»-1 C kerd|x» that allows to define the de Rham cohomologies of
the complex X by

H? (X) = kerd|x» /Im d|xp-1

(where X1 := {0}). The sequence (2.1) is called exact if H? (X) = {0}
for all p > 0.

We always assume that the spaces XP? are finitely dimensional. Ap-
plying the nullity-rank theorem to the mapping d : X? — XP™! we
obtain the following identity:
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Lemma 2.1 We have for any p > 0

dim H? (X) = dim X? — dim dX? — dim dX?'.

It implies the following.

Lemma 2.2 For a finite cochain complex

0 —» Xx° 4 x1 4

the following identity is satisfied

n

d

d
I Xn—l I Xn

> (-1)" dim H* (X)

k=0

n

k=

0

(=1)* dim X*.

In particular, if the sequence (2.3) is exact, then

n

> (-1 dimX* =0.

k=0
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For any finite cochain complex (2.3), define its Euler characteristic
by

n

X (X) =) (~1)"dim X?.

p=0

Then (2.4) implies

X (X) =) (=1)*dim H* (X).

o

2.2 Chain complexes

Given a cochain complex (2.1) with finite-dimensional spaces X?, denote
by X, the dual space to X? and by O the dual operator to d. Then we
obtain a chain complex

0 — X &£ xx & ... & x,, & x, & (2.6)

Denoting by (-, ) the natural pairing of dual spaces, we obtain by defi-
nition

(dw,v) = (w, 0v)
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for all w € X? and v € X,,;. Since d* = 0, it follows that also 9* = 0.
Hence, one can define the homologies of the chain complex (2.6) by
H,(X) =kerd|x, /Imd|x

p+1 °

By duality we have
ker 0| x, = (Im d|xp-1)", kerd|x» = (Im&|xp+1)L : (2.7)

where | refers to the annihilator in the dual space, which implies the
following.

Lemma 2.3 The spaces H? (X) and H,(X) are dual. In particular,
dim H? (X) = dim H, (X).

Lemma 2.4 We have for any p > 0

dim H, (X) = dim X, — dim 0X,, — dim 9X?*".
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2.3 Sub-complexes and quotient complexes

Let X be a cochain complex as in (2.1), and assume that each X? has a
subspace JP so that d is invariant on {JP}, that is, dJ? C JP*'. Then we
have a cochain sub-complex J as follows:

0 — Jo 4 4 4 gt Lo 4 (2.8)

Since the operator d is well defined also on the quotient spaces X?/J?,
we obtain also a cochain quotient complex X/J:

0 - X%J0 & xygp 4 4 xelgp-l 4 xeige 4
(2.9)

Consider the annihilator of JP, that is the space
(JP)Y={veX,: vLlJP}.
Lemma 2.5 The dual operator O of d is invariant on {(JP)L}, and the
chain sub-complex
0 — (J)t & vt & .. & & oot &
(2.10)
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is dual to the cochain quotient complex (2.9).

Proof. If v € (Jp)L then, for any w € JP~!, we have dw € JP and,
hence,
(w,dv) = (dw,v) =0,

which implies dv € (JP~1)". Hence, & maps (J?)* to (JF~)", so that
the complex (2.10) is well-defined.

To prove the duality of (2.9) and (2.10), observe that (J?)" is nat-
urally isomorphic to the dual space (X?/J?)" . Indeed, each v € (JP)"
defines a linear functional on X?/JP simply by w +— (w,v) where w € X?
is a representative of an element of X?/JP. If w; = ws mod J? then
w1 — wg € JP whence (w; —ws,v) =0 and (wy,v) = (wy,v). Clearly, the
mapping (Jp)L — (X?/JP) is injective and, hence, surjective because
of the identity of the dimensions of the two spaces. Finally, the duality
of the operators d and 0 on the complexes (2.9) and (2.10) is a trivial
consequence of their duality on the complexes X and X. m

Let us describe a specific method of constructing of d-invariant sub-
spaces.
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Lemma 2.6 Given any subspace S of XP, set
J? =SP4+ dSP~. (2.11)
Then d is invariant on {JP}. Besides, we have the following identity
(JP)- = {v e (SP)F:dv e (sp—l)L} . (2.12)
Proof. The first claim follows from d* = 0 since
dJ? C dSP + d?SP~t = dSP C JPH.
The condition v € (J?)" means that
v1S? and vldSP~'. (2.13)

Clearly, the first condition here is equivalent to v € (S?)", while the
second condition is equivalent to

(dw,v) =0 Yw € P! & (w,00) = 0Vw € P! & vLSP ™ & dv € (Sp_l)La

which proves (2.12). =
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2.4 Zigzag Lemma

Consider now three cochain complexes X, Y, Z connected by vertical lin-
ear mappings as on the diagram:

O — 0 — 0 — 0 —...

| | | |

0 - Yo 4 vyt 4 y2 o,

| 1~ 1~ 1~

0 — Xx0 4 x1 94 x2 _, (2.14)
| 1« 1© 1~

0 - 20 & ot 4 72

| | | |

O — 0 — 0 — 0 —...

Each horizontal mapping is denoted by d and each vertical mapping is
denoted by a. We assume that the diagram is commutative. Let us also
assume that each column in (2.14) is an exact cochain complex, that is,
the mapping « : Y? — X? is an injection, and « : X? — Z? a surjection
with the kernel X?. In this case we can identify Y? with a subspace of
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X? and ZP with the quotient X7 /Y.

Proposition 2.7 (Zigzag Lemma) Under the above conditions the se-
quence

0—H(Y)— H'(X)— H°(Z)— - — H’(Y) —» H?(X) — H? (Z) — H"*' (V)
(2.15)

is exact (more precisely, the mappings in (2.15) can be defined so that

the sequence is exact).

The sequence (2.15) is called a long exact sequence in cohomology. A
similar result holds for homologies of chain complexes.

We will normally apply Proposition 2.7 in the following form: if X is
a cochain complex (2.1) and J is its sub-complex (2.8), then the following
long sequence is exact:

0 - — HP(J) — HP(X) — HP(X/J) — HPY(J) = ... (2.16)

Similarly, if X is a chain complex (2.6) and J its sub-complex, then the
following long sequence is exact:

0 — - = Hy(X/J) = Hy(X) — Hy(J) — Hys (X/J) — ... (217)
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2.5 Reduced cohomologies and homologies

In the cochain and chain complexes (2.1) and (2.6) one naturally defines
the spaces X ! and X_; as {0} . In a number of situations there is a need
in another choice of X! and X_;. _

__ Assume that there is a injection d : K — X O that satisfies the relation
dd = 0. Setting X! = K, we obtain an extended cochain complex

0 — Xt 4 x0 4 xt &4 04 xrt 4 oxp 4

(2.18)

The cohomologies of the complex (2.18) are denoted by H? (X) and are
called the reduced cohomologies. Obviously, we have
= H? (X) p>1

p — ) - 4,

BN = { H°(X) /const, p=0.

The dual space X—J is also K, and the dual operator 0 Xy — K of d
is given by dv = (d1,v) for any v € X,. Hence, we obtain an extended
chain complex

(2.19)

0<—5(/_1£X0<—X1<—...<—Xp_1<—Xp<—.
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and the reduced homologies H, (X) .

For example, let X be a space of K-valued functions over a finite set
V and assume that d const = 0. Define a mapping d : K — X° as follows:
for any ¢ € K, dc is the constant function on V' taking the value c. It
follows that dd = 0 so that the reduced cohomologies are well-defined.
In this case dv = (1,v) where 1 is regarded as a constant function on V.
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Brief summary

Given a finite set V', we define a p-form w on V as K-valued function on
VPHL The set of all p-forms is a linear space over K that is denoted by
AP. Tt has a canonical basis e, For any w € AP we have

10,400 ip €V

where w;, i, = w (ig,...,4p) . The exterior derivative d : A? — AP is
defined by

p+1

(dw)io...ip+1 — Z (_]‘)qwig...{(\l...’ip+1

q=0

and satisfies d? = 0. The concatenation of forms ¢ € A? and ¢ € A? is a
form @1 € AP*9 defined by

(Sm/))z'o...ipﬂ = Qpio...ip%pipﬂ...ipﬂ-

Then d (py) = (dp) ¥ + (—1)" pdy.
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We have defined a subspace RP C AP of regular forms that is spanned
by e’ with regular paths ig...i, (when iy # i;41), and observed that
the spaces R? are invariant for d and for concatenation.

A p-path on V is a formal linear combination of the elementary p-
paths e;, i, = %o...1p, and the linear space of all p-paths is denoted by
A,. For any v € A, we have

v = Z CEa T
§0seyip €V
and a pairing with a p-path w:
(w,v) = Z wiomipvio...ip.
§0,---31p
The dual operator 9 : A,1; — A, is given by

p+1

o — E —1)4 ~
8620...Zp+1 - ( 1) eio...iq...ip+1 :
q=0

The product of two paths u € A, and v € A, is a paths uv € APTH!
defined by

(uv)lo...zp]()...]q — uzo...lpvjo...jq ]
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It satisfies the product rule
0 (uwv) = (u)v + (—=1)" M udv

where Ov in the case v € Ag is a constant ). v; (that is equivalent to
de; = 1).

Let I, be the subspace of A, that is spanned by e;,. ;, with irregular
paths 4g...7,. Then the spaces [, are invariant for 0 and for product, which
allows to define 0 and product on the quotient spaces R, = A,/I,. For
simplicity of notation we identify the elements of R, with their repre-
sentatives that are regular p-paths. Then e;, ; with irregular ig...7, are
treated as zeros.

3 Forms and paths on digraphs

A digraph is a pair (V, E') where V is an arbitrary set and FE is a subset of
V x V'\diag . The elements of V' are called vertices and the elements of £
are called (directed) edges. The set V' will be always assumed non-empty
and finite.
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3.1 Allowed paths

Let 7g...1, be an elementary regular p-path on V. It is called allowed it
ikt € E for any k£ =0, ...,p—1, and non-allowed otherwise. The set of
all allowed elementary p-paths will be denoted by £, and non-allowed —
by N,. For example, £y =V and £; = E.

Denote by A, = A, (V, E') the subspace of R, spanned by the allowed
elementary p-paths, that is,

A, = span {%...ip D100y € Ep} = {v € Rp: plote = () Vig...ip € Np} )
(3.1)
The elements of A, are called allowed p-paths.
Similarly, denote by NP the subspace of RP, spanned by the non-
allowed elementary p-forms, that is,

NP = span {eio"'i” L 10...0p € Np} = {w € R : wiy..i, = 0 Vig...1p € Ep} .

Clearly, we have A, = (N? )" where L refers to the annihilator subspace
with respect to the couple (R?, R,) of dual spaces.
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3.2 The space p-forms on a digraph

We would like to reduce the space R? of regular p-forms so that the non-
allowed forms can be treated as zeros. Consider the following subspaces
of spaces R?

TP =J*(V,E) .= NP +dNP 71, (3.2)

that are d-invariant by Lemma 2.6, and define the space Q2P of p-forms
on the digraph (V, F') by

=0 (V.E):=RF/JP| (3.3)
Then d is well-defined on €2 and we obtain a cochain complex
0— 004 . Lior Lt 4, (3.4)

Shortly we write 2 = R'/J where Q" is the complex (3.4) and R and
J refer to the corresponding cochain complexes.

If the digraph (V, F) is complete, that is, £ =V x V \ diag then the
spaces NP and JP are trivial, and P = RP.

Let us show that the concatenation is also well-defined on the spaces

P,
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Lemma 3.1 Let p € R? and ¢y € Re. If p € JP orp € J? then oy €
TP that is, { TP} is a graded ideal for the concatenation. Consequently,
the concatenation of two forms is well-defined on the spaces JP as well
as on S, and it satisfies the product rule (1.5).

Proof. Observe first that if ¢ € NP then ¢y € NP9 Indeed, it
suffices to prove this for elementary forms ¢ = e and 1) = efo-Ja
where the claim is obvious: if the p-path ¢...7, is non-allowed then so is
the concatenated (p + ¢)-path ig...ip71 ...,

If o € JP then ¢ = ¢, + dp,; where ¢, € NP and ¢; € NP~1. Then
we have

Y = o + (dpy)
= @ +d(p¥) — (1P p,dy.

By the above observation, all the forms g, v 1, pdi are in N'. Tt
follows that d (py1) € JPT? and, hence, i € JPT9. In the same way
one handles the case ¢ € J19.

To prove that concatenation is well defined on 2P, we need to verify
that if ¢ = ¢'mod J? and ¢ = ¢’ mod J9 then ¢y = @) mod JPT9.
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Indeed, we have
e — Y =@ —¢)+ (- )Y,

and each of the terms in the right hand side belong to JP*? by the first
part. Finally, the Leibniz formula for equivalence classes follows from
that for their representatives. m

Frequently it will be convenient to use the following notation. For
p-forms W', w"” € RP we write

W~ if W =W mod JP.

Then the equivalence classes of ~ are exactly the elements of (2P.
As it follows from Lemmas 2.6 and 3.1, w ~ 0 implies dw ~ 0, and if
@~ 0 or ¥ ~ 0 then oy ~ 0.
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3.3 The space of J-invariant paths

Consider the following subspaces of A,

Q,=Q,VE)={veA,:0ve A, 1} (3.5)

that are O-invariant. Indeed, v € 0, = 0v € A,_; C Q,_;. The elements
of 2, are called 0-invariant p-paths.
We obtain a chain complex €.

15) 0 9] 15) 9]
0 « Q « & <« ... &« Q1 < Q, —...

that, in fact, is dual to €2°. Indeed, by Lemma 2.5, the dual to the cochain
complex O =R/ J is

0 0] 0 0

0« (9" & gyt & ... & gyt & gt &

while by Lemma 2.6 we have

(JP)* = {UE(./\/p)L:ﬁve(Np_l)L}
= {veA,:0veA,_1}=Q,.
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By construction we have g = Ay and 2; = A; so that
dimQy = |V| and dim$, = |E|,

while in general Q, C A,.

Note that, unlike the operation of concatenation of forms, the opera-
tion of product of paths is not invariant in spaces A, or €2,,.

Let us define the (co)homologies of the digraph (V, E) by

HP (V,E) := H? (Q) and H, (V,E) := H, ().

Recall that by Lemma 2.3 the spaces H? (V, E) and H, (V, E) are dual
and, hence, their dimensions are the same. The values of dim H, (V, E)
can be regarded as invariants of the digraph (V, F).

By Lemma 2.4, we have for any p >0

dim H, () = dim Q, — dim 09, — dim 9, 1. (3.6)
Let us define the Euler characteristic of the digraph (V, E) by

n

X(V,E)=> (=1)’ dim H, (Q) (3.7)

p=0
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provided n is so big that
dim H, () = 0 for all p > n. (3.8)

We do not know if such an n exists for any finite digraph. Hence, y (V, F)
is defined only if the digraph satisfied (3.8).
If dim 2, = 0 for p > n, then by Lemma 2.2

n

X(V,E)=> (=1’ dimQ,. (3.9)

p=0

The definition (3.7) has an advantage that it may work even when all
dim 2, > 0.
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3.4 Computation of dim H°
Proposition 3.2 We have

dim H° () = C, (3.10)

where C' is the number of (undirected) connected components of the di-
graph (V. E) .

Proof. By definition,
H° (Q) = kerd|qo = {fEQO:df:O}.

The condition df ~ 0 means that (df),; = 0 for all ij € E, that is, f; = f;
for all edges ij. The latter is equivalent to the fact that f = const on
any connected component of (V, E), and the dimension of this space of
functions is clearly C. =

3.5 Some condition for dim QP =0

Proposition 3.3 If dim Q" < 1 then dim QP = 0 for all p > n.
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Proof. Assume dim Q" = 0. Any regular p-form e with p > n is
a concatenation of an n-form and a (p — n)-form:

10 G0.bm it
e P=ce nemtP

Since e®‘» ~ () by hypothesis, it follows by Lemma 3.1 that also e®% ~
0, whence dim 2 = 0.
Let now dim Q" = 1. We have

6i0...ip — 6i0...in6in...ip — eioileil...in+1ein+1...ip
We claim that
either €' ~0 or e" "+ ~(, (3.11)

which would imply that e» ~ 0 and dim Q7 = 0. Indeed, if (3.11) fails
then both forms e?» and e’*-*»+! belong to non-zero equivalence classes
modulo J". Since the latter has dimension 1, it follows that

e"' = const e mod J".

Clearly, this identity is only possible if e‘-in = e%-in+1 whence iy =
1... = int1, Which contradicts the regularity. m
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3.6 Poincaré lemma for star-like graphs

We say that a digraph (V, ) is star-like if there is a vertex a € V (called
a star center) such that ai € E for all i # a. For example, here is a
star-like digraph:
ae — @
LN
) 566 Y

Clearly, a complete digraph is star-like.

Theorem 3.4 If (V, E) is a star-like digraph, then H,(V,E) = {0} for
any p > 1. Consequently, x (V, F) = 1.

Proof. We prove that H, (V,E) = {0}. For that we need to prove
that if v € €, and dv = 0 then v = Jw for some w € ,.1. Set w = e,v.
We claim that w € A,1. Since v is a linear combination of allowed paths
€io...i,» it suffices to show that ey, s, € Api1 for any allowed path e;,. ;.
Indeed, if ig = a then ey, = 0 € A, 1. If 19 # a then ey, 5, is allowed
by the star condition. Hence, we have w € A,.;.
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By the product rule (1.14) we have
Ow = 0 (eqv) = v — €,0v = v,

where we have used v = 0. It follows that dw € A, and, hence, w € €4,
which finishes the proof of H, (V, E) = {0}.

Since the graph (V, E) is connected, we have also dim Hy (V, E) = 1
by Proposition 3.2. It follows that y =1. =

Remark. In a similar manner one can handle the inverse star-like
graphs, that is, when the requirement ai € E in the definition of a start
property is replaced by 2a € E. Using the right multiplication with e,
one proves in the same way that the statement of Theorem 3.4 remains
true for inverse star-like graph.

Example. The graph

is star like with the star center 0. Hence, x = 1.
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3.7 Computation of dim (),

Recall that dim Qy = dim Ay = |V| and dim; = dim A; = |E|. Here
we compute dim €25. We say that a pair ac € V' x V' \ diag is a semi-edge
if ac is not an edge, but there is b € V such that both ab and bc are
edges:

Denote by S the set of all semi-edges of a digraph (V, E) .
Proposition 3.5 We have
dim Qy = dim Ay — |S| = |Es| — |5]. (3.12)
Proof. Recall that
Ay = span {eg. : abe is allowed}, dim Ay = |Es|,

and

Q={veAdy:0ve A1} ={ve Ay : v =0mod A, }.
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If abc is allowed then ab and bc are edges, whence
aeabc = €pc — €qc T €ab = —€qc mod Al-

If ac is an edge then e,. = Omod A;. If ac is not an edge then ac is a
semi-edge, and in this case

Oeape # 0 mod A;.

For any v € )5, we have

v = E Uabceabc

{abc is allowed}

hence it follows that

ov = — Z v™®e,. mod A;.

{abc: ac is semi-edge}

The condition dv = 0 mod A; is equivalent to

Z v®e,. = 0mod Ayj,

{abc: ac is semi-edge}
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which is equivalent to Y, v® = 0 for all semi-edges ac. The number of
these conditions is exactly |S|, and they all are independent for differ-
ent semi-edges, because a triple abc determines at most one semi-edge.
Hence, (25 is obtained from A, by imposing |S| linearly independent
conditions, which implies (3.12). m

Let us call by a triangle a sequence of three distinct vertices a,b,c € V'
such that ab, bc, ac are edges:

S N

[ — ]

a C

Note that a triangle determines a 2-path egp. € (25 as eq. € As and
aeabc = €phc — €ac + €ab € Al-

Let us called by a square a sequence of four distinct vertices a, b, b, c €
V such that ab, be, ab’, b'c are edges:



Note that a square determines a 2-path v := egpe — €apre € 22 as v € Ay
and

v = (ebc — €gc T 6ab) — (eb’c — €gc T 6ab’)

= €gp T Ehc — Eaty — Ep¢c € Al'

Corollary 3.6 If (V, E) contains no squares then dim 2y is equal to the
number of distinct triangles in (V, E). In particular, if (V,E) contains
neither triangles nor squares then dim {2y = 0.

Proof. Let us split the family F5 of allowed 2-paths into two subsets:
an allowed path abc is of the first kind if ac is an edge and of the second
kind otherwise:

b b
o [ J 0 [ J
1% kind: r N : 274 kind: y N
a® — L a® L

Clearly, the paths of the first kind are in one-to-one correspondence with
triangles. Each path abc of the second kind determines a semi-edge ac.
The mapping of abc — ac from the paths of second kind to semi-edges
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is also one-to-one: if abc — ac and ab'c — ac then we obtain a square
a,b,b’,c which contradicts the hypotheses. Hence, the number of the
path of the second kind is equal to |S|, which implies that the number
of the paths of the first kind is equal to |Es| — |S|, and so is the number
of triangles. Comparing with (3.12) we finish the proof. =

In the presence of squares one cannot relate directly dim {2, to the
number of squares and triangles as there may be a linear dependence
between them. Indeed, in the following digraph

b1
[ ]

/ b2 N\
ae— e — ecC
N /

°
b3

there are three squares a, b;, b;, ¢, which determine three paths
abic — absyc, absc — absc, absc — abic

that are linearly dependent (the sum is equal to 0). In fact, dim Qs = 2
as |Es| = 3 and there is only one semi-edge ac.
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3.8 An example of direct computation of dim f,

Consider the graph of 6 vertices V = {0,1,2,3,5} with 8 edges F =
{01,02,13, 14, 23,24, 53, 54} .

0

Let us compute the spaces €2, and the homologies H, (€2) . We have

Qg = Ao =span{eg,e,ea,€3,e4,65t, dimQy =6
0 = A= spal {601; €02, €13, €14, €23, €24, €53, 654} , dim 2, =8
Ay = span {6013, €014, €023, 6024} , dim A, = 4.
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The set of semi-edges is S = {ep3, €p4 } s0 that dim Q5 = dim Ay —|S| = 2.
The basis in {25 can be easily spotted as each of two squares 0, 1,2, 3 and
0,1, 2,4 determine a O-invariant 2-paths, whence

)y = span {6013 — €023, €014 — 6024} .

Since there are no allowed 3-paths, we see that A3 = Q3 = {0} . It follows
that

Let us compute dim Hy by (3.6):
dim Hy = dim Q5 — dim 0€2y — dim 923 = 2 — dim 0f2,.
The image 0€2, is spanned by two 1-paths
O (eo13 — €o23) = €13 — €p3 + o1 — (€23 — €03 + €02) = €13 + €o1 — €23 — €02
O (€014 — €024) = €14 — €oa + €01 — (€24 — €04 + €02) = €14 + €01 — €24 — €02

that are clearly linearly independent. Hence, dim 0€2y = 2 whence dim Hy =
0. The dimension of H; can be computed similarly, but we can do easier
using the Euler characteristic:

dim Hy — dim H; +dim Hy, = x =0
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whence dim H; = 1.
In fact, a non-trivial element of H; is determined by 1-path

V = €13 — €14 — €53 t €54.

Indeed, by a direct computation dv = 0, so that v € ker 9|, while for v
to be in Im 0|, it should be a linear combination of 9 (eg13 — €g23) and
0 (ep14 — €024) , which is not possible since they do not have the term esy.
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3.9 Cycle graphs

We say that a digraph (V, F) is a (undirected) cycle it is connected and
every vertex had the degree 2.

For a cycle graph we have dim Hy = 1 and
dim Qo = |V| = |F| = dim ;. (3.13)
Proposition 3.7 Let (V, E) be a cycle graph. Then
dimQ, = 0 forallp>3
dim H, (2) = 0 for allp > 2.
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If (V. E) is a triangle or a square then

dimQy =1, dimH; (Q2) =0, x=1
whereas otherwise

dimy =0, dimH; (2)=1, x=0.

Proof. Observe first that dim 2y < 1 will imply dim €2, = 0 for all
p > 3 by Proposition 3.3, whence dim H, = 0 for p > 3. Hence, we need
only to handle the cases p =1, 2.

Using two equivalent definition of the Euler characteristic, we have

x = dim Hy —dim H; + dim H,
whence

Assume first that (V, E) is neither a triangle nor a square. Then
(V, E) contains neither a triangle nor a square. By Corollary 3.6 dim €2y =
0 whence dim Hy = 0 and by (3.14) x = 0 and dim H; = 1.
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Let us construct an 1-path spanning H;. For that let us identify
V with Zx where N = |V| so that in the unoriented graph based on
(V, E), the edges are i (i + 1). Hence, in the digraph (V, F) either i (i + 1)
or (i +1)¢ is an edge. Consider an allowed 1-path v with components
v+ = 1if 4 (i + 1) is an edge, and vV = —1if (4 + 1) is an edge
(and all other components of v vanish):

Since v # 0, v is not in Im d|qn,. However, v € ker 0y, because by
construction v*0*tY — ¢+ = 1 whence for any ¢

Q) =) (07 — 0¥) = ol g g7l D =1 — 1 = .
JEV
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Let (V, F) be a triangle, say, with vertices a,b,cthendim 4, =1, S =
() whence dim 25 = 1 and x = 1. Note that in this case Qs = span {eg.}
Since a triangle is star-like, we have by Theorem 3.4 dim H, = 0 for all
p= 1

Let (V, E) be a square, say a,b, V', c:

Then
./42 = Span {eabm 6ab’c} ) S = {CLC}
whence dim €2 =2 — 1 =1 and y = 1. Note that in this case

Oy = sSpan {eabc - eab/c} .

For v = egpe — €apre We have Ov = ep. — epe + €ap — €ay # 0 so that
ker 0|, = 0. It follows that dim Hy = 0. Then by (3.14) dim H; =0. =
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3.10 Examples of 0-invariant paths
3.10.1 Snake and simplex

A snake of length p is a subgraph of p + 1 vertices, say, 0,1, ..., p such
that ¢ (¢ + 1) and 7 (¢ + 2) are edges, which is equivalent to say that any
triple i (¢ + 1) (i + 2) is a triangle.

I i+2

i-1 i+1 1+3

Any snake gives rise to a J-invariant p-path v = eg;._,. This path is
obviously allowed, its boundary

_ P
0v=-e1 p,— € p+tens.p—- -+ (—1) e p1
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is also allowed, so that indeed v € €1,.

A simplex of dimension p is a subgraph of p+ 1 vertices, say 0,1, ..., p
so that any pair ¢ with ¢ < 7 is an edge. For example, a simplex of
dimension 2 is a triangle

1
[
/ N
0. —_— L D)

a simplex of dimension 3 is shown here:

Since the simplex contains a snake as a subgraph, the p-path v = e,
is O-invariant also on a simplex.
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3.10.2 Cylinder and hypercube

For any graph (V E) c0n81der its product with graph e — e! that Wlll
be denoted by (V, E) where V = V x {0,1} and the set of edges F is
defined by (z,a) ~> (y,b) if and only if either z ~» y in (V, E) and a = b
orx =y and a ~ b:

(z,1) (y,1)
[ J

le e [ o
T T T
(,0) (y,0)
00 ° — °
V Ce . () — ®
x Y

The graph (V, E) is a cylinder over (V, E). We mark by the hat "all the
notions related to the graph (V, E).

It will be convenient to identify V' x {0,1} with V LU V" where V' is
a copy of V', and set the notation (z,0) = x and (z,1) = 2/. Define the
operation of lifting paths from V to V as follows. If v = €4o...i, then v is
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a (p+ 1)-path in (V, E) defined by

U=

M)

(—1)k Cip...igt).. 00"

>
I

0

Clearly, if ig...7, is allowed in (V, E) then ig...iyiy...i, is allowed in (V,E):

. -/ /
Zk 7/k+1 lp
— ° —s .. — @
0 ik lgt1
®e — .- —> e — °

Extending by linearity this definition for a general p-path v on (V| E),
we obtain that if v € A, then v € A,;.

Proposition 3.8 Ifv € Q, then ¥ € Q1.

Proof. We need to prove that if v € A, and dv € A,_; then 90 € A,,.
Let us prove first some properties of the lifting. For any path v in (V| F)
define its image v in (V', E’) by

/
(eio...ip) = €.l
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Let us show first that for any p-path u and g-path v on (V) FE), the
following identity holds:

w = + (=1 uo (3.15)

It suffices to prove it for u = e;,. ;, and v = ;... Then uv = e;,. i jo...j,

and
p

— k k—l—p—l—l
uv = E (—1) Cig...igily.iljbgl T E Cig...ipo-r-iily T4
k=0

= ' + (=1 uw.
Now let us show that, for any p-path v with p > 1,
80 =—v+1 — . (3.16)
It suffices to prove it for v = e, ;,, which will be done by induction in
p. For p = 1 write v = ey, so that U = e,y — €qpy and
O = (et — Cay + €aar) — (€ppy — €ary + €ap)
= €aa’ — €t T €a'ty — €ap
= —(ep—eq) +0 —v

— v+ —u.
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For p > 1 write v = we;, where v = ¢;,.;,_,. Using (3.15) and the
inductive hypothesis with the (p — 1)-path u we obtain

ov = 0 (ﬂe% (=1 e )
= (Ou) ey + (- D" 3+ (—1)7 (0u) Cipir + U (e% —€;)
— [—517 + o — u} €ir + (=1)P*H' a4 (=1)” (Ou) Cipit, + Uiy — U
= —(Bu)es +0' + (=1)P G+ (~1) (Bu) en, — v
On the other hand,

—

v = (E?u) e (=11 u)
= (Ou)ey + (=1)P~" (Ow) eipir, + (—1)" @,

whence it follows that 95+ dv = v/ — v, which finishes the proof of (3.16).
Finally, if v € A, and Ov € Ap 1 then v’ and O belong to A whence
it follows from (3.16) also Ov € A This proves that v € Ap+1
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Example. The cylinder over a triangle 012 is the following graph:

4

w
Y
o1

Since 2-path egi9 is O-invariant on the triangle, lifting it to the cylin-
der, we obtain a O-invariant 3-path egy 120 — €g1172r + €0122/, that can be
written in the form egsss — €o145 + €0125-

Example. The cylinder over the graph e — el is a square
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Lifting a O-invariant 1-path ey € (21 we obtain a O-invariant 2-path on
the square egy 11 — €g11- that we rewrite in the form egog — €g13.
The cylinder over a square is a 3-cube:

6 7

A A

Lifting the 2-path eg3 — €g13 we obtain a O-invariant 3-path
€00/2/3" — €022/3' + €0233 — €oo/1/3’ + €011/3" — €0133’
that we can rewrite in the form

€0467 — €0267 + €0237 — €0457 + €o157 — €0137-

Similarly, any binary hypercube of dimension p determines a Jd-invariant
p-path that is an alternating sum of p! terms.
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3.11 Lemma of Sperner revisited

Consider a triangle ABC' on the place, and its triangulation 7. The set
S of vertices of T is colored with three colors 1, 2,3 in such a way that

e the vertices A, B, C are colored with 1,2, 3 respectively;

e cach vertex on an edge of ABC'is colored only with one of the two
colors of the ends of its edge.
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The classical lemma of Sperner says that then there exists a 3-color
triangle from 7', that is, a triangle, whose vertices are colored with the
three different colors. Moreover, the number of such triangles is odd.

We give here a new proof using the boundary operator 0 for 1-paths.
Let us first do some reduction. Firstly, let us change the triangulation T
so that there are no vertices on the edges AB, AC, BC' except for A, B, C.
Indeed, if X is a vertex on AB then move X a bit inside the triangle
ABC. This gives rise to a new triangle in the triangulation 7T that is
formed by X and its former neighbors, say Y and Z, on the edge AB.
However, since all X, Y, Z are colored with two colors, no 3-color triangle
appears after this move. By induction, we remove all vertices from the
edges of ABC.

Secondly, we project the triangle ABC and the triangulation 7" onto
the sphere S? and add to the set T the triangle ABC' itself from the
other side of the sphere. Then we obtain a triangulation of S?, denote it
again by T, and we need to prove that the number of 3-color triangles
is even. Indeed, since we know that one of the triangles, namely, ABC
is 3-color, this would imply that the number of 3-color triangles in the
original triangulation was odd.
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Let us regard T as a graph on S? and construct a dual graph V. Chose
at each face of T" a point and regard them as vertices of the dual graph V.
The vertices in V' are connected if the corresponding triangles in 7" have
a common edge. Then the faces of V' are in one-to-one correspondence
to the vertices of T.

/\

JARVAR

Hence, given a graph V on S? such that each vertex has degree 3 and
each face is colored with one of the colors 1,2, 3, prove that the number
of 3-color vertices (that is, the vertices, whose adjacent faces have all

three colors) is even.
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Let us make V into a digraph as follows. Each edge £ in V has two
adjacent faces. Choose the orientation on ¢ so that the color from the
left hand side and the color from the right hand side of & form one of the
following pairs: (1,2),(2,3),(3,1) (if the colors are the same then allow
both orientations of ¢).

For example:
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Denote by FE the set of the oriented edges and set v = (abeF} Cab-
We have for any a € V

(Ov), = Z VP — Z v = #{incoming edges} — #{outcoming edges}.
b @

If a is 3-color, then either all three edges at a are outcoming or all are
incoming whence

(Ov), = £3 = 1mod 2.

Otherwise (0v), = 0 (see the above pictures). Denoting by n the number
of 3-color vertices, we obtain

(Ov, 1) = Z (Ov), = nmod 2.

aceV

On the other hand, (Jv, 1) = (v,d1l) = 0 whence we conclude that

n = 0 mod 2.

69



Brief summary

A p-path on finite set V' is a formal linear combination of the elementary
p-paths e;,. ., = 19...1p, Where i, € V, and the linear space of all p-paths
is denoted by A,. For any v € A, we write

y— Z e
10,..,tpEV
The boundary operator 0 : A,y1 — A, is defined by

p+1

— § q =
aeio...ip+1 - (_]‘) eio...iq...ip+1'

q=0

It satisfies 0% = 0.
The product of two paths u € A, and v € A, is a paths uv € APTIH!
defined by

(uv)io...ipjo...jq _ uio...ip,vjo...jq.
It satisfies the product rule
0 (uwv) = (Qu)v + (—1)"" udw.
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Let I, be the subspace of A, that is spanned by irregular e;,. ;, (a
path ig...i, is irregular if iy, = iy4q for some k). Then the spaces I, are
invariant for 0 and for product, which allows to define 0 and product
on the quotient spaces R, = A,/I,. We identify the elements of R, with
their representatives that are regular p-paths. Then e;,. ;, with irregular
i9...1p are treated as zeros.

Let (V, E') be a digraph, that is, £ C V x V' \ diag is a set of directed
edges. An elementary regular path e;, ;, is called allowed if iyt € E
for all k£, and non-allowed otherwise.

Let A, be a subspace of R, that is spanned by all allowed e;,. ;,. The
elements of A, are called allowed p-paths. For example, Ay consists of
linear combinations of all vertices, and A; consists of linear combinations
of all edges.

In general, the spaces A, is not J-invariant, so we introduce smaller
spaces

Q,={veAd,:0ve A, 1}

that are J-invariant, that is, 9€2, C €,_;. The elements of €2, are called

O-invariant paths.
Note that 2y = Ay and Q; = Ay, but for p > 2, Q, can actually be
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smaller than A,. We obtain a chain complex

0 — 2 & o & . &, <q & .

whose homologies H, (2) = H, (V, E) are the subject for our study. So
far we know that dim Hy (V) F) is equal to the number of connected
components of the graph.

4 Surgery of digraphs

4.1 Homologies of subgraphs

Let (V', E') be a subgraph of (V| F) in the sense that V' C V and ' C E.
Let us mark by the dash ”"” all the notation related to the graph (V' E')
rather than to (V. E).

As it was already observed, R, C R, and J commutes with this
inclusion. It is also obvious that if e, ;, is an allowed path in (V' E’)
then it is also allowed in (V, E), whence A}, C A,.
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[ o Vl V

By the definition (3.5) of €2, we obtain that () C ©, and d commutes
with this inclusion. Consequently, the chain complex

0 0]

0 — Q < 0

9
/ /
97 Qy

is a sub-complex of

0 — QO 3 Ql i QQ (2 Q3 (2 500

By Proposition 2.7 (cf. (2.17)) we obtain that the following long sequence
1s exact:

0 Ho(Q/Q') — Ho() « Ho(¥) -+ — Hp(Q/Y') — Hp(Q) — Hp(Q) — Hp1(Q/X) — ...
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4.2 Removing a vertex of degree 1

Theorem 4.1 Suppose that a graph (V, E) has a vertex a such that there
18 only one outcoming edge ab from a and no incoming edges to a. Let

V=V \{a} and E' = E\ {ab}.

ae—leb |74 V

Then H, (V,E) = H,(V', E") for all p > 0.

Remark. The same is true if the edge ab in the statement is replaced
by ba.

Proof. Let us first prove that (2, = €, for p > 2. Since always
Q, C €, it suffices to prove the opposite inclusion €2, C 2. Let us first

show that, for all p > 2,
Q, C A, (4.2)

that is
veEA, and dve A, =vec A,
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Every elementary allowed p-path on (V, E) either is allowed on (V’, E)
or starts with ab, which implies that v can be represented in the form

V= egpu + v,

where v' € A}, while u € A, is a linear combination of the paths
Cip..ip_ € Aj_o With ig # b. It follows that

Ov = (ep — €4) u + eqpou + o', (4.3)

Note that e,u is a linear combination of the elementary paths eq,..i,_,
where i, ..., 7,2 € V" and iy # b. Since aip is not an edge, those elemen-
tary paths are not allowed in (V) E). No other terms in the right hand
side of (4.3) has eq..i,_,-component. Since dv is allows in (V, E), its
Caip...i,_p-component is 0, which is only possible if e,u = 0, that is, u = 0.
It follows that v = v" € A7, which finishes the proof of (4.2).

Let us now show that 2, C Q for all p > 2. Indeed, if v € ,
then by definition dv € A, ; and by (4.2) v € A}, which together imply
ov € A, ;. It follows that v € Q2. Consequently, we have proved that

Q, = Q for all p>2. (4.4)
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It follows that, for all p > 2,
dim H, (Q") = dim H,, (Q2) . (4.5)

For p = 0 this identity also true as the number of connected components
of (V,E) and (V’, E') is the same.
We are left to treat the case p = 1. Observe that

Qo = Qy +span{e,} and Q; = Q] + span {e} . (4.6)
By (4.4) and (4.6) the cochain complex /€Y has the form

0 «—— span {e,} 2 span {eaw} «— 0= Qs /.

Since
Deqy = €y — aq = —e, mod €,

it follows that Im 0|q, /o1 = span {e,}, while ker 9|, /o, = 0, whence
dim Hy (/) = dim H; (/') = 0.
By (4.1) we have a long exact sequence

HO (Q/Q/) =0+« H1 (Q) —— Hl (Q/) — 0= H1 (Q/Q/)
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which implies that
dim H1 (Q) = dim Hl (Q,) 9
thus finishing the proof. m

Corollary 4.2 Let a digraph (V,E) be a tree (that is, the underlying
undirected graph is a tree). Then H, (V,E) =0 for all p > 1.

Proof. Induction in the number of edges |E|. If |E| = 0 then the
claim is obvious. If |F| > 0 then there is a vertex a € V of degree
1 (indeed, if this is not the case then moving along undirected edges
allows to produce a cycle). Removing this vertex and the adjacent edge,
we obtain a tree (V') ') with |E’| < |E|. By the inductive hypothesis
H,(V',E") =0 for p > 1, whence by Theorem 4.1 also H, (V,E) =0. m
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4.3 Removing of a vertex of degree 2

Theorem 4.3 Suppose that a graph (V, E) has a vertex a with two out-
coming edges ab and ac and no incoming edges. Assume also that either
be or cb (or both) is an edge:

o)
ael| | V|V

oC

Let V! =V \ {a} and E' = E \ {ab,ac}. Then, for any p > 0,
dim H, (V, E) = dim H, (V', E'). (4.7)

The same is true if the vertex a has two incoming edges ba and ca
and no outcoming edges, while either bc or cb is an edge:

oh
ao< | V| vV

oC
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Example. Consider a graph (V| F) as on the picture:

b
4

am < an

X\

Each of the vertices a; satisfies the hypotheses of Theorem 4.3 (either
with incoming or outcoming edges). Removing these vertices succes-
sively, we see that all the homologies of (V) E) are the same as those of
the remaining graph Ye — e°. Since it is a star-like graph, we obtain
dim Hy = 1 and dim H,, = 0 for all p > 1. In particular, x = 1.

Proof of Theorem 4.3. Without loss of generality assume that
bc is an edge. Since the number of connected components of the graphs
(V,E) and (V', E') is obviously the same, the identity (4.7) for p = 0
follows from Proposition 3.2.
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For p > 1 consider the long exact sequence (4.1), that is,
e Hy (/) — Hy (Q) — Hy () = Hpix (YY) — ...
which implies the identity
dim H, () = dim H, (") for p > 1,

if we prove that
dim H, (Q/Q") =0 for p > 1. (4.8)

The condition (4.8) means that
ker a\gp/% C Im a|QP+1/Q;+1

that is, if
v e, and Jv=0modQ, , (4.9)

then there exists w € €2,1; such that
Ow = vmod . (4.10)

In fact, it suffices to have w € A,; because then the identity (4.10)
implies Ow € €1, and, hence, w € €2, 4.
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Consider first the case p = 1. Every 1-path v € €0y has the form

beab 4+ ,Uaceac + ’Ul

where v' € A} = Q. Since (0v)* = 0 and

(av)a _ Z (,Uka . vak) _ (,Uab + Uac) :

k

v ="

it follows that
vab + Uac — 0
whence
v = 0" (eqy — €4c) mod €.

b

For 2-form w = v*ey,. we have

Ow = v (epe — €qe + €qp) = vmod €],

which finishes the proof of (4.8) in the case p = 1.
Consider now the case p = 2. For any v € (), and any vertex j #
a,b, c, we have

()Y = Z (vkaj — v vajk) = — (vabj + UaCj) ;
keV
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because there are no incoming edges at a and only two outcoming edges
ab and ac. By (4.9) we have (0v)* = 0 whence

v 4 29 =0, (4.11)

Denote by J the set of vertices j such that either 7 = ¢ or both b5 and
cj are edges:
o)
a ol | Jej
oC
We claim that . .
jeEV\J = v® =% =0,
If 7 = a or b then this is trivial. Otherwise, j # a, b, ¢ and either bj or ¢j
is not an edge. If bj is not an edge then v® = 0 whence by (4.11) also
0% = 0, and the same is valid if ¢j is not an edge.
It follows that v can be represented in the form

v o= g v“bjeabjntg V*ehe; + U

JjedJ jeJ
= Z V" (€qp; — €acj) + V', (4.12)
jeJ
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where v' € Aj. In the last line we have used (4.11) for j # c and e,; = 0
for j = c.
For any j € J, we have

0 (eabj - eacj) = (ebj — €ay + eab) — (ecj — €qj + eac)

= €pj — €¢j T €ap — €qc € A

Since v € Aj, it follows from (4.12) that dv' € A;. Since v' € A}, we
conclude that 0v" € A} whence v’ € Q). Therefore,

v = Z V™ (€qp; — €acj) mod . (4.13)
jeJ
Since (9v)® = 0 and
(8U)ab _ Z (Ujab o Uajb 4+ Uabj) _ Z Uabj)
JEV jeJ

it follows that

> v =0 (4.14)

JjeJ

83



Consider the 3-path

abj
W = g V" egpej-

jed
For any j € J\{c} we have eq.; € E5 whereas for j = ¢ we have egp; = 0.

Hence, w € Ajz. Since

aeabcj = €pcj — Cacj + €abj — Cabe

and epe; € €2, it follows from (4.13) and (4.14) that

abj /
Ow = E V" (eabj — €acj — €abe) = v mod 25,

JjeJ

which finishes the proof in the case p = 2.
Consider the case p > 3. Any p-path v € (), has the form

v = Z v“b’yeam—l— Z V*Veqey + U (4.15)

YEE, , YEE,
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where v" € A}. Using product of paths and (1.14), we obtain

Oeay = O (ewey) = (Oeap) ey + eqple,
= (ep — €q) €y + eqpOe,

= €py — gy + egpley

and a similar formula for Ode,.,, whence it follows that

ab ac ab ac
ov = E (v epy + v*Veey — (V7 + 0*) €4y)
YEE,

tew 3 00, tew 3 v*e, + 00

VEE, €,
Let v = 7q...7,_o where v, € V'. We claim that if v, # c then

VY T = Q.

(4.16)

(4.17)

(4.18)

If v, = a or b then we have trivially v®7 = v%7 = 0. Otherwise let us look
at the component e, in (4.16)-(4.17). Since it occurs only once, namely
in the last term of (4.16), while (9v)*” = 0, we obtain (4.18). Note that
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if 7o = ¢ then v = 0 but v® may be non-zero, so that (4.18) may not
be valid.

Denote by I' the set of paths v € E] , such that either v, = ¢ or
both by and ¢y are in E]_;:

o)
ao< l >ol> e—e0— e
oC

Ly

e — e — 0

It follows from (4.18) that if v € E/_,\I" then both v and v*” vanish.
Indeed, since v, # ¢, we have (4.18). Since by or ¢y is not in £, one of
the terms v, v vanish, whence the second term also vanish by (4.18).

Hence, the summation in (4.15) can be restricted to v € I':

v o= g v“b'yeab7+§ V*€q0y + U

~yel' ~yel’
- Z v (aby — €acy) + v, (4.19)
vel’
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where in the second line we have used (4.18) for v, # ¢ and e4., = 0 for
Yo = C. Set

u=>y v"e, (4.20)

vyel’

so that we can rewrite (4.19) in the form
v =(eap — €qc) U+ (4.21)

whence
Ov = (ep — €.) U+ (€qp — €qe) Ou + V. (4.22)

Let us show that du = 0. Indeed, since the (p — 1)-paths dv, eyu, e.u,
and Jv’ are in R;,_,, it follows from (4.22) that also
(€ad — €qc) Ou € Ry, ;.

We have the identity

(eab - eac) au — Z (au)io...ip_g (6abio...ip,3 - eacig...zﬁp,g) .

10 y--5 ip_geV’
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If 49 # b then eqp..i,_5 ¢ R, so that the coefficient (Ou)™"7=* must
vanish. If 49 = b then i # ¢, €qciy...i,_s € R, 1 and again (6u)i°”'ip‘3 =0.
Hence, we conclude that du = 0, which was claimed.
It follows that
dv = (ep — €.) u+ '\

Since dv, eyu, ecu € A4, it follows that dv' € A} | whence v' € €0 ;.
Substituting this into (4.21) , we obtain

v = (€ap — €qc) u mod (2. (4.23)
Consider a (p + 1)-path w = egeu. Since
0 (eabcu> — (aeabc) u — eabcau — (ebc — €gc T eab) u,

we have
0 (€abctt) = epctt +vmod €. (4.24)

We are left to show that ep.u € Q;. That ep.u € .A;) follows from the
definition of I and (4.20). Next we have

0 (epctt) = (€p — €c) U + ep0u = epu — e.u € A;_l,
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which implies that ey.u € €. From (4.24) we conclude that
0 (eapett) = vmod €2,

which finishes the proof. m
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4.4 Removing a vertex of degree 1+ 1

Recall that a pair cb of distinct vertices on a graph is a semi-edge if cb is
not an edge but there is a vertex j such that cjb is an edge:

o)
LY

oC

Theorem 4.4 Suppose that a graph (V, E) has a vertex a such that there

15 only one outcoming edge ab from a and only one incoming edge ca,
where b # c. Let V' =V \ {a} and E' = E\ {ab,ca}.

o)
a 0< ’ %4 Vv
oC
Then the following is true.
(a) For anyp > 2,
dim H, (V, E) = dim H,(V', E'). (4.25)
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(b) If ¢b is an edge or a semi-edge in (V'  E') then (4.25) is satisfied
also for p = 0,1, that is, for all p > 0.

(c) If cb is neither edge nor semi-edge in (V'  E'), but b, c belong to the
same connected component of (V', E') then

dim H, (V, E) = dim H;(V',E') + 1
and dim Hy (V, F) = dim Hy (V', E').
(d) If b,c belong to different connected components of (V', E') then
dim H, (V, E) = dim H,(V', E")
and dim Hy (V, F) = dim Ho(V’, E') — 1.

Consequently, in the case (b), x (V, E) = x (V', E'), whereas in the
cases (c¢) and (d), x (V,E) = x (V' E') — 1.
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Example. Consider the graphs

he be
/! AN AN
(V,E)= ae ! od and (V' E')= | od
AN / /!
ce ce

Since cb is semi-edge in (V', E’) we have case (b) so that all homologies of
(V,E) and (V', E’) are the same. Removing further vertex d we obtain
a digraph ‘e — e that will be denoted by (V”, E”). It is a star-like
graph with all dim H, (V", E”) = 0 for p > 1. Since cb is neither edge nor
semi-edge in (V" E"), but the graph is connected, we conclude by case
(c) that

H,(V'.E'Y=H, (V" E") for p > 2,

and
dim H, (V' E') =dim H, (V" E")+1 = 1.

It follows that dim H, (V, E) =0 for p > 2 and dim H; (V, F) = 1.
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Example. Consider a digraph (a kind of anti-snake):

We start building this graph with 1 — 2. Since 21 is neither edge
nor semi-edge, adding a path 2 — 3 — 1 increases dim H; by 1 and
preserves other homologies. Since 23 is an edge, adding a path2 — 4 — 3
preserves all homologies. Since 34 is neither edge nor semi-edge, adding
a path 3 — 5 — 4 increases dim H; by 1 and preserves other homologies.
Similarly, adding a path 5 — 6 — 4 preserves all homologies.

One can repeat this pattern arbitrarily many times. By doing so
we construct a digraph with a prescribed value of dim H; while keeping
dim H, = 0 for all p > 2. Consequently, the Euler characteristic x can
take arbitrary negative values.
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Proof of Theorem 4.4. Proof of (a). The identity (4.25) for p > 2
will follow if if prove that

dim H, (Q/Q") =0 for p > 2. (4.26)
In order to prove (4.26) it suffices to show that
ker 8\%/% =0,
which is equivalent to
v €, Ov=0modQ, ; = v=0mod. (4.27)
By the definition (3.5) of €2, (4.27) is equivalent to
veA, and ve A, | = veEA, (4.28)

Hence, let us prove (4.28) for all p > 2.

Every elementary allowed p-path on (V) E) either contains one of the
edges ab, ca or is allowed in (V'  E’). Let us show that, for any v as
in (4.28), its components v vanish, which will imply that



v € A,. Any such component can be written in the form p@abB or yyeas
where a, 3,7 are some paths. Consider the following cases. For further
applications, in the Cases 1,2 we assume only that v € , (whereas in
the Case 3 v is as in (4.28)).

Case 1. Let us consider first the component v®®? where /3 is non-
empty. If cabB is not allowed in (V, E) then v®8 = ( by definition. Let
aab be allowed in (V, E'). The path aaf is not allowed because the only
outcoming edge from a is ab. Since dv € A,_;, we have

(8v)**? = 0.

Let us show that
(Bv) P = b8, (4.29)

which will imply v®®? = 0. Indeed, by (1.6) (v)**’ is the sum of the
terms +v“ where w is a p-path that is obtained from «af by inserting
one vertex. Since there is no edge from a to (3, the only way w can be
allowed is when w = aab3. Since for any other w we have v = 0, we
obtain (4.29), which implies that v = 0.

Case 2. In the same way one proves that v’ = 0 provided 7 is
non-empty, using the fact that the only incoming edge in a is ca.
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Case 3. Consider now an arbitrary component v*®?. If 3 is non-
empty then v*%% = 0 by Case 1. Let 3 be empty. Then o must have the
form o = ¢ so that v*? = ¢ _If ~ is non-empty then v7°® = 0 by
Case 2. Finally, let v be also empty so that v*®% = ¢® (which is only
possible if p = 2). Since dv € A}, we have

(Bv)™ = 0.
On the other hand,

b ,ab atb abi

(Ov)* :ZU“‘ — 0™ ™,
i€V

Here all the terms of the form v vanish, except possibly for v°*, because

ia is not an edge unless ¢ = c. All the terms v®® vanish because ai is not

an edge. All the terms v vanish by Case 1. Hence, we obtain
(Ov)™ = vt

whence v°? = 0 follows, thus finishing the proof of the part (a) .
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Proof of (b),(c),(d).If b, c belong to the same connected component
of (V', E’) then the number of connected components of (V, F) and that
of (V' E') are the same, so that

dim Hy (Q) = dim H, (2, (4.30)

whereas if b, ¢ belong to different connected components of (V' E’) then

after joining them by a the number of connected components reduces by
1, so that

dim Hy () = dim Hy () — 1. (4.31)

To handle H; we use the long exact sequence (4.1) that by (4.26) has
the form

0« Hy(2/Q") « Hy (Q) « Ho (V) «— Hy (2/Q) «— Hy () «— H{ () « 0.
(4.32)

Since we know already the relation between Hy ()') and Hy (€2), to obtain

the relation between H; (€2') and H; (€2) we need to compute dim Hy (£2/€Y)

and dim H; (©2/€) from the quotient complex /€. Observe that

Qo = Qy +span{e,}, Q5 = Q) + span{ew, €} (4.33)
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so that the quotient complex €2 /€Y has the form

0 «—— span{e,} & span {€4p, €cq } 2 Qs /82 2

We need to determine Im 0lq, jqr, ker d|q, /o, Im dlq, /q;. Since
Deay = €y — €4 = —€, mod €,

it follows that
Im 8‘91/911 = QO/QB;

whence
dim H, (Q/Q’) = 0. (4.34)

For any scalars k,l € K, we have
O(keay + leeq) = (I — k)e, mod €2,
so that d(keg + leq,) = 0 if and only if k£ = [, that is

ker |q, jor = span(eqp + €cq) mod 2. (4.35)
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Let us now compute Im 9|, /q;. For any v € Q, we have by the above
Cases 1,2 that v® = ¢v/*® = (0, which implies that v has the form

v =1+ %y, (4.36)
where v' € Aj. It follows that
Ov = o' + v (Eap — €ch + €cq) - (4.37)

Since all 1-paths Ov, ey, and e, belong to Aj, it follows that 9v' —vey, €
A, whence also Ov' — v**e,, € A’. Therefore,

Ov = v (eqp + €0q) mod . (4.38)

Next consider two cases.
() Let €, contain an element v with v°® # 0. Then by (4.38)

Im 0|, /0q = span (eqp + €ca) mod O, (4.39)
which together with (4.35) implies

dim H; (Q/Q) = 0. (4.40)
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Substituting (4.34) and (4.40) into the exact sequence (4.32), we obtain
that the identity
dim H, (") = dim H, ()

holds for all p > 0.
(i¢) Assume that v = 0 for all v € Qy. Then by (4.38)

Im 0lq, /0, = 0,
which together with (4.35) implies
dim H, (/) = 1. (4.41)
Using again the exact sequence (4.32), that is,
0 — Ho(9) — Ho (%) — Hy (/) — Hy () — Hy () — 0,
we obtain by (2.5) and (4.41)

dim H, () — dim H;(Q) + 1 — dim H° (@) + dim H°(Q2) =0 (4.42)
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Let us now specify when () or (i) occur. Assume first that cb is an edge:

o)
a o< T Vil v

oC

Then
aecab = €qb — €cb T+ €ca € Ala

whence it follows that e.,, € €. Hence, we have the case (i) with
U = €cab-

Assume now that cb is not an edge. Denote by J the set of vertices
j € V' such that the 2-path ¢jb is allowed in (V' E'):

o)
a o< >0] v
oC

Assume first that J is non-empty, that is, cb is a semi-edge, and set

1
T €c by
7] 2

UV = €cab —
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where |J| is the number of elements in J. It is clear that v € Ay, We
have

1
Ov = (ear—eatcea) =1 > (e — eas + ecj)
j€J

1
(b + €ca) — m Z (6jb + €cj) , (4.43)
jeJ

where the term e, has cancelled out. It follows from (4.43) that dv € A
whence v € (), and we obtain again the case (7). This finishes the proof
of (b).

Let us show that if J = () (that is, when c¢b is neither edge nor semi-
edge) then we have the case (7). Any 2-path v € 5 has the form (4.36)
and Ov is given by (4.37). It follows that

(BV)? = (9) — v,

Since dv € A, and ¢b is not an edge, we have (9v)? = 0. We have by
(1.6)
(0" = 30 ) = ()" + @),

Jjev’
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which implies that (9v')® = 0 as no elementary 2-path of the form
jeb, cjb, cbj is allowed in (V' E'), whereas v/ € AL. It follows that
v°% = () so that we have the case (i7).

If in addition b, ¢ belong to the same connected component of (V', E')
then we have (4.30), that is,

dim H° () = dim H°(QY).
Substituting into (4.42), we obtain
dim H; (Q) = dim H, (') + 1.

which proves part (c).
If b,c belong to different components of (V’, E’) then we have by
(4.31)
dim H° (Q) = dim H°(Q') — 1,
whence by (4.42)
dim H1 (Q) — dim Hl(Q/),

which finishes the proof of part (d).
Finally, the identities for the Euler characteristic follows easily from
the relations between dim H, (2) and dim H, (). =
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4.5 Suspension

Let a digraph (V, E) have a subgraph (V’, E') such that V' \ V' = {a, b}
and E \ E' = {ia,ib,i € V'}:

A
v v
Ny, L/
o

The digraph (V, E) is called a suspension of (V' E’) and is denoted by
Sus (V') E') . Similarly, if a and b have outcoming edges then (V, F) is an
inverse suspension of (V/, E').

The next theorem determines the homologies of a suspension.

Theorem 4.5 If (V. E) is a suspension (or inverse suspension) of (V', E')
then, for any p > 1,

H,(V,E)~H, (V' E). (4.44)
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Here ﬁp is a reduced homology: flp = H, for p > 1 and Hy =
Hy/ const .

Denoting the digraph (V', E’) by G, we can write the identity (4.44)
in the functorial form as follows:

H,(SusG) = H,_, (G).

It follows that x (SusG) =2 — x (G).
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Example. Consider the digraph G = (V| F) as follows:

Clearly, G = Sus G’ where GG’ is the subgraph with vertices {2, 3,4, 5}.
Also, G' = Sus G” where G” is a subgraph with vertices {4,5}. Since
dim Hy (G") = 2 and dim H, (G") = 0 for p > 1, we obtain by (4.44)

dim Hy (G") = 1, dim H, (G') =1, dim H, (G') =0 for p > 2,
dimHy (G) = 1, dimH, (G) =0, dimH,(G) =1, dimH,(G) =0 for p > 3.

Consequently, x (G) = 2.
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In the digraph G we have
dimQy = |V|=6 and dim; = |E| =12

and
Ay = span {60247 €025, €034, €035, €124, €125, €134, 6135} .

The set of semi-edges is empty, whence dim €29 = dim A, = 8 and, hence,
Q9 = A,. Alternatively, one can see that because all the 2-paths spanning
Ay are triangles so that all they are O-invariant. Also, there are no
allowed 3-paths, so that A3 = {0} whence dim 2, = 0 for all p > 3.

A spanning element in H? (G) is

UV = €024 — €025 — €034 T €035 — €124 + €125 + €134 — €135

as v # 0 and dv = 0.
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Example. Let S be any cycle graph that is neither triangle nor square.
We regards S as a circle. Define S,, inductively by S; = S and S, 11 =
Sus S,,. Then S,, can be regarded as n-dimensional sphere. Here is an
example of Ss:

Since x (S) = 0 by Proposition 3.7, it follows that x (S,) = 0 if
n is odd and x (S,) = 2 if n is even. Theorem 4.5 also implies that
dim H,, (S,,) = dim H; (S) = 1, which gives an example of a non-trivial
H,, with an arbitrary n.
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Proof of Theorem 4.5. For any p > 0 consider a linear mapping
T A — A,

defined by
TV =v (€, — €p) . (4.45)

Since every vertex from V' is connected to a and b, the path 7v is indeed
allowed. By the product rule (1.14) we have

0 (Tv) = (W) (ep — eq) + (—1)" 1 00 (eq — €3) = TOV
so that the operators 0 and 7 commute. It follows that
7 () C Qpyr.
Indeed, if v € € then
ve A, and dve A

whence

T € A,y and O (7tv) =7 (0v) € A,
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whence 7v € €),1;. Hence, we have the commutative following diagram
for all p > 1:

0
v Ik (4.46)
0

Qp — O

Let us extend it to the case p = 0. Set 2’ | = K as in the case of reduced
homology. The operator 7 : K — € is also defined by (4.45), which
now amounts to 71 = e, — e,. The operator 0 should be replaced by
0 : Q) — K where de; = 1 (this is the same operator 0 that is used in
the reduced homologies and in the product rule). The above argument,
based on the product rule, remains valid. Hence, the diagram (4.46)
remains commutative also for p = 0, where it takes the form

0

K «— Q
17 17
Q, <& O

Consider the digraph (V" E”) that is obtained by adding to (V’, E’)
the vertex a and all the edges ia with ¢ € V', that is, (V" E") is a cone
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over (V' E'):

SNV
V/
Nl

9,

Let us mark by a double dash ” all the notation related to this digraph.
For any p > 0, define a linear mapping p : A, — A} by

PCi...ip = { S ifs, 7 (4.47)

o i it 7, = b.

Clearly, p is surjective. Let us show that p commutes with 0. If v = ¢;; _;,
with i, # b then pv = v and p (Ov) = Jv so that p (Ov) = 9 (pv) . If i, = b
then, setting u = e;,.;,_,, we obtain pv = ue, and

9 (pv) = (Ou) € + (=1)" u.
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On the other hand, we have
ov = (0u) e, + (—1)’u
whence it follows that
p (0v) = (Ou) ey + (—1)" u,

which proves that p (0v) = 0 (pv) .
It follows that p maps €, to (27 and the following diagram is commu-

tative for any p > 0:
o

Qp — O
I7 ll# (4.48)
O O

We will merge the diagrams (4.48) and (4.46), and for that we need to
verify that the following sequence is exact for all p > —1:

0—Q 0 Q) —0. (4.49)

Since 7 is injective and p is surjective, it suffices to show that Im 7 =
ker p. We have

T€iy...i,, — Cig...ipa — Cig...ipb
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so that Im 7 consists of all p-paths of the form

Z S0 (@ e = i) (4.50)

10,...,tpEV’

with arbitrary coefficients ¢"%. Observe that, for any u € Q,41,

ou = E : uzo...1p+1ei0...ipip+1 + E : (ulo---lpa+u20---2pb) ezo...zpa.

io,...,ierlEV/ io,...,ipEV/
(4.51)
Then the equation pu = 0 that amounts to the system

iQ...ip 1 — . . l
{ wio-inst = 0, for all dg...ip41 € V', (4.52)

yio- @ 4 qlo-ipb — () for all ig...1p € V',

that is, to the identity

u = Z T (eio...ipa - eio...ipb) . (4-53)

10,...,tp €V’

Comparing with (4.50) we see that Im 7 = ker p.
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Hence, we have constructed the following commutative diagram where
the rows are chain complexes and the columns are exact:

0 «— 0 — 0 — 0 +—. — 0 — 0 —

! I ! ! !

0 — o, < o <L o &£.. &L o, £ o £

| 7 7 17 17 17

0 — 0 < o &£ 0 &£ 2L o £ 9,4 &

| 1° 17 1? 17 17

0 — 9 < o &L o 2. <L o X oo, <.

| | | ! | !

0 «— 0 — 0 — 0 — ... «— 0 — 0 — ...
(4.54)

The homologies of the first chain complex in (4.54) are the reduced

homologies H. (€2'), while the second and the third complexes yield the
homologies H. (2) and H. (") respectively. By (2.17) we obtain a long
exact sequence

~

0 — Hp(Q) « Hy(Q) — Hp1 () — Hp1 () ...
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Since (V" E") is a star-like, we have by Theorem 3.4 H, (Q?") = {0} for
any p > 1, whence it follows that

dim H, (Q) = dim H,_; (2,

which was to be proved. =
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