LOCALIZED UPPER BOUNDS OF HEAT KERNELS FOR
DIFFUSIONS VIA A MULTIPLE DYNKIN-HUNT FORMULA

ALEXANDER GRIGOR’YAN AND NAOTAKA KAJINO

ABSTRACT. We prove that for a general diffusion process, certain assumptions on its
behavior only within a fixed open subset of the state space imply the existence and sub-
Gaussian type off-diagonal upper bounds of the global heat kernel on the fixed open set.
The proof is mostly probabilistic and is based on a seemingly new formula, which we call
a multiple Dynkin-Hunt formula, expressing the transition function of a Hunt process in
terms of that of the part process on a given open subset. This result has an application
to heat kernel analysis for the Liouville Brownian motion, the canonical diffusion in a
certain random geometry of the plane induced by a (massive) Gaussian free field.
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1. INTRODUCTION

Let (M,d) be a locally compact separable metric space equipped with a o-finite Borel
measure g and let X = ({Xt}te[o,oob{]}pz}zEMA) be a diffusion on M, where Ma :=
M U {A} denotes the one-point compactification of M. The themes of this paper are
existence of the heat kernel p;(z,y) (the transition density of X with respect to u) and
off-diagonal upper bounds of p;(x,y) of the form

pe(z,y) < Fy(z,y) exp(—v(W)ﬁil) (1.1)

Date: July 3, 2015.

2010 Mathematics Subject Classification. Primary 35K08, 60J35, 60J60; Secondary 28A80, 31C25,
60J45.

Key words and phrases. Hunt process, multiple Dynkin-Hunt formula, diffusion, heat kernel, sub-
Gaussian upper bound, exit probability estimate.

AG was supported by SFB 701 of the German Research Council (DFG).

NK was supported by SFB 701 of the German Research Council (DFG) and by JSPS KAKENHI Grant
Number 26287017.

1



2 ALEXANDER GRIGOR’YAN AND NAOTAKA KAJINO

for some v € (0,00), B € (1,00) and a positive function Fy(z,y). In most typical cases,
Fy(z,y) is given either by the power function Fy(z,y) = cot™* for some ¢y, € (0,00) or
by the volume function

Fy(x,y) = con(B(z, /%)) 2 u(B(y, 1'/8)) 7, (1.2)

where f is as in (ILI)) and B(z,7) :={y € M | d(z,y) < r} for (z,r) € M x (0,00).

For g =2, (1)) is called a Gaussian upper bound and has been extensively studied in
the classical setting where M is a complete Riemannian manifold. For example, when M
has non-negative Ricci curvature, the Gaussian bound (L)) under (.2]), together with a
matching lower bound, has been proved for the Brownian motion on M by Li and Yau
[35] and for uniformly elliptic diffusions on M by Saloff-Coste [40]. It is also known by the
results of Grigor’yan [20, 21] and Saloff-Coste [39] [40] that these bounds are characterized
or implied by certain scale-invariant functional inequalities, such as Poincaré, local Sobolev
and relative Faber-Krahn inequalities, in conjunction with the volume doubling property

0 < pu(B(x,2r)) < cyapu(B(z,r)) < o0. (1.3)

Saloff-Coste’s proofs have developed from Moser’s iteration argument in [37, B8] combined
with Davies’ method in [14] for making the constant ~ in (I arbitrarily close to I, and
have been extended by Sturm [42, [43] to the framework of a general strongly local regular
Dirichlet space whose associated intrinsic metric is non-degenerate. This last property
basically means that for each relatively compact ball B(x,r) there exists a cutoff function
© = g, satisfying 1gy < ¢ < 1poy and “Vep| < r~1” p-a.e., which makes it
possible to apply the methods developed for Riemannian manifolds to an abstract setting.
It should also be noted that such cutoff functions allow us to deduce localized Gaussian
bounds from localized assumptions; for example, a Gaussian upper bound of p;(x,y) for
given x,y € M is implied by a local Sobolev inequality on two balls B(x,r,) and B(y,ry)
alone. See [15], 23] 41], 142}, 43] and references therein for further details of Gaussian bounds.

The values of 8 greater than 2 naturally appear in the study of diffusions on fractals.
Barlow and Perkins have proved in their seminal work [I1] that the canonical diffusion
on the two-dimensional Sierpinski gasket satisfies (ILT]) with (I2)) and S = logy 5 > 2 as
well as a matching lower bound, which indicate a lower diffusion speed of the heat and
are thereby called sub-Gaussian bounds. Such two-sided bounds with 5 > 2 have been
established also for nested fractals by Kumagai [33], affine nested fractals by Fitzsimmons,
Hambly and Kumagai [18] and Sierpiriski carpets by Barlow and Bass [4] 5] (see also [§]),
which in turn have motivated a number of recent studies on characterizing sub-Gaussian
bounds, like [7, 10, 24, 27, 28], 32] B34] for two-sided and [1} 22 25|, 27, B1] for upper. A
huge technical difficulty in the sub-Gaussian case is that, even though we can construct
good cutoff functions similar to the Gaussian case a posteriori on the basis of sub-Gaussian
bounds as has been done in [I} [7, 27], it is hopeless to have such functions a priori; indeed,
the natural distance function may well even not belong to the domain of the Dirichlet form
as proved in |29, Proposition A.3] for the two-dimensional Sierpiriski gasket. Therefore
in getting sub-Gaussian bounds, practically we cannot use analytic methods developed
for Gaussian bounds, and most of the existent researches have made indispensable use of
arguments on the diffusion process instead.

While calculations with the diffusion enable us to estimate various analytic quantities
through probabilistic considerations, it is not clear whether they admit localized implica-
tions similar to the analytic proofs of Gaussian bounds, and there seems to be no result in
the literature stating such implications explicitly. In fact, unless the diffusion X has a cer-
tain prescribed local regularity property as in the case of Riemannian manifolds and that
of resistance forms treated in [32], localizing ezistence results for the heat kernel py(z,y) is
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already highly non-trivial, since its existence on a given subset could be prevented by the
possibly very bad behavior of the diffusion outside the subset. These issues of localization
have been carefully avoided in the known probabilistic derivations of sub-Gaussian heat
kernel bounds, either by assuming as in [31] the ultracontractivity of the heat semigroup
and thereby the existence and boundedness of the heat kernel p(z,y), or by assuming
good situations everywhere in every scale as in [22] 25 28] and their descendants [24] 27].

The purpose of this paper is to provide a new probabilistic method of obtaining localized
existence and sub-Gaussian upper bounds of the heat kernel p;(z,y) of X from localized
assumptions on X. Now we briefly outline the statements of our main theorems.

The main localized existence theorem for the heat kernel (Theorem [5.4]) is proved
for a Radon measure p on M with full support and a p-symmetric Hunt process X =
({Xt}te,00 {Pateema) on M (not necessarily with continuous sample paths) whose
Dirichlet form (&, F) is regular on L?(M, u1). Let U be a non-empty open subset of M, set
7y = inf{t € [0,00) | Xy € Ma \ U} (inf @ := 00) and let {T{ };¢(0,00) denote the Dirichlet
heat semigroup on U. Then Theorem 5.4 states that for an interval I C (0,00) and open
subsets V., W of M, a “u-almost everywhere upper bound for {TtU}te(o,oo) on I xV xW by
a locally bounded upper semi-continuous kernel H = Hy(x,y)” yields a Borel measurable
function p¥ = p{/ (z,y) with 0 < p{/(z,y) < Hy(z,y) such that for £-quasi-every x € V,
for any t € I,

P.[X; € dy, t <7v] =pf (z,9)du(y)  on W. (1.4)
In fact, the same sort of results along with some additional regularity properties of p;(x, y)
have been obtained for I = (0,00) and U =V = W = M in [22, Sections 7 and 8] and [6),
Theorem 3.1], but our Theorem [5.4] should suffice for most applications since it already
guarantees the expected bound p¥ (x,y) < Hy(z,y) without requiring any regularity of the
heat kernel p! (z, ).

The proof of Theorem (.4 is mostly based on potential theory for regular symmetric
Dirichlet forms developed in [19, Chapters 2 and 4]; it should not be very difficult to
generalize Theorem (.4 to a wider framework where the same kind of potential theory is
still available. As an intermediate step for the proof of Theorem .4, we also prove in
Proposition that “for £-quasi-every x € V” in the above statement can be improved
to “for any x € V7 if the inequality P,[X; € dy, t < 7y] < Hy(z,y) du(y) holds on W for
any (t,x) e I x V.

Next we turn to our second main theorem on localized sub-Gaussian upper bounds
of heat kernels (Theorem [6.2]). For the reader’s convenience, we give here the precise
statement of a simplified version of it. For B C M, set 75 := inf{t € [0,00) | X; € Ma\ B}
(inf @ := oo) and let B(B) denote its Borel o-field under the relative topology inherited
from M.

Theorem 1.1. Let (M,d) be a locally compact separable metric space, let i be a o-finite
Borel measure i on M and let X = (Q, M, {X;}tef0,00) {Pateern) be a Hunt process on
(M,B(M)) with life time . Let N € B(M) and assume that for any x € M \ N,

P, [X: € MA\ N for any t € [0,00), [0,¢) 3t — X; € M is continuous| = 1 (1.5)

(namely, M \ N is X-invariant and the restriction X|yp y of X to M \ N is a diffusion).

Let p € (1,00), let R € (0,00), let U be a non-empty open subset of M with diamU < R
and let F = Fy(z,y) : (0,RP] x U x U — (0,00) be Borel measurable. Let cp,ap, c,y €
(0,00) and assume that the following three conditions (DB)g, (DU)%’R and (P)g’R hold:

(DB)s  For any (t,x,y), (s,z,w) € (0, R¥] x U x U with s < t,

Fi(z,w) tVd(z,2)? v d(y,w)?\ "
Ft(l',y) = CF< S ) ‘

(1.6)
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(DU)Z’R For any (t,z) € (0, R?) x (U\ N) and any A € B(U),
mwmmt«m<émmww@. (L.7)

(P)g’R For any (z,r) € (U\ N) x (0, R) with B(x,r) C U and any t € (0,00),

Palrp(er) < ] < cexp(—y(r/)77). (L8)
Let € € (0,1) and set USp == {x € M | infycpppd(z,y) > eR} (note that Uy is an open
subset of U). Then there exists a Borel measurable function p = pi(z,y) : (0,00) x (M \
N) x U2p —[0,00) such that for any (t,z) € (0,00) x (M \ N) the following hold:

Pw&GAFiAm@wmmw for any A € BUS), (1.9)

and furthermore for any y € Ulp,

e Fy(,y) exp(—y-(d(x,y)? /1)) ift <R® andzel,
pe(2,y) < 9 e (infyyy F(Qt)/\R@)exp(—’ys(Rﬁ/t)ﬁ) ift < RS and x ¢ U, (1.10)
ce(infyxy Frs) ift > RP

B
for some c. € (0,00) explicit in B,cp,ap,c,y,e and ye 1= (%s)ﬁ—lv.

The strength of Theorem [[.1lis that the conditions (DU)Z’R and (P)g’R are independent
of the behavior of X after exiting U and thereby completely localized within U but assure
nevertheless the existence and an upper bound of the heat kernel p = py(z,y) for the global
transition function P,[X; € dy].

The power function Fi(z,y) = cot™ clearly satisfies (DB)g, and it is easy to see
that (DB)s holds also for the volume function (L2) provided (L3)) is satisfied for any
(x,r) € U x (0, R); see Example B.I0] for some more details. In view of these examples
of F = Fy(x,y), (DU)%R amounts to an on-diagonal upper bound of the heat kernel
pY = p{(x,y) for {T}1c(0,00), Which is known to be implied in the setting of a regular
symmetric Dirichlet form by the local Nash inequality as shown in [31, Lemma 4.3] and
by the Faber-Krahn inequality as treated in [25, Subsection 5.2 and (5.48)].

The proof of Theorem [LTlrelies essentially only on two probabilistic iteration arguments
based on the strong Markov property of X, where the series in the resulting upper estimates

are shown to converge to the desired bounds by making heavy use of the condition (P)g’R.

In this sense, (P)g’R could be considered as the probabilistic replacement for cutoff functions

with well-controlled energy. One iteration argument involves the behavior of X within U
alone and is used in the first step of the proof of Theorem [I.I] to obtain an off-diagonal
sub-Gaussian type upper bound of the Dirichlet heat kernel pU = p¥ (z,y) on U without
assuming the symmetry of X (Proposition [6.5]). The other iteration is formulated as an
equality, which we call a multiple Dynkin-Hunt formula, expressing the global transition
function P,[X; € A] in terms of Py[X; € A, s < 1v], (s,y) € [0,¢] x U, for each Borel
subset A of M with A C U (Theorem B.3)) and thus enabling us to deduce upper bounds
for the former from those for the latter together with (P)g’R (Proposition [6.0]).

Note that the case of bounded (M,d) has been excluded from the main results of
[1, 221, 24, 25], 27, 28], mainly due to their construction of the global heat kernel p(x,y)
as the limit as U 1 M of the Dirichlet heat kernel pY(z,y) on U; indeed, taking the
limit as U 1 M is not allowed for bounded (M,d) since part of their conditions (FK)y
(Faber-Krahn inequality) and (E)g (mean exit time estimate, see (16) and ((CI7) in
Theorem below) must fail when the ball B(x,r) coincides with M. We expect that
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this difficulty can be overcome by applying the main results of this paper, so that their
results should be easily extended to the case of bounded (M,d). In fact, Barlow, Bass,
Kumagai and Teplyaev [9] have used an argument very similar to our proof of Theorem
and Proposition in [9, Proof of Proposition 2.12] for the resolvent of the diffusion
to extend part of the main results of [24, 28] to the case of bounded (M, d). Our proof of
Theorem [IT] has successfully localized their idea by working directly with the transition
function (semigroup) rather than the resolvent.

Finally, we remark that Theorem [[I] has been recently applied in [2] to prove the
continuity and sub-Gaussian off-diagonal upper bounds of the heat kernel of the Liouville
Brownian motion, the canonical diffusion in a certain random geometry of R? induced by a
(massive) Gaussian free field. These results in [2] have had to rely strongly on Theorem [Tl
due to the fact that the unboundedness of R? precludes any uniform estimates of volumes
and exit times over the whole R? valid for almost every environment, as opposed to the
case of the two-dimensional torus, where the same kind of results have been obtained
independently and simultaneously in [36].

The rest of this paper is organized as follows. In Section 2] we collect basic definitions
and facts concerning Hunt processes. Section Bl formulates one of our two iteration ar-
guments as a multiple Dynkin-Hunt formula and proves it for an arbitrary Hunt process
(Theorem [33]). In Section [4] we recall the notions of the symmetry of a Hunt process, the
associated symmetric Dirichlet form and its regularity, together with some basic potential
theory that is needed in Section [f] to state and prove our main localized existence theorem
for the heat kernel (Theorem [5.4]). In Section [6] we state our main theorem on localized
sub-Gaussian upper bounds of heat kernels (Theorem[6.2)) and a global version of it (Theo-
rem [6.4]) and prove them on the basis of our other probabilistic iteration (Proposition [6.5])

and the multiple Dynkin-Hunt formula combined with the condition (P)g’R (Proposition

[6.6). Lastly, Section [7is devoted to providing sufficient conditions for (P)g’R (

and [[3) as a localized version of the (well-)known results in [3| 22] 25].

Theorems

Notation. In this paper, we adopt the following notation and conventions.

(0) The symbols C and D for set inclusion allow the case of the equality.

(1) N={ne€Z|n>0}ie,0¢N.

(2) We set sup® := 0 and inf () := co. We write a V b := max{a, b}, a A b := min{a, b},
at:=aVv0and a” :=—(aA0) for a,b € [—00, 00], and we use the same notation also
for [—o0, 0o]-valued functions and equivalence classes of them. All numerical functions
treated in this paper are assumed to be [—o0, oo]-valued.

(3) Let E be a topological space. The Borel o-field of E is denoted by B(FE). We set

):={u|u:E — R, uis continuous},

) := {u € C(E) | the closure of u *(R\ {0}) in F is compact},
E):={u|u:E — [—00,0], u is Borel measurable (i.e., B(E)-measurable)},
):={u € B(E) | uis [0, cc]-valued},

) = A{u e B(E) | [|lullsup < o0},

where ||ul|sup := ||t||sup,E 1= sup,cp |u(x)| for u: E — [—o00, c0].
2. Basics oN HUNT PROCESSES

In this section, we introduce our framework of a Hunt process. To keep the main results
of this paper accessible to those who are not familiar with the theory of Markov processes,
we explain basic definitions and facts in some detail. See [19) Section A.2] and [13, Section
A.1] for further details on Hunt processes.
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Let M be a locally compact separable metrizable topological space. The interior, closure
and boundary of A C M in M are denoted by int A, A and OA, respectively. Each A ¢ M
is equipped with the relative topology inherited from M, so that its Borel o-field B(A) can
be expressed as B(A) = {BNA| B e B(M)}. Let Ma := M U{A} denote the one-point
compactification of M, which satisfies B(Ma) = B(M)U{AU{A} | A€ B(M)}. In what
follows, [—00, oo]-valued functions on M are always set to be 0 at A unless their values at
A are already defined: u(A) :=0 for u: M — [—o0, x0].

Let X = (Q, M, {X¢}1e(0,00): {Pateenn ) be a Hunt process on (M, B(M)) with life time
¢ and shift operators {0;}c[,0c]- By definition, (€2, M) is a measurable space, { X; }c[0,00]
is a family of M/B(Ma)-measurable maps X; : Q@ — Ma such that X;(w) = A for any
t € [((w), 00] for each w € Q, where ((w) := inf{t € [0,00) | X¢(w) = A}, and {0; }1¢[0,00]
is a family of maps 6; : Q — Q satisfying X5 0 6, = X4y for any s,t € [0,00]. It is
further assumed that for each w € €, [0,00) 3 t — X;(w) € Ma is right-continuous and
the limit X;_(w) := limg_y s« Xs(w) exists in Ma for any ¢ € (0,00); see [I9, Section
A2, (M.6)]. The pair X of such a stochastic process (QaMa{Xt}te[o,oo]) and a family
{P,}zem, of probability measures on (§2, M) is then called a Hunt process on (M, B(M))
if and only if it is a normal Markov process on (M, B(M)) whose minimum completed
admissible filtration Fu = {Fi}ie(0,00) 18 Tight-continuous and it is strong Markov and
quasi-left-continuous with respect to F,; see [19, Section A.2, (M.2)—(M.5), the paragraph
before Lemma A.2.2, (A.2.3) and (A.2.4)] for the precise definitions of these notions.

For € Ma, the expectation (that is, the integration on ) under the measure P, is
denoted by E.[(-)]. We remark that by [13, Exercise A.1.20-(i)], for each F-measurable
random variable Y :  — [0, 00] the function Ma > x — E.[Y] € [0,00] is universally
measurable, i.e., measurable with respect to the universal o-field B*(Ma) of Ma defined
as B*(Ma) = (), BY(Ma); here v runs through the set of probability (or equivalently,
o-finite) measures on (Ma, B(Ma)) and B”(Ma) denotes the v-completion of B(Ma).

The Hunt process X gives rise to a family {P; };c(0,o0) of Markovian kernels on (M, B(M))
called the transition function of X, which is defined by

Pi(x, A) :=P,[X; € A, te[0,00), x € M, Aec B(M). (2.1)
Then for ¢t € [0,00) and u € B(M), we define

Puu(z) := /M u(y)Pe(x, dy) = Egy[u(Xy)] (2.2)

for z € M satisfying E,[u®(X3)] A E;[u™(X3)] < oo, so that Py(BT(M)) C BY(M) and

Pi(Br(M)) C By(M). Note that our convention of setting Pru(A) := 0 is consistent with
22) for x = A since Ea[u(X;)] = Ea[u(A)] = 0 by Pa[X: = A] = 1. Obviously, if

u € B(M) is [0, 1]-valued then so is Pyu, and the Markov property of X (see [19 (A.2.2)]
r [13, (A.1.3)]) easily implies the semigroup property

PiPsu = Prysu, t,s €[0,00), u € BT (M)UBL,(M). (2.3)

Moreover, it easily follows from the sample path right-continuity of X and the Dynkin
class theorem [12] Chapter 0, Theorem 2.2] that

[0,00) x M > (t,7) — Pru(z) is Borel measurable for any u € BT (M) U B, (M). (2.4)

Recall that o : Q — [0, 00] is called an F.-stopping time if and only if {o <t} € F; for
any t € [0,00). For B C Ma, we define its entrance time ¢ and exit time 7 for X by

op(w) :=inf{t € [0,00) | X;(w) € B}, weN and  Tp:=dmu\B; (2.5)
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and we also set 6p(w) := inf{t € (0,00) | X;—(w) € B} for w € Q. If B € B(Mp), then
0B, TB,0p are F,-stopping times and
P.lop <dp|=1 for any © € Ma (2.6)

by [19, Theorem A.2.3], where the case of A € B is easily deduced from that of B € B(M)
by using the equalities 6puay = 0pA¢ and Gpuga} = 65AG (A} for B C M and the quasi-
left-continuity [19, (A.2.4)] of X (see also [13, Theorem A.1.19 and Exercise A.1.26-(ii)]).
Note that if B C Ma, t € [0,00] and w € {6 >t} then dp(w) =t + op(0:(w)).

Next we introduce the part of X on open sets. Let U be a non-empty open subset of
M, let Ua := U U{Ay} denote its one-point compactification and define

Xi(w) ift <1py(w)
XY (w) = ’ t,w) € [0,00] x 0 2.7
® {AU o ) €000 (2.7
and Pp,, := Pa. Then XU := (Q,M, {X,:U}te[o,oo}, {]P’z}zeUA), called the part of X on U,
is a Hunt process on (U, B(U)) by [19, Theorem A.2.10]. Its transition function is naturally
extended to (M, B(M)) as a family {PtU}tE[O,oo) of Markovian kernels on (M, B(M)) given
by (with the obvious convention that Ay & M)

PY(x,A) =P, [XY c A|=P,[X; € A, t <1y], t€[0,00), zE€ M, AcB(M). (2.8)
Also for ¢t € [0,00) and u € B(M), similarly to (2.2) we further define

wwmejﬁwwﬂmm—/uwwwwm—&w&nwmﬂ (2.9)
M U

for x € M satisfying Ey[u™ (X¢)1 1)) A Belu™ (X¢)1jpar,y] < 00, where 14 : Q — {0,1}
denotes the indicator function of A C € given by 14]a := 1 and 14|g\4 := 0. Then
Plu(x) =0 for x € M\ U, PY(BY(M)) c BH(M), PY(B,(M)) C B,(M), and ([23)) and
(Z4) hold with {P}1¢(0,00) in place of {Py}ie(0,00)-

3. A MULTIPLE DYNKIN-HUNT FORMULA FOR HUNT PROCESSES

As in Section 2] let M be a locally compact separable metrizable topological space and
let X be a Hunt process on (M, B(M)) with life time ¢ and shift operators {0 };c(0,oq-
Throughout the rest of this paper, we fix this setting and follow the notation introduced in
Section 2

In this section, we state and prove a multiple Dynkin-Hunt formula (Theorem B3] below)
which gives an expression of Pyu in terms of PYu, s € [0, ], for a non-empty open subset
U of M and functions u € BY(M)UB,, (M) supported in U. It will be used later in Section
to deduce upper bounds for {P¢}e(0,00) from those for {PY }1e(0,00)-

The statement of Theorem requires the following definition and proposition.

Definition 3.1. For o : Q — [0,00] and B C MAa, the entrance time 6, and exit time
T8, of B after o for X are defined by (with the convention that [co, 00) := ()

0Bo(w) :=inf{t € [0(w),00) | X¢(w) € B}, weQ and 7Ty :=0ya\Be  (3.1)
so that 6p,(w) = 0(w) + (0, (w)) and 75 5 (w) = (W) + 7B (0 () (w)) for any w € Q.
Proposition 3.2. For any F.-stopping time o and any B € B(Ma), the entrance time
0B, and exit time T, of B after o for X are Fi-stopping times.

Proof. This proposition should be well-known, but we give an explicit proof for com-
pleteness. We follow [I3, Proof of Theorem A.1.19]. For each ¢t € (0,00), the set
{6Bs <t} ={w € Q| dps(w) <t} is equal to the projection on € of

{(s,w) €[0,t) x Q| o(w) < s, Xs(w) € B},
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which is easily shown to belong to the product o-field B([0,t]) ® F; by the sample path
right-continuity of X and the assumption that o is an F.-stopping time. Therefore [16,
Chapter III, 13 and 33| imply that {6, < t} € F;, which means that 6p,, and hence
also 75 4, are JFy-stopping times since F, is right-continuous. O

Now we state the main theorem of this section. Recall for o : 2 — [0, 00| that the map
X5 1 Q2 — Mp is defined as X, (w) := Xo(,)(w) and that X, is Foo /B(Ma)-measurable if
o is F-measurable by the sample path right-continuity of X.

Theorem 3.3 (A multiple Dynkin-Hunt formula). Let U be a non-empty open subset of
M, let B € B(M) satisfy B C U and define Fy-stopping times 1, and oy, n € N, by

T =Ty and inductively Opn =0Br, and Tpil:=T0g,, N EN. (3.2)
Then for any v € BT (M) U By(M) with u|ypp = 0 and any (t,x) € [0,00) x M,
Pru(z) = PYu(@) + Y By 1y, <y Py, u(Xo,)]- (3.3)
neN

Note that by (2.4]) for {PtU}tG[O,oo)? the random variable 1{Jn§t}73tU_gnu(Xan) in (B.3) is
Fo-measurable for any u € BT (M) U By(M), any ¢ € [0,00) and any n € N.
Recall that the Dynkin-Hunt formula refers to (the heat kernel version of) the following

equality, which is an easy consequence of Proposition 3.4 below: for any non-empty open
subset U of M, any u € BT (M) U By(M) and any (¢,z) € [0,00) x M,

Pou(x) = Pl u(z) + E, (17, <ty Prorpu( Xy, ). (3.4)

(B3)) can be regarded as an indefinite iteration of (B.4]) through restarting X at the entrance
time 6p -, of B after 7y, which is why we call (83)) a multiple Dynkin-Hunt formula.

For the proof of Theorem B.3] we need a variation of the strong Markov property of X
as in the following proposition. Recall for each JF,-stopping time ¢ that the collection

Fo={AeTF | AN{o <t} € F; for any t € [0,00)} (3.5)
is a o-field in  with respect to which o is measurable, that X, is F,/B*(Ma)-measurable

by [13, Exercise A.1.20-(ii)], and that the map 0, : @ — Q, 0,(w) 1= O,y (W), 18 Foo /T o-
measurable by [13, Theorem A.1.21].

Proposition 3.4. Let o be an F,-stopping time, let T : Q — [0, 00] be Foo-measurable and
let T : Q — [0,00] be Fo-measurable and satisfy o(w) < T(w) for any w € Q. Then for
any © € Ma and any u € B,(Ma), it holds that for Pgy-a.e. w € {o < o0},

E. [U(XT)]‘{T<O'+T000-} | 950'] (w) = EXO-(UJ) [U(XT(w)—cr(w))1{T(w)—cr(w)<7'}] . (36)

Proof. We follow [30), Proofs of Proposition 2.6.17 and Corollary 2.6.18]. For u € By,(Ma),
let Y, (w) denote the right-hand side of ([B.0) for w € {o < oo} and set Y, (w) := 0 for
w € {0 = 00}. Let x € Ma. For the proof of (3.6) it suffices to show that Y;, : @ — R
possesses the following properties:

Y, is F,-measurable and E, [U(XT)].{T<O+TOQU}1A] =E;[Y,14] for any A € F,. (3.7)
We first prove (B7) for u € C(Ma). Let n € N and define T, : Q — [0, 00| by
Tn|{a+(k_1)2—n§T<J+k2—n} =0+ k‘2_n, keN and Tn|{T:oo} = 00, (38)

so that T}, is F,-measurable and T, — 27" < T < T,,. Also define Y}, ,, in the same way as
Y, with T}, in place of T. Then Yy nl(r—oc} = 0 = Yu|{r=oc}, and lim, o0 Yy = Y, on
{T < o0} by T, — 27" < T < T,, the sample path right-continuity of X and dominated
convergence. Also for k € N,on {o+ (k—1)27" <T <o+ k27 "} € F, we have Y,,,, =
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Ex, [u(Xg2-n)1fra-n<ry], and since the latter is Fy-measurable by [13, Exercise A.1.20] so
are Y, p, and Y, = lim,, o Yy, n. Now for A € F;, thanks to dominated convergence,

Eo [u(X1,) 17, <otron,314] = Z Eu [1an{T, —o-+k2-n<oo} ((Xpo2—n)Lgra—ncry) © 05)]
keN
= Z Eo [1an{T =0+ k27 <00} Exy [W(Xjo-n) L go—ncry]]
keN
- Em [Yu,nlA]

by the strong Markov property [13, Theorem A.1.21] of X at time o, and we conclude
B20) by using T,, —2~" < T < T,, and the sample path right-continuity of X to let n — oo.

Note that for u € B,(Ma) and {un }nen C Bp(Ma) such that sup,,cy [[tnllsup < 0o and
limy, 00 un (y) = u(y) for any y € Ma, if u,, satisfies (87) for any n € N then so does u by
dominated convergence. Therefore it follows from the previous paragraph that ([B.7]) holds
for u = 1p with B C M closed in M, hence also with B € B(Ma) by the Dynkin class
theorem [I2, Chapter 0, Theorem 2.2], and thus for any u € By, (Ma). O

Proof of Theorem B3. For n € N, 7, < 0y, < 7,41 by (31)) and (3:2)), and the sample path
right-continuity of X implies that X, € M\U and 7, < 0, on {7, < ¢} and that X, € B
and 0, < Tp41 A ¢ on {0, < co}. Moreover, setting 7 := lim,, o 7, = limy, 00 0y, We see
from the quasi-left-continuity [19, (A.2.4)] of X that for any = € M,

P.r < (] =P,lr < (, limy 00 X7, = X = limy00 X4, | = P2 [0] = 0. (3.9)

Let (t,z) € [0,00) x M. Then for eachw € {X; € B, ( <7}, t < ((w) < 7(w) and hence
either t < 71 (w), or Ty (w) <t < Tp41(w) for some n € N, whence 0, (w) <t < 7,41(w) by
Xi(w) € By namely {X; € B, ( <7} C {t <11} UUpenion <t <741}, and this union is
disjoint. Therefore for any u € B, (M) with u|yn p = 0, noting that 7,41 = 0n + 77 0 0,5,
for any n € N and using (8.9), dominated convergence and Proposition B.4] we obtain

Pru(r) = Ep[u(Xy)] = Eo[u(Xe)1{x,eB, c<r}]

=E, [U(Xt)l{XteB,(<T} <1{t<n} + Z 1{0n<t<7'n_,_1}>:|

neN
= Eo[u(X)1jary] + ) Ealu(Xi) 1o, <t<on+ryots, })
neN
= ,PtUu(x) =+ Z E. [1{0n§t}E$ [u<Xt)1{t<an/\t+TUo€)gn/\t} ‘ fTFUn/\tH
neN
= ,PtUu("L‘) + Z/ EXUTL/\t(w) [U(Xt—an(w)/\t)l{t—an(w)/\t<TU}] dPﬁL‘(w)
neN {on<t}

= PtUu(‘T) + Z ]Em [1{an§t},Pthanu(XUn)]a
neN

where the equality in the fourth line holds since {o,, <t} € F,, ¢ by [30, Lemma 1.2.16].
Thus we have proved (B.3)) for u € By, (M) with u|yp g = 0, which easily implies (3.3)) for

u € BT (M) with ulpn g = 0 by monotone convergence. O

4. SYMMETRY OF A HUNT PROCESS AND THE ASSOCIATED DIRICHLET FORM

In this section, assuming the symmetry of our Hunt process X, we first recall that such
X naturally gives rise to a symmetric Dirichlet form, and then introduce related potential
theoretic notions. We refer the reader to [19] [13] for further details.
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4.1. The Dirichlet form of a symmetric Hunt process. In the rest of this paper, we
fix a metric d on M compatible with the topology of M, and a Radon measure y on M
with full support, i.e., a Borel measure on M such that u(K) < oo for any K C M compact
and p(U) > 0 for any U C M non-empty open. We set B(z,r) := {y € M | d(z,y) <r}
for (z,7) € M x (0,00) and diam A := sup,, ,c 4 d(z,y) for A C M. For q € [1,00), we set
lullq = (fy [ul%dp)/ for u € B(M) and BLI(M, ) := {u € B(M) | ||ullq < oo}, and we
also set (u,v) := [, wvdp for u,v € BY(M) and for u,v € B(M) with ||uv||; < co. For
|- |l and (-, -), we use the same notation for p-equivalence classes of functions as well.

Now we assume that X is p-symmetric, i.e., (Pyu,v) = (u, Prv) for any ¢ € (0,00) and
any u,v € BT(M). Then for each t € (0,00), as in [19, (1.4.13)] we can easily verify
that ||Prulls < ||lullz for any w € BT (M), so that Piu is defined p-a.e. and determines
an element Tyu of L?(M,u) for each u € L?(M, i) independently of a particular choice
of a p-version of u. Thus the transition function {P;};c[p,o0) of X canonically induces a
symmetric contraction semigroup {7} }4c(0,00) ON L?(M, 1) which is also Markovian, i.e.,
0 < Tyu < 1 p-ae. for any t € (0,00) and any u € L*(M,u) with 0 < u < 1 p-a.e.
This semigroup {7} };¢(0,00) is in fact strongly continuous thanks to the sample path right-
continuity of X as shown in [I9, Lemma 1.4.3-(i)] and hence determines a symmetric
Dirichlet form (€, F) on L?(M, i) by [19, Lemma 1.3.4-(i) and Theorem 1.4.1]. Namely,
we have a dense linear subspace F of L?(M,p) and a non-negative definite symmetric
bilinear form £ : F x F — R given by

F = {u € LA(M,p) | limt™ Nu — Tyu, u) < oo},

HO (4.1)

E(u,v) == 1if(1)1t_1<uthu,v>, u,v € F,
t

respectively, and (£, F) is closed (i.e., F forms a Hilbert space with inner product &; :=
E+(-,-)) and Markovian (i.e., ut A1l € F and E(ut A1,ut A1) < E(u,u) for any u € F).
(€, F) is called the Dirichlet form of the u-symmetric Hunt process X. Note that by [19,

Lemma 1.3.3-(i)],
T,(L*(M,u)) C F  for any t € (0, 00). (4.2)
In what follows we further assume that the Dirichlet form (£, F) of X is regular on
L*(M, p), i.e., that F N Cc(M) is dense both in (F,&) and in (Ce(M),] - |lsup). Note
that this framework actually contains any regular symmetric Dirichlet form on any locally
compact separable metric space (M, d) equipped with a Radon measure p with full support,

since any such form can be realized as the Dirichlet form of some u-symmetric Hunt process
on (M, B(M)) by the fundamental result [I9, Theorem 7.2.1] from Dirichlet form theory.

4.2. Capacity, quasi-continuity and exceptional sets. The following potential the-
oretic notions are adopted from [19, Section 2.1] and [I3], Sections 1.2 and 1.3].

Definition 4.1. (1) We define the 1-capacity Cap, associated with (M, u,E,F) by

cap;(U) := inf{& (u,u) [u e F, u>1 p-ae. on U} for U C M open in M,
Cap;(A) := inf{cap,(U) |U C M openin M, AcU} forACM (4.3)

(recall &1 := E+(-,)). Clearly, Cap, extends cap; and p(A) < Cap,(A) for A € B(M).
(2) A subset N of M is called £-polar if and only if Cap,(N) = 0. Moreover, if A C M
and S(x) is a statement in z € A, then we say that S holds £-q.e. on A if and only if
{z € A| §(z) fails} is E-polar. When A = M we simply say “S holds £-g.e.” instead.
(3) Let U C M be open in M. A function u: U\ N — [—00,00], with N C M E-polar, is
called &-quasi-continuous on U if and only if for any € € (0, 00) there exists an open
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subset V' of M with U NN C V and Cap,(V) < ¢ such that u[y\y is R-valued and
continuous. When U = M, such u is simply called £-quasi-continuous instead.

Remark 4.2. There are several equivalent ways of defining the notions of £-polar sets and
E-quasi-continuous functions. See [I3], Section 1.2 and Theorem 1.3.14] in this connection.

Note that Cap; is countably subadditive by [19, Lemma 2.1.2 and Theorem A.1.2].

Let U C M be open in M. By [19, Lemma 2.1.4], if u, v are £-quasi-continuous functions
on U and u < v p-a.e. on U, then v < v £-q.e. on U. In particular, for each u € L?(M, p),
an £-quasi-continuous p-version of w, if it exists, is unique up to -q.e. By [19] Theorem
2.1.3], each u € F admits an £-quasi-continuous p-version, which is denoted as w.

For each t € (0,00), while Tyu = Pyu p-a.e. for any u € L2(M, ) by the definition of
Ty, more strongly it actually holds by [19, Theorem 4.2.3-(i)] that for any u € BL?*(M, 1),

Pru is an E-quasi-continuous p-version of Tiu. (4.4)
The following definition gives a probabilistic counterpart of the notion of £-polar sets.

Definition 4.3. A Borel set N € B(M) is called properly exceptional for X if and only if
u(N) =0 and for any x € M \ N, P, [6ny Ao = oo] = 1 or, by (2.0), equivalently

P,[6n = oo = L. (4.5)

Note that {ony A on = oo} = {Xo, X¢, Xi— € Ma \ N for any t € (0,00)} € Foo and
that {ony = 0o} = {X; € Ma \ N for any t € [0,00)} € Foo. Every properly exceptional
set for X is &-polar by [19, Theorem 4.2.1-(ii)], and conversely any £-polar set is included
in a Borel properly exceptional set for X by [19, Theorem 4.1.1].

4.3. The Dirichlet form of the part process on open sets. Let U be a non-empty
open subset of M and set u|y = ,u\B(U). Recall that the part XV of X on U is a Hunt
process on (U, B(U)) defined in (2.7)) and that its transition function naturally extends to
(M, B(M)) as a family {P{ }1¢[9 o) of Markovian kernels on (M, B(M)) given by (Z). In
the present situation, the assumed p-symmetry of X implies that XU is u|y-symmetric.
More precisely, for any ¢ € (0,00) and any u,v € BY(M), we have (PYu,v) = (u, PYv) by
[19, Lemma 4.1.3] and hence also |Pfull2 < ||ull2 as in [19] (1.4.13)]. Thus we obtain a
Markovian symmetric contraction semigroup {T} };¢(0,00) on L?(M, ) canonically induced
by {P}1e(0,00) in the same way as for {P;},e(0,00)- Moreover, under the natural identifica-
tion of L2(U, u|y) with the closed linear subspace {u € L*(M, u) | u =0 p-a.e. on M \ U}
of L?(M, 1), the strongly continuous Markovian semigroup on L?(U, u|y) induced by the
transition function of XV is easily shown to be given by {TtU|L2(U,u|U)}t€(O,oo)7 and hence
(@) with TV in place of T; gives the Dirichlet form (€Y, Fy7) of XV, In fact,

Fr={ucFlu=0&qe on M\U} and &Y =¢E|r 7, (4.6)

by [19, Theorem 4.4.2] and (Y, Fy7) is regular on L?(U, u|yy) by [19, Lemma 1.4.2-(ii) and
Corollary 2.3.1]. (€Y, Fy) is called the part of the Dirichlet form (€, F) on U.
For t € (0,00) and u € BL%(M, j1), while TV u = P{u p-a.e. by definition, more strongly

PYu is an E-quasi-continuous p-version of T u, (4.7)

similarly to (#4). Indeed, since v := T/u € Fy C F by [@&2) and ([&G), v admits an
£-quasi-continuous ju-version ¥ and then ¥ = 0 = P/u £-q.e. on M \ U by ([&EG). On
the other hand, (PYu)|y is a p-version of v|y which is £-quasi-continuous on U by [19,
Theorem 4.4.3] and therefore (Pfu)|y = 0|y £-q.e. on U by [19, Lemma 2.1.4]. Thus
PYu =¥ E-q.e., which together with the £-quasi-continuity of ¥ yields (ET).
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5. LOCALIZED QUASI-EVERYWHERE EXISTENCE OF THE HEAT KERNEL

As in Section [ let (M, d) be a locally compact separable metric space equipped with
a Radon measure p with full support, and let X be a p-symmetric Hunt process on
(M,B(M)) whose Dirichlet form (€,F) is regular on L*(M,u). Throughout the rest of
this paper, we fix this setting and follow the notation introduced in Section M in addition
to that from Sections 2 and Bl

The purpose of this section is to prove Theorem [5.4] below on the existence of the heat
kernel pY = p{ (z, y) for {P{ }1e(0,00) on a given subset of (0,00) x M x M under a suitable
upper bound on the Markovian semigroup {TtU}te(o,oo) which is assumed only on the given
subset. In the case where the subset is the whole (0,00) x M x M, similar results have
been obtained, e.g., in [22 Sections 7 and 8] and [6, Theorem 3.1].

Remark 5.1. The p-symmetry of X and the regularity of its Dirichlet form are assumed
mostly for the sake of simplicity of the framework. In fact, we need these assumptions
only in order to use potential theoretic results from [19, Chapters 2 and 4] in the proof of
Theorem [5.4L it should be possible to extend Theorem [£.4] to a more general framework
where the same kind of potential theory remains available, and the reader is referred to
Remarks 5.5 and []] for the precise settings actually required for the (other) results
in Sections [B, @ and [T respectively.

For A C M, let 14 : M — {0,1} denote its indicator function given by 14]4 := 1 and
1alan\a := 0. In what follows we allow an interval I C R to be a one-point set.

Definition 5.2. Let I C (0,00) be an interval, V an open subset of M and W € B(M).

A Borel measurable function H = Hy(x,y) : I x V. x W — [0, 00] is called a u-upper bound

function on I x V x W if and only if the following three conditions are satisfied:

(UB1) limsupg); Hy(z,y) < Hy(x,y) for any (¢, z,y) € I x V x W with t <sup[.

(UB2) H¢(-,y):V — [0,00] is upper semi-continuous for any (¢,y) € I x W.

(UB3) There exist {h,}nen € BT (M) and non-decreasing sequences {I,},en of open
subsets of I, {V,,},en of open subsets of V' and {W), },,en of Borel subsets of W
with I = {J,en In, V = Upeny Vo and W = |J,,cy Wi such that for any n € N,

/ hpdp < oo and  Hy(z,y) < hy(y) for any (¢, z,y) € I, X V,, x W), (5.1)

Remark 5.3. (1) In (UB3) we may assume that p(V,, UW,) < oo for any n € N, by
taking a non-decreasing sequence {M, }nen of open subsets of M with M, compact
and M = UneN M, and replacing V,, and W), with V,, " M,, and W,, N M,,, respectively.

(2) Tt is easy to see that the condition (UB3) in Definition [5.2] is satisfied if W is open in
M and || H |sup,x = Sup( 5 4)cx Hi(,y) < oo for any compact subset K of I x V x W.

Theorem 5.4. Let I C (0,00) be an interval, V' an open subset of M, W € B(M) and
let H= Hy(z,y) be a p-upper bound function on I x V- x W. Let U be a non-empty open
subset of M. Then for each countable dense subset J of I satisfying maxI € J if max [
exists, the following three conditions are equivalent:

(1) For anyt € J and any v,w € L*(M, 1) with (v1y) A (wly) > 0 p-a.e.,

(oly, T (wly)) < /V o) i) < 1) (o), (5.2)

(2) For each t € J and each w € L*(M, i) with wly >0 p-a.e.,

TY (wiw)( / Hy(z,y)w(y)duly) for p-a.e. z € V. (5.3)
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(3) There exist a properly exceptional set N € B(M) for X and a Borel measurable func-
tion pU = p¥ (z,y) : I x (V\ N) x W — [0, 00] such that for any (t,x) € I x (V \ N),

PE (o) = [ o (e duly)  for any A € BOV), (5.4)
p%](a;, y) < Hy(z,y) for any y € W. (5.5)

We first show the following proposition, which is of independent interest and will be
used in the proof of the implication (2)=-(3) of Theorem [5.4] and also in the proof of
Theorems [6.2] and in the next section.

Remark 5.5. In fact, Proposition below applies, without any changes in the proof, to
any locally compact separable metrizable topological space M, any o-finite Borel measure
w on M and any Hunt process X on (M,B(M)).

Proposition 5.6. Let I € B([0,00)), let V,W € B(M) and let H = Hy(x,y) : IXV W —
[0, 00] be Borel measurable. Let U be a non-empty open subset of M. Then the following
two conditions are equivalent:

(1) For any (t,x) € I x V and any A € B(W),
P A) < [ Hilan) dnto). (56)

(2) There exists a Borel measurable function pv = p¥(x,y) : I x V. x W — [0,00] such
that (B.4) and [B.3) hold for any (t,z) € I x V.

Proof. Since the implication (2)=-(1) is immediate, it suffices to show the converse (1)=-(2).
By the o-finiteness of p, we can choose {Wy}nen € B(W) with W = (J,,cy W so that
W, C Wyi1 and pu(W,,) < oo for any n € N. We will construct for each n € N a function
pUm = pgj (z,y) : I x V x W,, — [0, 0] possessing the required properties with W,, in
place of W. If u(W,) = 0 then it suffices to set pU" := 0 in view of (5.6)), and therefore
we may assume p(Wp,) > 0. Let U = {Ag}ren be a countable open base for the topology
of M, set Ag := M\ A and A} := Aj, for k € N, and define

A = {Uaez AR | T € {0,1}"}, k€N, (5.7)

where Af := ﬂleAf"' for = (o), € {0,1}*, so that {Aj}ren is a non-decreasing
sequence of o-fields in M with (J, . Ax generating B(M). For k € N, noting that M =
Uae{[),l}k A% and that Af N A[]j = () for o, € {0,1}* with a # B, define pV"™F =

Py (@, y) s I x V x M — [0,00) by, for a € {0,1}* and (¢, z,9) € I x V x Al

a —1pU : a
U () {M(Ak N W) YPY Lagaw, () if u(AL QW) >0,

5.8
0 if u(AY N W,) = 0. (5:8)

Then pU™* is Borel measurable by (Z4) for {PY }He[o,00)- Furthermore for each (¢,z) €
IxV, since PY (z, (-)NW,) is absolutely continuous with respect to u((-)NW;,) and fi™ =

% < Hy(x,-) p-a.e. on Wy, by (5.0), pg’”’k(x, -) is a version of the Ag-conditional

%—expectaﬁon of f£* and hence limy_,o0 pgj’"’k(:c,y) = fflz(y) < Hy(z,y) for u-a.e.
y € W, by the martingale convergence theorem [17, Theorem 10.5.1]. Therefore the
function pl"™(z,y) := Hy(x,y) A liminfy_. p2"*(z,y), (t,2,y) € I x V x W, has the
desired properties. Now the proof of (2) is completed by setting p¥ (z,y) := pg "(z,y) for
n € Nand (¢,z,y) € I x V x (W, \ Wy—1) (Wp :=0) and using monotone convergence. [
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Proof of Theorem [5.4l The implication (2)=-(1) is immediate, and it is easy to see from
(UB3) of Definition 5.2 and Remark [5.3}(1) that (1) implies (2). The implication (3)=-(2)
also follows easily since TVu = Pu p-a.e. for any ¢ € (0,00) and any u € BL?(M, p).

Therefore it remains to prove (2)=-(3). Let {hy }nen, {In}nen, {Va tnen, {Wh }nen be as
in (UB3) with p(W,) < oo for any n € N as noted in Remark [.3}(1). Let Ay be as in
(5.7) for each k € N and set A := [ J,cy Ak, so that A is countable, generates B(M) and
satisfies ) € A, M\ A€ A for any A€ A and AUB € A for any A, B € A. By ([@7) and
[19, Theorem 2.1.2-(i)], there exists a non-decreasing sequence {F}}ren of closed subsets
of M such that limg_,., Cap;(M \ Fj) = 0 and for each k € N, u(G N Fy) > 0 for any
open subset G of M with G N Fy, # 0 and {PY1anw,|r, |n €N, t € J, A€ A} C C(Fy).
Moreover, since

/PtUlAmWn (z) = PtU,l—l(qul Lanw,)(z) = Eq [qul 1anw, (Xt—l—l)l{t—l—1<rU}]

fori € Nand t € [I71, 00) by (23 for {PtU}tE[O,oo)v an application of (£.1) and [19, Theorem

4.2.2] to PL,1anw, with [,n € N and A € A yields an E-polar set Ng € B(M) such that

(0,00) 3 t = PY1anw, (z) € R is right-continuous for any x € M \ Np, any n € N and

any A € A. Then (M \ ey Fr) U No is E-polar and therefore by [19, Theorem 4.1.1] we

can take a properly exceptional set N € B(M) for X satisfying (M \ Uy ) U No C N.
Let n € N and (t,z) € I x (V' \ N). We claim that for any A € B(M),

P L, (@) < [ Hig) duty), (59)
ANWy,

whose limit as n — oo results in (5.6]) with V' \ N in place of V' by monotone convergence,

thereby proving (2)=-(3) by virtue of Proposition Thus it remains to show (5.9]). To

this end, let A € A and choose k € N with k£ > n so that ¢ € [, and x € V. N Fy.

First we assume ¢ € J. Then P/ 1aqw, < Jacw,, He(-y) du(y) p-a.e. on V by (2), and
since p(G N Vi N Fy) > 0 for any open subset G of M with x € G we can take {z;};eny C
Vi N Fy, such that lim;_,o 2; = = in M and PY 1 zqw, (1) < fAmWn Hy(z;,y)du(y) for any
I € N. Now (5.9) follows by utilizing PY1anw, |, € C(F)), Fatou’s lemma and (UB2) to
let [ — oo, where the use of Fatou’s lemma is justified by (5.1]) with & in place of n.

Next for t € I\ J, with k& € N as above, we can take a strictly decreasing sequence
{ti}1en C Iy N J satisfying lim;_, o t; = ¢, and then PglAmWn (z) < fAﬂWn Hy (z,y) du(y)
for any | € N by the previous paragraph. Now letting | — oo yields (5.9]) for this case
by the right-continuity of P(U)l Anw, (z), Fatou’s lemma and (UB1), where (5.]) with & in
place of n is used again to verify the applicability of Fatou’s lemma to the right-hand side.

Thus (5.9) has been proved for any A € A. Further, we easily see from (5.I]) with & in
place of n and the dominated convergence theorem that {A € B(M) | A satisfies (5.9)} is
closed under monotone countable unions and intersections, and hence the monotone class
theorem [I7, Theorem 4.4.2] implies that (5.9) holds for any A € B(M). O

The rest of this section is devoted to presenting examples of p-upper bound functions.
We start with a lemma which is mostly due to [28, Subsection 3.4].

Lemma 5.7. Let ¥ : [0,00) — [0,00) be a homeomorphism satisfying

L /R\A _ U(R) RN B2 ,
) < < = < .
cy (r) =T _C\p(r) for any r, R € (0,00) with r < R (5.10)
for some cg, B1, B2 € (0,00) with 1 < 1 < B2, and for (R,t) € [0,00) x (0,00) define

R t R
O(R,t) :=Py(R,t):= sup {— — ——¢ = Sup ¢ ———— — At . 5.11
(&:1) v(B1) rE(O,oo){ r ‘I’(T’)} )\6(0,00){ T-(Ah) } (5:11)
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Then ® = &y is a [0, 00)-valued lower semi-continuous function such that for any R,t €
(0,00), ®(-,t) is non-decreasing, ®(R,-) is non-increasing, ®(0,t) =0 < ®(R, 1),

a®(R,t) < ®(aR,t) for anya € [1,00), (5.12)
_ . (U(R)\ 5 = U(R)\ 7=t
B1 ,81—1 F\Y N B < < B1-1 F Y B
(cg2t) A kg{linz}( " ) < O(R,t) < ¢y kg:f;}( " ) . (5.13)

Proof. The lower semi-continuity of & = &y is clear from (5.I1), and the other assertions
except the upper inequality in (5I3]) have been verified in [28, Remark 3.16 and Lemma
3.19]. To see the upper inequality in (5.13), let R,¢,7 € (0,00) and set a := RY(r)/(rt).
Noting that R/r —t/U(r) = (a — 1)t/¥(r) < 0if a < 1, we assume a > 1, and set § := 1
if » < Rand 8 := faif r > R. Then at/¥(r) = R/r < (cy¥(R)/¥(r))"/? by (GI0), hence
U(r) > at(c&,lat/\I/(R))ﬁ, and therefore

R t R at < (c\p\IJ(R)>5i1 _ cﬁll‘l

ro W) T r U(r) T

where the last inequality follows by a > 1, 1 < 31 < 2 and the fact that ¢y > 1 by (E.10).
Now taking the supremum in r € (0, 00) yields the desired inequality. O

‘1’<R>>ﬁ

max (
at ke{1,2} t

Example 5.8. An important special case of Lemma [5.7] is that of ¥(r) = 2 for some
B € (1,00) treated in [28, Example 3.17], where ® = ®y is easily evaluated as
RS

O(R, 1) = 5 F1(6—1) (T> P (5.14)

The following lemma provides a class of typical p-upper bound functions, which has
essentially appeared in [26, (6.10)]. Note that Lemma and Ezample BI0 below, as
well as Remark above, apply to any locally compact separable metric space (M,d) and
any Radon measure i on M (i.e., any Borel measure on M that is finite on compact sets).

Lemma 5.9. Let ¥ and ® = ®y be as in Lemma B Let I C (0,00) be an interval,
let VW be open subsets of M and let F = Fy(z,y) : I x V. x W — (0,00) be a Borel
measurable function satisfying (UB1) and (UB2) of Definition and the following V-
doubling condition (DB)y:

(DB)g There exist ap,cp € (0,00) such that for any (t,z,y),(s,z,w) € I x V. x W with

s<t,
Fi(z,w) tV W(d(z, 2)) vV ¥(d(y, w))\or
By S 0F< - ) . (5.15)
Also let c1,co € (0,00) and define H = Hy(z,y) : I x V x W — (0,00) by
Hy(z,y) := Fy(z,y) exp(—c1®(c2d(z,y),1)). (5.16)

Then F = Fy(x,y) and H = Hy(x,y) are p-upper bound functions on I x V x W.

Proof. 1t is immediate to see that H = H,(x,y) is Borel measurable and satisfies (UB1) and
(UB2), from the corresponding properties of F' = Fi(x,y) and the lower semi-continuity
of ®. Also (DB)y easily implies that F' = Fy(z,y) and hence H = Hy(z,y) are bounded
on each compact subset of I x V' x W, so that they satisfy (UB3) by Remark 5.3}(2). O

Example 5.10. Let ¥ be as in Lemma 5.7
(1) A continuous function F' = Fi(x,y) : (0,00) x M x M — (0,00) of the form

Fy(z,y) = cst™* (log(2 +t71))** (log(2 + ¢))** (5.17)
for some c3,aq € (0,00) and as, a3 € R clearly satisfies (UB1), (UB2) and (DB)y.



16 ALEXANDER GRIGOR’YAN AND NAOTAKA KAJINO

(2) Let R € (0,00], let V, W be open subsets of M with (diam V') V (diam W) < R and let
v be a Borel measure on M satisfying the volume doubling property

0 < v(B(zx,2r)) < cyqu(B(z,1)) < 00 (5.18)
for any (z,7) € (VUW) x (0, R) for some ¢yq € (0,00). Then for each ¢4 € (0,00),

the function F' = Fy(z,y) : (0,¥(R)] x V x W — (0,00) ((0,00) in place of (0, U(R)]
for R = o0) defined by

Fy(w,y) == cav(B(z, 01 (1))) 20 (B(y, v 1(1))) (5.19)

is easily proved to be upper semi-continuous and satisfy (DB)g thanks to (5.I8]) and
(510), and in particular it is Borel measurable and satisfies (UB1) and (UB2).

6. LOCALIZED UPPER BOUNDS OF HEAT KERNELS FOR DIFFUSIONS

In this section, we state and prove the main theorem of this paper on deducing heat
kernel upper bounds for {P; };¢(0,00) from those for {P{ }1¢(0,00) (Theorem B2 below). The
arguments heavily rely on the decay estimate (6.3)) for the exit probabilities Py [7p(, ) < 1],
for which reasonable sufficient conditions will be presented in the next section. In the rest
of this paper, we fix a homeomorphism ¥ : [0,00) — [0,00) and cy, f1, B2 € (0,00) with
1 < By < By satisfying (B.10), and ® = ®y denotes the function given by (B.11]).

Throughout this section, we fix an arbitrary properly exceptional set N € B(M) for X
such that for any x € M \ N,

P, [[0,¢) o ¢t — Xy € M is continuous| =1, (6.1)
where {[0,() >t — X; € M is continuous} € F, by [16, Chapter III, 13 and 33]. Accord-
ing to [19, Theorem 4.5.1], such N exists if and only if (£,F) is local, i.e., E(u,v) = 0
for any u,v € F with supp,,[u], supp,,[v] compact and supp,,[u] N supp,[v] = 0. Here for
u € B(M) or its p-equivalence class, supp,,[u] denotes its p-support defined as the smallest
closed subset of M such that u = 0 p-a.e. on M \ supp,[u], which exists since M has a
countable open base for its topology. Note that supp,[u] = u=}(R\ {0}) for u € C(M).

Remark 6.1. In fact, Theorems [6.2], [6.4], Propositions and below apply, without any
changes in the proofs, to any locally compact separable metric space (M,d), any o-finite
Borel measure p on M, any Hunt process X on (M, B(M)) and any N € B(M) satisfying

&3) and (61) for any x € M\ N.

Theorem 6.2. Let R € (0,00), let U be a non-empty open subset of M with diamU < R
and let F = Fi(z,y) : (0, U(R)|xU xU — (0,00) be a Borel measurable function satisfying
(DB)y of Lemma with I = (0,¥(R)] and V =W =U. Let ¢,y € (0,00) and assume
that the following two conditions (DU)%’R and (P)g’R are fulfilled:

(DU)%R For any (t,z) € (0,¥(R)) x (U\ N) and any A € B(U),

PY (e, 4) < [ Filay) duly) (62)
A
(P)g’R For any (z,7) € (U\ N) x (0, R) with B(z,r) C U and any t € (0,00),
Px[TB(z,r) < t] < CeXp(_(I)(’W’a t)) (63)

Let ¢ € (0,1) and set Ulp := {x € M | inf cpppd(z,y) > eR} (note that U, is an open
subset of U). Then there exists a Borel measurable function p = py(z,y) : (0,00) x (M \
N) x UZp — [0,00) such that for any (t,z) € (0,00) x (M \ N) the following hold:

Py, A) = /A pi(e,y)duly)  for any A € BUS,), (6.4)
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and furthermore for any y € U2y,

c-Fy(z,y) exp(—®(y=d(z,y),t)) ift <VU(R) and x € U,
pe(x,y) < q ce(infuxu Fanawr) exp(=®(1:R,t)) if t < U(R) and x ¢ U, (6.5)
Cs(infUXU F\IJ(R)) ift Z \IJ(R)

for some c. € (0,00) explicit in cy, b1, P2, cr,ap, c,7y,€ and vz := %57.

In light of the equivalence stated in Proposition and the examples of Borel measur-
able functions F' = Fi(z,y) satisfying (DB)g in Example [5.10] (DU)%’R of Theorem
amounts to an on-diagonal upper bound of the heat kernel pV = p¥ (z, y) for {PtU}tE(O,oo)'

Note that the two conditions (DU)%’R and (P)g’R involve only the part XY of X on U
and hence are independent of the behavior of X after exiting U, on account of (2.8)) and
the obvious fact that 7p(w) = inf{t € [0,00) | XY (w) € Ua \ B} for B C U and w € Q.

Remark 6.3. Theorem B4 tells us that (DU)Y" 7 of Theorem [6.2]is implied, at the price of
replacing N with a larger properly exceptional set for X, by its “u-a.e.” counterpart for
the Markovian semigroup {ﬂU}te(o,oo) provided F' = Ft(x, y) is a p-upper bound function

n (0,¥(R)) x U x U. Remember, though, that we have proved Theorem 5.4 only for a
Radon measure p on M with full support and a p-symmetric Hunt process X on (M, B(M))
whose Dirichlet form (€, F) is reqular on L*(M, p); recall Remark [5.1] in this connection.

We also have a global version of Theorem [B.2] for the case where its assumptions are
valid on B(yo, & ') for any (yo, R') € M x (0,00) with R’ < R, as follows. Set ¥(c0) := oo.

Theorem 6.4. Let § € (0,1], let R € (0,00] satisfy R > ddiam M and let F = Fy(x,y) :
(0, ¥(R)] x M x M — (0,00) be a Borel measurable function satisfying (DB)g of Lemma
with I = (0, ¥(R)] and V =W = M ((0,00) in place of (0, ¥(R)] for R = o0). Let
S B(y07Rl/2)7R/ B(y07R//2)’R
¢,y € (0,00) and assume that the two conditions (DU)p and (P)y
from Theorem are fulfilled for any (yo, R') € M x (0,00) with R' < R. Then there
exists a Borel measurable function p = pi(x,y) : (0,00) x (M \ N) x M — [0,00) such that
for any (t,x) € (0,00) x (M \ N), (€4) with B(M) in place of B(UZ) holds and

6/5—[32041:}7%(3:7 Y) exp(_q)(fy&d(g;’ y), t)) ift < \I/(R)a
o) = {0’652” (infarxm Fy(r)) ift = V(R) o

for any y € M for some ¢ € (0,00) explicit in cy, 1, B2, cr,ap, ¢,y and 5 = %57.

The rest of this section is devoted to the proof of Theorems and We start with
the proof of the following proposition, which, in view of Proposition [5.6] can be considered
as a localized version of [26, Theorem 6.3]. Its proof in [26] is based on a general comparison
inequality [26, Theorem 5.1] among the heat kernels on different open sets which heavily
relies on the symmetry of the Markovian semigroups {TtU}te(o,oo); see also [22] Theorem
10.4] for an alternative probabilistic proof of the same comparison inequality. Here we
give a new proof which does not require the p-symmetry of X.

Proposition 6.5. Under the same assumptions as those of Theorem [6.2], there exists
el € (0,00) explicit in cy, 1, B2, cpyap,c,y, € such that, with ve = ée*y, for any (t,z) €
(0,¥(R)) x (U\N) and any A € B(UZg),

PU(z, 4) < /A &L Fy(,y) exp(~®(ved(z, ), 1)) duly). (6.7)

Proof. Let (t,z) € (0, %(R)) x (U\ N). Let yo € U2 \ {2}, set r := fed(x,yo) € (0, 1eR]
and let A € B(B(yo,r)). We first verify (6.7) for such A. Since A C B(yo,r) C B(yo,4r) C
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U by yo € USz and r € (0, 2eR)], if t > W((2+4/¢)r) then (6.7) is immediate from (DU)%’R
and the upper inequality in (5.13]), and therefore we may assume ¢ < W((2+4/¢)r). We set
Ty =1+ 27" 2Py and ¢, = G B(yo,r) for n € N, so that B(yo,r) C B(yo, ™) C B(yo, )
and hence oy < 0y, < Gy, for any k € {1,...,n}.

Let w € {[0,{) © s — X5 € M is continuous}. It is easy to see that for B C M,

if Xo(w)€intB and op(w) < then Xop(w) € 0B. (6.8)

Assume further that w € {X; € B(yo, ), Xo = x}. Then since Xo(w) = = & B(yo,4r) by
d(x,y0) > ed(w,yo) = 4r and Gy, (w) < t by Xy(w) € B(yo,7), it follows from (G.5)
that X, (w) € 9B(yo,r) and hence that

9B(yg,r)

on (W) < OBy (w) <t for any n € N. (6.9)

would have 7,41 (w) > 3(0n(w) +1), or equivalently t — oy, 41(w) < 3(t —0pn(w)), and hence
0 <t—0p(yr (W) <t—on(w) <2177t —o1(w)) by [B3), contradicting lim, o 27" = 0.
Thus, setting 27 := Q nd

In particular, 041 (w) < (0, (w) +t) for some n € N; indeed, otherwise for any n € N we
1
2\o

Q

Q :={og+1 > 3(op +t) forany k € {1,...,n—1}}, neN\{1}, (6.10)

we obtain

{X: € B(yo,7), Xo =2, [0,() 25— X, € M is continuous}
C UneN(Q” N{opt1 < 2(0n +1)}), where the union is disjoint. (6.11)

Note that Q, € F,, for any n € N since F,, C F,, by o < 0, and [30, Lemma 1.2.15]
for any k € {1,...,n}. Now by (6.I1]) along with A C B(yo,7), Py[Xo = 2] =1 and (6.1)),

P (2, A) = Po[X; € A, t < 1]
=P, [{Xic At <}l _ (9N {ons1 < 3on+1)))]

=Y P[{Xi€ At <75} (N {on1 < Fon+1)})]. (6.12)
neN

Let n € N, set 0,4 := o At and Q) := Q, N {0, < t, ot < 1}, s0 that Q) € Ty, , by
Q, € F,, and [30, Lemma 1.2.16]. Then {X; € A} C {0, <t} by A C B(yo, ), clearly
Ty = Ont+710005, , on {0y < Ty}, and by 0, < 0,41 We also have 0,1 = 05404100,
which easily implies that {0, <, 0,41 < %(an +t)} = {on+20p4106,, <t}. Therefore,

{Xt € A, t < TU} N (Qn N {UnJrl < %(Un +t)}

={X, € A}nQ,N{on <t <71y, Opnt1 < %(Un +1t)}

={X; e AANQ,N{on <t <70, Ont <TU, On + 20041 006, <t}

={X: € A} N O, N{ont+ 20041000, <t <ops+100,,,} (6.13)
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Noting that (07t 4+ 20541000, ,) A (Ont +TU 004, ,) = Ont + ((20041) A7) 00, ., We see
from (@.13)), €, € F5,,, and Proposition B.4] that

Po[{Xt € A, t <7} N (U N {ont1 < 2(on +1)})]
=E, []—A(Xt)1Q;Lﬂ{an,t+20'n+1090"7tSt<o‘n,t+TU095nﬂt}]
= B [Lo, La(X0) (L<on oo} — L{t<on it (@ons1)Ar)oba, 1))
=E.[10 E, [1A(Xt)l{t<on,t+m09crn,t} | T
— Eo [0, Ee [1A(X0) L t<o, 4 (onsnr)obn, ) | Toni]]

= / By, @ [1a(Xi @) Lo p(w)<ri}] AP ()

n

- / By @MKo @) Li—0s (@) <o)} ] AP ()

:/Q Ex, @ [1AXt—0n@) Loni@)<r} = Lt—oni(@)<@ons)rm}) ] dPa(w)

= / Ex,, @) [1A(Xe 0, () 12001 <t—on i (w)<ru}] AP (w)

Ex, ()|1a(Xi—6, ,(w))1120, o ()<t | AP (w), (6.14
/ﬂm{xanewB(yo,m))\N} Koo @) (14Xt 1 2ons15t-0n () <r}] dPa(@), (6.14)

where the equality in the last line follows since 15, <t} = 1{s,<t, X,, €(@B(yo,rn))\N} FPz-a.s.
by z € M\ (N U B(yo,4r)), Pz[Xo = z] = 1, (61), (6.8) and (L5

Let w € ), N {X,, € (0B(yo,7m)) \ N}, set s :==t — 0y 4(w) and z := X, ,(w), so that
ont(w) = op(w), s =t —op(w) € 0,t] and z = X, (w) € (9B(yo,7)) \ N by o,(w) < t.
The integrand in (6.14)) is E.[14(Xs)1{20,,,<s<ry}), Which is 0 if s =0 by P, [Xo = 2] = 1
and z & B(yo,mn) DO B(yo,r) D A. Assume s > 0 and set 0,415 := opt1 A s. Noting that
U = Ont1s + 70 00,1, 00 {ony1,s < 7y} and that {041 < 3, ong1s <70} = {ong1 <
A5} € Foir, by [30, Lemma 1.2.16], we see from Proposition [3.4] that

]E []‘A(X )1{20'n+1 <s<7‘U}]

[1A 1{5<TU}1{‘77L+1<S/2 Tn+l, S<TU}]
]EZ [1A 1{S<Un+1 s+7'U090n+1 5} {O’n+1<TU/\(S/2)}:|
=K, [1{O'n+1<TU/\ 8/2)}E [1A(XS)1{3<Un+1,s+TU09‘7n+1,s} ‘ EFG"*'I’S”

/{ e/ Ex, 1. @) [1A(X o1 @) L smoni o(w)<r}) AP (W)
On+13TU /NS

= E:[1{0,01 <r0A(5/2), X 1, €0Bo,rn s )N P (Ko s A)] (6.15)

where again the last equality follows since 1y, . <52} = 145, 1<s/2, Xop 11 €OB(yo,ras1)\N}
P.-a.s. by z € M \ (N U B(y0,7m)), P.[Xo = 2] =1, (61, (6.8) and (£.5).

Further let w’ € {on11 < 70 A 5, X5,y € (0B(Y0,7n11)) \ N}, set u := 5 — opy1(w’)
and w := X, (w),sothat 0 < § <u < s <t <VY(R), w € (0B(Yo,ns1)) \ N CU\N
and d(w,z) < d(w,yo) + d(yo,z) = rng1 + 4r/e < (2 + 4/e)r. Then by (DB)y and the
assumption that ¢t < W((2 4 4/e)r),

Plwg) _ (VW dma)yor (2 e)r)yer

u s/2

Fi(x,y) = CF(
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for any y € U, which together with A C U and (DU)g’R yields

PU (Ko (@), A) = P (w, 4) < /A Fo(w,) du(y)

<CF(\II(<2:_/§/€)T))QF/AFIE($7y)dM(y)' (6.16)

Recalling that z = X, _(w) € (0B(yo0,7)) \ N, we have (2,7, — rny1) € (U\ N) x (0, R),
B(z,m —rpy1) C U, and Tz, —rnyr) < Ont1 by B(yo, 1) C M\ B(z,7n — Tng1).
Therefore it follows from (6.15), (6.16]) and (P)g’R for (z,7, — rps+1) that

Ez [1A(X5)1{2on+1 §s<TU}]

< CF'(\I]((Q:/;/E)T))QFP,Z[U’H—H <71y A3 /A Fy(z,y) du(y)

< CF<\II((2:—/;1/€)T)>&F]P>Z[TB(Z,T,LTTL+1) < %] /A Ft(x7y) dlu’(y)
< CCF<‘IJ((2:_/;1/€)T))&F exp(—@(’y(rn — Tp+1), %)) /AFt(:c,y) du(y). (6.17)

We easily see from w € Q) C Q, and (6.10) that 0 < s =t — 0, (w) < 2177¢, and then
by t < W((2 + 4/¢)r) we have W((2 + 4/¢)r)/(27/%s/2) > 27/% > 1, which together with
GI3), rn — rag1 = (1 — 271/@B2))2-7/(28)  (510) and 1 < B; < B implies that

1
O(y(rp — rnt1), 5) > (12\1/2’61)_ﬁ min (W(V(T" T”H))) Pt

ke{1,2} s/2
(Y24 4/e)r)\ F
> k
> cor i (=)
(CERTETN = S—
= _— 77 (B2—1)
Cs’l( 21/25 /2 ) Z Cen 2202 (6.18)
for some ¢, 1 € (0,00) explicit in cy, B1, f2,7,¢. (6I8)) in turn yields
Y((2+4/e)r)\or s
(FE) " e = ). §)
V((2+4/e)r)\or U((2+4/e)r)\m1
< (22T HED _ ZN\eT /)T
- ( s/2 ) P CEJ( /25 /2 )
U((2+4/e)r)\or /2 Cen (U((24+4/e)r)\ 5T Cel o
< (22T AT apn BT i S S eaara _ 51 93(BE,-1)
= ( /2 /2 ) e < /252 ) g 2
< o027 M/2) (6.19)

where ¢z g 1= 2507 (%271 (ap (8, — 1)/(605,1))3QF(62_1). By (6.17) and (6.19),

CcCFCe,
E:[14(X) (20, <scr)) € oo | Folx,y) dpuly) (6.20)
2apn/2 A

for s =t — op4(w) and z = X, ,(w) for any w € @, N {X,, € (0B(yo,7)) \ N}, and
therefore from (6.14)), [620) and €, C {0, < t} we obtain
Po[{Xt € A, t <7} N (U N {ont1 < L(on +)})]

< SrPilow < 1] [ Rlaw)duy). (621)
A
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To conclude (6.7) from (612]) and (6.21]), we show that
Px[gn < t] < cexp(—@(vr, t)) (622)
Indeed, setting o := & p(y, 3r), We have o < o, by B(yo,7n) C B(yo,3r) and hence oy, =

o + oy 0 6,. Therefore {0, <t} C {0 <t, 0,00, <t}, and then by the strong Markov
property [13, Theorem A.1.21] of X at time o,

Polon < 1] < Pglo <1, 00y <t] = Eg[l{5<y (1o, <ty © 05)]
= Eo[1{o<n Bx, [1(on<n)]]
= Eo [1{o<t, X, €(0B(o3r)\ N Ex, [on < 1], (6.23)
where the last equality follows since 1{,<ty = li,<t, x, (0B (yo,3r)\N} Pz-a.8. by & € M\
(NUB(yo,4r)), P.[Xo = 2] = 1, ([6.1), (6.8) and [@3). Moreover, for z € (0B (yo,3r))\ N,
B(yo,rn) C M\ B(z,7) by 7, < 27, hence 0, > 7p(. ), and therefore noting that (z,r) €
(U\ N) x (0,R) and that B(z,7) C B(yo,4r) C U, we see from (P)g’R for (z,7) that
P.lon <t] <P.[1g(.,) < t] < cexp(—®(y7,t)), which together with ([6.23) yields (6.22)).
Now (B.7) with ¢, := ?cpeeo/(297/2 — 1) is immediate from ([6.12), 6.21), 6-22) and
the fact that d(x,y) < d(x,y0) +d(yo,y) < 4r/e+r < br/e for any y € A by A C B(yo, ).
Finally, we prove (6.1) for general A € B(UZ,). Note that (6.7) holds for A = {z} by
(DU)%’R. In particular, (6.7) is valid for any A € B(UZg) if U, \{z} = 0, and thus we may
assume UZp \ {2} # 0. Let {yi}ren be a countable dense subset of U2, \ {z} and set By :=
Usp N {x}, Br == B(yi, ted(x,y1)) and By, := B(yx, ted(z,yx)) \ UjZ1 B(y;, fed(z, ;)
for k € N\ {1}. Then {By}renufoy C B(U), and it is easy to see that UZg C Ugenugoy B
where the union is disjoint. Now for any A € B(UZg), since AN By € {0,{z}} and
AN By, € B(B(yx, ed(z,yx))) for k € N, we have already proved (6.7) with A N By, in
place of A for any k € NU {0}, and therefore

PY(z, A) = PV (ac Uperogoy (A0 Bk)> = Y PY(x,ANBy)

keNuU{0}
< Y [ ARy en(-20udwy).0) i)
keNU{0} ANBg
= /AC/sFt(337y) exp(=®(ed(z,y),1)) du(y) (6.24)
by monotone convergence, completing the proof of Proposition ([

Theorems and are easy consequences of Propositions .6} [6.5], and below.

Proposition 6.6. Under the same assumptions as those of Theorem [6.2], there exists
€ (0,00) explicit in cy, 1, B2, cr, ap, c,v,€ such that, with v, := %5% for any (t,x) €
(0,¥(R)) x (M \ N) and any A € B(U2g),

Pi(x, A) < PV (x, A) + ! (infyxy Fy) exp(—® (=R, 1)) u(A). (6.25)
Proof. If U = M, then (6.25)) is trivially valid since X; = X and hence P; = P/ for any
t € [0,00). Therefore we may assume U # M. Set B := U(Oa/Q)R7 so that B is open in M

and B C U, and define JF,-stopping times 7, and 0,,, n € N, by .2). For each n € N, as
noted at the beginning of the proof of Theorem B3] on {0, < oo} we have X, € B C U,
Tn < 0p < C, hence X, € M \ U and 7, < 0, by the sample path right-continuity of X,
and we also easily see that

X;, € (OB)\N on {o, <oo=o0n, [0,() >t X; € M is continuous}.  (6.26)
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Let (t,z) € (0,¥(R)) x (M \ N) and A € B(UZg). Since 14|ppp =0by A CUZ, C B,
from Theorem with u = 14 we obtain
Pt(.l?, A) = PtU(xa A) + Z E, [1{0n§t}7)tU—0'n (Xo'n7 A)] . (627)
neN

Noting ([6.26]), to estimate each term of the series in ([627)) let s € [0,¢], z € (0B) \ N
and let ¢, € (0,00) and 7z = &7 be as in Proposition We claim that

PY(2, A) < cepes(infyxy Fi)u(A) (6.28)
for some ¢ 3 € (0, 00) explicit in ¢y, B1, B2, ap, 7, €. Indeed, ([6.28)) trivially holds for s = 0
since PY (2, A) =P,[Xo € A, 0 < 7] = 0 by P,[ X, = 2] =1land z ¢ BD A, and thus we
may assume s € (0,t]. Then s € (0, ¥(R)), z € U\ N by B C U, and hence an application
of Proposition [6.5] yields (6.7) with (s, z) in place of (t,z). Let y € U2, and zo,yo € U. By
(DB)y, 0 < s <t < ¥(R) and diamU < R we have Fs(z,y) < cp(¥(R)/s)*F Fy(xo, o),
and furthermore we easily see from z € 0B = 8U(°E/2)R that d(z,y) > %eR, so that
exp(—®(7:d(z,y), s)) < exp(—®(3e7:R, s)) by the monotonicity of ®(-,s). These facts,
(5I3) and (5.I0) together imply that
Fy(z,y) exp(—®(1ed(z,y), 5))

<cp (\I’(SR)) aFFt(xg, Yo) exp(—@(%E%R, s))

‘P(ée%R))ﬁ,f-l>

g o 1
SCF( (SR)> FFt(xo,yo)exp<—(c\1;251) AT min ( -

ke{1,2}
S CFCE,3Ft($07 y0)7
and taking the infimum in (x¢,y0) € U x U shows that for any y € UZy,

Fy(z,y) exp(—®(1=d(z,9),5)) < cpees(infyxu Fy). (6.29)

Then (6.28)) is immediate from (6.7)) with (s, z) in place of (t,z), A C U2, and (6.29).

Let n € N. By @.5), (6.1), (6.26) and (6.28),
B (110, <tyPlo, (Xons A)] = Ba 1o, <t, X, c(0B\N} Piloy, (Xons A)]

S CECF0573(infoU Ft)u(A)Pm[O'n S t], (630)

and we need to estimate P[0, < t]. Recall that 7, < 0, < 741 = 0y + TU 0 05, as
mentioned in the proof of Theorem B3l Assume n > 2. For each w € {0, < t}, since
0 < op(w) < op(w) < tforany k € {1,...,n}, we have t > o,(w) > op(w) — o1(w) =

Sohed (01() ) i herelore 085, u) = Tya6) = () < a1 ()~ ou(o) <
Llforsomeke{l,...,n—l}. Thus {0, < t} C UpZ {ak<t T 06, < }
hence
n—1 n—1
Px[an < t] <P, U{Uk <t, 1 090'k < ﬁ} < pr[ak <t 1o Hcrk < ﬁ] (631)
k=1 k=1

Furthermore by using first the strong Markov property [13, Theorem A.1.21] of X at time
oy and then (A1), (61 and ([6.26) we see that for any k € {1,...,n — 1},

Pyloy, < t, 70 000, < 7] = Eoll{o, <ty (Lry<t/(n-1)} © 0o,)]
=B [1{o,<yPx,, v < 75]]
= Eu (101, x,, c@B)\N)Px,, [T < 755
< cexp(—®(3evR, -15)); (6.32)
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here the last inequality follows from the fact that for any z € (83) \N, TB(z¢R /2) < 1y by
B(z, 2€R) C U and hence P,[ry < —] < P.[TBzeRr/2) < 75 1] < cexp( ( evR, ntl))
by (P)y " for (2, eR). Also, by the monotonicity of ®(-, ~t7) and ®(1. R, -), (512), (513),
EI0), 1 < 1 < P and t < ¥(R), for some ¢, 4 € (0, oo) exphc1t in c\p,ﬁl,ﬁg,%,

P(LevR, L) > @(23:R, ) >2<I>(%R,ﬁ)
_ R) \ s
S By~ BT Y(O:R) \ 7
> BOLR )+ (o) 5T min (77007s)
> B(1 R, 1) + coaln — 1), (6.33)

From (6.31)), (6.32) and (6.33]) we conclude that for any n € N\ {1},

1
Palon < 1] < c(n — 1)e =40 exp(—®(1.R, 1))
< cces(n—1)"2exp(—®(:R, 1)), (6.34)

where ¢ 5 := (3(52—1)/(66574))3('82_1). For P, |01 < t], set B’ := (jpypand o =op q, =
0p/. (recall Definition B.]), so that we have (6.26]) with B" and o in place of B and oy,
respectively, by substituting %5 for €. Noting that 01 = 0 + g o6, by B C B’ and thus
that {01 <t} C {0 < t,0p00, < t}, from the strong Markov property [I3, Theorem
A.1.21] of X at time o, (£5H), (6.1 and (6.26]) we obtain

Pyloy <t] <Pplo <t, 0pob, <t] =Ex[lio<yy(L{sp<sy © 05)]

= E;[1{p<}Px, [0B < t]]

= Eo [1{,<t x, 0\ N} Px, [0 < t]]

< cexp(—P (1R, 1)); (6.35)
here, similarly to (6.32)), the last inequality holds since for any z € (0B')\ N, 7p(; cr/1) <
op by B(z, %ER) C U\ B and hence P,[6p <] < IP’Z[TB(MR/ZL) < t] < cexp(—P(1:R, 1))
by (P)g’R for (z,1eR) and the monotonicity of (-, ).

Now (6.25)) with ¢ := eclcpee 3(2¢e5 + 1) is immediate from (6.27), (6.30), ([6.34) and

([635), completing the proof of Proposition O

Proof of Theorem [6.2. Let ., ¢! € (0,00) be as in Propositions and [6.6, respectively,
and let . := %57. We show that Theorem can be concluded from Proposition
applied to I = (0, oo) V.=M\N,W = U2, M in place of U, and H = H(x,y) :
(0,00) x (M \ N) x — [0, 00) given by

(L + cg)Ft(a:,y) exp(—®(yed(z, y), 1)) ift <¥(R) and z € U,
Hy(z,y) :=  clep2°F (infyxu Fyr)jon) exp(—®(1:R, 1)) if g’éff <t< @2(5) and z € U,
ce(infoU F\I/(R)) if t > \I/(R),

(6.36)
where n € NU {0} in the second line and c. := ((c. + ¢)ep2°F) V (c!c2.2%7). Obviously
H = H(x,y) is Borel measurable, and by using (DB)y it is easily seen to be less than or
equal to the right-hand side of (6.5]), so that it remains to verify that

ﬂwm</mwmww (6.37)

for any (t,z) € (0,00)x(M\N) and any A € B(UZy). Note that by (DB)y and diamU < R

we also have

Hy(ry2(2,y) < ce(infuxu Fu(ry) for any (z,y) € (M \ N) x Ugp. (6.38)
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Let (t,x) € (0,00) x (M\N)and A € B(UZg). If t < ¥(R) and = € U, then ([6.37) easily
follows from Propositions [6.5] and [6.6] in view of the fact that ®(v.R,t) > ®(v.d(x,y),t)
for any y € U2, by diamU < R and the monotonicity of ®(-,¢). If t < ¥(R) and = € U,
then we see from (DB)y that ¢ (infyxi Fi) exp(—® (1R, t)) < Hy(z,y) for any y € UZy,
which together with Proposition [6.6] and PY (z, A) = 0 immediately implies (6.37).

Now assume ¢t > W(R). Since Py_y(r)/2(2, N) = Po[X;_y(r)2 € N] = 0 by ([.I) and

Pu(r)/2(2,A) < /H\I,R)/2zydu /Ht:vyd,u
for any 2 € M \ N by the previous paragraph, (6.38)) and (6.36)), from (2.3) we get

Pi(z, A) = Pi_w(r)2(Pu(r)214)(x) = . Pu(ry/2(2, A)Pi_w(r)2(x, dz)

SZ%W([fﬂ@wﬂmwoptwmm@ﬂ@

sAmme@

Thus (637) has been proved and hence Theorem [6.2] follows from Proposition O

Proof of Theorem [6.4. Define H = Hy(z,y) : (0,00) x (M \ N) x M — [0,00) by the
right-hand side of (IBE) so that it is clearly Borel measurable. Thanks to Proposition
[b.6] it suffices to show (6.31) for any (t,z) € (0,00) x (M \ N) and any A € B(M) for
some ¢ € (0,00) explicit in ey, 81, B2, cp, ap,c,vy. For applications of Theorem and
Proposition [6.6] we remark that for any (yo, R') € M x (0,00),

if weset U:=B(yo, %) then diamU <R and B(yo, %) CUQ pp- (6.39)

Let (t,z) € (0,00) x (M \ N). If R = oo, then for any A € B(M) and any n € N with
n > ¥(t), in view of (639) we can apply Theorem 6.2 with n, B(z,%), 1 in place of
R, U, ¢ respectively and AN B(z, %) in place of A in (6.4) and obtain

n@AmB@@»g/ Hy(z, y) duly)
ANB(z,n/4)

with ¢ = ¢; /4, which yields (631) by using monotone convergence to let n — oo.
Thus we may assume R < 0o. Let yo € M and A € B(B(yo, &)). We claim that (6.37)
holds for such A. Indeed, setting U := B(yo, g), we have (60.37) with Hy(z,y) replaced by

N c1/ali(w,y) exp(—@(flo'yd(ac,y),t)) ift<¥(R) and z € U,
Hy(z,y) = 0'1’/4(infoU Fy)exp(—®(4vR,t)) ift < ¥(R)and z €U, (6.40)
01/4(infoU F\I!(R)) if t > \I/(R)
since Theorem [6.21and Proposition [6.6] with e = i are applicable by (6.39) and P/ (z, A) =
0 if x ¢ U. Moreover, if t < ¥(R) then for any y € M and any z,w € U,

(t VU (d(z, z))t\/ W(d(y, w)>)aFFt(x’ 0

—1 ap
M) Ft(xay)

infyyp Fy < Fi(z,w) < cp
< CF(

Fi(z,y) (6.41)
by (DB)y, diam M < §~'R and (5I0) (even if x € N), hence

c1/4(infuxy Fy(ry) < ¢1jacrcy’ o™ P20F (inf pro s Fy(r)), (6.42)
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and we also easily see from (6.41]), (512)), (513), (510) and R > § diam M that
] y(infyxu Fy) exp(=®(357R, 1))
P U(R)\aF
< & ercyro=oe (YN g ) exp(-20(hyR. 1)
< 508 Fy (o, y) exp(~D(34d (e, ), 1) (6.43)

for any y € M for some ¢’ € (0,00) explicit in cy, 81, B2, ¢p, ap,c,y. Therefore putting
¢ ="V (erpacrcy”), we have Hy(x,y) < Hy(z,y) for any yeM by (640), (642) and
(6:43), and thus the inequality (6.37) follows from that with Hy(z,y) in place of Hy(z,y).

Now let {yx}ren be a countable dense subset of M and set By := B(yi, %) and By, :=
By, £)\ Uf;}B(yj, &) for k € N\ {1}, so that {By}lren C B(M) and M = U,y B,
where the union is disjoint. Then for any A € B(M), for each k € N we have (6.37) with
AN By, in place of A by the previous paragraph and A N By € B(B(yx, %)), from which
(6:37)) follows in exactly the same way as (6.24]), completing the proof of Theorem O

7. EXIT PROBABILITY ESTIMATES FOR DIFFUSIONS

As already mentioned at the beginning of Section [ the purpose of this section is to
provide reasonable sufficient conditions for the exit probability estimate (P)g’R of Theorem
Recall that since Section [l we have fixed VU, cy, 81, 32 and ® = ®y as in Lemma (.71

In this section, we fix an arbitrary properly exceptional set N € B(M) for X satisfying

both (1) and P.[{ <oo, Xem € M]=0 (7.1)

for any x € M\ N, where X (w) = X¢)-(w) (Xo- = Xo, Xoo— 1= A = X)), s0
that Xe— : Q@ — Ma is Foo/B(Ma)-measurable by the left-continuity of [0,00) 3 ¢
Xi—(w) € Ma. By [19, Theorem 4.5.3], such N exists if and only if (£, F) is strongly local,
i.e., £(u,v) = 0 for any u,v € F with supp,,[u], supp,[v] compact and u = ¢ p-a.e. on a
neighborhood of supp,,[v] for some ¢ € R.

Below we will also consider the situation where the set N fixed above satisfies

both (1) and P.[¢ <oc]=0 (7.2)

for any x € M \ N, more strongly than (7). By [19, Theorem 4.5.1 and Exercise 4.5.1],
such a properly exceptional set N € B(M) for X exists if and only if (£, F) is local and
conservative, i.e., T;1 = 1 p-a.e. for any (or equivalently, for some) t € (0,00), where
1 := 1,y; recall (see, e.g., [13, (1.1.9) and (1.1.11)]) that for a Markovian bounded linear
operator T : L?(M,u) — L*(M, ), T|p2(apynree (M) can be uniquely extended to a
linear operator T' : L (M, ) — L°(M, ) such that lim, oo Tup, = Tu p-a.e. for any
w € L®(M,p) and any {un}neny C L°(M, p) with up, < upy; p-ace. for any n € N and
limy,— o0 U = U p-a.e.

Remark 7.1. In fact, Theorems and [[3] below apply, without any changes in the proofs,
to any locally compact separable metric space (M,d), any Hunt process X on (M, B(M))
and any N € B(M) satisfying [@5) and (1)) for any z € M \ N.

The main result of this section is the following theorem, which is a localized version of
an unpublished result [22, Theorem 9.1] by the first named author. We refer the reader
to [25 Subsection 5.4] for an alternative analytic approach. We set e~ > := 0.

Theorem 7.2. Let U be a non-empty open subset of M and let R € (0,00]. Then among
the following seven conditions, the latter siz (2)—(7) are equivalent and imply (1):
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(1) There exist e € (0,3) and § € (0,00) such that for any (z,r) € (U \ N) x (0, R) with
B(xz,r) C U and B(x,r) compact and for any t € (0,0%(r)],
P,[X: € Ma \ B(z,r)] <e. (7.3)

(2) There exist € € (0,1) and § € (0,00) such that for any (x,r) € (U\ N) x (0, R) with
B(xz,r) C U and B(z,r) compact,

P, [TB(x,r) < 5\I}(T)] €. (74)

(3) There exists € € (0,00) such that for any (xz,r) € (U\ N) x (0, R) with B(z,r) C U
and B(x,r) compact,

IN

Ex[TB(LT) ANU(r)] > eWl(r). (7.5)

(4) There exist € € (0,1) and ¢ € (0,00) such that for any (z,r) € (U\ N) x (0, R) with
B(z,r) C U and B(z,r) compact,

TB(z,r)
- <e. .
B fen (-G )] < (79
(5) There exist ¢,y € (0,00) such that for any (x,r) € (U\ N) x (0, R) with B(z,r) C U
and B(z,r) compact and for any \ € (0,00),
—ATB(z.r r
]Ex[e B(z, )] < CeXp(—m). (77)

(6) There exist ¢,y € (0,00) such that for any (x,r) € (U\ N) x (0, R) with B(z,r) C U
and B(z,r) compact and for any t € (0,00),

]P)x[TB(z,r) < t] < cexp(—q)(’yr,t)). (78)

(7) There exist ¢,y € (0,00) such that for any (x,r) € (U\ N) x (0, R) with B(z,r) C U
and B(x,r) compact and for any t € (0,00),

Bulrse < 1) < conp( (1)), (7.9

Moreover, if N satisfies (L2) for any x € M \ N, then with “and B(x,r) compact”
all removed, still the conditions (2)—(7) are equivalent, imply (1) and are implied by the
following condition (1)':

(1) There exist e € (0,2) and § € (0,00) such that for any (z,r) € (U\ N) x (0,
any t € (0,09(r)],

=)

) and

P,[X: € M\ B(z,r)] <e. (7.10)

Proof. We follow [22, Proof of Theorem 9.1]; for the implications (4)=-(5)=-(6)=-(7) see
also [28, Proofs of Lemma 3.14, Theorem 3.15 and Corollary 3.20].

We treat the two cases simultaneously, one with “and B(x,r) compact” kept and without
([72)) and the other with “and B(x,r) compact” removed and (7.2)) assumed. Let (z,7) €
(U\ N) x (0, R) satisfy B(z,7) C U and set 7 := Tg(; ). We assume in the former case

that B(z,r) is compact, while not in the latter case. It easily follows either from (7.I]) and
the compactness of B(z,r) or from (7.2), together with P,[Xo = 2] = 1 and (4.3]), that

Po[TB(z,p) < 00, Xrpo & (0B(z,p)) \N]=0 for any p € (0,r]. (7.11)
(2)=(3): Since P[> dU(r)] =1 —Py[r < dVU(r)] > 1 —¢ by (),
Eelr AW(r)] = Eo[(7 AW(r)Lrssuiy] 2 (A1) (r)Pe[r > 69 (r)] 2 (1 —€)(0 A1)U(r).
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FIGURE 1. Proof of (4)=(5): the exit times 74, 7411 and 75, ,)

(3)=-(4): For At € (0,00), by considering the case of 7 > t and that of 7 < t separately
we easily see that e 7 < 1 — Ae (7 A t), and therefore for any 6 € (0,00), setting
A= (0¥(r))~! and t := ¥(r), taking E,[(-)] and applying (7.5)), we obtain

Ee [eXp(_ 5\I/T(r))] =1- 5\111(7«)6_1/5&[7 ATl <1- %e_w'

(4)=(5): Let A € [(0¥(r))~!, 00), set n := max{k € N | A6¥(r/k) > 1} and p := r/n.
Also set By, := B(z, kp) and 74, := 7p, for k € {1,...,n}. We claim that

Eg[e *™+1] < R, [e~ ] for any k € {1,...,n} with £ <n. (7.12)

To see ((12)), let k € {1,...,n} satisfy k¥ < n and let y € (0B%) \ N. Then obviously
(y,p) € (U\N) x(0,R), B(y,p) C Bry1 C B(x,r) C U, hence 7y ) < Tr+1, and B(y, p)
is compact if B(x,r) is. Thus (4) applies to (y, p), so that from (6] we obtain

Ey [e—)\Tk-H] < Ey[e—)\TB(yd?)] < Ey [exp(— ;?II(Z(J;))) )} <eg, (7.13)

noting that A > (6¥(p))~! by the choice of n. Now since 741 = 7k + 711 © Or,, it follows
by the strong Markov property [I3, Theorem A.1.21] of X, (TI1]) and (ZI3)) that

Ex[€7A7k+1] — Ex[ef)\Tk (ef)\TkJA o eTk)] =E, [ef)\TkEx[ef)\TkJrl o ng | ?Tk]]

= E,[e "*Ex,, [e 7]

=E, [1{ka€(8Bk)\N}e_)\TkEXTk [e=e+1]]
< eB[e ]

Thus we have proved (7.12]), which together with 7 = 7,, and (Z.6)) for (z, p) yields

E.[e 7] < " 1B [e ] < e" 1R, [eXP(—(S\I,Tizp))} <et<e! eXp<_$)’

where v := nlog(e~!) with 7 := (6/cg)/#* A1 and the last inequality follows since 1 >
AW (55) > AW(;17) by the choice of n and (5.I0) and hence n + 1 > nr/U—H(ATh).
(T7) therefore holds for A € [(§¥(r))~!, 00). On the other hand, for A € (0, (6¥(r))~1),
since A= > 6WU(r) > W(nr) by (510) and hence U~1(A™1) > nr, we have E [e 7] <1 <
er/n exp(—vr/¥ (A1), completing the proof of (4)=>(5).
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(5)=(6): For any ¢, A € (0,00), we see from (7)) that

P.[r < t] = Pple ™ < e7) < eME,[e™] < cexp ()\t -

T )
v-I(A\—1) /)’
and taking the infimum of the right-hand side in A € (0, c0) shows (Z.8)) in view of (B5.I1).
(6)=>(7): Since ¥(yr) > ez (Y2 A1)¥(r) with y € (0, 00) as in (6) by (E.I0), if T(yr) > ¢
then (9)) is immediate from (7.8]) and the lower inequality in (5.13]), whereas if W(yr) < ¢
1
then we have Py[r < t] <1 < exp(—/(¥(r)/t)?2-7) for some ¢/,+" € (0,00) explicit in
Cy, /Bl) /827 - 1
(7)=(2),(1): For any e € (0,c A 3), setting § := ('y/log(c/s))’gr € (0,00), for any
t € (0,00(r)] we see from {X; € Ma \ B(z,r)} C {7 <¥(r)} and (9] that
1
Po[X; € Ma \ B(z,7)] < Pu[r < 5U(r)] < cexp(—v6 7—1) =e.

(1)=(2) under ([Z2): Note that (Z10) is valid also for ¢ = 0 since P,[Xo = y| = 1 for
y € M. Let t := cg'27726U(r), so that t € (0,0¥(5)] by (E.I0). We first show that

P.r <t, X; € B(z,5)] <e. (7.1
0

Indeed, if y € (0B(x, 7))\ N, then clearly B(z, %) C M\ B(y, %), (y,5) € (U\N) x (
by B(z,r) C U and hence (1)" applies to (y, 5), so that (ZI0) yields

P,[X, € B(x,5)] <P,[X, € M\ B(y,5)] <e (7.15)

for any y € (0B(x,7)) \ N and any s € [0,t] C [0,6¥(5)]. Then since {7 <t} € Frn¢ by
[30, Lemma 1.2.16], it follows from Proposition B4 (ZI1]) and (ZI5) that

P.[r <t, Xt € B(w, 5)] = Ex[1{r<31B(a,r/2) (Xt)]
- EJJ [1{T§t}Ea:[1B(x,r/2) (Xt) ‘ ?7'/\15]]

- / Ex .15 /2 (Xiernd)] dPa()
{r<t}

S

)
)

B

Y

_ / P, @)[Xt-rw) € Blz, 5)] dPs(w)
{r<t, X,€(0B(z,r))\N}

<eP,[r <t, X; € (0B(z,7)) \ N] <e.
Now noting that P, [X; = A] = 0 by (Z.2), from (ZI0) for (x, 5) and (Z.14]) we obtain
Polr <t] =Pu[r < t, Xe = Al + Pu[r < t, Xy € M\ B(w,5)] + Po[r < t, X; € B(z,})]
SPy[Xy = A]+P[Xy € M\ B(w, 5)] +¢
<2 <1,
which, in view of t = c5,' 27726 (), completes the proof of (1)'=(2) under (7.2). O

At the last of this paper, as an application of Theorem [T.2] we state and prove a localized
version of the well-known fact that the comparability of the mean exit time E;[7g(,,,)] to
U(r) implies the exit probability estimate (7.8)). This fact was first observed by M. T.
Barlow as treated in [3, Proof of Theorem 3.11], and the proof below is also based on an
idea of his in [3].

Theorem 7.3. Let U be a non-empty open subset of M, let R € (0,00], and assume that
there exists cg € (0,00) such that for any (z,r) € (U\ N) x (0,2R),
E, [TB(a:,r)] < CE\II(T)7 (716)

and for any (z,r) € (U\ N) x (0, R) with B(z,r) C U and B(x,r) compact,
Ee[rp(em] > cg ¥ (r). (7.17)
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Then Theorem [[.2+(6) holds.

Moreover, additionally if N satisfies ((2) for any x € M \ N and if ([TIT) holds for
any (z,r) € (U\ N) x (0, R) with B(z,r) C U, then Theorem [[.2-(6) with “and B(x,r)
compact” removed holds.

Proof. As in the proof of Theorem [[.2] we treat the two cases simultaneously, one with

“and B(z,r) compact” kept and without (Z.2]) and the other with “and B(z,r) compact”
removed and (7.2) assumed. Let (z,7) € (U\ N) x (0, R) satisfy B(z,r) C U. We assume

in the former case that W is compact, while not in the latter case. We claim that
Pulmps < 3¢5 ¥(r)] < 1— (cgeg2® ™)1, (7.18)

which together with the implication (2)=-(6) of Theorem [T.2] shows the assertions.

To see (LI8) we follow [3, Proof of Lemma 3.16]. Set 7 := Tp(,,) and t := %cﬁl\li(r).
By using (Z.IT), the obvious relation 7 <t + (7 — t)1ycry =t + (7 0 0)1 4y and the
Markov property [13, Theorem A.1.21] of X at time ¢, we have

2t = ¢ ' U(r) S Bylr] < t + Eu[(T00)1yery] =t + Eo 1oy Ex, [7]]. (7.19)

Note that X; € B(z,r) on {t < 7}, that P,[X; € N] = 0 by (&), and that for any
y € B(x,r) \ N, 7 < 7p(yr) by B(z,7) C B(y,2r) and hence E,[7] < Ey[rg(, 2] <
ce¥(2r) < cpep2®V(r) by (TI6) and (5I0). It follows from (ZI9) and these facts that

t < By [LparyBx, [7]] = Eo[1jcr, xieB@m\ Vi Ex, [7]] < ceea2 U (r)(1 - Pao[r < 1)),
which immediately implies (7.18]). O
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