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Abstract

We prove a certain upper bound for the number of negative eigenvalues of
the Schrédinger operator H = —A — V in R?.
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1 Introduction

1.1 Main statement

Given a non-negative L;,. function V (z) on R", consider the Schrodinger type op-
erator

Hy=-A-V
where A =57 | % is the classical Laplace operator. More precisely, Hy is defined
k

as a form sum of —A and —V, so that, under certain assumptions about V', the
operator Hy is self-adjoint in L? (R™). Denote by Neg (V,R") the number of non-
positive eigenvalues of Hy counted with multiplicity, assuming that its spectrum in
(—o0, 0] is discrete.

For the operator Hy in R™ with n > 3 a celebrated inequality of Cwikel-Lieb-
Rozenblum says that

Neg (V,R") < (]n/ V (2)"? da. (1.1)
This estimate was proved independently by the above named authors in 1972-1977
in [9], [21], and [27], respectively®.

The estimate (1.1) is not valid in R? as one can see on simple examples. On the
contrary, in R? a similar lower bound holds:

Neg (V,R?) > c/ V (z)dx (1.2)

R2

1See also [13], [18], [19], [20], [23] for further developments.
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that was proved in [12].
Our main result — Theorem 1.1 below, provides an upper bound for Neg (V, R?).
To state it, let us introduce some notation. For any n € Z define the annuli U,, and
W, in R? by
{2 < |z| < "}, n>1,
U, =1 {e!<|z] <e}, n =0, (1.3)
{72 < x| < e 2"}, n< -1,
and
W,={zeR*:e" <|z|<e"t'}. (1.4)
Given a potential (=a non-negative L} -function) V (z) on R? and p > 1, define for
any n € Z the following quantities:

A, (V)= / V(z)(1+ |ln|z||)dz (1.5)

Un

and
B, (V)= ( / n VP (z) |x2PY dx) Up. (1.6)

We will write for simplicity A,, and B, for A, (V) and B,, (V'), respectively, if it is
clear from the context to which potential V' this refers.

Theorem 1.1 For any non-negative function V € L. (R?) and p > 1, we have

loc

Neg (VVR?) <1+C > VA, +C > By, (1.7)

{n€Z:An>c} {n€Z:B,>c}

where C, ¢ are some positive constants depending only on p.

The additive term 1 in (1.7) reflects a special feature of R?: for any non-trivial
potential V| the spectrum of Hy has a negative part, no matter how small are the
sums in (1.7). In R™ with n > 3, Neg (V,R") can be 0 provided the integral in (1.1)
is small enough.

In fact, the quantity Neg (V,R?) is understood in a more general manner using
the Morse index of an appropriate energy form, rather than the operator Hy directly
(see Section 3) so that Neg (V,R?) always makes sense.

1.2 Discussion and historical remarks

So far the best known upper bound for Neg (V,R?) for a general class of potentials
V was due to Solomyak [29] who proved that?

Neg (V,R?) <1+ C||A]l, . +CY_ B, (1.8)

neL

2In fact, the estimate of [29] is even sharper than (1.8) because B,, are defined in [29] using not
the LP-norm but a certain Orlicz norm. Further improvement of the term B,, can be found in [17].



where A denotes the whole sequence {A,}, ., and ||A[|; . is the weak I'-norm (the
Lorentz norm) defined by

1A]l} 00 = sulo) s#{n: A, > s}.
5>

In particular, the result of Solomyak [29] implies that if the right hand side of (1.8)
is finite then the following semi-classical asymptotic holds:

Neg (aV,R?*) = O (a) as a — oo, (1.9)

as one should expect for “nice” potentials from quantum mechanical considerations.
Let us show that (1.8) follows from our estimate (1.7). Indeed, it is easy to verify

that
1Al o < sups'® >~ A, <4[|A]] -
s>0 {An>s}
In particular, we have
Y VA <A R AY

{An>c)

so that (1.7) implies (1.8). In Section 2 will see that our estimate (1.7) provides for
certain potentials strictly better results than (1.8).
A simpler (and coarser) version of (1.7) and (1.8) is

Neg (V,R?) < 1+c/ V@) (4 mfal)de+CY B, (110)
RQ

neL

that follows from (1.8) using [|Al|, ., < [|A[];. In the case when V (z) is a radial
function, that is, V (z) = V (]z|), the following estimate was proved by Chadan,
Khuri, Martin and Wu [8], [14]:

Neg (V,R?*) <1+ /11{2 V(z) (1 + |In|x||) dx. (1.11)

Although this estimate is sharper than (1.10), we will see that our main estimate
(1.7) gives for certain radial potentials strictly better results than even (1.11).
Laptev and Solomyak [17] improved (1.10) for general potentials by modifying
the definition of B,, so that all the terms B,, vanish for radial potentials thus yielding
(1.11) (cf. also [15]). Furthermore, they obtained in [16] a necessary and sufficient
condition for radial potentials to satisfy the semi-classical asymptotic (1.9).
Another known estimate for Neg (V,R?) is due to Molchanov and Vainberg [24]:

Neg(V,RQ) §1+C’/

RQ

V (z)In(z)dz + C’/ V(z)ln (24 V (z) (x)Q) dr, (1.12)
R2

where (z) = e + |z|. However, due to the logarithmic term in the second integral,

this estimate never leads to (1.9).

The main novelty (and strength) of our estimate (1.7) lies in using of the trun-
cated sum ., -4 VA, and 30 p o 1 By, For example, it follows from (1.7) that if
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A, — 0 and B,, — 0 then the both sums in (1.7) and, hence, Neg (V,R?) are finite,
which does not follow from any of the previously known results. For example, this
is the case for a potential V' such that

v<x):o(;) a5 7 — 00,

z[*1In? |z
|z

The fact that the right hand side of (1.7) in non-linear in « when V' is replaced
by oV, allows to obtain non-linear in « estimates for Neg (aV,R?) for quite simple
potentials V. We discuss these and many other examples in Section 2.

The nature of the terms v/A,, and B,, in (1.7) can be explained as follows. Differ-
ent parts of the potential V' contribute differently to Neg (V,R?). The high values of
V concentrated on relatively small areas contribute to Neg (V, R?) via the terms B,,,
while the low values of V scattered over large areas, contribute via the terms /A,.
Since we integrate V' over long annuli, the long range effect of V' becomes similar to
that of an one-dimensional potential. In R! one expects

Neg (aV,R") = O (V) as a — oo,

which explains the appearance of the square root in (1.7). Another explanation
of the role of the terms A, comes from the following result of [2] and [29]: the
condition ||A||; . < oo is necessary and sufficient for the semi-classical asymptotic
for the operatof that comes from the restriction of the corresponding quadratic form
to the subspace of radial functions. Loosely speaking, the terms A, are responsible
for the negative spectrum in the radial direction.

An exhaustive account of upper bounds in one-dimensional case can be found in
3], [7], [25], [26]. In particular, the following estimate was proved by Birman and
Solomyak [7]:

Neg (V,R}) <1+C ) Vay, (1.13)
n=0

where

an :/1 Vi(z)(1+ |z|)de

and I, = [2"71,2"] if n > 0 and Iy = [0, 1]. Clearly, the sum ) /a, here resembles
S WA, in (1.7), which is not a coincidence. In fact, our method allows to improve
(1.13) by restricting the sum to {n : a, > c}.

Let us state two consequences of Theorem 1.1.

Corollary 1.2 If

/IRQV(x)(1+|ln|m||)dx+ZBn (V) < o0 (1.14)
then
Neg (aV,R?) < C’Ozz B, (V)+o(a) asa— oo. (1.15)



Corollary 1.3 Assume that W (r) is a positive monotone increasing function on
(0, +00) that satisfies the following Dini type condition both at 0 and at oo:

/ rirfdr (1.16)
o W(r)—t
Then
1/p
Neg (V,R?) §1+C(/ V”(a:)W(|a:|)d:1:> , (1.17)
R2

where the constant C' depends on p and W .
Here is an example of a weight function W (r) that satisfies (1.16):
W (r) = @D {nr)?~nP < (Inr), (1.18)

where € > 0. In particular, for p =2, (1.17) becomes

1/2
Neg (V,R*) <1+ C (/R2 V2 () |z (In|z|)® In' "¢ (In ]a:|>dx> : (1.19)

Let us emphasize once again that none of the above mentioned estimates (1.8),
(1.10), (1.11), (1.12), (1.17) matches the full strength of our main estimate (1.7)
even for radial potentials as will be seen on examples below.

1.3 Outline of the paper

As we have already mentioned above, the setting of R? versus R™ with n > 2
presents significant difficulties. We try and turn the disadvantages of this setting
into an advantage by exploiting specific properties of R? such as the presence of a
large class of conformal mappings preserving the Dirichlet integral. We use widely
the classical idea of Weyl of splitting domains into small enough subdomains with
the Neumann boundary condition. A critical issue in this method is estimating the
number N of subdomains, which eventually leads to required estimates of Neg (V).
We apply this approach a few times, using at each occurrence different ways of
estimating N.

Let us briefly describe the structure of paper that matches the flowchart of the
proof. In Section 2 we give examples of application of Theorem 1.1. In Section 3 we
define for any open set Q C R? the quantity Neg (V) as the Morse index of the
quadratic form

Eva (u):/]Vu|2 dx—/Vu2dx,
Q Q

and prove various properties of the former including subadditivity with respect
to partitioning and the behavior under conformal and bilipschitz mappings. For
bounded domains €2 with smooth boundary, Neg (V, ) coincides with the number
of non-positive eigenvalues of the Neumann problem for —A — V in 2.

In Section 4 we prove Lemma 4.8 that provides an upper bound for Neg (V, Q)
in a unit square @ in terms of ||V|| r(g)- The proof involves a careful partitioning
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of @ into tiles s, ..., Qn with small enough ||V, g, while controlling the number
of tiles N via [[V'[| ., (q)- This argument is reminiscent of a Calderon-Zygmund type
partition of the cube that was used by Birman and Solomyak [5] for the eigenvalues
estimates (cf. also [6], [10], [22], [28]). In contrast, we do not restrict the shape of
the tiles to squares®. The estimate of Lemma 4.8 leads in the end to the terms B,
in (1.7) reflecting the local properties of the potential.

In Section 5 we make the first step towards the global properties of V. Our
starting point is the Green function g (z,y) of the operator Hy = —A + V{ where
Vo € C5° (R?) is a fixed potential for which Neg (5, R?) = 1. We use the following
estimate of g (z,y) that was proved in [11]:

1
g (z,y) ~In(z) AMln {y) +In, EEh

Considering the integral operator
Gof (e) = [ aaa) F)V )y
acting in L? (Vdx), we show first that
|Gy < 5 = Neg (V,B?) =1

(Corollary 5.4). Hence, to characterize the potentials V' with Neg (V,R?) = 1 it
suffices to estimate the norm of Gy . Using the conformal mapping z +— Inz, we
translate the problem to a simpler integral operator I'y acting in a strip

S:{(xl,x2)€R2:x1€R, O<x2<7r}.

In Section 6 we estimate the norm of a certain integral operator in S using a
weighted Hardy inequality (Lemma 6.2).

In Section 7 we obtain an estimate of ||['y/|| (Lemma 7.1) that leads to conditions
for Neg (V,S) = 1 (Proposition 7.3). Then a number of further steps, involving a
careful partitioning of the strip into rectangles, is needed to obtain an upper bound
for Neg (V,.S) that is stated in Theorem 7.9 and that is interesting on its own right.

In the final Section 8 we translate the estimate for Neg(V,S) into that for
Neg (V,R?) thus finishing the proof of Theorem 1.1.
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2 Examples

Let V be a potential in R?, and let us use the abbreviation Neg (V') = Neg (V,R?).
We write f ~ ¢ if the ratio % is bounded between two positive constants.
1. Assume that, for all z € R?,

V(:B)<i

~faf?
for a small enough positive constant «. Then, for all n € Z,

en+1 1 l/p
B, <« (/ TTQ(p_l)Qm“dr> ~ o
en 74P

so that B,, < ¢ and the last sum in (1.7) is void, whence we obtain

Neg(V) < 1+C Y VA4, (2.1)

{n:An>c}

< 1+C/RZV(.7:) (1 + [In|z]]) d. (2.2)

The estimate (2.2) in this case follows also from (1.12).

2. Consider a potential

1
P (1 )

V (x)

As in the first example, B, ~ 1, while A,, can be computed as follows: for n > 1

on

e 1
A, = —  (1+1In7)2mrdr ~ 1, 2.3
Loy () 2 23)

and the same estimate holds for n < 0. Hence, if @ > 0 is small enough then
A, (aV) and B, (aV) are smaller than ¢ for all n, and the both sums in (1.7) are
void. It follows that

Neg (V') = 1.
This result cannot be obtained by any of the previously known estimates. Indeed, in
the estimates (1.11) and (1.12) the integral [, V () (1+ |In|z||) dz diverges, and
in the estimate (1.8) of Solomyak one has [|Al[, ,, = co. As will be shown below, if

a > 1/4 then Neg (aV') = co. Hence, Neg (V') exhibits a non-linear behavior with
respect to the parameter «, which cannot be captured by linear estimates.

8



3. Assume that V (z) is locally bounded and
1
Viz)=o0 (W) as T — 00. (2.4)
" In” ||
Similarly to the previous example, we see that A, (V) — 0 and B, (V) — 0 as
n — 0o, which implies that the both sums in (1.7) are finite and, hence,

Neg (V) < o0.

This result is also new.

4. Choose q¢ > 0 and consider the potential
1

for |z| > e 2.5
2> In? |z| (In1n |z])? & (25)

Vi(r) =

and V (z) = 0 for |z| < €. A sharp asymptotic for Neg (aV') as a — oo was obtain
by Birman and Laptev [2]:

q=1,

a?
Neg (aV) ~ Const{ oVt g <1,

Let us show how our main estimate (1.7) yields uniform upper bounds for Neg (a'V').
We have A, (V) =0 for n < 1, while for n > 2 we obtain

27’l

A, (V) = /e (14 Inr)2mrdr N i

-t r2Inr (Inlnr)? — nd

Similarly, we have for n > 2

n+1 1
B, (V) = /e ! r2P=D27rrdy v o1
" - \Jeo [P2In?r(Inlnr)?]”

For a large o we obtain

- n?2lnin

A, (aV) ~ g, (2.6)

nd

so that the condition A, (aV) > c is satisfied for n < Ca/?. It follows that
[Cal/q]
Y VAav)<cC Z Vo = Cva (@)™ = cal,
{Anp(aV)>c}
It is clear that ) B, (aV) ~ . Hence, we obtain from (1.7)
Neg (aV) < C (Ozl/q +a).
If ¢ > 1 then the leading term here is «, which yields together with (1.2)

Neg (aV) ~ a.
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If ¢ < 1 then the leading term is «'/?, and we obtain
Neg (V) < Cal/e,

In the case ¢ < 1 we have [|A]|; ., = oo, so that neither of the estimates (1.10),
(1.11), (1.8), (1.12), (1.17) yields even the finiteness of Neg (aV), leaving alone the
correct rate of growth in a.

5. Let us study the behavior of Neg (aV') as o — oo for a potential V' such that

/RQV(;U) (1+nfz||)dz + ) B, (V) < oc. (2.7)

neL

By Corollary 1.2 and (1.2), we obtain

ca /2 Vdr < Neg(aV) < CaZBn (V)4+o(a), a— o0, (2.8)

nel

in particular, Neg (aV') >~ a. If V satisfies in addition the following condition:

S;TIL) V o~ 1&{ V, (2.9)

for all n € Z, then

B, (V) ~ / Ve,

and (2.8) implies that

Neg (aV') ~ a/ V(x)dz as a — oc. (2.10)

]RQ

For example, (2.7) and, hence, (2.10) are satisfied for the potential (2.5) with ¢ > 1.
The exact asymptotic for Neg (aV') as o« — oo was obtained by Birman and Laptev

[2].
6. Set R = €2” where m is a large integer and consider the following potential
on R?

V(Q;):{ m, lf€<’$‘<R,

0, otherwise,

where a > 1. Computing A, (V) as in (2.3) we obtain A, (V) ~ « for any 1 < n <
m, and A,, = 0 otherwise, whence it follows that

ZVA” (V) ~vam ~/alnln R.

neZ
Similarly, we have, for 1 < n < 2™,

entl D 1/1?
(0]
B, (V)= (/n |:—7”2 2 J T2(p1)27rrd'r> ~

10
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and B, (V) = 0 otherwise, whence

2m—1

ZBn(V): Z %za.

ne”L n=1

By (1.7) we obtain
Neg (V) < Cy/alnln R + Ca. (2.11)

Let us remark that none of the previously known general estimates for Neg (V, R?)
yields (2.11). For example, both (1.8) and (1.11) give in this case a weaker estimate

Neg (V) < Calnln R.

Obviously, (2.11) requires a full strength of (1.7).
Let us estimate Neg (V') from below to show the sharpness of (2.11) with respect
to the parameters «, R. Consider the function

f(z) = +/In|x|sin (\/a - ilnln|x|>

that satisfies in the region 2 = {e < |z| < R} the differential equation A f+V (z) f =
0. For any positive integer k, function f does not change sign in the rings

1
Q= {$€R2tﬂk< \/&—Zlnln]x\ <7r(k+1)}

and vanishes on 0§ as long as Q, C Q. Since Eyq, (f) = 0, using f|g, as test
functions for the energy functional, we obtain Neg (V) > N where N is the number
of the rings € inside ). Assuming that a >> Z—i, we see that N ~ /alnln R,
whence it follows that

Neg (V) > cv/alnln R.

On the other hand, (1.2) yields Neg (V') > ca. Combining these two estimates, we
obtain the lower bound

Neg (V) > ¢(vValnln R+ a),

that matches the upper bound (2.11).

Our last example is of a different nature, and we will state it inside the proof of
the next proposition.

Proposition 2.1 No estimate of the type

Neg (V,R?) < F(/R

can be true for all potentials V on R?, where W is non-negative function on R? that
1s bounded in a neighborhood of at least one point and F : Ry — R, is any function.

2

V(2)W () d:)s)
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Proof. Assume without loss of generality that W (z) < C for |z| < . We
will construct a potential V' supported in {|z| < e} such that [, Vdaz < co while
Neg (V') = oo, which will settle the claim.

It will be easier to construct V' as a measure but then it can be routinely ap-
proximated by a L -function. For any r > 0, let S, be the circle {|z| = r}. We will

use the arc length measure dg, on S,. Given two sequences {a,} and {b,} of reals
such that 0 < a,, < b,, consider the measures

1

bn
a, In =

Vi =

an

and test functions
1, |z| < ap,

nbn

1
on () = ¢ oy @n < |7 < by, (2.12)
0, || > b

An easy computation shows that

2
/]Vgon\2dx: W (2.13)
RQ

In b=
Qn

9
/ P2V, dz = / Voo = ——,
R2 R2 ln_n

an

and

whence it follows that Ey, (¢,) = 0.

Let us now specify a, = 4™ and b, = 2="". Consider also the following sequence
of points in R?: y, = (47,0). Then all the disks Dy, (y,) with large enough n are
disjoint and

= 2
© < . (2.14)
In &=
n=1 Qn

Consider the generalized function
V=SV (-u). (2.15)
n=N
The functions ¢, = ¢, (- — y,) have disjoint supports and satisfy &y (¢,,) = 0 for all
n > N, whence it follows that Neg (V') = co. On the other hand, by (2.14) we have

Vdr < o0.
R2

By taking N large enough, one can make fRQ Vdx arbitrarily small and supp V
to be located in an arbitrarily small neighborhood of the origin, while still having
Neg (V) = 0. O
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3 Generalities of counting functions

3.1 Index of quadratic forms

Let 0 C R? be an arbitrary open set. By a potential in  C R we mean always
a non-negative function from L} . (Q2). Given a potential V in Q, define the energy
form

Eva (f):/Q|Vf|2d:):—/QVf2dx (3.1)

in the domain
fvygz{feL?OC(Q):/|Vf|2d:c<oo, /Vdea:<oo}. (3.2)
Q Q

Clearly, Fy g is a linear space. Note that a more conventional choice for the ambient
space for Fyqo would be L? (), but for us a larger space L7 _(Q2) will be more
convenient.

Set

Neg (V,Q) :=sup{dimV : V < Fyq: Eva(f) <0 forall f eV}, (3.3)

where V < Fyq means that V is a linear subspace of Fyq, and the supremum
of dimV is taken over all subspaces V such that &, < 0 on V. In other words,
Neg (V, Q) is the Morse index of the quadratic form £y in Fyq. Observe that one
can restrict in (3.3) the class of subspaces V to those of finite dimension without
changing the value of the right hand side.

Note that Neg (V,Q) > 1 for any potential V. Indeed, if V' € L' (Q) then 1 € Fq
and Evq (1) < 0, which implies that Neg (V,Q) > 1. If V' ¢ L' (Q), then consider
for any positive integer n a function f, (#) = = (n — |z])_ . This function belongs to

T n

Fvq as it has a compact support, 0 < f, <1, and fQ |an|2 dr < . Since f, T 1 as

n — oo, it follows that
/ Vfidr — / Vdr = occ.
Q Q

Hence, for large enough n, we obtain &y q (f,) < 0 and, hence, Neg (V,2) > 1.
If Q = R" then we use the abbreviations

8\/ = 5‘/,Rn, :/t\/ = fV,R"; Neg (V) = Neg (‘/, Rn) .

The operator
Hy=-A-V

is defined as a self-adjoint operator in L? (R™) using the following standard proce-
dure. Firstly, observe that the classical Dirichlet integral

E(u)= / V| dz
R”
with the domain W2 (R?) is a closed form in L? (R?), and the quadratic form

U Vuldx
Rn

13



associated with the multiplication operator u +— Vwu, is closed with the domain
L? (dz) N L? (Vdx) . Clearly, the form &y is well-defined in the domain

Dy = W2 L* (Vdz)

that is a subspace of Fy,. Under certain assumptions about V', the form (Ey, Dy ) is
closed in L? (and, in fact, Dy = W?). Consequently, its generator, denoted by Hy,
is a self-adjoint, semi-bounded below operator in L?, whose domain is a subspace of
Dv.
For any self-adjoint operator A, denote by Neg(A) the rank of the operator
1(—o0,0) (A), that is,
Neg (A) = dimIm 1(_q (4).

If the spectrum of A below 0 is discrete then Neg (A) coincides with the number of
non-positive eigenvalues of A counted with multiplicities.

Lemma 3.1 If the form (Ey,Dy) is closed and, hence, Hy is well-defined, then
Neg (Hy) < Neg (V). (3.4)
Proof. It is well-known that
Neg (Hy) =sup{dimV :V <Dy and &y (f) < 0Vf € V}

(cf. [12, Lemma 2.7]). Since Dy C Fy, (3.4) holds by monotonicity argument. [J
Theorem 1.1 states the upper bound for Neg (V'), which implies then by Lemma
3.1 the same bound for Neg(Hy) whenever Hy is well-defined. If this method
were applied in R™ with n > 3 then the resulting estimate would not have been
satisfactory, because Neg (Hy ) can be 0 (as follows, for example, from (1.1)), whereas
Neg (V) > 1 for all potentials V as it was remarked above. However, our aim is R?,
where Neg (Hy) > 1 for any non-zero potential V', so that we do not lose 1 in the
estimate.

In the rest of this section we prove some general properties of Neg (V) that
will be used in the next sections. For a bounded domain ) with smooth boundary,
the form £y can be associated with the operator A + V' in @ with the Neumann
boundary condition on 0f2. In this case Neg (V,€) is equal to the number of non-
positive eigenvalues of the Neumann problem in ) for the operator A + V. This
understanding helps the intuition, but technically we never need to use the operator
A + V. Nor the closability of the form £y g is needed, except for Lemma 3.1.

Lemma 3.2 Let €, Q be open subsets of R? and V and V be potentials in  and ﬁ,
respectively. Let L : Fyq — Fpy g be a linear injective mapping.

(a) If Evia (u) <0 implies Ey g (u) <0 foru= L (u) then

Neg (V, ) < Neg(V,Q). (3.5)
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(b) Assume that there are positive constants cy,ca, such that, for any u € Fyq,
the function uw = L (u) satisfies

/~|Vﬂ|2dx§cl/ Vul? dz (3.6)
Q Q
and
/~‘7ﬂ2da¢ > CQ/VUle'. (3.7)
Q Q
Then

Neg (V, Q) < Neg( V Q). (3.8)

Proof. (a) Let V be a finitely dimensional linear subspace of Fq where Ey.q < 0.
Then V := L (V) is a linear subspace of ]:‘7 & of the same dimension. For any u € V

we have & 5 (u) < 0, which implies dimV < Neg(‘7, ﬁ) Since dim V = dim V, we

have also dim V < Neg(V, ), whence (3.5) follows.
(b) If Ev,o (u) < 0 then

571‘75 (u) = / |VU‘ dx Vﬂ2dl’
< cl/ |Vu| dx — Cl/VUQdZE =€y (u) <0.
Q

Applying part (a) with %‘7 instead of V, we obtain (3.8). O

Lemma 3.3 Let Q be any open subset of R? and K be a closed subset of R™ of
measure 0. Set O = Q\ K. Then we have

Neg (V,Q) < Neg (V, Q). (3.9)
Proof. Every function u € Fygq can be considered as an element of Fy g
simply by restricting u to Q'. Since the difference Q \ €' has measure 0, we have
Eva(u) = Eyq (u). Then Lemma 3.2(a) implies (3.9). O
Definition 3.4 We say that a (finite or infinite) sequence {2} of non-empty open
sets (, C R2_is a partition of an open set 2 C R” if all the sets (2, are disjoint,
Q) C Q, and Q\ J, Qx has measure 0 (cf. Fig. 1).
Lemma 3.5 If {Q} is a partition of §2, then

Neg (V, ) <> Neg (V, ). (3.10)
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Figure 1: A partition of €2

Proof. Set Q' = J, Q) and K = Q\ . Since K is closed, K has measure 0,
and ' = Q\ K, we obtain by Lemma 3.3 that

Neg (V, Q) < Neg(V, Q).

Next, we claim that
Neg(V,€) <) " Neg (V). (3.11)
k
If the sum in (3.11) is infinite then there is nothing to prove. Assume that this sum
is finite. Since Neg (V) > 1, the number of elements in the partition {2} must
be finite, which will be assumed in the sequel. Denote for simplicity F' = Fy o,
(c/’l = (c/‘v’Q/, Jfk = fv’gk and gk = (c/‘V’Qk.
For any f € F' and index k, set fr = f|q, so that f; € Fi. Clearly, we have
f =2k Jr and
E(f) =) &) (3.12)
k

Hence, F’ can be identified as a subspace of the direct sum F = @ Fi, and &' can

be extended from F’ to F by (3.12), as the direct sum of all &.

Let V be a finite dimensional subspace of F’ (or even of F) where & < 0.
Restricting as above the functions from V to (), we obtain a finite dimensional
subspace V of Fi. Set U = @Vk, so that V <U < F. The quadratic form & is
diagonalizable on the finite dimensional space V,, and the number Nj of the non-
positive terms in the signature of & on Vy is clearly bounded by Neg (V, €)). Hence,
denoting by N the number of the non-positive terms in the signature of £ on U, we

obtain
N=3 Ne< Neg(V,).
k k

If dimY > N then V intersects the subspace of U where £’ is positive definite, which
contradicts the assumption that £ < 0 on V. Therefore, dim V < N, whence (3.11)
follows. OJ

Lemma 3.6 If V|, V5 are two potentials in €2 then

Neg (V1 + V2,Q) < Neg (2V4, Q) + Neg (2V5, Q) . (3.13)

16



Proof. Let us write for simplicity &y = &y and Fyg = Fy. Set V =V, +V;
and observe that by (3.2)
Fv =Fvy, N Fy,

and by (3.1)
25‘/ = 52V1 + 52V2 on va. (314)

Assume that (3.13) is not true. Then there exists a finite-dimensional subspace V
of Fy where &, < 0 and such that

dimV > Neg (2V]) + Neg (2V43) . (3.15)

Set N = dim )V and denote by Nj;, i = 1,2, the maximal dimension of a subspace of
V where &y, < 0. Then there exists a subspace P; of V of dimension N — N; where
&y, > 0. The intersection P; N Py has dimension at least

(N—N1+N—N2)—N:N—<N1+N2>>O,
where the positivity holds by (3.15). By (3.14) the form &y is non-negative on
P; NPy, which contradicts the assumption that &, < 0 on V. O

3.2 Transformation of potentials and weights

Given a 2 x 2 matrix A = (a;;), denote by ||A|| the norm of A as an linear operator
in R? with the Euclidean norm. Denote also

||A||2 = \/a% + a%Q + a%1 + a%2.

It is easy to see that
1
7 [A]l, < Al < [ All,
Assuming further that A is non-singular, define the quantities
2
_ 4]
det A

2
and M, (A) = —HAH2

M (A) : -
(4) det A

For example, if A is a conformal matrix, that is, o or [ ¢ s , then
-0 « 6 —«a

det A =a?+ 3 = | A|?,

whence M (A) = 1.
For a general non-singular matrix A, the following identity holds:

My (A) =M, (A7) (3.16)

Q22 —Q12
)
ag1 Q11
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Indeed, denoting a = det A, we obtain

ATl =

Q|



whence [|[ A~ = % | All5, which implies (3.16). Consequently, we obtain that, for
any non-singular matrix A,

%M (A) <M (A7) <2M (A). (3.17)

Let Q and Q be two open subsets of R? and ® : Q— Qbeal L_diffeomorphism.
Denote by @ its Jacobi matrix and by Jg - its Jacobian, that it Jp = det ®’. Set

|9’ ()]|*
Mg :=sup M (¥ (x)) = sup ————.
ved veo |Je (2)]

We will use two types of mappings ® : bilipschitz and conformal. If ® is conformal
then we have Mg = 1. Moreover, if ® is holomorphic then

Jo (2) = @ ()", (3.18)
where now @' = fl—f is a complex derivative in z € C.

If ® is bilipschitz and with bilipschitz constant L then an easy calculation shows
that ||® (z)||*> < 4L and that both |Js| and |Jp-1| are bounded by 2L? whence
Mg < 8LA.

By (3.17), we always have

1
§M¢ S Mq;.fl S 2Mq> (319)

The next lemma establishes the behavior of Neg (V) 2) and certain integrals over
) under transformations of 2. By a weight function on {2 we mean any non-negative

function from L}, ().

Lemma 3.7 Let (2, Q be two open subsets of R? and
U0 -0
be a O diffeomorphism with a finite My. Set ® = W1,
(a) For any potential V' on Q, define a V-push-forward potential V on Q by
V(y) = Mo | Jo ()| V (@ (y)) - (3.20)

Then o
Neg (V, Q) < Neg(V, ). (3.21)

(b) For any p > 1 and any weight function W on Q, define a V-push-forward
weight function W on € by

W (y) = My” | Ja (y)| "W (@ (1)) . (3.22)

Then we the following identity holds

/ V(2)" W (z)dz = [ V (y)P W (y) dy (3.23)
Q Q



As one sees from (3.20) and (3.22), the rules of change of a potential and a weight
function under a mapping ¥ are different. B
Proof. (a) Let V be a subspace of Fy,q as in (3.3). Define V as the pullback of

V under the mapping ®, that is, any function f € V has the form
fw)=F(@(@))

for some f € V. Let us show that f € F g That f € L} _(Q) is obvious. Using the
change y = U () (or z = ® (y)), we obtain

/ﬁ)f(y)rf/(y)dy = /‘f y) |Jy (z)| dx
= [ @F MY @) e W] e )] do
= My [ P @PV (@) do (3.24)

and

dy = / (V1) (@ (4)) - @ (4) dy
< / 19 ()P V£ (@ (4) dy
< My / s ()] V112 (@ (4)) dy
Q
YA / VFP () do. (3.25)

It follows from (3.24) and (3.25) that fe Fy g and 5‘7’5(?) < Mg€va (f). Applying

Lemma 3.2 to the mapping f +— f, we obtain (3.21).
(b) Using the same change in integral, we obtain

[T @rWway = [ V@@ W)@

Q

- / MoV (2) [ Jo ()])? Mz? | (0)]' W (2) | o ()~ iz

- /Qv (2)" W (2) dz.

Remark 3.8 If ¥ is conformal then it follows from Lemma 3.7 that
Neg (V, Q) = Neg(f}, Q),

where

V(y) = |Jo ()| V(2 (y)).
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Furthermore, if ¥ is holomorphic then the formulas (3.20) and (3.22) can be simpli-

fied as follows: B
V(z) =@ (2)]V (®(2))

and (@(2)
W (2 —Z
&= o op

where @ is a C-derivative.

3.3 Bounded test functions

Consider the following modification of the space Fy q:

.7:"’/79:{fELOO(Q):/\VfIde<oo, /Vf2d:v<oo} (3.26)
Q Q
and of the counting function:

Neg” (V, ) :=sup {dimV: V < }"‘b/’Q :Eva (f) <O0forall feV}. (3.27)

In short, we restrict consideration to the class of bounded test functions. By mono-
tonicity we have

Neg” (V,€) < Neg (V, Q).

The following claim will be used in Section 7.1.

Lemma 3.9 Let Q be a connected domain in R? such that Neg® (2V,Q) = 1. Then
Neg (V,Q) = 1.

Proof. Assume that Neg (V,€) > 1. Then there exists a two-dimensional sub-
space V of Fyq such that £y < 0 on V. Consider the following two functions on

V:
:/|Vf+|2dx—2/vﬁdx (3.28)
0 Q

and

= / VI dx — 2/ V {2 du, (3.29)
Q Q
where fi = % (|f| £ f) are the positive and negative parts of f. Clearly, we have
X(1)+Y ()= [IViPdo=2 [ VFdo=gwa(p <0
Q Q

Let us show that in fact a strict inequality holds for all f € V'\ {0}:
X(f)+Y(f) <o. (3.30)

Indeed, if this is not true, that is,
/ VS| dx > 2/ V f2dz, (3.31)
Q Q
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then combining with

2/|Vf|2dx§2/Vf2d:p,
Q Q

we obtain |, IVf|?dz = 0 and, hence, f = const in Q. Then (3.31) implies V = 0
in €2, which is not possible by the assumption Neg (V,2) > 1. This proves (3.30).
A second observation that we need is the identities
X(=f)=Y(f) and Y (=f)=X(f), (3.32)
that follow immediately from the definitions (3.28), (3.29).
Now consider a mapping F : V — R? given by

F(f) =&)Y ()

Let T be the unit circle in V (with respect to some arbitrary norm in V). Then the
image F (T is a compact connected subset of R? that by (3.30) lies in the half-plane
{z +y < 0}, and by (3.32) is symmetric in the diagonal = = y. It follows that there
is a point in F (7T') that lies on the diagonal = = y, that is, there is a function

f € V\ {0} such that
X (=Y () <0

This can be rewritten in the form

Eavia (fy) = Eava (f-) <0.

Since
Ewva(fAn) = Eyal(f) asn— +oo,

it follows that there is large enough n such that

52{/79 (f+ A n) < O, (S‘QV,Q (f_ VAN TL) < 0.

The functions f, An and f_ An are bounded and have “almost” disjoint supports. It
follows that &y (f) < 0 holds for all linear combinations f of these two functions.
Hence, we obtain a two dimensional subspace of fé’vﬂ where &y < 0, which implies
Neg® (2V, Q) > 2. This contradiction finishes the proof. !

4 [P-estimate in bounded domains

In this section we obtain upper bound for Neg (V, 2) for certain bounded domains
QcC R

4.1 Extension of functions from Fy g

Here we consider auxiliary techniques for extending functions from Fy o to larger
domains. Denote by D, (z) an open disk in R? of radius r centered at .
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Lemma 4.1 LgQ be a domain in R? with piecewise smooth boundary. Then Fy.q C
L}, (Q), where Q) is the closure of Q. If in addition Q is bounded then Fyg C L () .

loc

Proof. Fix a point 2 € 92 and consider the domain U = QN D, (z) where r > 0
is sufficiently small. It suffices to verify that

fell (), VFeL*Q) = feL*U). (4.1)

Choose a little disk K inside U. For any function f € W,>? (U) we have the following
Poincaré type inequality:

[ ra<c [ wfare | fa (42)
U U K

where C' = C' (K, U). Since the right hand side of (4.2) is finite by hypotheses, it
follows that f € L? (U), which was to be proved. O

Lemma 4.1 can be used to extend functions from Fyq to Fy o where ' is a
larger domain. Any potential V' in a domain €2 can be extended to a larger domain
Q' by setting V' = 0 outside 2. We will refer to such an extension as a trivial one.

Let us give two examples, which will be frequently used in the next sections. In
all cases we assume that V' is trivially extended from Q to Q.

Example 4.2 Let () be a rectangle and let L be one of its sides. Merging 2 with
its image under the axial symmetry around L, we obtain a larger rectangle 2'. Any
function f on €2 can be extended to 2’ using push-forward under the axial symmetry.
We claim that if f € Fy o then the extended function f belongs to Fy . By Lemma
4.1 we have f € L*(Q) and, hence, f € W2 (Q). It is well-known that if a W2
function extends by axial symmetry then the resulting function is again from W12,
which implies that f € Fyq.

Example 4.3 Let Q) be a sector of a disk D, (x¢) and let C be a circular part of OU.
Let us merge €2 with its image under the inversion in C' and denote the resulting
wedge by . Extend any function f from €2 to € using push-forward under the
inversion. Let us show that if f € Fy o then the extended function f belongs to
Fya. Set U = Q\ D, (x) with some € > 0 so that U is away from the center of
inversion. Let U’ be obtained by merging U with its image under inversion. By
Lemma 4.1, any function f € Fy.q belongs to L? (U) and, hence, to W' (U) . Since
U’ is bounded, the extended function f belongs also to W2 (U’), which implies that

f e W (). By the conformal invariance of the Dirichlet integral we have

loc
/‘ |Vdex=1/erﬁda
QN\Q Q

which implies that [, \Vf|2 dx < oo and, hence, f € Fyq.
Let Hy = {(x1,72) € R*: 25 > 0} be an upper half-plane.

Lemma 4.4 For any potential V in H,, we have
Neg (V, H,) < Neg (2V.R?) | (4.3)
assuming that V is trivially extended from H, to R2.
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Proof. Any function f € Fy y, can be extended to a function f on R? by the
axial symmetry around the axis z;. Since by Lemma 4.1 f € L? (U) for any bounded
open subset U of H, , in particular, for any rectangle U attached to OH ., we obtain
as in Example 4.2 that f € VVZIOQ (R?). Since also

C

/|Vf|2d:p:2/ IV f|? da
R2 Hy

/szdx:/ V fidz,
R2 Hy

we see that f € Fyge, and the estimate (4.3) follows by Lemma 3.2. O
Let D, = D, (0) be an open disk of radius r centered at the origin.

and

Lemma 4.5 For any potential V in a disk D,,
Neg (V,R?) < Neg (2V, D,), (4.4)
assuming that V is trivially extended from D to R2.

Proof. Any function f € Fy p, can be extended to a function f € Fyge using
inversion in the circle {|z| = r} as in Example 4.3. Then we have

/]Vf\2dx:2/ IV f|? da
R2 D,

/Vdex:/ V fidz,
R2 r

which implies (4.4) by Lemma 3.2. O
A more complicated result analogous to Lemmas 4.4 and 4.5 will be considered
in Section 7.2.

and

4.2 One negative eigenvalue in a disc

Let D = {|z| < 1} be the open unit disk in R
Lemma 4.6 For any p > 1 there is € > 0 such that, for any potential V in D,
IVIlgopy <€ = Neg(V,D) =1. (4.5)

Proof. Extend V to entire R? by setting V (z) = 0 for all |z| > 1. Given a
function u € Fy.p, extend u to the entire R? using the inversion ® (x) = #: for

any |z| > 1, set u(x) = u(®(z)). As in Example 4.3, we have u € Fyge. By the
conformal invariance of the Dirichlet integral, we have

\Vul® dz = 2/ \Vu|? da. (4.6)
R? D
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Choose a cutoff function ¢ such that ¢|p, =1, ¢[g2\p, = 0 and ¢ = ¢ (|z|) is linear
in |z| in D3\ Ds, and define a function u* by

*

Ut = up.

Then u* € Wh? (R?) and u* vanishes outside D3. Next, we prove some estimates
for the function u*.

CLAaM 1. We have

/ \Vu* | dx §4/ ]Vu]zdx—i—lGQ/ u?dz. (4.7)
Ds D D

Indeed, since Vu* = pVu + uVy, we have

/ V| de < 2/ <p2]Vu|2da:+2/ u? V| dx
Dy Ds Ds

< 2/ ]Vu|2dx—|-2/ u?dz,
R2 D3\D2

where we have used that [Vy| = 1in D3\ Dy and Vg = 0 otherwise. Next, use the

change y = ® (x) to map D3 \ Dy to Dys \ Dy/3. Since |Jg-1 (y)| = |y1‘4, we obtain

1
/ u? (z) dr = / u? (y) —dy < 34/ uldy.
Ds\D- D1 2\D1y3 |y| D

Combining the above estimates and using also (4.6), we obtain (4.7).
CrAaM 2. Ifull in L* (D) and Ev.p (u) < 0 then

/ \Vu*|*dz < C / Vuldz, (4.8)
Dy D

with some absolute constant C.

Indeed, the assumption u_l 1 implies by the Poincaré inequality

/qua: < c/ \Vul|? dz,
D D

which together with (4.7) yields
/ IVu*|? de < (4 + 162c)/ V| dz.
D4 D
Combining this with the hypothesis £y (u) < 0, that is,
/ \Vul® de < / Vuldz, (4.9)
D D
we obtain (4.8).
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Now we prove the implication (4.5). Applying the Holder inequality to the right
hand side of (4.8), we obtain

/Dvu%zx < (/ Vpdx) (/ |u|P=1 1dzp)1 v
(/D Vpdx) < [ i 1dw)1 " (4.10)

Next, let us use Sobolev inequality for Lipschitz functions f supported in Dj:

IN

1/a
( |f|“da:) <c [ Vil
D3 D3

where « € (1,2) is arbitrary and C' = C («) . Replacing f by f? (where 8 > 1), we
obtain

1/a
( |f|a"dx) < C [ |V’ da
D3

D3

1/2 1/2
C (/ |Vf|2das) ( T da:) .
D3 D3

Choosing [ to satisfy the identity a5 = 2 (8 — 1), that is, § = ﬁ, we obtain

IN

( ‘f|22fimd:c)a <C [ |Vf]dz. (4.11)
Ds

Ds

This inequality extends routinely to W12 functions f supported in Ds. Applying
(4.11) for f = u* with a = ;== we obtain

2 1-1/p
(/ |u*|P=1 dm) < C’/ \Vu* | de,
D3 DS

which together with (4.8), (4.10) yields

1/p
|Vu*[*dz < C (/ Vpdx) / IV |* d. (4.12)
Ds D Ds
Assuming that
1
Vil < &= 55 (413)

we see that (4.12) is only possible if u* = const . Since uL1 in L? (D), it follows that
u=0.
Hence, &y p (u) <0 and u L1 imply u = 0, whence Neg (V, D) <1 follows. [
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Corollary 4.7 Let Q be a bounded domain in R* and ® : D — Q be a C!-
diffeomorphism with finite Mg and sup |Jg|. Then there is eq > 0 such that

HV||L,, <eq = Neg(V,Q) =1,

where eq depends on p, Mg and sup |Jg|.
Consequently, if ) is bilipschitz equivalent to D, then

IVl ooy < cr?/P=2 = Neg (V,Q) = 1, (4.14)

where ¢ > 0 depends on p and on the bilipschitz constant of the mapping between D,
and 2.

Proof. By Lemma 3.7, we have
Neg (V, Q) < Neg(V, D),
where V is given by (3.20). By Lemma 4.6,
HVHLp <e= Neg(V,D) = 1.

Using the notation of Lemma 3.7, set ¥ = &1, W =1 and define a function W (x)
on by (3.22), that is,

W (x) = Mg |Jy ()" < Mg sup | Js|"

Then by (3.23) we have

/D V (y)’ dy = /ﬂv (z)P W (z) dx < M2 sup | Jg|"~" /Q V () de,

whence
Vo) < Masup ol 7 [V ey -
Therefore, if

19
||V||LP(Q) <eq:= — (4.15)

]\/[<1>SU]D|J<I>‘JDT

then ||‘7HLP(D) < g, which implies by the above argument Neg (V,Q) = 1.
Let Q = D,. Then, for the mapping ® () = rz, we have Mg = 1 and |Jg| = r?
whence we obtain
ep, = er¥/P=2, (4.16)

More generally, assume that there is a bilipschitz mapping ® : D, — ) with a
bilipschitz constant L. Arguing as in the first part of the proof but using D, instead
of D, we obtain similarly to (4.15) that e can be determined by

€
€ = b p—1 > CTZ/p—Q’
Mg sup |Jo| 7
where ¢ > 0 depends on p and L, which was to be proved. O
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4.3 Negative eigenvalues in a square

Denote by @ the unit square in R?, that is,
Q:{(xl,xg)ER2:0<x1<1,0<m2<1}.
Lemma 4.8 For any p > 1 and for any potential V in @),
Neg (V,Q) < 1+C||V||LP(Q)7 (4.17)
where C' depends only on p.

This lemma follows also from the result of Birman and Solomyak [4]. However,
we give here a different proof using specific properties of R?, although it is also based
on some tiling of a square. Besides we use some counting argument that will appear
later (in some disguise) also in Section 7.3.

Remark 4.9 Combining Lemma 4.8 with Lemma 3.7 we obtain that if an open set
Q) C R? is bilipschitz equivalent to (), then

Neg (V,Q) <1+C ||V||LP(Q) )
where the constant C' depends on p and on the Lipschitz constant.

Proof. It suffices to construct a partition P of ) into a family of N disjoint
subsets such that

1. Neg (V,Q) =1 for any Q2 € P;
2. N<14+CIVlg -

Indeed, if such a partition exists then we obtain by Lemma 3.5 that

Neg (V,Q) < 3 Neg (V,Q) = N, (4.18)
Qep

and (4.17) follows from the above bound of N.

The elements of a partition — tiles, will be of two shapes: any tile is either a
square of the side length [ € (0,1] or a step, that is, a set of the form Q@ = A\ B
where A is a square of the side length [, and B is a square of the side length < /2
that is attached to one of corners of A (see Fig. 2).

In the both cases we refer to [ as the size of €). By Corollary 4.7, the condition
Neg (V, ) = 1 for a tile 2 will follow from

/ VPdr < cl*?, (4.19)
Q

with some constant ¢ > 0 depending only on p.
Apart from the shape, we will distinguish also the type of a tile {2 € P of size [
as follows: we say that

27



</2

Figure 2: A square and a step of size [

e () is of a large type, if
/ VPdx > cl*7?P;
Q

e () is of a medium type if

AP < / VPdr < cl*?P; (4.20)
Q

e () is of small type if
/ VPdx < P77 (4.21)
Q

Here c is the constant from (4.19) and ¢ > 0 is another constant that satisfies

4272 < ¢, (4.22)

The construction of the partition P will be done by induction. At each step
i > 1 of induction we will have a partition P® of Q such that

1. each tile Q € PO is either a square or a step;

2. If Q € PW is a step then 2 is of a medium type.

At step 1 we have just one set: P = {Q}. At any step ¢ > 1, partition P0+?)
is obtained from P® as follows. If Q € P® is small or medium then §2 becomes one
of the elements of the partition PU+D. If Q € PO is large, then it is a square, and
it will be further partitioned into a few smaller tiles that will become elements of
P+ Denoting by [ the side length of the square €, let us first split  into four
equal squares €1, 2, Q3, Q4 of side length [/2 and consider the following cases (see
Fig. 3).

Case 1. If among €4, ..., €24 the number of small type squares is at most 2, then
all the sets Qy, ..., Q4 become elements of PU+D.

Case 2. If among (24, ..., )4 there are exactly 3 small type squares, say, {25, 23, 24,
then we have

l 2—2p
VPdy = / VPdx < 3¢ (—) = 3222 < P,
Q\Q1 QaUN3UN, 2
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small small &y

medium
small

Figure 3: Various possibilities of partitioning of a square €2 (the shaded tiles are of
medium or large type, the hatched tile 2; can be of any type)

where we have used (4.22). On the other hand, we have
/ VPdx > cl* 2.
0

Therefore, by reducing the size of 2; (but keeping ; attached to the corner of 2)
one can achieve the equality

/ VPdx = cl>~%P.
o\

Hence, we obtain a partition of {2 into two sets ; and Q\ Q;, where the step Q\ Q;
is of medium type, while the square €2; can be of any type. The both sets 2; and
Q\ Q; become elements of PO+,

Case 3. Let us show that all 4 squares {21, ..., {24 cannot be small. Indeed, in this
case we would have by (4.22)

4

/vadx =>

k=1

l 2—2p
/ VPdr < 4c <§> = (4c’22p’2) 1272 < 2%,
Qp

which contradicts to the assumption that € is of large type.

As we see from the construction, at each step i only large type squares get
partitioned further, and the size of the large type squares in PU*Y reduces at least
by a factor 2. If the size of a square is small enough then it is necessarily of small
type, because the right hand side of (4.21) goes to oo as [ — 0. Hence, the process
stops after finitely many steps, and we obtain a partition P where all the tiles are
either of small or medium types (see Fig. 4). In particular, we have Neg (V,Q) =1
for any 2 € P.

Let N be the number of tiles in P. We need to show that

N <1+ C[V]pe- (4.23)

At each step of construction, denote by L the number of large tiles, by M the number
of medium tiles, and by S the number of small tiles. Let us show that the quantity
2L+3M — S is non-decreasing during the construction. Indeed, at each step we split
one large square €2, so that by removing this square, L decreases by 1. However, we
add new tiles that contribute to the quantity 2L + 3M — S as follows.
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—

Figure 4: An example of a final partition P. The shaded tiles are of medium type,
the white squares are of small type.

1. If Q is split into s < 2 small and 4 — s medium/large squares as in Case 1,
then the value of 2L + 3M — S has the increment at least

—2+2(4—-s5)—s=6—-35s>0.

2. If Q is split into 1 square and 1 step as in Case 2, then one obtains at least 1
medium tile and at most 1 small tile, so that 2L 4+ 3M — S has the increment
at least

—-24+3-1=0.

(Luckily, Case 3 cannot occur. In that case, we would have 4 new small squares
so that L and M would not have increased, whereas S would have increased at least
by 3, so that no quantity of the type CiL + CoM — S would have been monotone
increasing. )

Since for the partition P() we have 2L 4+ 3M — S > —1, this inequality remains
true at all steps of construction and, in particular, it is satisfied for the final partition
P. For the final partition we have L = 0, whence it follows that S < 14 3M and,
hence,

N=S8+M<1+4M. (4.24)

Let us estimate M. Let €4, ..., be the medium type tiles of P and let [, be
the size of ;. Each Q) contains a square ) C € of the size [;/2, and all the
squares {Q;}é\il are disjoint, which implies that

M
d <4 (4.25)
k=1

Using the Hélder inequality and (4.25), we obtain

M 2 2 M 1/p' M 2 1/p M 1/p
w-yidnt<(yn) (Luf) e (Te)
k=1



Since by (4.20) ¢I; % < Jo, VPdz, it follows that

M p 1/p
M<C Z/ VPdx gc(/xmm) .
k=1 Y Q

Combining this with N < 1+ 4M, we obtain N < 1+ C'||V|[, g, thus finishing
the proof. [l

5 Negative eigenvalues and Green operator

5.1 Green operator in R?

We start with the following statement.

Lemma 5.1 There exists non-negative non-zero function Vy € C5° (R?) such that
Neg (Vo) = 1.

Proof. Choose Vj to be supported in the unit disk D and such that ||2V0HLP(D)
is small enough as in Lemma 4.6, so that Neg (21, D) = 1. By Lemma 4.5 we have
Neg (Vp, R?) < Neg (2Vy, D), whence the claim follows. O

From now on let us fix a potential V; as in Lemma 5.1. We can always assume
that V4 is spherically symmetric. Consider the quadratic form &

& (u) == |Vl dz + / Vouldr = E_y, (u),
R2

RQ

defined on the space

Fo= {u €L}, (RY): [ |Vul’de < oo} = Fy,.

loc
R2

Since Vj is bounded and has compact support, the condition fR2 Vouldr < oo is
satisfied for any v € L? . Note also that Fy, C F, for any potential V.

loc*

Lemma 5.2 If, for all u € Fy,

Eo(u) > 2/ Vulde, (5.1)
R2

then Neg (V') = 1.
Proof. If & (u) < 0 that is, if

Vu|* dz < / Vulde,
R2 R2
then, substituting this into the right hand side of (5.1), we obtain

\Vu|? da +/ Voulde > 2 [ |Vul?d,
R? R?

RQ
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whence

|Vu]2da:§/ Vouldz,
R2 R?

that is, &y, (u) < 0. By Lemma 3.2 this implies Neg (V') < Neg (V5), whence the
claim follows. O

Lemma 5.2 provides the following method of proving that Neg (V') = 1: it suffices
to prove the inequality (5.1) for all u € Fy. For the latter, we will use the Green

function of the operator
Hy=—-A+V,.

It was shown in [11, Example 10.14] that the operator Hy has a symmetric positive
Green function g (x,y) that satisfies the following estimate

N In(y) [
g (z,y) = In(y) + n(z) In, P if |yl <z, (5.2)

and a symmetric estimate if |y| > |z|, where we use the notation
(x) =e+|z|.

It follows from (5.2) that, for all z,y € R,

g(xz,y) ~In{x) Aln(y) + Iny |$—iy|’ (5.3)

where a A b := min (a,b). Here we have used the fact that (x) ~ (y) provided
|z — y| < 1; note that the latter is equivalent to In m > 0.

For comparison, let us recall that the operator —A in R? has no positive Green
function, so that adding a small perturbation Vj changes this property.
Fix a potential V on R2, consider a measure v on R? given by

dv =V (x)dz,

and the integral operator Gy in L? (v) = L? (R? v) that acts by the rule

Gvf(fv)ZAQQ(x,y)f(y)dV(y)-

Denote by ||Gy|| the norm of the operator G from L? (v) to L? (v) (if Gy does not
map L? (v) into itself then set |Gy || = 00).

Lemma 5.3 Assume that

1
7€ Lise (5.4)
Then following inequality holds for all u € Fy:
1
Eo(u) > Vulde. (5.5)
GV Jr2
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Proof. If ||Gy|| = oo then (5.5) is trivially satisfied, so assume that |Gy || < oo.
Consider first the case when u € C§° (R?). Set f = 7 Hou so that Hyu = fV. Then
function u can be recovered from f using the Green operator G = Gy as follows:

w@ = [ 9@ (V) )y =G (a).

Observe that f € L? (v) because by (5.4)

Hoyu)® 1
frdv = / de < sup [Houl? —dr < o0.
R?2 R2 14 supp u
It follows that
&o (“) = (Hou, u)LQ(d:p) = (fV, Gf)m(dx) = (f> Gf)L2(u) (5-6)

and

/ Vu2dac = (U, U)LQ(V) = (Gfa Gf)LQ(Z/) :
R2

Inequality (5.5) will follows if we prove that, for all f € L?*(v),

1

where the both inner products are in L? (v) .

Recall that G is a bounded symmetric (hence, self-adjoint) operator in L? (v).
Observe that G is non-negative definite. Indeed, if f € C5°(R?) then, setting
u = G f, we obtain the identities (5.6) so that

(f.Gf) =& (u) = 0.

Then (f,Gf) > 0 follows from the fact that C5° (R?) is dense in L? (v).
Now, let us prove (5.7). For non-negative definite self-adjoint operators the

following inequality holds, for all f,h € L*(v):
(Gf,h)* < (GF, f)(Gh,h).
Setting h = G f, we obtain
(GG < (GLDIGIIRI = GG N (GF.GF).

Dividing by (Gf,Gf), we obtain (5.7).

Hence, we have proved (5.5) for u € C° (R?). Let us extend this inequality to
all u € Fy. Assume first that u € Fy has a compact support. Then it follows that
uw € W2 (R?). Approximating u in W2 by a sequence {u,} C C5° (R?), applying
(5.5) for each w, and passing to the limit using Fatou’s lemma, we obtain (5.5) for
u.
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Let us now prove (5.5) for the case when the function u € Fy is essentially
bounded. There is a sequence of non-negative Lipschitz functions ¢, on R? with
compact supports such that ¢, T 1 as n — oo and

IV,|” dz — 0. (5.8)
R2
For example, one can take ¢, as in (2.12) with a, = n and b,, = n?, that is,
, 1 n?
©n () = min (1, o In, m) . (5.9)

Clearly, ¢, € Fo. By (2.13) we have
V| de = T L 0asn— oo
R2 Inn
Since (5.5) holds for the functions w, = wuy, with compact support, it suffices to
show that passing to the limit as n — oo, we obtain (5.5) for the function w. The

terms [ Vouzdr and [ VuZdz are obviously survive under the monotone limit. We
are left to verify that

/[Vun\deﬁ/ Vu|? dz. (5.10)
R2 R?

19 el ds

R2

/ ]Vu]%pidx—l—Z/ (Vu,Vgan)wpndx—i—/ W |V, Pde.  (5.11)
R? R? R?

The first term in the right hand side of (5.11) converges to [, |Vu|? dz. For the
third term we have by (5.8)

/ u? |V, | de < HuHioo/ |Vn|* dz — 0 as n — oo.
R2 R2

We have

Similarly, the middle term converges to 0 as n — oo by
/ (Vu, Vo) uppdr| <
R2

/2
< (/ |Vu|? gozdx> (/ u2|V<,0n\2dx) — 0,
R2
which proves (5.10).

Finally, for a general function u € Fy, consider an approximating sequence

U, = max (min (u,n), —n).

The function u, is bounded so that (5.5) holds for u,. Letting n — oo, we obtain
(5.5) for the function w. O

Corollary 5.4 Under the hypothesis (5.4),
1
Gy < 5 = Neg (V) = 1. (5.12)

Proof. Indeed, (5.12) implies (5.1), whence Neg (V) = 1 holds by Lemma 5.2.
U
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5.2 Green operator in a strip

Consider a strip
S:{(lL‘l,IL‘g)GRQIZElER, O<x2<7r}

and a potential V' on S. The analytic function ¥ (z) = e* provides a biholomorphic
mapping from S onto the upper half-plane H,. Set ® = U~! so that ® (z) = In 2.
Consider the function

7(z7w) :g(\II (Z),@(U))), (513)

where z,w € S and ¢ (z,y) is the Green function from Section 5. Consider also the
corresponding integral operator

Tvf(z) = / 7 (z) £ () dv, (5.14)

where measure v is defined as above by dv = V (z) dz. Denote by ||I'y|| the norm
of Ty in L? (S, v).

Lemma 5.5 Let ]
V;eL}OC(S). (5.15)

Then .

Iy || < 3 = Neg (V,S) = 1.
Proof. Consider the potential V on the half-plane H, = {5 > 0} given by

V(z) =V (®(2)) ]9 ()],

for which we have by Lemma 3.7 that

Neg (V, S) < Neg(V, H, ). (5.16)

Let us extend V from H, to R? by symmetry in the axis z;. By Lemma 4.4 we have

Neg(V, H.) < Neg(2V,R?).

Consider the operator G that acts in L? (R% D) where dv = ‘N/dx, and G,y that
acts in L% (R?,27). It is easy to see that

|Gy =2 |Gy

, (5.17)

Denote by HG‘~/H+ the norm of the operator Gy acting in L? (H,,v). Using the

symmetry of the potential V in the axis z; and that of the Green function g (z,y),
one can easily show that

lew ]l < 2liezll, - (5.18)

Let us verify that
1G], =TVl (5.19)
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In fact, the operators I'y in L?(S,v) and G in L? (H,,7) are unitary equivalent.
Indeed, consider a mapping f — f from L? (S,v) to L? (H, V) defined by

f(x) = f(®(x)).

Then we have

e,y = /H P@Vieyde= [ f(@@)V(®@)|P ()] dr

Hy
_ / F(2V (2)dz = || flas,) -

so that this mapping is unitary. Next, we have, for any z € H, ,
[V @) = Tl @@) = [1(@@).0) )V w)d
-/ @), 0) @)V @ W) W)y
= /H+g<x,y>f<y>v<y>dy

that is, ﬂ:f = Gf/f which implies the unitary equivalence of I'y; and G.
Combining (5.17)-(5.19), we conclude that
1
|1Gor [l <4lTvii < 3

Since % € L}, we have by Corollary 5.4 that Neg(2V,R?) = 1. O

loc?
In the next lemma, we prove an upper bound for the Green kernel .

Lemma 5.6 For all x,y € S, we have

1
v (z,y) SC(1+|$1|/\|311|)+01H+H (5.20)

with an absolute constant C'.

Proof. By (5.3) and (5.13) we have

v(xz,y) < Cln(e®) ANln(e’) + C'ln, P

where in the expressions e”, e¥ we regards x,y are complex numbers. Observe that
In(e”)y =In(e+|e”]) =In(e+ ™) < e+ |x]. (5.21)
Let us show that

1
<CH|z| Ay +Inp ——, (5.22)

1
e |z —y|

|67 — e
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with some absolute constant C. Indeed, by symmetry between x,y, it suffices to
prove that
e — e¥| > ce” 1 min (1, ]z — y)) (5.23)

for all z,y € S and for some positive constant c. Indeed, setting z = y — x we see
that (5.23) is equivalent to

11— e*| > emin (L,]2),

and the latter is true for |z| < 1 because

z—l—Zk' > |2 — |z|zk' (3—e)lzl,

and for [z] > 1 because the set {z € S |z| > 1} is separated from the only point
2z =01in S where e* = 1.
Combining (5.21), (5.22) and noticing that |z| < 7 + |z1], we obtain (5.20). O

1= =

6 Estimates of the norms of some integral opera-
tors

In this section we introduce tools for estimating the norm of the operator I'y from
the previous section. We start with an one-dimensional case that contains already
all difficulties.

Lemma 6.1 Let p be a Radon measure on R and consider the following operator
acting on L* (R, p):

77 @) = [ (el Al S ) ).
For any n € Z, set
L,=[2"""2"] forn>0, Iy=[-1,1], I,=[-2" —2" forn <0

and
o, = 2" (1) . (6.1)

Then the following estimate holds:

T < 64sup ay,.
nez

Proof. Let us represent the operator 1" as the sum 7" = 17 4+ T5 where

Tf(2) = / (L+19) f () dit ()
{ly|<|z|}

Tof (z) = / (L + J2]) £ () dia (9)
{ly|>|=|}
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These operators are clearly adjoint in L? (R, ) which implies that |7 = ||T3]| .
Hence, ||T'|| < 2|7} - The operator T; can be further split into the sum T} = T3+7T}
where

||
Tof (1) = / (L4 [y]) £ (9) dia ()
T.f(x) = / (4 1)) f () du (9).

— x|

We will estimate ||T3| via o = sup av,, and by symmetry ||7y|| could be estimated
in the same way. The operator T3 splits further into the sum T5 = T5 + Ts where

Tof(z) = /0 Tty f ) duly)
Tof (1) = /0$(1+y)f(y)du(y)-

Clearly, we have ||T5|| = ||7s|| and, hence, || T3] < 2||T5]| . Since T5f (z) vanishes for
x <0, it suffices to estimate ||T5|| in the space L* (R, u).

In what follows we redefine Iy to be Iy = [0, 1], which only reduces «y and
improves the estimates. Fix a non-negative function f € L* (R, , u) and set for any

non-negative integer n
1

\/ Oy In

fdu.

Wy =

For any z € I,, we have

on n n
Lf@ < [ Qe fudnw <Y (142 [ faus Y 2 ua.
0 k=0 Iy k=0
It follows that

HTE)fHQH(m,M) = Z (Tsf (x))* dp ()

VAN
[~
VoY
=
3
[\
Ed
£
S
Bl
5
Bl
Y]
=
£

Using «,, < «, we obtain

2
o 1 n
IT5f 112, < 402> o (Z 2kwk> . (6.2)

n=0

38



On the other hand, we have

00 0 1 2
12 _ / F2dy > </ S M)
1 22y 0 HZ:O . nzzou(fn) I,
00 9 >
= D ownan =) 2w, &3
n=0 " n=0

Let us prove that

[ee] n 2 oo
Z 2111 (Z kak> <16 Z 2w, (6.4)
k=0 n=0

n=0

This is nothing other than a discrete weighted Hardy inequality. By [1], if, for some
r > s > 1 and for non-negative sequences {uk}ivzo : {vk}gzo, the following inequality

is satisfied . .
Zun ( Uk> < (Z vk) for m =0,..., N, (6.5)
=0 0 k=0

n k=

then, for all non-negative sequences {wk}szo,

> (kak) < (_) (Zvaka“)S. (6.6)

n=0 k=0 k=0

We apply this result with r = 2, s = 1, v, = 2* and u,, = 272, Then (6.5) holds
because

m n 2 m m
Z 9—n—2 <Z 2/<;) _ Z 9—n-—2 (2n+1 _ 1)2 < Z o
n=0 k=0 n=0 n=0
and (6.6) yields
Ny n 2 N
Z on+2 (Z 21%”’“) <4 Z 2kw’3’
n=0 k=0 k=0

which is equivalent to (6.4). The latter together with (6.2) and (6.3) implies that

| 75| < 8a. It follows that || T3] < 16a. As Ty admits the same estimate, we obtain

|71 || < 32cr, whence ||T|| < 64«, which was to be proved. O
Consider the strip

S = {($1,$2) €R230<l’2 <7T}
and its partition into rectangles S,, n € Z, defined by

{res: 2" <a <2} n >0,
Sp=1 {xefS: 1<z <1}, n =0, (6.7)
{xES: ol < 2y < —2'"‘_1}, n < 0.
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Lemma 6.2 Let v be a Radon measure on the strip S, absolutely continuous with
respect to the Lebesque measure. For any n € Z, set

a, = 2"y (Sh) -

Then the following integral operator

Tf(fv)=/5(1+|x1|A|y1|>f(y)dV(y)

admits the following norm estimate in L* (S, v):

1T < 64521Z)an. (6.8)

Proof. Introduce a Radon measure 1 on R by
1(A) = v (A x (0,7)).

For the quantities a,, defined for measure p by (6.1), we obviously have the identity
@, = a,,. The estimate (6.8) will follow from Lemma 6.1 if we prove that ||| < ||77||
where 7" is the following operator in L? (R, p):

T'f(t):/R<1+m8>f<s>du<s>.

It suffices to prove that, for any non-zero bounded function f € L?(S,v), there is a
function f’ € L*(R, ) such that

(i
A=

where the norms are taken in the appropriate spaces. For any measurable set A C R,
set
I
Ax(0,m)
Since f is bounded, measure puy is absolutely continuous with respect to p, so that

there exists a function [ such that duy = f'dp. In the same way, there is a function
f" such that dup = f"dp. Since

2
(o) (Lo
Ax(0,7) Ax(0,m)

it follows that

whence
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It follows that

2
10y = [P i< [ Fdu= [ g = [ Pt =] P,
R R R S

It remains to show that ||T'f|| = ||7”f'||. Using the notation 7(¢,s) =1+t As,
we have

Tf(z) = / T (en ) £ () dv (y) = / (e, 90) iy (31)

- / r (enm) £ () du () = T'F (22).

It follows that

1725 = / (T ()2 dv = / (@ F () dp = T oo

R
which finishes the proof. 0

7 Estimating the number of negative eigenvalues
in a strip

Let V be a potential in the strip
S:{({L‘l,ﬂfg)ERQZfL’lGR, O<x2<7r}.

For any n € Z set

0 (V) = / (14 ) V (2) de (7.1)
Sn

where S, is defined by (6.7). It is easy to see that

olni—1 / V(z)dx < a, (V) < 2"t / V (z)dz. (7.2)
Fix p > 1 and set also
1/p
b, (V) = (/ VP (x) dx) . (7.3)
Sn{n<zi<n+1}

7.1 Condition for one negative eigenvalue

Lemma 7.1 The operator Iy defined by (5.13)-(5.14) admits the following norm
estimate in L? (S, Vdx):

1
Tl < Csupa, (V) + Csup [ I =V (9)dy, (7.4)
= €S JS ’l’ - y’
where C'is an absolute constant. Consequently,
ITCyv| < Csupa, (V)+ C,supb, (V), (7.5)
neZ nez

where C, depends on p.
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Proof. Consider measure v in S given by dv = Vdx. By (5.20) we have, for any
non-negative function f on S,

1

——fydv(y). (7.6)

Pof @) <0 [ @+l All) £ @) dv () +C [y ——

By Lemma 6.2, the norm of the first integral operator in (7.6) is bounded by

64 sup 2™ly (S,,) < 128supay, (V),

where we have used (7.2). The norm of the second integral operator in (7.6) is
trivially bounded by

1
[ o,
S |9U - y|

€S

whence (7.4) follows.
For the second part, we have by the Holder inequality

1 1y A\
/ln+ —V(ydy < / (ln+ —) dy
S \x—y\ D (z) Ix—yl
1/p
X ( / VP (y) dy) ,
Di(z)NS

where p’ is the Holder conjugate to p and D; () is the disk of radius 1 centered at x.
The first integral is equal to a finite constant depending only on p, but independent
of z. Since D; (x) N S is covered by at most 3 rectangles @, the second integral is
bounded by 3sup,, b, (V') . Substituting into (7.4), we obtain (7.5). O

Remark 7.2 Although the norm of the first integral operator in (7.6) can be triv-
ially bounded by

sup/<1+|x1|A|y1\>du<y>,
S

zeSs

this estimate is weaker than the one by Lemma 6.2 and is certainly not good enough
for our purposes.

Proposition 7.3 There is a constant ¢ > 0 such that

supa, (V) <c and supb,(V)<c = Neg(V,5)=1. (7.7)

n

Proof. Assume first that = € L}, (S). By Lemma 5.5 it suffices to show that

loc
ITv| < . Assuming that the constant ¢ in (7.7) is small enough, we obtain from

(7.5) that indeed ||Tv|| < £ and, hence, Neg (V,S) = 1.
Consider now a general potential V. In this case consider bit larger potential

V' =V +ee Il
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where ¢ > 0. Clearly, 77 € Lj,. while a, (V') and b, (V') are still small enough

provided ¢ is chosen sufficiently small. Assuming that the constant ¢ in (7.7) is
small enough, we obtain by the first part of the proof that

Neg (2V',S) = 1. (7.8)

We would like to deduce from (7.8) that Neg(V,S) = 1. Since in general
Neg (V,S) is not monotone with respect to V, we have to use an additional ar-
gument. We use the counting function Neg® (V, S ) based on bounded test functions
(cf. Section 3.3).

Observe first that

Neg” (2V, S) < Neg” (2V’, S). (7.9)

Since &y g < Eavr g, (7.9) will follow from the identity of the spaces .7-";"/75 and fé’vl7s,
where the latter amounts to

/Vf2dx<oo & /V’dem<oo.
0 Q

The implication < here is trivial, while the opposite direction = follows from

/V’dex:/Vdeere/f?e_'x'dx
Q Q Q

and the finiteness of the last integral, which is true by the boundedness of the test
function f.
Since
Neg” (2V',S) < Neg (2V', S),

combining this with (7.8) and (7.9) we obtain
Neg® (2V,9) = 1.
Finally, we conclude by Lemma 3.9 that Neg (V,S) = 1. O
7.2 Extension of functions from a rectangle to a strip
For all & € [—00,4+00), B € (—00, +00] such that a < (3, denote by P, s the rectangle
Paﬁ:{(xl,ZEQ)ERZZ a<x <pf, 0<x2<7r}.

Lemma 7.4 For any potential V in a rectangle P, g with 3 —a > 1, we have

Neg (V, Pog) < Neg (17V, ) (7.10)

assuming that V is extended to S by setting V = 0 outside P, g.
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Proof. By Lemma 3.2 it suffices to show that any function v € Fy p can be
extended to a function u € Fy g so that

/quFda: < 17/ |Vl d. (7.11)
S P

Assume first that both «, § are finite. Attach to P from each side one rectangle, say
P’ from the left and P” from the right, each having the length 4 (3 — a) (to ensure
that the latter is > 7). Extend function u to P' by applying four times symmetries
in the vertical sides (cf. Example 4.2). Then we have

|Vu)? dac:4/ V| d.
P P

X2A
X ' P 1 P Pl 1 " S
o 0 @0 o Xl>

Figure 5: Extension of function u from P to S.

Then slightly reduce P’ by taking its intersections with the disk of radius 5 — «
centered at («,0) (cf. Fig. 5). Now we extend u from P’ to the left by using the
inversion @’ at the point («,0) in the circle of radius 8 — « centered at («,0) (cf.
Example 4.3). By the conformal invariance of the Dirichlet integral, we have

/ |Vu|* < 8/ |Vl d.
Sn{zi1<a} P

Extending u in the same way to the right of P, we obtain (7.11). The case when
one of the endpoints «, ( is at infinity is treated similarly. ([l

7.3 Sparse potentials
Definition 7.5 We say that a potential V' in S is sparse if

sup b, (V) < ¢, (7.12)

where ¢j is a small enough positive constant, depending only on p. We say that a
potential V' is sparse in a domain {2 C S if its trivial extension to S is sparse.
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Let us choose ¢ smaller that the constant ¢ from (7.7). It follows from Proposi-
tion 7.3 that, for a sparse potential,

supa, (V) <c¢ = Neg(V,5) = 1.

n

Consider some estimates for Neg (V, 2) for sparse potentials.

Corollary 7.6 LetV be a sparse potential on a rectangle P, g with B—oa > 1. Then
(B — 04)/ V(z)dr <c= Neg(V,P,5) =1, (7.13)
Pag

where ¢ 1s a positive constant depending only on p.

Proof. By shifting P, g and V' along the axis z;, we can assume that o = 0, so
that 8 > 1. Let m be a non-negative integer such that 21 < 3 < 2™ (cf. Fig. 6).

A

“ Pog

T /
]

S S \/ 1Sy S
|
|

-101 ol on o1 B o >X1

Figure 6: Rectangle F, g is covered by the sequence S,,0 <n <m

Then a, (V) =0 for n < 0 and for n > m + 1. For 0 < n < m we have by (7.2)

a, (V) < 2"“/ V(z)dr < 2m+1/ V (z)dx < 4 V (z) dz. (7.14)

n PO,[i Poﬁ

The hypotheses (7.13) with small enough ¢ and (7.14) imply that a, (17V) are
sufficiently small for all n € Z. By Proposition 7.3 we obtain Neg (17V,S) = 1, and
by Lemma 7.4 Neg (V, Py g) = 1. O

The next statement is the main technical lemma about sparse potentials.

Lemma 7.7 Let V be a sparse potential in a rectangle P, 5z with 3 — o > 1. Then

1/2
Neg (V, Pop) <1+C ((ﬁ — a)/P V (x) d:zc) : (7.15)

where the constant C' depends only on p. In particular, for any n € Z,

Neg (V,S,) <14 Cy/a, (V). (7.16)
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Proof. Without loss of generality set o« = 0. Set also

Jz/ V (x)dz
PO,B

and recall that, by Corollary 7.6, if 3J < ¢ for sufficiently small ¢ then Neg (V| Py 5) =
1. Hence, in this case (7.15) is trivially satisfied, and we assume in the sequel that
BJ > c.

Due to Lemma 7.4, it suffices to prove the estimate

Neg (V,S) < C (8J)"?,

assuming that V' vanishes outside F 3. Consider a sequence of reals {rk}gzo such
that
0:T0<T‘1<...<T’N_1<5STN

and the corresponding sequence of rectangles

Ry =P, o ={(x1,20) i1 <21 <71py, 0< 0 <7}

where k =1, ..., N, that covers P g (see Fig. 7).

XA
2
Pog
""" il s
Ri | R | ... R« ' Ry S
- li - I >
0=rg ry ra Mkt Mk rna B 'n X1
Figure 7: The sequence {Rk}ivzl of rectangles covering F g
Denote I, = r, — 1 and
Jp = / V (z)dx.
Ry,
By Corollary 7.6, if

then
Neg (V, Ry) = 1.

It is easy to construct the sequence {ry} inductively so that both conditions in
(7.17) are satisfied for all £ =1,..., N (where N is yet to be determined). If r;_; is
already defined and is smaller than [ then choose r; > r;_; to satisfy the identity
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If such 7, does not exist then set r, = 8+ 1; in this case, we have
I J, < c.

Let us show that in the both cases [, = r, — rp._1 > 1. Indeed, if [, < 1 then
rr < [+ 1 so that (7.18) is satisfied. Using the Holder inequality, (7.18) and [ < 1,
we obtain

1/p 1 c c
Ry (Wlk) P Ry (Wlk) p lk /P

However, if the constant ¢ in the definition (7.12) of a sparse potential is small
enough, then we obtain that (7.19) and (7.12) contradict each other, which proves
that lk > 1.

As soon as we reach r, > 3 we stop the process and set N = k. Since always
[, > 1, the process will indeed stop in a finite number of steps.

We obtain a partition of S into N rectangles Ry,..., Ry and two half-strips:
SN{x; <0} and SN{x; > ry}, and in the both half-strips we have V' = 0. In each
Ry, we have Neg (V, R;) = 1 whence it follows that

N
Neg (V,S) <2+ Neg(V,Ri) =N +2.

k=1

Let us estimate N from above. In each Ry with & < N — 1 we have by (7.18)

L — 15, Therefore, we have
J c ’

N1 e 12 /N1 1/2 1 \1/2
N-1=Y —V/Lh<|=) 1 J < (= JV2,
Using also 3 < 3 (%ﬁj) 1/2, we obtain N +2 < 4 (c_lﬁj)lﬂ, which finishes the proof
of (7.15).

The estimate (7.16) follows trivially from (7.15). Indeed, S, is a rectangle P, g
with the length 1 < 3 — a < 21, Using (7.15) and (7.2), we obtain

1/2
Neg (V,S5,) <1+4+C <2”+1/ V () dx) <14 C'Va, (V)
Sn

with €’ = 2C', which proves (7.16). O

Proposition 7.8 For any sparse potential V' in the strip S,

Neg(V,8) <1+C > an(V), (7.20)

{n:an(V)>c}

for some constant C,c > 0 depending only on p.
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Proof. Let us enumerate in the increasing order those values n where a,, (V') > c.
So, we obtain an increasing sequence {n;}, finite or infinite, such that a,, (V) > ¢
for any index 4. The difference S\ |, S5, can be partitions into a sequence {T;}
of rectangles, where each rectangle Tj either fills the gap in S between successive
rectangles S,,,, Sy,,., as on Fig. 8 or T; may be a half-strip that fills the gap between
Sy, and +o0o0 or —oo, when n; is the maximal, respectively minimal, value in the
sequence {n;}.

S‘|i Sr( -rJ S']i+ 1

X1

Figure 8: Partitioning of the strip S into rectangles S, and T}

By construction, each 7; is a union of some rectangles Sy with a; (V) < c.
Consider the potential V; = V1r,. By Lemma 7.4 we have

Neg (V. Tj) = Neg (V;,T}) < Neg (17V}, 5).

For those k where S, C T}, we have a; (17V;) < 17¢, while a4 (17V;) = 0 oth-
erwise. Assuming that ¢ is small enough, we conclude by Proposition 7.3 that
Neg (17V;,S) = 1 and, hence, Neg (V,T}) = 1.

Since by construction

#{T;} <1+ #{Su}.
it follows that

Neg (V,S) < > Neg(V.T,)+ > Neg(V,S,,)
J i

< 1+ #{Sn}+ Y Neg(V,5,)

IN

1+ 2ZNeg (V. Sh,) -

In each S, we have by (7.16) and a,, (V) > ¢ that

Neg (V. S,,) < Cv/ay, (V).

Substituting into the previous estimate, we obtain (7.20). O

7.4 Arbitrary potentials in a strip
We use notation a, (V') and b, (V') defined by (7.1) and (7.3), respectively.
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Theorem 7.9 For any p > 1 and for any potential V' in the strip S, we have

Neg(V,S)<1+C > Va, (V)+C > ba(V), (7.21)

{n€Z:an(V)>c} {n€Z:b,(V)>c}

where the positive constants C, c depend only on p.

Proof. Define @, = SN{n < x; <n+ 1} so that

by (V) = ( / andx) ”

Let {n;} be a sequence of all those n € Z for which
ba (V) > c, (7.22)

where c is a positive constant whose value will be determined below. If this sequence
is empty then the potential V' is sparse, and (7.21) follows from Proposition 7.8.

Assume in the sequel that the sequence {n;} is non-empty. Denote by {T;} a
sequence of rectangles that fill the gaps in S between successive rectangles @),,, or
between one of @, and +oo (cf. Fig. 9).

n

Qni TJ Qni+ 1

X1>
Figure 9: Partitioning of the strip S into rectangles @),,, and T}

Consider the potentials V' = V1, and V" = V1, . Since V. =V'+ V", by
Lemma 3.6 we obtain

Neg (V,S) < Neg (2V', S) 4+ Neg (2V", S) .

The potential 2V is sparse by construction provided the constant ¢ in (7.22) is small
enough. Hence, we obtain by Proposition 7.8

Neg(2V',S) <1+C Y Va, (V). (7.23)

{n:an(V")>c}

By Lemma 3.5 and Lemma 4.8, we obtain

Neg (2V",S) < ZNeg(2V”,Tj)—|—ZNeg(2V”,Qm)
j i

= #{0}+ (14 C12V (o))
= LY+ #{Qu}+20) bu (V).
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By construction we have # {7} < 1+ #{Q,,}. By the choice of n;, we have
1 < c ', (V), whence

#{T}+#{Qn} < 1+2#{Qn}
< 14207 b (V) <37y ba (V)

Combining these estimates together, we obtain
Neg (2V",8) < C'Y b, (V)=C" > b (V) (7.24)
i {n:bn(V)>c}
Adding up (7.23) and (7.24) yields
Neg(V,S)<14+C > Va,(V)+C > b (V). (7.25)
{n:an(V")>c} {n:bp(V)>c}

Since V' <V, (7.25) implies (7.21), which finishes the proof. O

Remark 7.10 In fact, we have proved a slightly better inequality (7.25) than (7.21).

8 Negative eigenvalues in R?

Here we prove the main Theorem 1.1. Recall that Theorem 1.1 states the following:
for any potential V in R2,

Neg (VVR) <1+C Y VA, +C > B, (8.1)

{n€Z:An>c} {n€Z:B,>c}

where A,, and B, are defined in (1.5) and (1.6), and ¢, C' are positive constants that
depend only on p > 1.

Proof of Theorem 1.1. Consider an open set 2 = R?\ L where L =
{1 > 0,29 =0} is a ray. By Lemma 3.3 we have

Neg (V,R?) < Neg (V,Q). (8.2)

The function ¥ (z) = In z is holomorphic in 2 and provides a biholomorphic mapping
from €2 onto the strip

S={(y1,y2) ER*: 0<yo <27}

(see Fig. 10).
Let V' be a push-forward of V' under ¥ (cf. by (3.20)), so that by Lemma 3.7

Neg (V, Q) = Neg(V, S). (8.3)

Since S and the strip S from Section 7 are bilipschitz equivalent, the estimate (7.21)
of Theorem 7.9 holds also for S, that is,

Neg(V,S)<14C Y Va,+C Y b, (8.4)

{n:an>c} {n:bn(V)>c}
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Q
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“en en+1 ~
" )

W, >
" 0 n ntl

2

Figure 10: Conformal mapping ¥ : 2 — S

where we use the following notation:

- . 1/p
an = / A+ V(ydy, b,= (/ Vpdy) 7
Sn n

where N
yeS:2n_1<y1<2”}, n >0,
Sp = y€§:—1<y1<1}, n =0,
ye =2 <y <21l n<o,
and

an{yE§:n<y1<n+1}.

Consider also the rings U,, and W, in R? defined by (1.3) and (1.4). Obviously, we
have
U(U,\L) =S, and U (W,\L)=Q,.

Since Jy = |V (z)]* = ﬁ, where z is treated as a complex variable, we obtain by
(3.23) that

- /jpw)dy:/nvmw@(w)ﬁpdw

= / VP (z) |z)*P ™ do = B (8.5)

n

Since for y = ¥ (z) we have y; = Relnz = In |z|, it follows from (3.23) that

an=/ V<y><1+|y1|>dy=/ V (2) (14 o fz]]) dz = A,

Combining together (8.2), (8.3), (8.4), we obtain (8.1). O
Proof of Corollary 1.2. If a stronger hypothesis

> VA (V)+) Ba(V) <0

nez nez

o1



is satisfied then (1.15) is an immediate consequence of (1.7). To prove (1.15) under
the hypothesis (1.14), we need an improved version of (1.7). Let us come back to
the proof of Theorem 1.1 and use instead of (8.4) the estimate (7.25), that is,

Neg(v, §) <1+C Z \/an(‘7’)+0 Z bn(‘7),

{n:an(v’)>c} {n:bn(f/)>c}

where V' is a modification of V that vanishes on the rectangles Q, with b,(V) > c.
Then we obtain instead of (8.1) the following estimate:

Neg (VVR) <1+C Y /A, (V)+C Y B.(V), (86
{n€Z:An(V')>c} {n€Z:Bn(V)>c}

where V' is a modification of V' that vanishes on the annuli W,, with B, (V) > c.
As it was explained in Introduction, (8.6) implies

Neg (V,R?) < 1+0/ V/'(z)(1+ Infz))dz+C > B,(V). (87
R? (n€Z:Bn(V)>c}
Let us apply (8.7) to the potential oV with o — oo. Denote by W («) the union of
all annuli W,, with B, (aV) < ¢, so that (aV)' = aV 1y (). Then (8.7) implies

Neg (aV,R*) <1+ Ca/ V(2) lw@) (1 + |In|z||) dz + Ca Z B, (V). (838)

R? neL

For any n with B, (V) > 0, the condition B, (V') > ¢ will be satisfied for large
enough «, so that for such « the function V1 () vanishes on W,. If B, (V) =0
then V' = 0 on W), and, hence, V1y () = 0 on W), again. We see that V1 () — 0
a.e. as a — 00, and by the dominated convergence theorem

/ V () Ly (1 + ln|]]) dz — 0.
R2

Substituting into (8.8) we obtain (1.15). O
Proof of Corollary 1.3. Let us estimate the both terms in the right hand
side of (1.10) using the Holder inequality. For the first term we have

/R2V(x) (1+ |[In|z||) dz < (/R2 Vdeg:)l/p </R2 %I;;zfdxy/p,.

The second integral can be computed in the polar coordinates and it is equal to

1+ [Inr|)e T
/ —( + | nr]l) 2mrdr,
Rz W (r)ﬁ

which is finite by (1.16). Hence, we obtain that

/RQ V(2) (1 + [In|2]]) dz < C (/R vpmm) " (8.9)
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To estimate the second term in (1.10), take any sequence {l,}, ., of positive reals
and write

1/p
ZB" = Zlﬁl/pl}z/p (/ VP ’1;‘2(1)—1) dx)
n n Wn
1/

y
< (Do Zzn/wn VP |z P da

1/p

Choose here

W (e")

In = <€n+1)2(p—1)

so that, for x € W,,,

b |2277Y < W () < W (Ja)

and

Zl”/wn VP (@) 227 de < /R VP (2) W (|2]) da.

On the other hand, we have

by

1 2(n+1) 0o d
Z lTL p—1 — Z 6—1 ~ / T—rl < 0
n =t Joo W

T W (e ()7
(1.16). Hence,

1/p
Y B, <C (/ Vdex) . (8.10)
n R2

Substituting (8.9) and (8.10) into (1.10), we obtain (1.17). O
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